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PREFACE: 


PEI — T is an undoubted truth., that among all Humane'Arts 

D £42 andSciences, ARITHMETICK and GEOMETRY 
>©, have obtain'd the | greateſt evidence of Certainty. 
FI This Prerogative reſults from the Verity and Perſpi- 
739 Cuity of their Principles , which confift of Definitions, 
2 Poſtulates, ( or Petitions,) and Axioms ;'for theſe being 


any Arts whatſoever, and he permitted no Studeny.that was ignorant 


This alſo may beadded concerning the Excellenty of thoſe Twin-like 
Arts or Sciences, That they depend not upon any other Sciences; either 
for Help or Demonſtration, nor do they owe their Dignity to the Suffrage. 
or Vote of our Senſes, which oft-times deceive us ; but fince Quaztity, 
about which Arithmetick and Geometry are converſant , may be conſider'd 
abſtra&tively, and ſeparate from all kind of Matter , the Verity of their 
Propoſitions is examined and proved in the Mind only: where, amon 
all the Exerciſes that conduce to the ſearch of Truth , . none are Fund, 
ſo pure, clear and comprehenſible, (right Reaſon being Judge,) as Arithme- 
tick and Geometry ; thence they are called Pure Mathemarticks, and are 
properly to be learnt before any of the reſt of the Mathematical Arts. 

| Nor are Arithmetick and Geometry excellent in themſelves only , but 
highly-cſteem'd alſo for their manifold Utiliry, as well inthe 9-08 germ 
of Men about Accompts, Trade, Building, Meaſuring of Land, and divers 
other common Afﬀairs, as in facilitating andenlivening divers other Noble: 
Arts; for how can Harmonical Compoſition 1n Maſich or exact Meaſure, 
and Proportion in Painting be perform'd, without the aſſiſtance of Arithme- 


tick and Geometry, Beſides , theſe Sciences, (as the Mathematician very. | 
| b 2 == we 
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well knows,) like the two Pillars, Fachim and Boz, 1n the Porch of 
Solomon's Temple, are the ſtability and ſupport of all the reſt of the Ma- 
thematical Arts; for if _Aftronomy, Navigation, Dyalling , Opticks , Forti- 
fication, and the reſt of the Arts called Mixed Mathematicks, be ſtript of 
the Demonſtrations and. Operations imparted to them by Geometry and 
Arithmetick , that which remains will be as barren as the Earth without 
the Influence of the Sun , and as unactive as a humane Body without 
a reaſonable Soul. | | 

The premiſles may ſuffice to give a hint of the Excellency and Utility 
of Arithmetick and Geometry , whence we may reaſonably inferr , Firſt , 
that fo great and fo profitable a Subje& 1s worthy of the Study of all 
ingenious Minds, jn a degree proportional to their reſpe&tive Stations 
or Employments, as well tor FRI own, as the Publick Good. 
Secondly , that that Art which by a more eafie, and not leſs fure Method 
than that called Syatherick , finds out the Solutions and Demonſtrations 


| of the more knotty Propoſitions, as well Geomerrical as Arithmetical ; 


( and oftentimes by the way: too , diſcovers unexpected and admirable Spe- 
culations,) may very well deſerve the Enquiry of ſuch Lovers of Art 
as have hours to ſpare, and are deſirous to be acquainted with the choiceſt 
pieces in the Common-wealth of Learning : But ſuch an Art is that 
commonly called 4 LGE 3B R.4; which firſt aſſumes the Quantity ſought, 
whether it be a Number or a Line in'a 2zeſtioz , as if it were known, 
and then, with the help of one or more Quantities given , proceeds by 
undeniable Conſequences, until that Quantity which at firit was byt 
aſlumed or ſuppoſed to be known, is found equal to ſome Quantity certainly 
known, and 1s therefore known alſo. - 

Which Analytical way of Reaſoning produceth in Concluſion, either 
a Theorem declaring ſome Property, Proportion or Equality, juſtly inferr'd 
from things given or granted in a Propoſition, or elſe a Canon directin 
infallibly how that may be found out or done which 1s defired ; and dit- 
covers Demonſtrations of the certainty of the reſulting Theorem or Canon, 
in the Syztherical Method , or way of ' Compoſition, by the Steps of the 
Analyſis , or Reſolution, Theſe are but glances of the many Rare Effects 
produced by the Aratlytick or Alzebraick Art, which is an inexhauſtible 
Fountain of Theorems, a Key truly golden for the unlocking of Problems 
as well Geometrical as Arithmetical ; and not only a ſure, but delightful 
Guide to ſuch Students , who not being fatisfied with a bare knowledge 
of the Truth or practical Uſe of thoſe ſublime Inventions that have rendred 
the antient Mathemarticians fo venerable, are defirous to know how they 
were found out, and how to proſecute their ſearch of Truth, ſo, as to 


_ advance Knowledge upon Solid Foundations. 


But the Excellency of the Algebraical Art is beſt known to thoſe that 
are acquainted with the moſt eminent Writers upon that Subject ; among 
which , theſe are deſervedly Famous, namely, Diophantus of Alexandria, 
(the firſt Inventor of this rare Art, as ſome by his Preface to Dionyſus 
do conjecture; but others give the Honour of that Noble Invention to 
Geber an Arabian Aſtronomer , whence, as is conceived, the word Alvebra 
took riſe, ) Cardans, Tartaglia, Clavins, Stevins, Vieta, (the firſt Inventor, 
or at leaſt the happy Reſtorer of Speciows , or Literal Algebra, fo called, 
becauſe it operates chiefly by Alphaberical Letters ,) Mr. william Oughtred, 
( our learned Countrey-man,) whole Clavis Mathematice, for Solid matter, 

| | Neat 
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neat Contractions, and ſuccinct Demonſtrations, is hardly to be parallel'd,) 
Mr. Thomas Harriot , ( another learned Mathematician of our Nation ,) 
Ghetaldus, Anderſonus , Bachetus , Herigonins , Carteſins , Fran, van. Schooten, 
Florimond de Beaune , Hugenins, Huddenins, Sluſins , Fermatins , Billins , Rhe- 
zaldinus, and many others too numerous to be here recited; but to bring up 
the Rear of theſe renowned Analyſts , I ſhall mention four more of our 
own Nation, and now living, ( whoſe pardon I humbly begg for this my 
boldnelſs,) _ » the Right Reverend Father in God, Seth, Lord Biſhop 
of Sarum , Dr. John wallis, Profeſſor of Geometry in the Univerſity of Oxford, 
Dr. Iſaac Barrow Maſter of Trinity-Colledge in Cambridge, and one of His 
Majeſties Chaplains, and Dr. John Pell; the learned Works of which 

four Worthies proclaim their rare Talents in Univerſal Mathematicks. 

Now becauſe this excellent Art is but very ſparingly treated of in our 
native Language, and fince according to the old Maxim , Borum qud com- 
munius ed melizs, Good the more common the better it is; I have, in 
imitation of the induſtrious Bee that gathers Honey from various Flowers, 
yet without any diminution either of their Beauties or Virtues , extracted 
| out of the before-mentioned Authors, this Tractate conſiſting of Four 

Books, ( the Two firſt of which are Printed, a good progess made in 

the Third , and the Fourth ready for the: Preſs,) and have deſign'd it 
chiefly to give ſuch of my Mathematical Countrey-men as are altogether 
ſtrangers to, and deſirous to be acquainted with the ſo much celebrated 
Art called A4fzebra, a plain and intelligible Introduction to its Doctrine, 
as alſo a conſiderable taſte of its Uſe, in finding out Theorems and ſolving 
Problems , as well Arithmetical as Geometrical, oy 

And here, to avoid the ſtain of Ingratitude, IT cannot but declare 
to the World, that my old and much relpected Friend , Mr, John Coll;ns, 
a perſon well known to be both ſingularly skilfull in, and an induſtrious 
Promoter of the Mathematicks in general , hath been a principal Inſtru- 
ment of bringing this Work to light, as well by animating me to Com- | 
pile it, as by endeavouring to procure it to be well Printed. 

To conchitls, I have earneſtly endeavoured to render the Fundamen- 
tals, and moſt important Rules of the A/gebraical Art in both kinds, to wit, 
Numeral and Literal, very clear and eafie to capacities competently 
exercis'd in the Elements of Arithmetick and Geometry, And the favourable 
acceptance, which my Additions to Mr. M#zgat's Treatiſe of Common 
Arithmetick have found , with divers eminent Mathematicians and other 
Lovers of Art, doth encourage me to hope, that the younger Students 
of Symbolical Arithmetick and Analytical Doctrine, will be well pleas'd 
with the following Diſcourſe, and rhat my Labours therein will be as 
candidly accepted, as they have been cordialy intended toſerve my Native 
Countrey. br 


the Globe iy Shandois-Street, 
2n Covent-garden, the 15% 


day of April, 1673. 


From my Houſe at the Sign of | | Fobn Kerſey. 
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The Contents of the Firſt al Second BOOKS 


of this TREATISE. 


The Contetits of the Firſt Book, 


Efenitions , concerzing the Nature, Scope, and kinds of Algebra 

D The Conitruion of Coffick ©uantities or Powerg, with the manner 
of expreſſing them by Alphabetical Letters : The' fignification of Chas 
raters uſed in the Firit Book. 

Addition , | 

SubtraGion , . ! . 

in Algebraical Integers , both Simple and Compound, 

Diviſton , F 

The like Operations in Algebraick, Fraions, 

The Rule of Three in Quantities repreſented by Letters, 

An IntroduGion to the ExtraTion of Koots out of Algebraick ©uantities ; 
the compleat DoFrine thereof being delivered in the firit, ſecond, third 
and fourth Chapters of the Second Book, 


. How by any two of the three Members of a Square formed from a Bino- 


mial Root , to find out the third Member. 

A CollefFion of eaſie Queitions to exerciſe the preceding Rules, 

Concerning an Equation , and the ReduGion of Equations, 

The uſe of the Redu@ions in the foregoing Chap. 11. 

The manner of converting Analogies into Equations, and Equations into 
Analogies, 

The Reſolution of Simple Equations exercis'd in 28, Queſtions: 

Concerning the Reſolution of ſuch Compound Equations wherein there 
are two different Powers of the Quantity ſought, and thoſe Powers 
ſuch, that the higher of them is a Square , whoſe Side or ſquare Root 
#s the lower Power, : 

The Equations of the foregoing Chap. 15. are exercis'd in 28, Queſtions, 
reſolved as well by Numeral as Literal Algebra. 

Of Arithmetical Progreſſion , where Mr, Oughtred's Twenty Queſtions 

upon this SubjefF are explained, 


The 


a O_ 


The CONTENTS 


The Contents of the Second Book. 


T. (3 9ncerning the Geneſis or Procteation of Towers from Roots Binomial, 
Trinomial , &c, 

2, Concerning the Compoſition of Powers in numbers, from a Binomial 
Root, 

The extration of all kinds of Roots out of Powers given in numbers. 

The extraFion of Roots out of Powers expreit by Letters. 

5. Concerning Geometrical Proportion, 

6. Various Theorems about Quantities in Continual Proportion. 

7. Twenty Queſtions about Quantities in Continual Proportion , reſolued 
by Literal Algebra. 

8. The manner of finding out all the Aliquot Parts both of Numbers and 
Algebraical Duantities 5 as alſo the ſmalleit Numbers that ſhall have 
given multitudes of Aliquot Parts. : 

9. The Arithmetick both of Surd Numbers and Surd Quantities expreſt by 
Letters, The Conititution and Invention of ſix Binomials iu numbers, 
agreeable to theſe expounded in the 1&9, Book, of Euclid's Elements ; 
with Rules to extra# the ſquare Root out of every one of thems x, as 
alſo, what Root you pleaſe out of any Binomial in numbers, having ſuch 
a Binomial Root as is deſired. 

I0. An Explication of Simon Stevin's general Rule to extraF owe Root out 
of any poſſible Equation in numbers , either exaGly, or very nearly 
true, 

11. Extraions out of the Algebraical Treatiſes of Vieta and Renates des 
Cartes, concerning the Conititution and Reſolation of Compound 
Equations in numbers, eſpecially thoſe which have many Roots : where 
alſo, the riſe of two Rules, the Invention whereof Cardanus attributes 
zo Scipio Ferreus, concerning the Reſolution of certain Cubick Equations 
in numbers ; is clearly exhibited. 

Of the Method of reſolving Queſtions wherein many Quantities are ſought, 
by aſſuming different Letters to repreſent the ſaid Quantities ſeverally. 

13. Concerning the Reſolution of ſuch Arithmetical Queltions as are capable 
of innumerable Anſwers, 
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Such hath been the exatt care of the Printer, that the Faults of importance ; 
eſcaped in this Impreſſion of the Firſt and Second Books are only theſe) | 
fourteen. | : 
Page) Line. ' Faults, | thus to be correfted, : 
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The ConſtruStion of Collick- Quantities, or Powers; with 
the manner of expreſſing them by Alphabetical Letters : - The 
ſignification of CharaCters uſed in the Firft Booki - - 


HE Mathematical Arts or Sciences are exercis'd about 2uantity, 
which is compris'd under Numbers , Lines ; Superficies, and 
Solids : Thefe, if they be confidered abſtratively, and ſeparate . 
from all kind of Matter , are the proper Obje&ts of Arithwe- 
tick and Geometry , Which are called Pure Mathematicks. 

IT. The Method which Mathematicians are wont to uſe in 

ſearching out truth about Quantity, is twofold ;  'viz. 1. Sys- 
 thetical, or by way of Compolition: 2. Analytical, 'or: by 
| _- Way of Reſolution. [i146 5 : 

II. Mathematical Compoſition , or the Synthetical method , argues: 2ltogether with 
known Quantities to ſearch out unknown ; and then demonſtrates that:the Quanticy found 
out will fatisfie the Propolition: - T0200 283 .. F 

IV. Mathematical Reſolution, or the ez Analytical Art, commonly called Algebra, is 
that way of reaſoning which aſſumes or takes the Quantiry ſought as, if it were known, ar 
granted ; and then with the help of one or more Quantities given or known, . proceeds by 
Conſequences , until at length the Quantity firſt only afſumed or feigned to be known, is 
— equal to ſome Quantity or Quamirics certainly known, and is therefore likewiſe 

nown, FE : PR | = 

V. The Scope, Drift or Office of the Analytick or Algebraick Art,'is to ſearch! out 
three kinds of Truths , viz. | | , | | 

IT. Theorems, Whichare nothing elſe but Declarations, or Affirmations of certain Pro- 
perties, Proportions, or Equalities, juſtly inferr'd from ſome Suppolitions or Concethions 
about Quantity : Which Theorems are to be reſerved in ſore, as ready helps to find 
Our new, and to confirm old: Truths: ' This kind of Reſolution when it reſts in a bare 
lovention of Truth, is called Contemplative, or Notional, 
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2. Canens, Or infallible Rules, to dire&t how to ſolve knotty Queſtions, by the help 
of Quantities given or known , this kind of Reſolution is called Problematical, 

$3. Demonftr ations, or evident and indubitable Proofs, to manifeſt the truth of ſuch Theo- 
res and Canons as ate Analytically found out. | 

VI. Algebrais by late Writers divided into two kinds ;! to wit, Nameral, and Literal, 
( or Specrove, )) | > : 

VII. Numeral Algebra is fo called, becauſe inthis Method of reſolving a Queſtion, 
the Quantity ſonght or unknown is ſolely deſign'd or repreſented by ſome Alphabetical Let- 
ter, or other CharaRer taken at pleaſure, but all rhe Quantities given are expreſt by 
Numbers, i. | 

VIII. Literal, or Speciom Algebra is ſo called, becauſe in this method of reſolving 
a Queſtion, as well the given or known Quamities as the unknown are all ſeverally ex- 
preſſed or repreſented by Alphabetical Letters. Whence it comes to paſs, that at the end 
of the Reſolution of a Queſtion , every Quantity appearing diſtin& under the ſame Letter 
or Form by which it was at firſt expreſſed, a Caron is diſcovered to direct how the Queſtion 
propos'd may be ſolved, not only by the quantities firſt given, bur by any other whatſoever 
that are capable,of ſolving the Queſtion. In this reſpeRt theugfore Literal eAlgebra far 
excels the Narnetaly for this latter ſerves only to ſolve eAricthmriical Queſtions, and pro- 
duceth not n Canon without much Gifficulty , in regard the numbers firſt given, by reite- 
rated Multiplications, Diviſions and other Arithmetical operations, will for the moſt part 
be ſo confounded and interwoven, that their footſteps can hardly be traced out ; But literal 
or Secious eAlgebra is applicable to the ſolying of Geometrical Problems, as well as 
Arithmerical. 

' IX, The Dotirine of Algebra is principally grounded upon the knowledge of certain 
Quantities called by ſome Authors Coſſick, 2nantities, by others, Powers , the Conftrugion 
whereof is explain'd in {ix Se&ions next following. 

X. Numbers are ſaid to be i» Geometrical Proportion continued, when as the firſt is to 
the ſecond, fo: is the ſecond to the third, and ſo 1s the third to the fourth, &c. As, for 
Example, theſe Numbers, 1,2, 4» 8, 16, 32, &c. are Continual Proportionals ; for, 
as the firſt Term 1, is the half of rhefecond Term 2 , ſo is the ſecond Term 2, the half 
of the third Tem4y and fo is 4 the half of 8, &c. Likewiſe theſe Numbers, 3, 9, 
27, $1,243, &c. arc in Geometrical Proportion continued ; For as the firſt Ferm 3 is 
a third part of the ſecond Term 9, ſo is the ſecond Term g- a third part of the third Term 
27 ; andſois 27 onethird of 81, &'c. Alſo, theſe Numbers are Continual Proportionals, 
rowirt, 1, &,=,8, cc. for as the firſt Term 1, is the double of the ſecond Term Z, ſo is 
+ the double of +, and 7 the double of 5, &c. 

Xl. In any feries or rank of Numbers proceeding from Unity in a continued Geome- 
trical proportion, whether aſcending or defcending, all the Numbers or Terms except the 
firſt, which is ſuppoſed to be x, ( to wit, Unity , ) are called Cofſick Numbers, or Powers ; 
Viz. the ſecond Term or Propentona] ts called the Koor, or firſt Power , the third Propor.. 
tional is called the Square, or ſecond Power , the fourth Proportional is called the C#be, or 
third Power , the fifth Proportional ts called rhe B:quadrate, or fourth Power, the (ixth Pro- 
portiona], the fifth Power, &c. As for Example, m this rank of Continual Proportionals, 
1,2, 4, 8,16, 32,9. the ſecond Term 2 is the Root , the third Term 4 is the fecond 
Power, or the Square of the Root 2 ; the fourth Term 8 is the third Power, or the Cube of 
the Root 2 , the fifth Term 16 is the Biquadrate or fourth Power of the ſame Root 2, &c. 

In like manner in this rank, of Continual Proportionals deſcending from 1 , to wit, 
1, 2,4>#>z» &c- the ſecohd Term + is the Root; the third Term £ is the ſecond 
Power , the fourth Term 7 is the third Power, &s, The like is ro be underſtood of any 
other Rank of numbers in a continued Geometrical proportion, whoſe firſt Term or Pro- 
porrional is Unity. 

XII. From the two laſt preceding SeQtions, ( which are grounded upon 10. Prop. 
8. Elem. Exch. ) it is evident that any Number whatſoever rn propoſed for a Root, 
the ſecond Power, or the Square, is produced by the multiplication of rhe Root by it felf , 
thethird Power, or the Cube, is produced by the multiplication of the fecond Power by. the 
_ the fourth Power is produced by the multiplication of the third Power by the 

o0T 3 Fc 

As, for Example, if 2 be given for the Root, this 2 multiplyed by it ſelf, produceth 
for the ſecond Power, to wit, the Square of the Root 2: Again, 4 the ſecond Power 

| being 
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being multiplyed by the Root 2 gives 8 the third Power, or the Cube, which third 
Power mulriplyed by the Root 2, produceth the fourth Power 16, &c. 

In like manner , if this Fra&tion + be preſcribed for a Root, by multiplying = by ir 
ſelf there comes forth # tor the ſecond Power , or the Square of the Root #3 Again , the 
ſecond Power & multiplyed by the Root 4 producerh the third Power 5*, or the Cube of 
the Root =, and the third Power ,Z multiplyed by the Root + gives the fourth 
Power 4*, &c. C 

But when the Root is 1 , to wit, Unity, every ome of its Powers will alſo be t , for 
multiplication by x makes no alteration. All which will be further illuſtrated by the 
Scales of Coffick numbers or Powers in the following Table , which ſhews that if the Root 
be 5, the Squareis 25, the Cube 125 , the Biquadrate or fourth Power 625, the fifth 
Power 3125, &c. : 


A Table of Powers in Numbers. 


—_— 


The Kozt or firſt Power. [:4þ 72 | 4 | 5 
The Cres ſecond Power. | 1 - 4 =_ 16 | 25 
The Cube or third Power. : |r 8 5” 2 | 64 | ns 
Lhe B:quadrate or fourth Power. | 1 bv 3r| 256 | I 625 
The fifth Power. MJ 44 I Oy 243] 1024] 3125 | 
The {ixth Power, ? ſr 64 lag | 4096| 15625. | 
The ſeventh Power. | I 128 2187| 16384| 78125 
The cighah. Power , &c. | Mu 6561[65536| 390625 


X1TTI. The Rot or firſt Power being given, the third, fifth, eighth, or any other Power 
may be found out without reſpe& to the intermediate Power or Powers , in this manner, 
v:iz,, Suppoſe the number 3 be preſcribed for the Root, and that the fitth Power be de- 
fired ; firſt wiffe down the Roor 3 five times thus, 3, 3, 3, 3, 3 ; then multiply theſe five 
equal numbers one into another according to the Rule of continual Multiplication, fo the 
laſt Produ 543 ſhall be the deſired fifth Power raiſed from the Root 3. | 

In like mariner, if the eighth Power of the Root 2 be deſired, you may write the Root 2 
eight times thus, 2, 2,2,2, 2, 2,2,2, theſe multiplyed continually produce 356, which 
is the eighth Power of the Root 2. After the ſame manner you may find out any other 
Power from a number given for the Root. a4, gol 

X1V. If over or under any Series or Rank of Coflick numbers or Algebraick powers, 
conſtirared according to the three laſt foregoing Seftions, there be placed a rank of Num- 
bers beginning with Unity , and proceeding according to the natural order of numbers, as 
1,2,3. 4,56, 7, 3.9, &c. theſe numbers ſo placed are uſually called the [ndices, or 
Exjonents of thoſe Powers , as well becauſe they ſhew the order, ſear, or place of cach 
Power , as alſo its number of Degrees or Dimenſions , that is, how many times the Root 
is involved or munltiplyed in producing each Power reſpeRively : As for Example, let 
there be a rank or Scale of Algebraick powers raiſed from the root 3, as 3, 9, 2.7, 81, 243 
729, 2187, &c. and over them ler there be ſo many. numbers placed in an Arithmetical 
progreſſion, beginning with 1, and proceeding according to the natural order of Numbers, 
a5 here you ſee : | 


INDICES. I 


" SEL C2 TH Lat 


POMERS, | 3 | 9 27 $1 | 243 | 729 |2187| 65 r, &c. 


—_—— 


_ 
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I fay the Index 4 in the Arichmetical progreſſion, ſhews that the tourth Power 81, 
which ſtands under 4, is produced by the multiplication of the Root 3 four times into it ſelf, 
vis; theſe four numbers 3, 3 3, 3, Multiplyed continually will produc? 81 ; likewiſe the 
Index 7 in the Arithmetical progreſſion ſhews , that the ſeventh Power 21 87 , which 
ſtands under 7, is produced by the multiplication of the Root 3 ſeven times into it felf , 
viz.. theſe ſeven equal numbers, 3, 3, 3, 3 3» 3» 3» Multiplyed continually produce 2 1 87. 


And ſo of others. : 
To that uſe of Indices, this may be added ; viz. It any twe or more Indices be added 


together , the ſumm will be an Index ſhewing what Power will be produced by the mul. 
tiplication of thoſe Powers one into another which anſwer to the Indices that were added 
together : As for Example, if the Indices 3 and 5 be added together, the ſamm is the 
Index 8 ; which ſhews , that if the third and fifth Powers be multiplyed one by the other 
the eighth Power will be produced : As in the rank of Powers in the preceding Tabulcr, 
if the third Power 27 be multiplyed by the fifth Power 243, the Produtt will give the 
eighth Power 656t. In like manner, foraſmuch as the Indices 2 and 6 added toge- 
ther make the Index 5; therefore the ſecond Power 9 multiplyed by the {ixth Power 72 9 
will alſo produce-the eighth Power 6561: Again, becauſethe Indices 1, 2,and 5 added 
together make the Index 8 , therefore the firſt, ſecond and fifth Powers, to wir, 3, 9, and 
243 multiplyed continually will likewiſe produce the eighth Power 6561. And as the 
Index 3 added to ir ſelf makes the Index 6, ſo the third Power 27 multiplyed by it ſelf, or 
ſquared, will produce the {1xth Power 725. | 

And as the Addition of Indices anſwers to the Multiplication of their correſpondent 
Powers, ſo the ſubtra&tion of Indices anſwers to the diviſion of their correſpondent Powers : 
As, for example, becauſe the Index 8 lefſened by the Index 5, leaves for a Remainder the 
Index 3 ; therefore the eighth Power 6561 divided by the fifth Power 243 gives in the 
Quotient the third Power 27. Likewiſe , as the Index 7 leffened by the Index 3 leaves the 
Index 4 ; ſo the ſeventh Power 2187 divided by the third Power 27, gives the fourth 
Power 8r. | 

X V. From the premiſles it is evident, that upon an Arithmerical foundation, a Scale 
or Rank of Algebraick Powers may be raiſed and continued as tar as you pleaſe ; the 
three firſt of which have an affinity with , and may be expounded by Geometrical dimen- 
ſions : For firſt, we may conceive any terminated Right-line to be divided into a number of 
_ parts at pleaſure , ſuppoſe x2 , then this number 12 , or that Right-line, may be 
elteemed as a Root: Secondly, the ſaid 12 multiplyed by it ſelf produceth 144 the ſecond 
Power, which is equal to the Area of a ſquare Superficies whoſe fide is 12 : Thirdly, 
the faid ſecond Power 144 multiplyed by the Root 12 produceth the third Power 172, 
which is equal to the Solid content of a Cube, ( to wit, a Solid 1n the form of a Dye ) 
whoſe {ide is 13. | 

But none of the reft of the Algebraick powers can properly be explain'd by any Geo- 
metrical quantity, in regard there are but three dimenſions in Geometry, to wit, Length, 
Breadth, and Dephth ( or Thickneſs. ) 

XVI. In ſearching out the ſojution of a Queſtion by the Algebraick Art, the number 
or line ſought is uſually called a Roor, which fo long as it remains unknown cannot be really 
expreſt, annd therefore ir muſt be deſign'd or repreſented by ſome Symbol or Character, 
at the will of the Artiſt , alſo the Powers which may be imagined to proceed from rhe 
ſaid Root in ſuch manner as hath before been declared are likewiſe to be repreſented by 
Symbols or CharaQers ; concerning which there is much diverſity among Algevraical 
Writers, every one pleaſing his fancy in the choice of Characters : But in this matter I 
ſhall imitate Mr, Thomas Harriat in his Ars eAnaljtica, and Renates des Cartes in his 
Geometry , but chiefly the former z whoſe merhod of expreſſing Quantities by alphabe- 
tical Letters, I conceive to be the plaineſt for Learners , viz. 

To delign or repreſent the Root ſought, whether it be a Number or a Line in a Queſtion 
propoſed, we may aſſume any Letter of the Alphabet, as a, b, or c, &c. but for the better 
diſtinguiſhing of known quantities from unknown, ſome Azalyſts are wont to aflume one 
of the five Vowels, as, a, or e, 6c, to repreſent the quantity ſought , and Conſonants, as, 
b,c,d, &c. to repreſent quantities known or given: Now if the letter 4 be aſſumed to 
repreſent the Root ſought, then ( according to Mr. Harr:ot ) the ſecond Power, or the 
Square raiſed from that Root, may be repreſented by aa ; the third Power, or the Cube, 
by aaa ; the fourth Power by 4aaa, the fifth Power by aaaas; and after the ſame 
manner 
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manner any higher Power of the Root or number 4 may be repreſented : For ſo many 
Dimenſions or Degrees as are in the Power, ſo many times the Letter which at firſt was 
2{umed for the Root is to be repeated, <0 

Or after the manner of Renates des Cartes , if the letter @ be aflumed to repreſent the 
Root, the Square may be deſigned thus, a?. the Cube thus, a3. the fourth Power thus, a*. 
the fifth Power thus, a5. And ſo any other Power may be expreſt by writing the Index 
or Exponent of the Power in a ſmall figure next after ; r the head of the letter 
aſſumed to repreſent the Root. Both which ways will be further illuſtrated by the fol- 


lowing Table. 


A Table ſhewing two wayes ( now moit ire uſe ) to expreſ3 
ſimple Powers by Alphabetical Letters. 


The Rover or firſt Power, A. a 
The Square or ſecond Power, | 4 4 a® 
The Cxbe or third Power, aad 43 
The fourth Power, | AAA As a 
The fifth Power, alahds FP 
| The ſixth Power, AAAARAAR, # 
lhe ſeventh Power, AAAAA AA. A7 
The eighth Power, anaanana | & 


After the ſame manner, known Quantities and their Powers may be repreſented by 
Conſonants ; as, þ may be pur for any known number in a Queſtion , and then its Square 
may be ſignified by bb, the Cube by 6bb, the fourth Power by bbbb, the fifth Power by 
bbbbb, the lixth by b656b, and ſo forwards : Or the Square of the Root b may be expreſt 
thus, 4. the Cube thus, 43. the fourth Power thus, 5+, the fifth Power thus, b . the (ixth 
Power thus, b*. and ſo forwards. : 

XVII. Numbers ſet before, that is, on the left hand of quantities expreſt by letters 
are called Numbers prefixt'; but if no number be prefixt to the letter, then x or unity 
maſt be imagined to be prefixt : As, in theſe quantities a, (ort4,) 24, 34,34, * 4, 
Fbbb ( or 563) the numbers prefixt are (as you ſee) r, 2, 3,4, F,and 5, every one of 
which numbers ( and the like ſo prefixt ) ſhews how often the quantity repreſented by the 
letter or letters immediately following the number is taken; ſo «' or 14 lignifies ſome 
number or line once taken, alſo 2 « repreſents the double, 7 4 the half, and * « two 
third parts of the number or line repreſented by a. In like manner 5bbb, or 56, (ignifies 
that the Cube of the number or line repreſented by 6 is taken five times, 

XVIII. All numbers expreſt by figures and cyphers ( as in vulgar Arithmetick ) not 
kaving any letter or letters annexed to them, are for diſtin&ion ſake called Abſolute num- 
bers ; as theſe numbees, 5, 20, 105, 5, 2, and all others when they be not prefixt or annext 
to any letter or letters are called Abſolute numbers. 

XIX. All Algebraical operations are perform'd in an Arithmetical manner, partly in 
the vulgar way by numbers, and partly by Alphaberical letters, in all the parts of Arithme- 
tick, to wit , Addition, Subtration , Multiplication , Diviſion, and the Extraion of 
Roots : But ſince letters cannot be diſpoſed like numbers to perform thoſe operations, ſome 
CharaQters muſt of neceſlity be uſed to ſignifie ſuch operations. The CharaQters uſed in 
this firſt BooKare explained in the following SeQtions. 

XX. This Character + is a ſign of Affirmation, as alſo of Addition, and always be- 
longs to the quantity that follows the lign , as, -|- a affirms the quantity denoted by 4 to 
be real, or greater than nothing ; the like may be ſaid of 46, and 2c, &c. 

When no lign is prefixt before a quantity, the ſign {- is always to be underſtood , and 
muſt be imagin?d to be prefixt , ſo a implies -4-a, likewiſe 26 ſignifies the ſame thing with 
-|- 26, the like of others, 


But when the lign -|- is placed between two quantities, it imports as mach as the word 
plan, 
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plz, or more, and lignifies that thoſe quantities are added or to be added together : A; 
3-{-4.(.0r.3 more 4): lignifies the ſuram of 3 and 4 , or it hints rhar 4 is ro be added to 2. 
In like manner 4-6 (ignifies the ſumm of numbers or quantities repreſented by a and 5 ; 
and 4+b—+c ſignifies the ſurmm of quantities denoted by 4, b, and c. 

XXI. This CharaQter — is a ſign of Negation, as alſo of Suhirattion , and alwayes 
belongs to the following quantity ; as for Example , — 5 is a fictitious number leſs than 
nothing by 5 ; viz. as +5 /. may repreſetit five pounds in money, or the Eſtate of ſome 
perſon who is clearly. worth five pounds ; ſo —5 {. may repreſent a Debt of five pounds 
owing by ſome perſon who is worſe than nothing by five pounds. 

Bur when the ſign — is placed between two quantities , it imports as much as the word 
mins, or leſs , and intimates thar the number or quantity following that ſign is ſubtracted 
or to be ſubtrated from the number or quantity that ſtands next before the ſame lign : 
Ag 8—3 (or 8 leſs 3) lignifies that 3 is ſubtraſted or to be ſubtrafted from 8 ; oc 
8— 3 denotes the exceſs of 8 -above-3, to wit, 5. 

In like manner 4<—+ (or 4 leſs b) ſignifies that the quantity denoted by 5b is ſubtrated 
or to be ſubtrgRed from the quantity 4 z or a—b may lignifie the exceſs of the quantity 4 
above the quantiry-6. ' | 

XXII. This Character 2 fignifies the Difference of rwo quantities, to wit, the excels 
of the greater above the leſs, when 'tis not determin'd or known in which of thoſe quan- 
tities the exceſs lyeth , ſo a & b (ignifies the difference of two quantities repreſented by 
aand b, when 'tis not known wherher 4 be greater or leſs than 5b. . 

XXII. This Chara&cer x is. a fign of wulriplication , and is put for the word :»to, 
or by . viz. when'tisfer between two quantities it ſignifies that they are munltiplyed , or 
tro be multiplyed mutually one by the other : As, 6x 3 (orG into or by 3 ) imports the 
Produ& of the multiplication of 6 by.3, to wit, 18. 

In like manner 4 x b ſignifies that the quantity repreſented by 4 is multiplied or to be 
multiplied by the quantity 6-: alſo axbxc 1ignifies the Product made by the continual mul- 
riplication of the quantities &, b, and c, one into another. 

Burt for the moſt part the Multiplication of quantities denoted by letters is ſignified by 
the joyning of letters together, like letters in a word ; as ab lignifies the Product of the 
multiplication of the quantity a by the quantity þ. Alſo abc lignifies the Produdt of the 
continval multiplication - of the quantities a, b and c one into another : All which will be 
further illuſtrated in Chap. 4. | 

XXIV, Quantities deſign'd or repreſented by letters are either Simple or Compound, 

XXV. A Simple quantity is defigned or expreſſed either by a ſingle letter, or by two or 
More letters joyned rogether like lerters in a word: As 4 ( or +4) is a limple quantity ; 

likewiſe 2as, 3 abc, and dddd are ſimple quantities. 

XXVI. A Compound quantiry confiſteth of two or more ſimple quantities conneRed 
or joyned one to another by -|- or — ; ſo a-+b is a compound quantity, likewiſe a—c, 
alſo a+b-+c,.and #+b—c are compound quantities. 

XXVII. Every one of theſe four Characters, to wit, |-, —, &, and x, ( before defined 
in Se. 20,21, 22,and 23.) may ſometimes have reference ro ſuch a Compound quantity 
as followeth the ſign, and hath a Line drawn over every member of it. As, for 


Example,” by a6 c, you are to underſtand that the difference of the quantities b and 
c ( whether the Exceſs be in 5 or in c) is added or to be added to the quantity 4. 
In like manner, a—6b-+c ſhews that the Compound quantity b-|-c is ſubtracted or to 
be ſubrrafted from the quantity a, where in regard of the line drawn over bc, the 
lign — hath reference to the ſubtration of c as well as b from the quantity a. Burt if 
that line were omitted, then the ſign — would only reter to the next following {imple quan- 
tity : As, a—b-+c, ( or 4+c—b) lignifies the ſubtraion of b only from a—+c. 
Moreover , a b-|-6 lignifies the difference between the ſimple quantity a, and the 
componnd quantity b-+c. | 


And' ax6—£ lignifies that the quantity 4 is multiplyed or to be multiplyed by the ex- 
ceſs of the quantity 6 above the quantity c. 

AXVIIL This CharaQter 4/ is called a Radical ſign, and fignifies that the Square roor 
of the number or quantity that ſtands next after the ſaid ſign y/,, is extracted, or to be 
extracted , as 25 lignifies the ſquare root of 2.5, to wit, 5; and 4/36 fignifies the 
tquare root of 36, to wit, 6. + 


* 
o 


Like- 
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Likgwiſe y/«6 ſignifies the ſquare root of the quantity ab. So that when a number or 
quantity immediately follows the ſaid radical ſign 4/ , the ſquare root of that qumber or 
quantity is thereby denoted. . | : 

But to deſign or repreſent the Root of a Power higher than a Square, ſome Algebraical 
Writers ( whom in this matter I ſhall follow ) are went to write the Index of the Powet 
within a Circle next after the {ign 4/ ; As for Example, 4/{3)z7 lignifies the Cybick roet 
of 27, towit, 3. Likewiſe, y/(4)16 denotes the Biquadrate root of 16, to wit, 2 ; that 
is, the root from whence 1 6 conſidered as the fourth Power is produced. Again, 4/(5)243 
fignifies the root from whence 24.3 conlider'd as the fifth Power is raiſed , which Root is 3. 
And if you pleaſe you may write /(2)81 to denote the ſquare root of 81, to wit, g. | 

Likewiſe 4/(3)a ſignifies the Cubick root of ſome number or quantity repreſented 
by a. Alſo 4/(*) 6c lignifies the Biquadrate root of the Quantity br. 

Sometimes the Radical Sign belongs to as many of the following Quantities as have a 
Line drawn over them z as 4/: b-{-c: or, 4/(2): bc: ſignifies the Square root of the 
ſumm of the Quantities b and c. Likewiſe 4/: 66 — c : imports the Square reet of the 
Remainder when the quantity c is ſubtraRted from the Square of the quantity 6, Which 
Roots, and ſuch like, are called Dnrmerſal Roots, bt, Mets: 

Again, d+-y/:6b — c: fignifies that the Quantity c is farſt to be fubtraed from the 
Square bb, and then the Square root of the Remainder is to be added to the quantity 4. 
But that the Learner may the barter perceive my meaning in the chree Jaſt Examples: con- 
cerning Univerſal Roots, let þ ſignifie 4; 65,16 ; c, 12; and 4,23. Then :b-c: 
ſignifies 4/: 4 + 12 : thatis, 4/16, to wit, 4. Alo y/: bb —c:; ſignifies y/: 16—12 : 
that is, 4/4, to wit, 2. And d-- 4/:bb—c: ſignifies 23-+2, that is, 25. Aﬀer the 
fame manner the Univerſal Square root of 4-]-4/: $þ — £c: may be expreſt thus; . 

x: d-lyf/bb —c: thats, 5. | 


XXIX. Four points ſet in this form : : are always in the middle of four Geometrical 
Proportionals , as, for Example, theſe four numbers 2 . q :: 6. 12 are Geometrical Pro- 
portionals, and to be read thus ; As z ist0.4, ſois6to12 z or, ( inthe Phraſe of The 
Rele of Three) If 2 give 4, then 6 will give 12. " o | 

In like manner theſe four Quantities, $.4::c.4 are to be read thus; As bisto d, 
ſo c to 4; that 1s, look what proportion þ hath to d, the ſame proportion hath c to 4. 

Alſo theſe four Quantities b += c. 4—a::f. g do intimate that the ſumin of 4 and c 
hath ſuch proportion to the Excels of 4 above 4, as f hath tro g. The like is to be under- 
Rood of others. | 

XXX. This Charafter == ſet at the end of three or more Quantities, impores that 
they are Continual Proportionals Connery ; ſo-by 2.4+8.16. 32== its lignified 
=y ſuch proportion as 2 hath'to 4, theſame hath .4 to-8, $ to 16, and 16 to 32. 


ikewtſe by theſe 2. 5. c == you are to underſtand that the quantity & hath the ſame \ 


proportion to the quantity 6b, as b to c, | 
XXXI. This CharaQter = 4s the ſign of an Equation or Equality , and imparts as 
much as the 'word Equal ; as, 84-4 = 7-4-5 Gignifies thatthe fumamof 8 and 4 is equal 
to the furam of 7 and 5, Likewife 8=1 2—4 that 8 is equal 40 42, les q ;. to wit, 
the exceſs of 12 above 4 | | 
Again, 8x 3 =4 x6 denvtes. the Produdt of 8 multiplyed by 3 40 be equal to the 
ProduRt of 4 into 6. | 
S0 alſo, a--6=«c + 4d lignifies thatthe ſamm-of the quantities. s- and b.is equaliothe 
ſumm of the quantities c and 4. This will be further explained in the XI. Chapter. 
XXXII. This CharaQter © ſtands fortheword Greater, ws. it ſignifies that the 
Quanity which ſtands /befere., that is , on the leithandof the faid iCharater is (greater 
than the quantity following the ſame ; ſo 5 <4 muſt be-rcad thus, 5 is greater than 4. 
Likewiſe 2 + 606 ſignifies that the Compound quantity 4-4-6 is greater thanithe Sim- 
ple quantity c. And dE a+c ſignifies that the (quantity d is greater than 4+c. 
XXXII!I. This CharaRer =D ſignifies that the quantity ſtanding before the (Chara- 
Qer 1s leſs than the quantity following the ſame ; as, 42 5 muſt be read thus, 4 is leſs 
than 5, Likewiſe, 24+-b 5c +d ſignifies that the compound quantity 4-+6 is lefs than 
the compound quantity c-+4. 
; XXXIV, Quare- 


%s 
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| XXXIV. Quantities , whether they be Simple or Compound , which are expreſt 
either wholly by Letters, ,or partly by Letters and partly by Numbers written upon one 
Line, are called Algebraical Integers , or whole Quantities ; as theſe, a, ab, ca-+- ff, 
4-4-3, &c. But theſe quantities, 2, <— 4 La , and others ſo written, are called 
Algebraical Fra&ions, becauſe each of them like a Fraction in Vulgar Arithmerick 
conlifts of a Numerator placed above a line; and a Denominator underneath, 


CHAP. I I: 
Addition of Algebraical Integers. 


I, Lyebraical Addition finds out the Sum or Aggregate of two or more Quan- 
tities expreſt cicher wholly by Letters, or partly by Letters and partly by 
| Numbers. Fo oa 

II. The Operations in Algebraick Addition depend principally upon a diligent obſerva- 
tion of three things y' v:z. ; f 

Firſt, You muſt obſerve whether the Quantities to be added be Like or Unlike. 

Like Quantities are thoſe which are expreſt by the ſame Letters equally repeated in 
every one of the Quantities ; ſuch are theſe, a, 54, — 24, each of which is expreſt by 
the hrte letter a. Alſo theſe are Like quantities, 344, 44, — 24a, each of which is 
expreſt by a donble 4, towit, aa. Likewiſe thele, 2ab, 3ab, —ab are called Like 
quantities becauſe every. one of them is expreft by the ſame letters, to wit, ab. - 

Unlike Quantities are thoſe which are expreſt by different Letters , or elſe by the ſame . 
letters unequally repeated ; as, for Example, 6 and c are unlike quantities, becauſe they 
are expreſt by diftcrent'letters ; alſo 2abc and 246 are unlike quantities, becauſe the Jer- 
| ter c is in the one, but not in the other, Again, 4a and aa are unlike quanuiries, in regard 
the letter 4 is not equally repeared in both. The like is to be underſtood of others. 

Secondly, You muſt obſerve whether the Signs ( to wit, + and —) belonging to like 
quantities given to be added be Like or Unlike: As, for example, theſe quantities 2 4 
and 4-34 have like ſigns, the ſame {ign - being prefixt before each quantity. Alſo theſe 
quantities, —24 and — 34 have like ſigns, the ſame gn — being prefixt to each quantity z 
but theſe quantities +24 and — 34 have unlike or different ſigns prefixt. — 

Thirdly, The numbers prefixed before the letters muſt be diligently obſerved, for their 
ſumm or ditference will be concern'd in Algebraical Addition , as will be manifeft by the 
following Rules. 

III, When two or more ſimple Algebraical Integers (or whole quantities ) propos'd 
to be added or cofle&ed into one Sugpm are like, and have like ſigns, Firſt collec the 
numbers prefixt into one ſaram ; then to that ſumm annex the letter or letters by which any 
one of the quantities propos'd 1s expreſt ; laſtly , prefix the given ſign whether ir be 

or —, ſo ſhall this new quantity be the ſumm deſired, As, 


Add 1 4 | +14 for Example, if it be defired to add 4 to 4, or +14 to 
4 [I-14 +—|14, the ſumm will be 24 or 24, for (according to ' 
Summ 24 24 the Rule) the ſumm of the prefixed numbers 1 and 1 is 2, 


| to which I annex & and prefix - ( or imagine it to be pre- 
fixed, ſo 24 er +24 is the ſummdelired, 
In like manner , -if to —2b you would add — 6, the ſfumm will be —356. © For the 
— 264 Numbers prefixt are 2 and 1, which added together make 3, 
Add 3 7. US to which annexing 6, and prefixing the given ſign — , there 
| ariſeth — 36, the ſumm deljred. 


Summ  —36 


Te 
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More Examples of the Rule of Addition in the foregoing Set. III. 


| | _—_ — $44 | + 74b 
To be added, 3 - 2a "2a + 1346 
The Summ, . 84 | —748 | | +204 


| ac — bed | + 3 
To be added, 24c — bcd = 2.4 
3 as — 6bid | ++ 74 


—_— 


The Summ, _ — 1obcd +71 20 


I V. When two Simple quantities propos'd to be. added together be like , and have 
equal numbers prefixt , but unlike or contrary Signs , the Summ will be ©, or nothing z 
for the Affirmative quantity will deſtroy or extinguiſh the 
Negative : As, for example, if it be required to add;c, ar +6, | Wks? 
to —c, the Surra will be o', to wit , nothing. For ſuppoling Add, 3 CERES 
— Cc, Or —1c 0 bea Debt of one Crown that I'owe'y” and * | —— 

-c, or -|- 1c to be one Crown in my purſe, it is evident that Sumim, O 
one Crown in ready movey will diſcharge or ſtrike of aDebe of  _. 
one Crown , and fo that Debt and Credit being added or compared together , the Summ 
amounts to ©, | | 7 . 

In like manner , if it be deſired to add — 6 /. ro + 6 4 the Summ will be-o ; for 
if my whole Eſtate bz worih bur 6 pounds, and I owe a Debt of Ang S +61. 
6 pounds, it is manifeſt that my cleer Eftate is worth or amounts —> 62 


to juſt nothing. Summ, 6 


More Examples of the Rule of Addition in the preceding SeQ. IV. 


_ F — $abc | —7ddd 
To be added, 1 - - + . abc — 7 ada 
The Summ, = C G | w 


fea — A 


V. When two Simple quantities. propos'd to' be added together be like , but theit 
ous unlike, and the prefixed numbers unequal between themſelves ; firſt ſubtra& the 
leſſer number prefixed from the greater-, then to the Remainder annex ,the letter or letters 
by which either of the Quantities propoſed iz exprelſt ; laſtly, before the ſaid Remainder 
ſer the Sign which ſtands before the greater number prefixt , ſo thall this new Quantity be 
the Sum deſired. 413 OW3 | 

As, for Example, if.ir be delired to add — 24 to , 11 + 34 
_= 34, the ſumm will be a. For firſt ſubtraRting. 2 >} —24 | 
rom 3 the remainder is 1, to which annexing « and  TTETDTT OG 
prefixing + ( becauſe + belongs to that ho —_— + yd, , | 
_ hath the greater number prefixt) there ariſerh -- 14, or | for the Summ 
oughr, | 
Again, to add -|-bþ ro — 3b, I ſubtrat 1 the leffer num- vh 
ber prefixr ,-from 3 the greater, and to the Remainder 2 an- Add, ; ——_ 
nexing b and prefixing —,, ( becauſe — belongs to 36 whoſe EY 
prefixt number 3 is greater than that of + b or + 16) 1 find Summz — 26 
— 26 for the Summa deſired. | | 
Thus you ſee that this lat Rule of Addition is performed by SubtraRion, and may ealily 
be underſtood under the notion of diſcharging or paying off a Debt, or ar leaſt part of a 
Debt by ſo much ready Money or Credit , and'then obſerving what Debt remains unpaid; 
| of 
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——_ + _— 
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or what Money or Credit remains as an overplus : So in the firſt of the two laſt Examples, 


you conceive. | 34 to be three Pounds in ready Caſh, and — 24 to be a Debr 
of two Pounds , "then comparing the ſaid ready Money and Debt together, you will find 
by Subtraction that-the clear Money remaining after the Debt is payd, will be one Pound, 
to wit, -- 14 or 4 Which is the Summr of the quantities -|- 34 and — 24. Likewiſe 
in the latter Example, if — 364 be conceived to repreſent a Debt of three Pounds , and 
-|-þ or | 16 one:Poung.in ready Money ; 'tis evident that this : will ftrike off one 
Pound of that Debt;-and ſo the Debt remaining will be two Pounds, to wir, —2þ, which 


is the Suram of — 3b and 4b. 


More Examples of the Rule of Addition in the preceding SeR. V. 


To be added, 3 0 


.— 4 = = 1 _—_—  _ Y—_— 


—_  — 


| +|-Gabcd | — $f + 
— 744 — gabcd «= of + 
, [4 2abcd — Ff* , 


The! Summ,:; | mn2adl i 
pe pi 


f, 
Þ* 1241 16:1 SQ 1:1 ! 


V.I. When three or more:i{imple Quantities-propos'd to be added be like, but have 
unlike, Signs; Firft-, ( by the Rulo in Sef#, III: of this Chap. ) colle& the Affirmative 
quantities into one Summ); "and: the Negative quantities into another ; then ( by Se&#,1V. 
or V. add thoſe two Summs 'into-one ,' ſo this laſt Summ ſhall be that which is ſought. 

As, for example, If the Simni of thele four Quantities, 74, 24, — 3a, — 5a be 
delixed 3 Firſt j.(by: Sebi. IH.) thefurm of 74and 24 is = 94; alſo the ſumm of — 34 
and — 5a is — 84; laſtly (by Set. V.) ga added to — 84 makes - 4, that 


i5,'4, Which is the Suram deſired 


'P 


5 --. adore Examples of the Rule” of Addition in Se&. VI. 


I-54 — 2bc -+ 44) 
Tobe added, <Q -|-34 : |' +34 + 34) 
— — 4bc — 54 
TheSaam, | 7 | fender | bn © 
| x Fee =, I 48297 
2 | —3 — 32L 
|... To beadded, & *'_ C — ff + aged 
— 4ee +8 | — ggbb 


The Summ, — 2ee 


VII. ' When two or more Simple quantities given to be added be unlike, write them 
down one after anethet without altering their Signs; as, if the number ( or line ) a be to 
be added to the number ( or line) 5; 1write «a+ 6, or, b + a for the Summ. 


- In like manner the Snmam of theſe Quantities a, b,c, 


or thus, a+c-j 6, or thus, b + a--c. 
More Examples of the Rule of Addition iz Se&. VII. 


To be added, 3 LEW | -+ aA 


— bb 


may be written thus, a+ þ +-c 


The Summ, 


3a+24 | +4—58 


oF. I : 
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Again , | 
+ ab —+ 5 ddd 
To be added, — at — 34d 
—- ad — 4d 
The Summ , + ab — ac + ad + 5ddd — 34d — 4d 


Addition of Compound Algebraical Integers. 


VIII. The Addition of Compound whole Quantities may eafily be diſpatcht by thie 
help of the Rules in the preceding SetFzons of this Chap. as will appear by the following 
Examples. 

Firſt then, If this Compound quantity 4 +|-- 6 be to be added to « + 26, their Summ 
is a-þ b +4-- 26, that is 24+ 3b; for 4a makes 24, and + b | 26 makes +36. 

Again, The Summ of theſe two Compound quantities 36-54 and 2b — 24 is 
36+ 5a+ 26 — 24, that is, 56 += 34, for 364 2b makes 5b; and ( by Se. V.) 
-- 54 — 24 makes +Þ 34. | | p 

Likewiſe , The Surm of theſe two Compound quantities 5ee-l- 3f — 8 and 3ee — 
2f-+ 6 will be found 8ee +-f— 2 : For ee added to 3ee makes 8ee; alſo | 3f added 
to —- : f gives -f, and — 8 added to +- 6 makes — 2. | | 

After the ſame manner, 34—8 added to 10 —4& makes 244-2; (for + 34 
added tro — 4 makes + 24, and — 8 added to -|-1o gives +2.) | 

Again, The Summ of theſe two Compound quantities 4-+$ and c—d 18 4+b+c -d; 
which Summ admits of no ContraQion, in regard all the Simple quantities are unlike. 


More Examples of the Addition of Compound whole Quantities, _ 


To be added, 3 w__ | aaJ-24—3 


aa-- A—6 
The Summ, 2 4 | 2444+ 34—9 
| > Aa —2ab 4c — do+3 
To be added, 3 aa} ab {£5.49 | 
The Summ; 244 — ab ts: dr 


To be added, 3 2ee-|- 3ef — ff | 43 — abe5-6 


— 3ee + 5ef + 3abe — 6 
The Summ, — ce 8ef — ff = a + 2abe 
— aaa | 2bba A544. 

To be added, 8aan | 4bba aa + 4a—17 
Gaaa — 6bbla | —2aa+2a+12 

The Summ, 13444 "PR 2+ ig 
* 4-6 | 5h | 24 

To be added, c—4d — 2h 40 

6 OR. . | 6 
The Summ, a +b-+c— def oh, or, ghbh 


_—_— 
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SubtraGion in Algebraick, Integers. 


I Hs oomaggys Sabtraftion takes one Quantity , whether it be expreſt by a letter or 
"A letters , or partly by letters and partly by number, out of, or from another, in 
ſach manner that if the Remainder be added ( according to the Rules of Algebraick Ad- 
dition ) to the Quantity ſubtraed , the Suram will be alwayes equal to the ſaid other 
uantity, 
=: II. if general Rule to find out the Remainder in all caſes of Algebraical SubtraRion 
is this ; Firſt joyn both the given quantities together , by writing one after the other , bur 
with this caution , thac every Sign of the quantity given to be ſubtracted , be ever changed 
into the contrary Sign , viz. | into — and — intro —+ ; then ſhall the Summa of both 
quantities ſo conneRed be the Remainder ſought , which 1s to be contrated ( when it may 
be Gone) into the feweſt and ſmalleſt Terms, by the Rules of Algebraical Addicion, 
As, for Example , If from 54 it bedelired to ſubtraft 34, firſt, I write down 5 a, 
| then next after the ſame 1 write — 3a; ( where 
Out of 5a obſerve, that according to the Rule above given, 
Subtract \ 34 1 change +) the Sign belonging to 34 the quan- 
tity given to be ſubtracted, into —,, ) ſo there 
ariſeth 54 — 34, Which being contracted ( by the © 
24 Rule of Addition in Se. V, Chap. 11.) makes 
24 the Remainder ſought. 
Likewiſe, If from 36 it be deſired to ſubtract — 26, I firſt write down 36, and next 
' after the ſame I write +26 ſo 36-26, that is, 


Remainder, 54 — 34 
Remainder 
contracted, 


Out of 36 5b is the Remainder ſought , where obſerve ( as 
Subtract — 26 IR before ) that I change the Sign — , which belongs 
"FRO to 26 the quantity propos'd, to be taken out of 36 
Remainder, 35-35... : ode entry 04.” Sue char the fabd 5/ © 
contracted, b a true Remainder, we may prove by Addition , 


for + 5b added ro — 26 the quantity ſubtracted, 
makes + 3b, which is the Quantity out of which the ſaid — 2b was ſubtracted, 

Moreover, If 4 be to be ſubtraRted from 4, the Remainder will be 4 — 4, that is, © 
or erg; 4 And if from 26 there be ſubtracted — 46, the Remainder will be 26 + 46, 
that is, 66. | 

Likewiſe , If from — 22 it be required to ſubrrat — #-, the Remainder will be 
found — 2»1-+ mp, that is, — ws. In every one of which Examples you may obſerve 
that the ſign of the Quantity propos'd to be ſubtracted is changed into the contrary ſign. +. 

Again , If from 26, it be delired to ſubtrat 24ab, the Remainder will be 2bc —2ab, - 
which, becauſe it conſiſts of unlike Quantities, 


9 E = cannot be contrated into fewer or leſſer Terms, 
ubtra 24 DE by any of the Rules of Algebraical Addition. 
Remainder, "ado But according to the definition of SubtraRion, 


bY | the ſaid 2c — 2ab isa true Remainder , for if it 
be added to 246 the quantity ſubtrated , the Summ is 26c, which is the quantity ont of 
which the ſaid 246 way ſubtracted. 


More Examples of Subtration in Simple Algebraick Integers. 


Out of 26 + 3c _ UP 
SubſtraQt b am © 7 8 
Remainder, 20 — & 3c +c — 24% 
Remainder 
contracted, : | T4 E 2% 


- ' 
- 


Chap. 3. Algebraick Integers. 13 
Again , 
Out of 34 Ws 8d — 4 
Subrract 54 | —_ od : = 4 
Remainder, 34—54 — 8d-+ 10d = Bona 
Remainder pe” 
contracted, " <"_w ” 
Out of — bcd — 47s =t= gabc 
Sabtra& — bed —+ grs — oe 
Remainder, — bcd+bed | —4rs —grs += gabs + abo 
Remainder 
contracted, _ put. 2 "F Fabe "IE 
From a —_ + 4 
--Subtra e | —= 34 | =38 G 
Remainder, a —e — 26 -+- 34 ? |. +4 =o 5 
From - 86hd : -+= 3abcd 
Subtract _ 7bbb — 7AA 
Remainder, 86bd -— 7bbb a -+ 3abed + 744 


 n=_s a 


Nor will the Operation be otherwiſe in the Subtra&ion of Compound Algebraick Inte: 


gers z as for Example, if from this Compound quantity 34-t- 2b, ir be defired to 
ſubtract a+ 36. Firftt 1 write dovrn 34 F oo 

+26, rheg next after the ſame I wrie © Eiowg 34-t26 

— 4 ” 36, where obſerve, that = ſign = act WE hank ;3b' ons 
which belongs to &, and alſo to 36, inthe j "-— _ 
Quantity nd to be ſubtrated, is — : ants W— 
changed into the contrary ſign — ( ac- contracted, F *f 6 


cording to the Rule of SubtraQtion before == 
given; ) ſo the Remainder ſoughtis 34+ 26 — 4— 36, that is, 28—6, (by Se. V. 
Chap. II.) 

y 903-4 If from 24+ 6, it be deſired to ſubtrat 54— 66, the Remainder will be 
2a+ b—54+ 66, thatis, 7b — 34, 


for ( according to the Rule of Algebraical Our of 24+ b 

SubtraRion ) 7 joyn together the given SubrraRt | {= 6b OT 7 
Quantities, changing only the Signs of - Remainder, 24+b 54+ 6b 

+54 — 6b ( the quantiry to. be | ſubtra- pemainder | | 

Red) into the contrary Signs, fo there contrafted, 7b —34 


ariſeth 24+ 6— 54+ 6b, , which con. £113 <3 4 hs \ 3s 
trated ( by the Rules of Addition-mn Se, I1I. and V. of Cos I... make 76 34; 
which-is the Remainder ſonght, as will eafily appear by the Proof. | - Bar 

Likewiſe, to ſubtrat 6 — d from a+ b,, 1 change the Signs of © — 4 into the cot» 
trary Signs; v4. inflead of c— 4, | rake oenl7 


| —c+4, which added to +6 maks QFrm a-+b 
a+b—c+d, which becauſe it conbiſts rat F "--0 FIOTe 
altogether of unlike Quantities; cannot be con- Remainder, a*+-b—6-+4 


trated into fewer Terms, and therefore the 
laid a+b—c +4 is the Remainder ſought, to wit , that which ariſeth by ſubteaQing 

c—d from a +6. | | 
After the ſame manner, cd} 36 ſubtraſted from 344 + bc + 24 leaves 344+ 
bc + 24 —cd — 36, thatis, 3aa+ be — 6d — 12, "ey 
[ 
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More Examples of SubtraFion in Compound Algebraick Integers. 


Out of a+b | 36—8 
Subtra&t a—b c+ 5 
: Remainder, a+ bes 36 — 8$—6—F 
Remainder 
committed, © +26 EPS RY 
Out of ga — 4b | 290 
Subtra&t 3a—3b — 3ze+7 
Remainder,  $a—4b—3an3b 298+ 36 —7 
Remainder Ie 
contracted, F- *© , bee . ys 
Out of. aa + 2ba+ bb — 2d + 6 
Subtra& -+ 4ba + d—2 
Remainder, aa-t2ba-t- hh — 4ba STS ed 
Remainder = By 
comtrated, aa — 2ba + bb 3cd + 8 : 
Out of 54+ 27 344 +6 
Subtract — 8 - 3 — 3dd 
| Remainder, 2 543 27 + 8=— 34 . 3aa+6-+ 3ad 
Remainder "1 
contracted, 7 "EL 
From a+b aa — bb 
Subtra& c— d — Cc + dd 
Remainder, a+b—c+d _ aa — bb + cc — dd 


na os | —————_— 


I1I. The reaſon of changing the ſigns of the Quantity to be ſubtrated into their 


contraries , to wit + into — , and — into -+ ( —_— 
will be manifeſt from a ſerious conlideration of the definition 0 


to the Rule before given ) 
SubtraQion, which requires 


that the Summ of the quanticy' ſabtrated and the Remainder be equal ro the quantity from 
which the ſubtraftion is made.:' For firſt, ( according to the ſaid Rule ) the Remainder 
is alwayes compos'd of both the quantities propos'd for Subtration , with this caution, 
that the ſigns + and — in the quantity to be ſubtraRed be changed into the contrary ſigns , 
Secondly , ( according to Algebraical Addition ) the quantity to be ſubtracted with its 
own ſigns being added to it ſelf with contrary ſigns, will deſtroy or extinguiſh ir ſelf, 
therefore the Summ of the Remainder and the Quantity to be Subtrafted wil neceſſarily 
be equal to the Quantity from which the SubrraRtion was made : And therefore the cer- 
cainty of the ſaid Rule of Algebraical Subrraftion, and the reaſon of changing the ſigns of 
the quantity to be ſubtracted into their contraries, to wit, + into —, and —into-+, is 
manifeſt : So if from 4-t- 6 there be ſubtrafted a — b, the Remainder ( according ro - 
the Rule of Alpgebraical SubtraRion betore given ) will be a +þ — a+ 6b, to which if 
a—b ( the quantity ſubtracted) be added, it is evident that 4 — b will deſtroy 
— 4-}-6b, and ſo the Summ will be 4-6, to wit, the quantity from which 4 — 6b 


was ſubtracted. 
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CnaPp. IV. 
Multiplication in Algebraick, Integers. 


I. te Afulriplication doth by rwo"Quantities , whether they be expreſt by 

"A letters wholly , or partly by letters and partly by numbers, find our a third 
Quantity , which is called the Produ&t , the Fact , or the Retangle. | 
- The Quantities given to be multiplyed one by the other are called FaQors , or ( as in 
vulgar Arithmetick ) either of them may be called the Mulriplicand ; and the other the 
Myltiplicator or Muſtiplyer. - + | | TRE 

I 1. When two Simple ( or ſingle ) Quantities expreſt by letters , whether like or 
unlike, be to be multiplyed by one another , and have no numbers prefixt to them , joyn 
the letters of both Quantities together, like letters in a word , it matters not in what order 
they be written z then the new Quantity repreſented by the Jetters ſo ſer together is the 
Produt&t ſought, F 1 | 

As, for example , If the number or line a be to be mulciplyed by it ſelf, ro wit, by 
a, 1 write aa for the Product : fo alſo to multiply a by 4 , 1 write ab or 4a tor the 
Produ& ; in like mariner if 1 would multiply abc by bc, I write abcbc, or abbce, or 
accbb, &c. for the ProduR. SN | 

And it a, b, and -« be to be myltiplyed one into another , firſt 4 multiplyed by 5 pro- 
duceth ab, then ab multiplyed: by c produceth abc, or bac, or bca, to wit, the Product 
made by the continual Multiplication of the three Quantities a, b, and c. 

Again, if 4a be tq be multiplyegd by b4, the Produ& will be ab ;, which may alſo 
be written thus, 436 ; where the Learner .muſt diligently note thar' the figure 3 which 
ſtands next after bur a little higher than «4 , muſt not be taken as a number prefixt ro b, bur 
as an Index to ſhew the number of; Dimenſions in, 4*410r. aaa, ( as before hath been ſaid 
in Sef?, XVI. and XVII, Chap. I.) 

Likewiſe, if aaa be to be multiplyed by aaa, or 43 by a3, the Product will be 
aaaaaa, or a*, in which latter way.of expreſſing the Produc, the Index 6 ſtanding at 
the head of 4 is the Summ of 3 and 3 the Indices of the Quantities a3 and 43 propos'd to 
ro be multiplyed. WON. 40+ [2 FARO ” | | 

So the Product made by the multiplication of 64bb by 545 or 6 by 63 will be £564bbb, 
or b' (7 being the ſumm of the Treices 4 and 3.) | 

Likewiſe if theſe three Quantities be to be multiplyed continnally , to wit, aaaaa, bbbb 
and ccc, the ProduR may be expreſt thus, aaaaabbbbcer ,* or compendiouſly thus, 4'b*c3 : 
and ſo of others. | hr WT 


More examples of Multiplication ite | ſimple Algebraick, Integers, | 
according to the preceding'8ed. .TI.' | 


Multiplicand, b 


d ac PI 
Multiplicator; © &c #:*; d. "7 
Product, be ad ; \acd | wcerc 
Multiplicand, aabc | def aabbcec 
Mulrtiplicator, bca a | aabbce 
Product, _ aaabbce abcdef | afb'e* 


——_— — — 
© — _=— 


III. If two ſimple Quantities, whether like or unlike, having numbers prefixt before 
thcm, be to be multiplyed one by the other , firſt multiply the numbers prefixt , one 
into the other, then to this Produch annex the letters of both Quantities, by ſetting them 

__ _ immediate- 


Multiplication in | Book [. 


dee Me ee er er RB On 
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ng apc 
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immediately one after another, ( as before in Set?, 11.) ſo this new Quantity ſhall be the 

Product ſought. : 
As, for Example, if it be deſired to multiply 24 by 35, firſt I multiply 2 by 3, 
and the Produ&t is 6 ; to which annexing ab, (to wit, 


Multiply 24 the letters found in both Quantities given to be multi- 
by = plyed ) there ariſeth 6aÞ the Produd ſought , which 
Produ&, 6ab ſhews that (ix times the ProduRt of the Multiplication 


of any two numbers, or right-lines, « and 6, is equal 

to the ProduX made by the Multiplication of the double of & by thetriple of 5. 
In like manner, if 24 be multiplyed by c the Product will be 2c, or 2c, for 2 
which is prefixt to þ in the Multiplicand , being 


Multiply 26 multiplyed by x which is ſuppos'd to be prefixt- to 
by C the Multiplyer c, makes 2 , to which annexing be, 
Produt, - 26c there is found 2bc for the Product ſought. 


More Examples of Multiplication in Simple Algebraick Integers, 
according to Se, III. 


Maltiply 4b _ $26 5dafe 
_ 24 3a agh 
; Produe, 8ab 36acd paBfggh 
Multiply aaa |. go# I 6aab 
by 3b6bb h3 4 


ProduR, 3 aaabbb 34b3 64aab 


I'V. The Multiplication of Compound Quantities depends upon the precedent Rules 
of multiplying Simple Quantities , for when a Compound quantity is to be multiplyed 
by a Simple (or ſingle) quantity, every member of that muſt be multiplyed by this , allo, 
when two Compound quantities are to- be mutually mulriplyed , every member of the one 
muſt be multiplyed into every member of the other. Ir matters not whether you begin 
to multiply at the right hand or the left, nor in what order the particular ProduRts be et ; 
( for Quantities expreſt by Letters retain their peculiar and unalcered values whereſoever 
they ſtand , ) but due regard muſt be had to the Signs |- and — , one of which alwayes 
belongs to every particular Produ&, and may be diſcovered by this Rule, v5:. + multi- 

lyed by +>, or — by —, makes + inthe Produt , but + multiplyed by —, or — 
by +, makes — in the Product, laſtly , all the particular Products added together 
( according to the Rules in the preceding Chap. 2.) make the total Produtt ſought ; All 

which will be made manifeſt by the tollowing Examples. 
Firſt , if a Componnd quantity , as 4-|- +, be to be multiplyed by a Simple quantity, 
as c, | begin at the lefthand, and multiplying + s 


Multiply - 4 +6 : by -+-c the Produ& is + ac, ( for + multiplyed 
© by + gives +> ,) likewiſe +6 multiplyed by --c 
Produft, ac+ ths: produceth -|- bc; which two Produ&s added roge- 


ther make ac + bc, which is the Produt of the 


multiplication of a + 6 by Ce ; 
So if a—b be ro be muſtiplyed by c, the Produ will be ac —bc. For + 4 
| multiplyed by + c produceth -+- ac ; and 


Multiply a—b — 6 multiplyed by + c produceth — bc ; 
by C ( for according to the Rule, — multiplyed 
Produt, ac—be © by + gives —:) Therefore -+ ac — bc 


or ac— bc is the ProduCt ſought, 


Aﬀeer 
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Afrer the ſame manner , if ic be delired ro Multiply a-|-b 
maltiply 4-|- 6 by c-|-4, the Product will by c-|-d 
be found ac -|- bc ad + bd, For, firſt a+ 6 --—--- "_ 
being multiplyed by c , (as in the firlt Example) "M a—_ oy 
produceth + ac + be ; likewiſe 2+ b again _" ES 
multiplyed by 4, produceth + a4 + bd, then Produt, — ac + be + adb- bd 
adding thoſe Produtts together , the Summ is 
ac + be + ad + bd, which is the required Product of a+ 6b multiplyed by c -+ 4. 
Again, if 4 —6 be multiplyed by c — 4 the Produ& will be ac — bc — ad + bad: 
For firſt, 4—6 multiplyed by c produceth . 
ac —bc, (as in the lait Example but one;) Mulriply a—b 
then 4a—b again multiplyed by — 4 pro- by —H_ 
duceth — 4d-|- bd; (for, according to the Rule, progyg, ECG ator bt 
4+ 4 multiplyed by — d produceth . — ad, _ 
and —b by —d produceth -j- 64.) Laſtly , thoſe particular Produ&ts added rogether 
make ac —bc — ad + bd, which is the Produt of 4—4 multiplyed by c — 4. 
Likewiſe, if 4-|-&5 be multiplyed by 4 — 6, —_—. 
the Product will 5 aa —bb: For firſt, a+ 6 _— ab 


multiplyed by 4 produceth aa -|- ba; then- a 4+ b ER x ONE TIS 
multiplyed by — 6 produceth — ba—#b, laſtly, "ag ks 
the ſaid Produats aa -|- ba and — ba — bb added —- be —— 3d 


rogether make aa — bb; ( for -j|-ba and — ba wg _— 
by Addiicn do quite vaniſh; Therefore aa — tb is a <P 
the Product of a jb multiplyed by 4 — 6. | 

Moreover , If a4 — ab 4 bb be multiplyed by 4+ 4, the Produ will be only aaa 
+ 846; for the reſt of the particular Products will vanith by Addition. 

And if a-— 6 be multiplyed by it ſelf, ro wit, by 4 +6, the Produ& will be 48+ 
246 + bb, which is the Square of a+ 6. 

Likewiſe the Square of 4 — 6 will be found aa — 2 ab + bb. 

Nor will the Operation be otherwiſe when Numbers are prefixed to compound Quan- 
tities propoſed to be multiplyed , reſpe& | : 
being had ro the third Set. of this Chap. Multiply _ 3a —2e 


as , for Example, to multiply 34 — 2e by 34 —2e 

by 34—2e, Firſt 34 —2e multiplyed |  —— 

by 34 produceth gas — 6ae, and 34 — -+- 944 — Gaec 

2e again multiplyed by — 2e produceth - — G6ae-t- 4ce 0 


— 64ae—+ 4ce ; Which particular ProduQs Produtt, | 9aa —124e + 4cec 
added together make gas — 124e + gee, on 
which is the Square of 34 — 2e. 

When Abſolute numbers are members of Quantities to be multiplyed , the Rules of 
Multiplication in Vulgar Arithmetick and thoſe before given muſt be mnxrly obſerved , as, - 


If it be delired to multiply... . . . "'e Þ'o © » Z&4 EO 
by the Abfolute number "— I IR 1" . a > . . . © # F 
The Product will be . i... 33% i356 1544-30 


For five-rimes 34 makes 154, and five times 6 makes 30. - 
Likewiſe, if 244 — 3 be multiplyed by 2 — 6, the Produd will be 2444 — 1244 
— 3&+1-1d, andthe work will ſtand as here you ſee , 


Mulrtiplicand, 244 —1}.. 
Multiplicator, a —6. 
+2444 —34 
Rf — 1244 +18 
Product, 2444 — 1244 — JA" I8 


For further illuſtration of the Multiplication of Algebraick Integers; .the Learner 
may peruſe the following Examples , in every one of which, as alſo in thoſe afore-going, 
I begin to multiply at the left hand , becauſe in Algebraical Multiplication it m_ a__ 

G indifferent 


— 


Multiplication in Book I. 
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indifferent to begin the work either at the right hand or the left, it will be eaſier to write 
forward than backward. And as to the placing of the particalar Produ&s, there is no 
neceſlicy of obſerving any Order therein ; for whether they be written upon one, two, or 
more Lines, they retain the ſame values , and muſt by —_— Addition be col- 
lefted into one Summ to make the total Product : And therefore you may either write 
the particular Produdts all upon one line when there is room , or elſe upon ſo many ſeveral 
lines as there be particular Multiplyers , ſetting like Products ( when they happen ) under 
one another to facilitate their Addition , or otherwiſe , as you ſhall tind it moſt convenient. 


More Examples of Multiplication in Compound Algebraick TIntegers, 
according to Set. IV. | 


Multiplicand , 8+ 8 2b— 3d Fo — 8 
Multiplicator, id | f £4 
Product, da + de | 2bf —3fd | 30g — 48 
Multiplicand, 54+ 3c | 2b 4 2 
Multiplicator, 34 — 26 4b — 6 
+ 1544+ 9ca | 8bb + 126 
— Ioca — 6Ccc — 12þb— 18 
ProduR, 1544 9a — IDA — Ge EO 84b =|- 12b —126b — 18 
Product 
contrated, I 50s 55 | 866 — 18 
Multiplicand, 34d + 4de + ec 
Multiplicator, 3dd —ee | 
+ 9dddd + 1 2ddde -1- 3 ddet oo 
— 3ddee — 4deee — eee 
; Produ&, 9dddd -- 12 ddde -|- 3 ddee — 3 ddee — 4deee — ecce 
Prod £7 IR | | 
Swone;-W] 0 EIE > OY 
 Multiplicand, | .a+e a + 6 
"WM Multiplicator, a+e _. | 8 << EF 
aa ae TEE Aa + ae ops 
þ.5-> -|- ae + ee . — Ae — Ce 
ProduR, aa I 2.46 REA ee AA — £&E 
 Multiplicand, 4444 + 34a —241 


Multiplicator, aa — 5a +6 


4aaaas -|- 3aaaa — 2444 | aa 
— 2O0A4AA — 1 5444 F 1IOARA — FA 
24444 5-1 844—1244-6 


ProduR , 4aaaan — 1 74aan -|- 7ank | 2944 — 1746 


—_ 


Again, 
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Again , 
Mulrtiplicand, 24a + 3ba — bc 
Multiplicator, 3aa — 2ba — Cc 


6auaa + gbaaa — 3bcaa | 
— 4baaa — 6bbaa + 2bbca 
— 2Ccaa — 3bcca {= beee 


— 36bc 
Prod. 6aaaa = 5baana — 6 bu T- wy + bece 


— 2CC 


V. Sometimes when Compound quantities be to be multiplyed one by the other, it will 
be very commodious to omit the Operation , and to ſet only the word znto, or x ( the 
fign of Multiplication ) between the —_ ro be multiplyed , to ſignifie the Product 
of their Multiplication : But in ſuch caſe, to avoid miſtake, it will be convenient to draw 
a Line over each Compound quantity , to ſhew that every member of the one is to be 
multiplyed by every member of the other. | 


As ro mukiply 4444 | 344 —24+1 by aa—5a+6, | write 


4aaa|- 3aa —24-|-1 Into aa4—54-+6 


Or, 4aaa + Jaan — 24-1 Xx aa — 54 +6 


But that + multiplyed by —, auf by + makes — , alſo, that — multiplyed 
by — makes + in the Multiplication of Compound quantities, I ſhall hereafter make 
manifeſt in the laſt Sef#ion of Chap. X1, 


.x C H A P. V. 
T 
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Diviſun in Algebraick, Integers. 


I. A en Diviſion doth by two Quantities, ( whether they be expreſt wholly 

A by letters, or partly by letters and partly by numbers,) whereof one is called 
the Dividend, and the other the Diviſor, find out a third called the Quotient, to wit, ſuch 
a => , that if it be multiplyed by the Diviſor, the Produ& will be equal to the 
Dividend. 

IT. The nature of Diviſion is to reſolve or undo that which is compoſed or done 
by Multiplication ; For the Diyidend alwayes repreſents the Fa& or Produ& in Multipli- 
cation , the Diviſoz one of the two FaRors or Multiplyers, and the Quotient the other. 
As, if 12 be to be divided by 2, the Dividend t 2 repreſents the Fa&t or ProduR made 
by the multiplication of rwo numbers, one of which 1s the Diviſor 2 , and the other is 
the Quotieet ſought, to wit, 6. 

ITI. Every FraQtion is equal to the Quotient of the Nutnerator divided by the De- 
nominator : So + is the Quotient of 3 divided by 4, for, according to the Proof of 
Diviſion, If the Quotient + be multiplyed by the Diviſor 4, the Produ will be equal 
to the Dividend 3. Uupon this ground , Divifion in Algebraick Integers , whether 
vimple or Compound is moſt commonly performed ; iz. by ſetting the Dividend as the 
Numerator of a FraQtion, and the Diviſor as a Denominator , for this Fra&tion is equal 
0 the Quotient ſought. | 


As, for Example, to divide the Quantity a by 6, I write 7 , Which ſignifies that 
that 2 is divided by þ; or T is equal to the Quotient of the quantity 4 divided by the 
Quantity 6, - | 52% 
GC 2 In 
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In like manner, if 6 be propos'd to be divided by ac, I write _ to repreſent the Quo-- 
tient ; alſo, if ac be to be divided by b, I write = to lignific the Quotient. 
Again, If 2ab be given to be divided by 3cd, the Quotient will be 4 and if 4 


bo to be divided by 5, Iwrite for the Quotient = ; alſo, to divide 1 by 4, I write - 


to ſignifie the Quotient. one 
So alſo, If a +6 be given to be divided by c, the Quotient may be repreſented by 


ab - and if 34 betobe divided by 26 — 6, the Quotient is 2 - , 


a Cc 


| More Examples of Diviſion in Algebraick Integers , according to 
the foregoing SeQ. III. | 


Dividend, bb | 2de | 3abc | ab 


Diviſor, 4 fe. 2 dd 243 
: - ME 2de | _ 3abc = 
_— | F 7 | ry 
Dividend, aa + bb- 2ab — 36d aaa 
Diviſor, c de atb—c 
aa bb 24b — 364 4a 
Cpnttent, C | dre a+b—c 
Dividend, «gas | 2CC + 5dd : 
Diviſor, 3 Ss. 
Quotient, a= , Or Faa —_ or, 3cc »|- 34a. 


PE CE I CO ” CY 
— 


-* 


1V. When the Dividend is equal to the Diviſor , the Quotient is 1 , for every 
Quantity contains ir ſelf once, and therefore being divided by it ſelf gives 1 in the Quo- 
tient: As to divide 4 by 4 the Quotient is 1, likewiſe, 4 divided by 4 gives 1 for the 
Quotient; alſo, if 4-6 be divided by a +6 the Quotient is 1 ; and if 34+ 2d 
be divided by 34--2cd the Quotient is 1. The like 1s to be underſtood of others. 

V. When the Quotient is expreſſed FraCtion-wiſe, ( according to Se. [[I. ) if the 
ſame letter or letters be found equally repeated in every member of the Numerator and 
Denominator, caſt away thoſe letters, ſo the remaining Quantities ſhall ſignifie the Quotient. 

As, for Example, If ab be to be divided. by a, the Quotient expreſt FraQtion-wiſe 


will be =, But becauſe the letter 4 is found in the Numerator and Denominator, I caft 
away 4 out of both, ſo b only is left, which 1s the-Quotient of ab divided by 2. 
Likewiſe , If 44. be divided by 4 the Quotient 1s _ that is, @ , (by caſting away 
4 Out ofthe Numerator and Denominator. ) _ 
Again, If aaa be to be divided by aa, the Quotient will be = that is, 4; by caſting 
away 44 out of the Numerator and Denominator. And if abc be to be divided by ab, the 


abc 


Quotient expreſt FraRion-wiſe will be — 


that is, c, after ab is caſt out of the 


Numerator and Denominator. 
After the ſame manner, If a be propos'd to be divided by a3, ( that is, 444aa by aaa ) 
the Quotient will be 4?, or aa, by expunging 43 (or aaa) out of the Dividend and Diyiſor. 
F This 
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This ContraRion of Diviſion is like to the reducing of a Fraction expreſt by. large 
numbers to more ſimple Terms, by dividing the Numerator and alſo the Denominator 


by a common Diviſor. 2 
Again, If ab-+ ac be to be divided by ad — af, the Quotient expreſt Fraion-wiſe 


according to the preceding Set, III, will ſtand thus, 


ab 4 ac — _ . Dividend, ab—+ ac 
—_—— vihere becauſe the letter 4 is found in Diviſee, ' Ale” 
every member of the Numerator and Denominator, Quotient $ + SN 
it may be quite ſtruck ont , and then the new Quo- 2 ad — af 
tient will be my , which Fra&ion is equal to the Quotient b+c 
a contracted, d— f 


former, and expreſt by more ſimple Terms. | 
Likewiſe , If ab + a be divided by a, the Quotient ( according to Se. IT.) will be 


; ; : . b+ 
ab _— 2 , that is, b +1 ; for by caſting away «4, there will remain - , | that is 7 


b 4 1, (for 2 is but þ, and * is 1 ;) but that þ+1 is the true Quotient it will 


appear by the proof of Diviſion, for 5 + 1 multiplyed by the Diviſor 4 will pro- 
duce the Dividend ab + 4. | 
Ho m— 


So alſo ro divide 3hc — 26 by 26þ +6, 1 write 35> for the Quotient ; where 
obſerve , that although the letter þ be caſt out of every member of the given Dividend 
and Diviſor , yet the number prefixt to the letter caſt our muft ſtand ſtill in the new 


Quotient. | 
But note diligently , That in this kind of Diviſion of Compound Algebraick Integers, 


a letter cannot be cancell'd or caſt away, unleſs it be found in every member of the Dividend 
— +4 cannot be contrafted by caſting away 


-and Diviſor ; and therefore this Quotient 


any letter. 


More Examples of ContraFions in Algebraick Divifion, according 
to the preceding Se. V. 


Dividend, ah | dhf | | tbe _ 
Diviſor, aa ef 67 1: 0,008 
As; Ry M 7 
Quotient, _ = h | -- | _ 
Quotient | | 3 
contracted, ; : | as - oy | = 
Dividend, ab + 46 —48 "ab — 24 
Diviſor, a ——— 
_ VE "TO 
Quotien, EEE = ELD 
Quotient —_r + -4=2 «go it 
contrated, So Pre— 5 *M Fern, 


—T— 


_ Dividend, 2abd += 3bd | 2643 44 — 348 


Diviſor, 3bh —b bas — das + 4s 
: 2ad + 3d  2ba+6—3 
Quotient, germ | by Jens 


ET a 
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VI. If an Algebraick Integer , whether Simple or Compound, be to be divided by 
a ſimple Quantity , and there be ſuch numbers prefixt to the letters in the Dividend and 
Diviſor as may all be ſeverally divided by ſome number as a common Diviſor withour 
leaving a Remainder , ſet the Quotients ariſing by the Diviſion. of thoſe numbers by their 
common Diviſor , before the letters reſpeRively , inſtead of the numbers that were firſt 
prefixt: As, for Exarnple,, if 84 be to be divided by 66, Firſt , the Quotient. expreſt 
Fration-wile ( according to Sefton 111. of this Chap. ) will be =, 
prefixed numbers 8 and 6 by their common Diviſor 2 , I ſer the Quotients 4 and 3 


inſtead of 8 and 6 before a and 6b, ſo the Quotient ſought is 47 


| Tk | 
In like manner, 6abc — 3dbe divided by gfbc gives the Quotient = 


For firſt , the Dividend and Diviſor being ſet Fraction- 
babe — 7abc, 
b 


then dividing the 


Dividend, 6abc — 3dbe pe 1tb 
Diviſor, gfbc wiſe will ſtand thus, 


, then, (according to 


3... 
Quotient, Gabe = zabe Set. V.) bc isto be caſtpur of 'the Numerator and De- 
bes 9foc } nominator , laſtly , the prefixed numbers 6, 3, and 9 
Quottent Ih. eau. being divided by their common Diviſor 3, give 2, 1, 
contraQted, 3f and 3, which being ſet before the remaining letters 


24 —14d MER 
or 2 a 


3f 3f 


More Examples of Contra@ions in Diviſion, according to SeQt, V, and VI. 


a, dand f reſpectively, give the contrated Quotient 


Dividend, 4ca 274b © 16gh 
Diviſor, 2C gad 8gh 
; | 4ed 27ab 15h 
Quotient, _ _ £ 
Quotient or 36 : 
contracted, ats y 
-Dividend, 1 8aada” - | 3ob'c'dd. 
N Diviſor, "Td G6aa | gbbced 
4 2 — "= zo dd 
Quotient, —_ == 
Quottent | | | 
contraQed, ant _ 6bd 


Dividend, 2 8bbe -|- 16bbd ” 


Diviſor , - '206b 
Quotient 2 $bbc _— 16bbd NET 
: 20bb 
: BE. a | 
Srl, —_— 0} fo" T6; ; 


- - - . 
— 
at - 


V 11. If every member of a Compound quantity be multiplyed by one and the ſame 
Simple quantity, it is evident from the nature of Multiplication and Diviſion , that if the 
Product of that Multiplication be divided by the faid Compound quantity , the Quotient 
will be the Simple quantity. ” RNS | 

As, for Example, If b6{-c be multiplyed by 4 the Produ& will be ba + ca, 
and therefore ba -j- ca divided by the Fator b -|-c will give the other Fator 4. And 
for 


—Oll 


Jr 
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for the ſame reaſon, 2bca + 4, that is 2bca -+ 14, divided by 2bc + 1 will give the 


Quorient 4. : FE 
Likewiſe, If 64 -|- 54 — 4 ( thatis, 104 ) be divided by 6-|-5 — 1 (that is, r0,) 
the Quotient will be 4. $a ; 
Again, If 264 +-2ca + 2da be divided by 6 +c-+ 4, the Quotient will be 24; 
and if 2baa-+ caa — daa — aa be divided by 2b-|-c — d — 1, the Quotient will be aa. 


More Examples of ContraFions in Diviſion , according to 


the preceding SeGt. VII. 


Dividend, 24a |= 3ca 236 + 16 + 16 
Diviſor, 2d + 3c | 23 +18 +1 
Quotient, - S -f-7: | b 

Dividend, 2baa — 3caa 2af — 2bf + 2cf — 6f 
Diviſor, 26 —3c 4 — b + 6 —3 
Quotient, Z aa 25. bars 


VIII. When the Dividend and Diviſor are Compound whole Quantities, the 
precedent Rules of Algebraical Diviſion will not alwayes give the Quotient in the leaſt 
Terms ; bur the ſimpleſt Quotient may be found out by one of theſe two wayes, 25z. 

1. When-the Dividend and Diviſor are Algebraick Integers , and there is a poſlibiliry of 


expreſſing the Quotient by an Algebraical Integer , it may be found out by the general . 


method of Diviſion handled in the next following Seton, which way is like that of di- 
viding whole numbers in vulgar Arithmetick ; bur if the Learner find it difficult , he may 
wave it until he hath proceeded as far as the 8. Chapter of the 2. Book. | 

2. The Quotient , whether it happen to be an Algebraick Integer, or a Fra&tion , may 
be found out in its leaſt Terms by the method hereafter delivered in Set. 7. Chap. 8. of 
the Second Book , where the manner of finding out all the A/zquor parts or juſt Diviſors, 
every - - which will divide the Dividend and Diviſor propos'd without any Remainder 
1s exhibited. 


IX. In this Seo» a general method of Diviſion in Algebraical Integers is handled. 


As to the order of the work , it agrees with that forma of Diviſion in whole numbers which 
I have explained in Mr. Wingate's Arirhmetick , but the work it ſelf depends upon the 
preceding Rules of Algebraical Diviſion , Multiplication, and Subtrattion, as alſo upon 
this Rule for diſcovering the due Sign belonging to every particular Quotient , v4z. 
—+ divided by -|-, or — by —, gives + in the Quotient ; but + divided by —, 
or — by +, gives — in the Quotient. Whether the Operation be begun at the 
right hand or the left, it mattets not , but becauſe 'ris calier to Write forwards than back- 
wards, I ſhall (as in Vulgar Arithmetick ) begin to Divide at the left hand , and proceed 
towards the right. | 

Example 1. Let it be required to divide ac + ad + bc + bd by c + 4d. 

Having placed the Dividend and Diviſor in ſuch order as you ſee in the next Page, firſt 
I divide ++ ac by ++c, according to Seft. 5. of this Chap.) and there ariſeth -4- a , 
(+ 4, becauſe + divided by -+ gives 4 ,) therefore I write +- 4 or 4 in the Quotient ; 
then multiplying the whole Diviſor c-|-- 4 by the ſaid Quotient 4, 1 write the Produt 
ac + ad under the two firſt members of the Dividend towards the left hand, to wit , 
under ac + ad; that done, drawing a line under the faid Produt ac ad, I ſubtra& 
the ſame from ac + ad, ( the two firſt members of the Dividend ) and there remains o , 
which I ſet under the line, as you may ſee in the Page following. 


Diviſor. 


Wa 
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Diviſor. Dividend. Quotient, 
c +4 ) ac + ad + be + bg a+ b 
ac + ad 
o o-kbc+td 
+ be + ba 
AY 


Then there remains to be divided 4- bc -- 64 which I bring down to the Remainder ©, 
and renew the work , viz. 1 divide + bc.by + c, and there ariſeth -|-- 5 which I write 
in the Quotient next after 4; then multiplying the whole Diviſor c-|- 4 by the ſaid 
Quotient 6, the Produ& is bc-|- bd, which being ſubſcribed , and ſubtracted trom that 
which remained to be divided, there remains 0. +$0 the Diviſion is finiſhed, and the Quotient 
is found 4 + b , but that it is a true Quotient the Proof will make manifeſt ; tor 4 + 6 
multiplyed by the Diviſor c + 4 produceth the Dividend ac -|- ad-|- bc +|- ba. 


Example 2. In like manner , if aa — bb be to be divided by 4-1-6 the Quotient 
will be tound 4 — 6; For firſt , aa divided by 4 gives 4 in the Quotient, by which . 
multiplying the whole Diviſor 4-|-b the Product is 

| aa + ab , which ſubtracted from the Dividend aa — 66, 

aj bYaa—bb( a—b there remains to be divided — bb —— ab. Now I 


aa -|- ab renew the work , and divide — bb by its correſpon- 
WY7 © I dent Diviſor -|- 6, ( not by a, becauſe the Quo- 
Ms” tient will be a FraQion , which is to be avoided when 


—————— there is a pollibility) and there ariſeth — 6 ro be 

0 0 written next after @ in the Quotient, I ſay — 6, not 

— 6; for according to the Rule before given, — divi- 

ded by + gives — in the Quotient z then multiplying the whole Diviſor a -|-6 by — 6 
( laſt ſer in the Quotient ) the Produ& is — 4b — bb, or — bb — ab, which ſub. 


_ tracted from — bb — ab that remained to be divided, there remains © ; ſo the Diviſion 


is faniſh'd and the Quotient is found 4 — 6, to wit, ſuch a Quantity that if it be multiplyed 
by the Diviſor 4+ 6, it will produce the Dividend a4 — 66. 


Example 3. Again, If it be deſired to divide aaa -|- bbb by aa — ba bb, the 
Quotient will be found 4 + &, and the work will ſtand thus : | 


aa—ba-bb) aca-]-bth * 6.05 ( «+6 
aaa — baa + bba 


+ bbb -|- bag — bba 
-|-: bbb -|-: bas — bba 


O O O 


In which Example, firſt ( as before ) 1 begin at the firſt Term of the Dividend towards 
the left hand , and dividing aaa by aa, ( not by — ba nor by + bb, becauſe each of 
theſe will give a FraQton in the Quotient ) there ariſeth 4, which 1 ſer in the Quotient : 
then multiplying the whole Diviſor 24 — ba+| bb by the ſaid Quotient a, the Product 
is aaa — bas + bba, which I ſubtra& from the Dividend 444 + +bbb, ſo there remains 
r0 be yet divided + bbb + baa — bba. 

Now 1 renew the work, and divide + bbb by its correſpondent Diviſor -+- bb , (nor 
by. + 44, nor by — ba, becauſe each of theſe gives a Fraction) and there ariſeth. -4- 6, 
which I wrice next after 4 in the Quotient , then multiplying the whole Diviſor ag — bs 
— bb by the ſaid Quotient -+ 6, the Produ& is bbb -|- baa — bba, which I fer under, 
and ſubtra& from the Quantity that remained to be divided , ſo there remains o, and the 
Quotient ſought is 4 + 6: But that it is a true Quotient the proof will diſcover , for 
it the Diviſor az — ba-+ bb be multiplyed by the Quotient 4 + b,- it will produce the 
Dividend aaa + bbb. 

Exam- 


@, 


1 
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Example 4. In like manner , if 444 — bbb be divided by aa—ba+|-bb , the 
Quotient will be 4 — 5, and the work will ſtand thus ; 


Diviſor. Dividend. uvotient. 
a4-|-ba-{-bb ) aaa — bbb i ethe ot, . d . (=s 
aaa -|- baa -\- bba | 
— bbb — baa — bba 
— bbb — baa — bba 


O O O 


Example 5. Again , If 9 dddd-|- 1: ddde — 4deee — eece be to bedivided by 344 
— ee, the Quotient will be found 34d += 4de + ee, as will be manifeſt by the ſubſequent 
Operation. 


34d — ee \ 9dddd = 12 ddde — 4dete —ecce ( 3dd-- 4de | ee 
) gdddd — 3ddge ( 


[1 2 ddde |- 3ddee — qaeee 
—|—- I'2 dade , ! — 4acee 


|-+ 3 ddee'— eeee 
-þ 3ddee — ecee 


O oO 


In which Example, firſt I divide 9dadd4 by 344, ind it gives 3dd, which T write in 


the Quotient, then 'multiplying the whole Diviſor 34d — ee by the ſaid Quotient 34a, 
the Produt is gdddd — 3ddez, which I write under the two firſt members of the Divi- 
dend, and ſubtract the ſame from the ſaid two members , ſo there remains -|- 12 ddde + 
3ddee; to which 1 bring down — qdeee ( the next member of the Dividend ) and ir 
makes -|- 12 ddde -|- 3ddee — 4deee which comes now to be divided; therefore I renew 
the work, and dividing + 12ddde by + 34d, it gives + 4de, which I ſet in the 
Quotient next after 147 , then' multiplying the whole Diviſor 2dd— ee by the faid 
Quotient +|- 4de, the ProduRt is -+1 2 ddde — 4deee, Which I write under + 12dage 
—+ 3ddee — 4aeee ( the Quantity laſt ſer apart to be divided ; ) and having drawn a line 
under- the ſaid Product I ſubtra& it from the faid particular Dividend, ſo there remains 
-|- 3ddee which I write underneath the line , that done, to the ſaid Remainder -}- 3 ddee 
I bring down — eeee, (the laſt member of the total Dividend) and it makes 4-3ddee—eeece 
which is yet to be divided: Therefore I renew the work , and dividing +- 3ddee by 
+ 34d, it gives -{-ee which I ſet in the Quotient next aftet 4+- 44; ( or I might here 
divide + 3 ddee by — ee in regard it will give an Algebraical Integer in the Quotient, 
as I ſhall ſhew in the next Example :) chen multiplying the Diviſor 344 — ee by + ee, 
( laſt ſer in the Quotient,) and ſubtracting the Product —+ 3addee— ecce from the quan- 
tity that remained to be divided, there now remains o. So the Diviſion is finiſhed 
without any Quantity remaining, and the entire Quotient is +- 344+ 4de-+ ee. _ 

Note, By this General Method of Diviſion the Quotient may oftentimes be fornd our 
and expreſt various wayes, both as to the Order and Multitude of members in the Quotient, 


but yer the entire Quotient in each form will have one and the ſame value, as will appear 


by the following manner of Dividing the two quantities propos'd in the laft Example. 
= It thzretote be again propos'd to divide 9ddad -+ 124dde — 4deee — ecee by 

3dd — ee. 
Firſt, I work as before in the laſt Example to find out the two firſt members in the 
Quotient, co wit , 34d + qae , and then there remains to be divided + ; ddee — ecee 


- which you ſce ſtands at this mark in the following Operation : Now becauſe + 34dee 


divided by — ee gives an Algebraick Integer far the Quotient, to wit, '— 34d, there- 
fore I write — 34d in the Crmkar, then multiplying the whole Diviſor 34d — ee by 
— 3dd ( 1:it ſer in the Quotient) I fubtra& the ProduRt -þ $ddee — gdddd from -|- 3 ddee 
— eece Wi:ich remained to be divided ; ſo there remains to be yer divided = eeee + Es 

D-. 346 — 


a6 | Diviſion in | Book I. 


dd — ce Y 9daddd-|- 12 ddde — 4 acee — gece ( © 3dd-| q4ae 
a ) 94dad — Zaaee ( — 3dd ee -|- 3dd 


| —_— — — 


th dlde -|- 3ddee — 4deee 
+ I 2ddde one 4deee 


* — 3ddee — eece 
| 3 ddee — 9dadd 


— Cece -|- gadad 


— ecee -|- 3 date 


——— 


S — — m——_ 
© of gdddd — 3ddee 

"4 gaddd — 3ddee 

"xy 


Then I divide — eeee ( which ſtands immediately nnder the third black line ) by its 
correſpondent Diviſor — ee, ( for it cannot be divided by 34d fo as to give an Integer 
in the Quotient, ) and there ariſeth + ee, which I ſer in the Quotient , then multi- 
plying the whole Diviſor 3dd — ee by the faid Quotient +4 ee the Produdt is — ecee + 
3adee, which fubtrafted from — ecee | gdadd ( to wit, the quantity that remained to be 
divided ) there remains to. be yer divided | gdddd — 3ddee, ( which ſtands imme- 
diately under the IJaſt black line but one ; ) Therefore I divide + g9ddad by -|- 34d and 
it gives + 344 to be ſet in the Quotient , then multiplying the. whole Diviſor 3d4d — ee 
by the ſaid -- 34d, it makes + 9dddd — 3ddee, which ſubtrated from + gdddd — 
3ddee ( the quantity that remained to be divided ) leaves © , ſo the Diviſion is: finiſhed 
without any quantity remaining , and the Quotient is found 3dd{- 4de— 3dd-|- ee + 

| 3dd, thatis, 3dd-|-4de-|-ee: So that the Quotient found out by the latter Operation, 
after it is contrafted by Algebraical Addition , 1s the fame found out by the former way 
of dividing the Quantities given in the fifth Example. 


Example 6. Again, If yy — %90 — $247) — 64 be divided by y— 16 , 
the Ouotient will be found 9195+ 875 + 4 and the work will ſtand thus 3 oh? 


\tpviloe, Dividend. | Quotient, 

| y—16) ym 30 — 124) — 64 ( YM + 89 -þ 4 
| | 00) — I 6y77 | 

| + 87999 — 12477 

'- 2 i | TIM — 12337 

| + 41) — o 
& .._ *nide-DA 
Oo O 
| 


If the Powers of the Root y in the laſt Example be expreſſed according to Carteſins 
his way: the work will ſtandthus: 075% 


wy be hs RY 4 
” 6 EIS 1247 —64 ( +89 +4 


8j* — 124) 
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But Carteſi# in dividing the Quantittes propos'd in the laſt Example works backwards, 
»iz, from the right hand of the Dividend-towards the lett , as you here ſee in the following 
Operation. | 


an d 


y—16 ) f—I1.5—thay 64 ( 4+839 +7 


4)) — 64 
— $jf — 12897. 
+ 3 — 1287 
FP —16p* _ 
Fo 
TS [= nw 


More Examples are here added for the fuller exerciſe and illuitration of 


Diviſion in Compound Algebraick Intgers, according to the general method 
- in Set. IX. of this Chapter. NET B : 


Divifor: | , . Dividend. | Quotient. 1 
256—3d ) 6Ca — Gda — 8bc -- 1246 ( 34 — 4b 
"Rs 6ca'—gaa 2 - 
Oo. Oo —8b-i12d 
— 8bc -|- 12db .- 
| © -:-- O 
Diviſor. 7 Dividend. _— Quotient. 
a—b ) aaa — 3aab + 3abb == bbb ( as — 2ab | bb 
| aaa — anb © 
— 244h 3abb 
— 2446 2abb 
bo abb — bbb © 
abb — bbb 
A 
Diviſor. : Dividend. - Quotient, 
244-4: 36þ ) 4aaan -- 12 aabb -|- gbbbb ( 244 +— 36bb 
4aaas | Caabb © 


=|-» Gaabb 4 9bbbb 
-|- Gaabb + gbbbb 


O (@] 


4a-j-b) a44 — ab ( 2—bh — ab +6, thatis, as—ab 


 aann|- aab | 
— abb — aab 
— abb — bbb 
— aab -1-bbb 
— aab — abb 
| bbb += abb 5 
-|- bbb + abb 


) ©) 
D 2 Again, 


28 


Diwiſion in Algebraick Imegers. Book I. 


Again, 
Diviſor. Dividend. Quotient. 
ab — ad \ aab3 + fb — 24 ( abb -|- a* + aab + a3 
aab3 — a3bb | 
a + ab + a3bb — 295 
|= ab — 
—___———— 
+ 43bb — 4*b 
— & -{- a*b 
— 4 | ab 


© © 


Diviſor. Dividend. Quotient. 
24þ — $44) $4ab3 -|- 234 — 4. ( 3abb-b-*34) + Laah o+ $43 
Zaab3 — 343bb (wit, Zabb 4-Laab + 24 
| 134% i= 24366 — 
4 a*þ — 224 


—+ LM oe 
| E4*bb — Ea'b 


—_ 


"&# 2 4 
— 724 + 34% 


mnt + eb 
© O 


If Algebraical Diviſion according , to this general Method will not work off juſt 
without a Remainder, then you may write the 'Dividend and Diviſor fraQion-wile, 
according to Set#. 111, of this Chapt. Or ſometimes the Quotient may be expreſt partly 
by Integers, and partly by a Fration ; As if þb{-bd-|-cc be to be divided by þ -+- 4, 


the Quotient may be expreſt either thus bb + bd 4- cc 


. or elſe thus, b-{- T=p 


which latter Quotient is found out, by the. hYp F the ſaid general Method , for after 
you have thereby diſcovered as many Integers as can ariſe in the Quotient, you may ſer 
the remainder of the Dividend as a Numerator over the Diviſor as a Denominator, fo 
this Fration together with the ſaid Integer or Integers ſhall be equal to the Quotient 
ſought, as in this following Example. 


Diviſor. Dividend. Quotient, _ _ 
a—b ) 2440 + 3A4R — 2abc — Zak += 2c 4 246 3-341 ray 
iy wy 
244c — 2 abc mY 

| 3 448 — 3aab Pl ; 

| 3 44a — 34aab wooit# 
O © {26 
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| Chap. 6. The Arithmetic of Algebraick FraSions. 


Cnar VL. 
Containing the Arithmetick, of | Algebraical FraSGions. 


—  — —— 


| Of the riſe of Algebraick, Frafions , and the manner of expreſſing Integers 
and mixed quantities Fration-wiſe, | 


LEY Operations about Algebraick Frations are wrought like thoſe of vulgar 
FraRions, by the kelp ot the Rules of Algebraick Integers before delivered , as 
will appear by the following Rules of this Chapter. 

11. From the manner of dividing quantities according to SetF. 3. of the preceding 
Chap. 5. Algebraick Fra&ions ariſe; as, If @ be to be divided by 6, the Quotient 


is repreſented by the FraQtion +: Likewiſe £2 , Which imports as much as the 
Quotient of «+-|- þ divided by c—4; alſo 2007 200 , and ſuch like, are called 


Algebraical Fractions. | | 
III. If the Numerator be equal to the Denominator , that FraQtion ( or Quotient 


expreſt fra&ion-wiſe ) is equal to 1, (to wit, Unity, ) as before hath been ſaid in 
Set. 4: Chap. Fo 


aa abc + dd __ 
So = = I, And alc + ad = Is 


IV. When an Algebraick Integer is to be expreſt fraQion-wiſe, make it a Nume- 
rator, and ſet 1 for the Denominator ; as if theſe quantities ab and 4s — bb be to be 
ſet in the form of Frations they will ſtand thus ; | | 


< 


V. If an Algebraick Integer, as a, be to be ſet iri the form of a Fration that 


ſhall have for its Denominator ſome Algebraical Integer preſcribed, as d, multiply. « 


by the Denominator 4, and write the Produ& ad as a Numerator over the Denomina- 
tor d, thus, <, which FraRtion is equal to the Integer « firſt propeſed, and hath 


for irs Denominator the preſcribed quantity 4. 
Likewiſe the quantity 4 reduced to the form of a Fraftion whoſe Denominator is 


preſcribed 4}. c will ſtand thus , SEE. | 


Moreover , If a+— be to be reduced to the Form of a FraQtion that ſhall hay 


d for a Denominator , let 4 be multiplyed by the Denominator 4 : and to the Product 
ad add the Numerator a4; then fer that Summ, ro wit, ad -+ 4s over the Deno- 


minator 4, ſo there will be < — == for the FraRtion deſired. More Examples of 


this Rule arc theſe following. 


___ aa + ab __ dds _ 
— | a... Se | 4 = 00 
be -|-bb bb ab — ac -|- dd dd - 
"a LA \# b —6 =o bc 
How 
\ 
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How to reduce Algebraick, Fra@ions to others of the ſame value 
in more ſimple Terms. 


VI. When the ſame letter or letters be found in the Numeratot aid Denominator, 
Jet them be caſt out of both; and if the numbers prefixt can be abbreviated by fome 


common Diviſor ſer the Quotients in the places of thoſe numbers prefixt , ſo ſhall the new 
þ | 


FraRion be of the ſamo value with that firſt propoſed : So this Fraftion - will be re- 


duced to — - and this Ads nb will be reduced to EL iS This Rule hath 
” gs 
already been explaitied in Set?, 5. and 6, of Chap. 5. and may befutther illuſtrated by 


theſe following Examples. 


RR | T24dd __ 23dd 
— a + 

[. oc - «1b. 2644 _ Ss - .. 
"FR - ) 4ba-|- 16da  b=34* 


- 


—  <_—___—@w_—_= A. 


V II. The ſearching out of the greateſt common Diviſor, for reducing an Algebraick 
FraRion to the ſmalleſt Terms , after the manner uſed in Vulgar Arithmetick , is for the 
molt part a tedious and intricate work, eſpecially when the Numerator and Denomi- 
taror are Compound Yuinrities conſiſting of many members , and therefore inſtead of 
char way bf findidg-onr 4 Common treaſure ( or Diviſor ,) I ſhall. by a clear Method 
in Chap. 8. of the Second Book, ſhew how to find out all ſuch Diviſors as will divide the 
Numeratot and Denominator preciſely Without leavinga Remainder. But in the mean time 
I ſhall recommend to the Learners exerciſe the following Examples of Fractions abbre- 
viated. by: Diviſion according to the . general method in SetF. 9. Chap. 5. of this Book ; 
which ,Examples , together. wich the Rule above-delivered in the 6. Sef. will be great 
helps 49:5&fuce Algebraical Fractions to lower terms, when there is a poſlibility, _ 


Cd... 


Examples of F raFions reduced to thezr ſmalleſt Terms. 


- Sn 56g LED = a, 
"=" Oo arh-abe is SS. 
nn -—_ 
Pl = wt OR m FF, = "3 a—b. 
Es | = 
| = __— ESE, = a+ . 


aaa | 


I Oe ne br a 6 . —_— 
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aan = bbb = 44 — ba-|- bb £68 #88 = 4—b, 


a--b aa + ba -- bb 
' il. SR ds 
—— =4--64-b _— —— T 6. 
a— Ed aaa — bbbb © =a+b, 


| 44G — aab -t- abb — hbb © 


—_——.__—_ —_—_— 
— x  —— 
d © — 


—————_——_—_— 


More Examples of FraFions abbreviated. | 


han ab — £.” ( By the common Diviſor 4-6 ) 


add © 4 

4a—a4b —- £4, ( By the commonDiviſor 4+6 ) 

ac — bc c 

aac — aad _—_ 7 ( By the common Diviſor C—4a ) 3 


aaa —abb an — ab \ | | 
oc . B +6, 
aa+2ab+bb 5-8 . ( mY ) 


” * 
A td , GS Rm. O05 a a4 thc. 


aaa — bbb _ aa--ba--bb 
— Ar ab 


pe EE 


FIew oh 404 — ach —- ab — bbb. 


aa + ab A \ 


( By a+.) 


= 


nantity that can be divided by two or more 


How to find out the ſmalleſt 
given quantities Ptaby without a Remainder, 


VIII, Two or more Algebraick quantiries whether Simple or Compound being ; 
propofed , the ſmalleſt quantity that can be divided by every one of thoſe given , without 
a Remainder , may be found out by- the following Operation , ( which is grounded upon , 
36. prop. 7. Elem, Euclid.) and the uſe thereof will hereafter appear. 
As, for Example , If it be defired to find the ſmalleſt quantity that can be divided 
by aac and cd, ſet them in the form of a Fraftion 
aac 


thus , =T and reduce the Fraftion to its pri- you 
mitive or equivalent Fra&tion in the ſmalleſt Terms cd K d 

\ A CONEPEDIIPEETY 
=, which being ſet near the former, multiply ORIG pi 1 —_ 


croſs-wiſe , iz. aac by d, or aa by cd, and 
there will ariſe one and the. ſame Produ&, to : b: 
wit a«cd the Quantity ſought ; which is the ſmalleſt quantity -that can be divided 
ſeverally by aac and cd withom teaving. any Remainder. " 
n' 
Co 


[ 
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In like manner to find the ſmalleſt quantity that can be divided by ab +- ac 
and ad — af ſeverally, 1 fer them FraQtion- 


ab Jas yy 5+  gj a2 +4, this reduced to its 1 
—_— +4 T=0 wiſe thus, TCH this reduced to its loweſt 
GIN? FO CEE — : -+ C " . 
tba fab — for Terms pives —_— then I multiply croſs- wiſe 
| ( as before) viz. ab ac by d —f or ad — af 
by b-1-c, and there ariſeth ab4—- acd — fab — fac , which is the ſmalleſt quantity 
that can be- divided by ab 1 ac and 4d — af, ſo as to leave no Remainder. 
1 X. But if the given Quantities cannot be reduced to lower Terms, then multiply them 


| © one into another, and their Product is the quantity 
bb cc X bb + cc delired : So to find the ſmalleſt quantity thar 
_ op 


dal- ff dd + ff can be divided by bb |-cc and dd + ff _—_— 
FOBO vie EEE TNES . . : . = CC 
Bhd oo cdl -4- Bhff -1- cxff without leaving a Remainder , becauſe Wi 


| - ' cannot be reduced to more ſimple Terms, 1 mul- 
tiply bb -|-cc by dd-|-ff, and there is produced bbdd + ccdd + bbff_- ocff the 
Quantity ſought. | 

| X. When' three or more quantities are given, the ſmalleſt quantity that can be 

divided by them ſeverally without leaving a Remainder may be found out in this manner ; 

' _»4z, To find ont the leaſt quantity that can 

aaa — abb 4a — ab be divided by aaa — abb, aa -|- 24ab 1- bb 

aa -|- 2ab |- bb X aſ-b and aa—bb, 1I firſt ſeek ( after the manner 

—_ ——— of the ſecond Example in Set. 8.) the imalleſt 

aaaa— aabb + aaah — abbb quantity that can be divided by a4« — abb, 

* PROT and aa + 2ab + bb, (0 I find aaaa — aabb 

o|- aaab — abbb; and becauſe this quantity may be alſo divided by a4 — bb (the third 

y_ propoſed ) it is manifeſt that 4444— aabb + aaab — abbb is the quantity 
ought. | 


—_— 


In like manner- if there be given theſe four quantities, aaaa — bbbb, 4a ab, 


aaaa | aabb; and a ++b, Firſt, I find out ( as before) the ſmalleſt quantity aaaa4 
— abbbb that can be divided by the firſt and ſecond quantities aaaa— tbbb and a4 -+ ab; 


acts — bh Ne a4 — aaboh- a6 —- bb 
' 4 + ab * 4 | P 


Py —_— __ —_—— —_ A—— 
| G—— L —  ——_— 


— ater - 
Then becauſe the ſaid 44444 — abbbb cannot be divided by the third quantity 44a 
+ aabb , 1 ſeek the ſmalleſt quantity that can be divided by aaaaa — abbbb and aaas 


| | aabb, ſo I find ( in like manner as 
aaana — abbbb - + X  4aa—bb before) aaanaa— aabbbb, which , be- 


7 cauſe it is diviſible by the fourth quanticy 
ws rs bs a propoſed, ro wit, by 4+6' thal} be 
JT aaaaan — aabbbb the quantity ſought; viz. 4a* — 4ab? is 


9M the ſmalleſt quantity that can be divided 
by every one of theſe four quantities, 4a* — bt; aa—+- & a* 4- aabb, and 4 +6. 
And ſo of others. $- 


How to reduce Algebraical Fra#ions which have different Denominators, 
into other” FraGions of the ſame value that may have a Common De- 
 nommator. 


XI. When two Fractions having different Denominators ate to be reduced into 
two other Frattions of the fame value that ſhall have a Common Denominator ; multiply 
the Numerator of the firſt FraQtion by the Degominator of the ſecond , and the Product 
ſhall be a new Numerator correſpondent to the Numerator of that firſt Fragtion, Alſo, 

| | multiply 


er gf 


" Saas 
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multiply the Nunkizans of the ſecond FraQion by the Denominator of the firſt , and the 
Produk is a new Numerator <cerreſpondent to the Numerator of the ſecond EraQtion ; 
laſtly., multiply che Denominators-one by the other z and the Product ſhall be a common 


Denoeminator to. both the new 2 Rwy 
As, for Example , to reduce = atid © _ {( whoſe Denoinators & and 4 are unlike) 


irito to other Frafions chat may be of the fame value with thoſe given, and haye a COm- 
mon Denominutor:;; Firſt, 1 mutjtiply croſs-wiſe, 4 viz. the 
* ©: Numerator ab by the Denominator a, andthe Product is 
[7-7 na X ud aab tor a new Numeratorinſtead of ab ; likewiſe 1 mulri- 
ic a ' ply the Numerator 64 by the Detiominator c,and the Pro- 
IEICE p da is bd, for a new Numerator inſtead of #4;-laſtly, 
eld 5 - the Denominators c and 4 multiplyed one'by, the other 


aab 2 _bas produce ac for a Denominator' ro each. of 'thoſe new 
_ ig " Numerators ab and bdc : So the Fraftions. — and 


4c 3re formd ont which have a common Dehominator ac ,' and: are equal in-valye to 


AC 
the Frafions firſt given, Vi, 38. is equal to nA and', = is | equal [ 2, ,.4S Was 


required. 
| 4n like manner w_ and _ (which have urilike Derominnon) wilt be reduced 
7bc 


F444 ind 4 2400 a have a common Denominator. 
$ SOA: '35bed 


into : 


Alſo, Zand % will be reduced into theſe, © — ang ed 
| ki 54 Fa 
Again, to reduce he 4 and fu Ne _ to a common Denominator, multiply 


croſs-wiſe ( as before, ) viz. aa+ ab by ffs. and 3c6 — dd by c++ 4d. fo the 
Products are aaff + 26bff and 3cce — cad + 3ccd — ddd for new Numerators , 


then multiplying the —_ c-+dand ff one into the other, the Produtt i - fff 
for .a common Denominator , arid the Fra&ions ſought are . 
, off = af 


Zee — ad += 3d — ddd 
off + af 

XII. When three or more FraQions having unlike Denominators are to be reduced 
into as' many other FraRions that may be of the ſame value, and have a common Deno- 
minator , Multiply the Numerator of each FraQion into all the Denominators except 
its own , ſo the ProduQts made by that continual Multiplication ſhall be new Numerators ; 
multiply alſo all the Denominators one into another , and the Produ ſhall be a Denomt- 
nator to every one of the new Numerators. 


As, for Example, To-reduce theſe three © FraQtions £ TI 2 and 2ef inro 


L 
three others that may be of the fame. value and have 2 common Denominator , I mul- 
tiply the Numerator 4 into the Denomi- 
nators d and g, ſo the Produt ady is a 


—- n — 0 = . new Numerator inſtead of 4a; again, 1 multi- 

7 PRES Ws we wu Numerator c into the 7 rage 
4 ; tors b and og, and the ProduRt cbg is 2a 

= 7 x R 2047 erent Flo of c;, likewiſe, multi- 

: & 4 plying the Numerator 2ef into the Denomi- 


nators b and d, the Produt 26bdef is a 
Numerator inſtead of 2ef; laſtly, the Denominators þ, 4 and g multiplyed one into 
another produce bag for a common Denominator to thoſe three new Numerators, and the 
ang cbg q 264ef 2bde def 


three Fractions ſought are bag? 7+ Þ and ——— I 


E | In 
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In like manner theſe three Fra&tions LL - 2 TE and = will be reduced to 
. 7aada— 448 6366 _ aadabb — $dabb 
to theſe three, to wit, —X—' lj and Feld Jas 


' which have for a common Denominator 74abb — 5 Ebb. 


XIII. But if the Denominarors of the given Fra&tions can be reduced to lower 
Terms , then thoſe Fra&ions may oftentimes be reduced more compendioully than by the 
Rules. in the rwo laſt preceding Sectors, into others in the ſmalleſt Terms chat have a 
common Denominator, in this manner; viz. Seek ( by the Rules in Set. 8. and 10. 
of this Chap. ) the ſmalleſt quantity that can be divided by every one of the Denomi- 
nators without a Remainder , which quantity reſerve for a common Denominator ; then 
for the Numerators divide the common Denominator by the 'Denominator of the firſt 
Fraion, and multiply the Quotient by the Numerator of the firſt Fra&tion, fo ſhall 
the Produ&t be a new Numerator inſtead of that firſt Numerator ; work in like 
manner to find out the other Numerators, and ſet every one of them over the common 


Denominator before found out. 


As, for Example, to reduce theſe Frations Ll and — to a common Deno- 


minator ; I ſeek firſt of all the ſmalleſt quantity thar can be divided by the Denomina- 
tors aac and cd, and I find that quantity to be aacd, which ſhall be the common 
Denominator ; then I divide the ſaid aacd by each of the given Denominators aac and 
cd, and multiply the Quotients 4 and aa by the given Numerators b46b4 and 2es, ſo the 
Produfts bbbdd and aaaaa ſhall be the new Numerators, which being ſeverally fer over 


btbad and #4. for the FraQtions 
aacd aacd 


the common Denominator aacd, there will ariſe 


ſought. | | 
= HE bbbb aac -|- bbb , , 
Likewiſe, to reduce IR and a to a common Denominator, having 


firſt found the common Denominator aacd— aadd, to wit , the leaſt quantity thar can 
be divided by the given D:nominators aac — aad and cd — ad, 1 divide the ſaid com- 
mon Denominator by the ſaid given Denominators ſeverally , and the Quotients 4 and as 
I multiply by the Numerators bbbb and aaa-j-bbb, and then ſetting the Produas 
ſeyerally over the common Denominator , the Fractions ſought will be __$bbbd 

; aacd — aadd 
_ aaaaa | aabbb 


aacd — aadd © 


Again; to reduce theſe three FraQtiens , to wit , 


a—b bb 
aaa — abb ? aa + 24b +- bb 
to a common Denominator ; Firſt ( as in the firſt Example in Se. 10. 


aa — bb 
of this Chap. ) I ſeek the ſmalleſt quantity that can be juſt divided by every one of the 
the three given Denominators, and I find aaaa + aaab — aabb — abbb, for a common 
Denominator ; then dividing this quantity found by every one of the three given Deno- 
minators ( according to the general Method in Se. g. Chap. 5. ) the Quotients will be 
a-|-b, aa — ab and aa ab; that done, 1 multiply the firſt of thoſe Quotients by 
the Numerator of the firſt FraQtion ; alſo the ſecond Quotient by the ſecond Numerator, 
and the third Quotient by the third Numerator ; ſo the Produfts aa — bb; aabb — abbb 
and aaaa — aabb (hall be new Numerators , which being ſeverally ſer over the common 
Denominator firſt found, will give the FraQions ſought, to wir, theſe : 


aa — bb 
aaaa -|- aaab — aabb — abbb | 4 
aabb — abbb A 


aaae -\- aaab — aabb — abbb 


Vs anna — aabb 
aaan | aaab — aabb — abbh ? 


Nor 
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Nor will the Operation be otherwiſe to reduce theſe four FraQions, to wir, 7 a! ” 


IT. - F L=Er and < = ——- r E , into theſe four following Frations hahing 
A A A — . — . 
a common Denominator. | 


| £ 

of FI 
a) — 24% 2ab* — 24%) 4 a3b? 

= a* — ab 9 

| : id — &Þ —&b +6 
Zo a* — ab? I 

a þ ab? — a*b* — fb) | < 

4» a® Sa ab Li 


For firſt by the help of the given Denominators , the ſinalleſt common Dendbminator 
a* — aab* is found out by the operation in the laſt Example of the preceding Se. 10. 
of this Chap. ) then the ſaid common Denominator being divided ſeverally by the given 
Denominators 4a* — b* , aa-{ab, a* + aabb, and ab, the Quotients are aa, 
a* — a3b + aabb — ab, aa— bb, and & — a*b + 43bb — aab) ; which multiplyed 
reſpeRively by the given Numerators 4' , a3 —aab, a —b , and aa4-ab+bb, 
will produce thoſe new Numerators which are before ſet over the common Denomi- 
nator 4* — aab?. 


. an * 
- v = » ld 


Addiiion of Algebraical Fra#jons. 


| / 
XIV. If two or more Fractions to be added have one common Denominator , add 
the Numerators together, and ſer their Sum as a new Numerator over the common Deno- 
minator , ſo ſhall this new Fra&ion be the ſumm of the FraQions given to be added: 


As, fer Example, to add —_ to =, the Simm will be © + bb 


50 allo, 2; adied to 3h 2b + 3b 
alſo 579 added to = makes ' 7 
Likewiſe the Summ of ———_— and _—_— will be found _— ( For 


the given Numerators Git 36 and 2b — 34 added together make 24 — 6.) 
Agiin, the Sum of £2224. , 244-24 ang —4%-. wil be found —4< 
ga e Summ 0 = ' —eeFs and pu will un ET 
And if theſe be added, to wit, -—3 _34_, and p< 
nd if theſe be added, to wit, IT. STAN BIITE7 
the Summ will be «| _34 2 345 +349 ; that is, 44. ( For by\Diviſion, 
| 6 c 
3ab -|- 34c + 3ad = 34) 
#5" 2 of i "RE 
XV. But if the FraQions propos'd to be added together have unlike Dehomina- 
tors , firſt reduce them to a common Denominator , and then add them as before z as 


to add - tO x, firſt I redice them to - and bas which have the ſame Deno- 


ac 
minator ac, then ſetting the ſumm of the Numerators aab and b4c over the common 


Denominator ac , there will be 44b + bac (; the Summa required, 
ac F 
E 2 So 
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So alſo to add F* — and =L, cher Suram will be ;found £4. EE 2bacf 


: . "Rn a—b. | th Aa — ab 
Likewile , to add theſe three Fractions — ci. aft 
rſt 1 reduce them to three others of the ſame value under a common Denominator , 


(as in the third Example of the preceding 1 3+ Sett. ) and then ſerting the Summ of the 
three new Numerators over the common Denominator , I find the ſurm of the given 


aaaa + aa —abbb —bb _ 
" naad + aaab — aabb — abbb 


Fractions to be 


XVI. When Mixed quantities are to be added together, colle& the Fractions into 
one ſumm , and the Integers into another, then thoſe two ſamms added together give the 


ſumm deſired ; as, for Example : 


To add theſe mixed quantities . . . « —_ — 4 and = od, 


The ſamm of the Fractions, after FO v / 
rhey are reduced- to a common = 
Denominator, 15 . .. + . + + 


To which ſumin_ adding rhe Inte-5 
gers in the mixed quantities pro- £665 die — Ad, 


poſed, the ſumm delired will be 


Or, when mixed quantities are to be added together , you may reduce them to impro- 
per Fra&iohs, ( by Set. 5. of this Chap.) and then add theſe together as in the preceding 
Examples; as, | | 

To add thoſe mixed quantities in a4 _ ad 
the laſt Example, to wit, ..-. C - 35g _ — +; 
I firſt reduce them ro theſe —> aa — ba ang £44 - 
Po Y 


BE... fo SS ERS hb 
Which reduced to a common De- caa — cba q bad + bed 
. — _ an Ee 
nominator produce theſe . . 4 . tc bc 


:; Which two laſt Fractions added } 1411441 
together give the ſumm required, - — 
WHY > os.» < 5;0 0 ©»; 

Which is equal to the Summ before 
—_, > wit,'. . . > £ 


can bid 
bc 


—a-Fd. 


———_— 


Subtration of Algebraical Fra&ions. 


XVII. If the two Fraftions given have the ſame Denominator , ſubtra& the Nume- 
tor of the FraQtion preſcribed to be ſubtraRted,-from the other Numerator , and ſet the 
Remainder as a new Numerator over the on Denominator, ſo ſhall this new FraRion 
be the Remainder ſought. 


As, for Example, If from — you deſire to ſubtract =, take bb from az, and 


ſet the Remainder aa — bb as a Numerator over the commen Denominator c; fo 
$20 ſhall be the Remainder ſought, 


C 
In like manger" Yrgm 5. you would ſubtra = the Remainder will be 
26,24 . that is, ( by Divilion ) 24. | 


Again, It from 264 — 2233." hn diond ro ſubra& 3582212618 
| a -|- b a +6 : 


Remainder 


Pe 


RN 


a — 
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Remainder will be found S4—197 +24, ( For 3as + 126 — 18 ſubtracted 


from $44 — 76 + 6, leaves 5aa—196b +24.) | 
So alſo, from d+ 4 ſubtracting 4 , there remains dd bb . For . 
OI bd b +4 ; $65 


ad bb 
—+ 4 


from 


3 


bb . db 1- 
( by Sc. 5. of this Chap. ) d + FT will be reduced to -— 7 


which ſubtracting 7 £ 7 che Remainder is _— , 


XV III. But if the two Fra@ions given have different Denominators, firſt reduce 
them to a common Denominator , and then ſubtract as before z ſo if from = it be de- 


fired to ſubrrat <Z® , I reduce them to a and —_—_ which have the ſame Deno- 


Jah s > 4b— acc FEI: 
minator c< ; then from _—__ ſubtraQing A. there remains - a which is 


the Remainder ſought. 
After the ſame manner, If from _ you would take away IF» there will 


main 4b |= aac | 
Ss bbb bebb- - .* 
Likewiſe from —— — take away pm ane I firſt reduce theſe given 


Fra&tions to a common Denominator , ( as in the ſecond Example of Set. x 3. of chft 


aaaan -{»aabbb  bbbbd . ; 
Chap.) and ſo I find —_ and proces gaps > © which latter FraRtion ſub- 


trated from the former there retains _a4a4a-j-aabbb —bbbbd b 
rY aacd — aadd 


Again, If from 4 it be defired to ſubtrat == , I reduce #4 into the form of 


a Frattion whoſe Denominator ſhall be 4 &, and fo inſtead of 4 I find _ = ?, 
| | ., Aa— abg:: . 2a4b . | 
from which ſubtraQting Fre there remains pm 


a 


A—R— 


Multiplication of Algebraical FraTions. 


XIX. When two Algebraick FraQions are given ro be multiplyed one by the 
other , multiply their Numerators one into the other, and take the Produ&t for a new 
Numerator ; likewiſe multiplying the Denominators one into the other, this ProduRt 
ſhall be a new Denominator , and the new Fraftion is the ProduR ſought. 

As , for Example, to multiply *< by 5 » I multiply (as in vulgar Fraftions 


c 
the Numerator 24 by the Numerator'b, and the Produft 24+ is a new Numerator ; 
likewiſe I multiply the Denominators 34 and c one into the other, and the Predut 


3ac hall be a new Denominator , ſo = is the Produ& ſought, 
bb 


mas 244ab — 24abbb 
C " be-j-ce 

X X. When either or both the given Terms ate mixed Quantities , reduce the 
mixt Quantity to the form of a Fra&tion ( by the Rule in SeZ. 5. of this Chap. ) and 


In like manner , =* 


multiplyed by = gives the Product 


and then multiply as before » So to multiply c-{- x by 4 | : as — , I firſt reduce 


thoſe 


——— 
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ac 
C—d | 
Numerator c4 -|-- bb by the Numerator ac, the Produ& is accd+|- acbb for a new Nu- 
merator ; alſo multiplying the Denominators 4 and c — « one by the other, the ProduR 
atcd -|- achb 

ac — ad © 
XX1. When an Integer is to be multiplyed by a Fra&tion , expreſs the Integer 


fra&ion-wiſe by giving it unity, ( towit, 1 ) for a Denominator, ( according to Set. 4. 
of this Chap.) and then multiply as in the preceding Examples. 


cd -|- bb 
d 


thoſe mixt quantities to theſe Fraftions, and » then multiplying the 


is dc — dd for a new Denominator, and the Produt ſought is 


As, to multiply a by — that 1s, _ by = , the Produ@ will be E. Like- 
- . -|- bb a — bb 
'wiſe to multiply aa — bb by —_— 7? I reduce aa — bb to £ "_ then mul- 


tiplying the Numerator aa + bb by the Numerator aa — bb, the ProduQt aaaa — bbbb 
ſhall be a new Numerator z Likewiſe the Denominator cd | fg multiplyed by the 
Denominator 1 gives cd + fg for a new D-:nominator, and the new Fraction 
4449 — bbbb ;. he Produdt ſought. 

ca-1- fo | 

XX11. But oftentimes there may be this uſeful ContraRion in the Multiplication 
of Fraftions, viz. When the Numerator of the one and the Denominator of the other 
may be ſeverally divided by ſome common Diviſor without a Remainder , take rhe 
Quotients inſtead of the ſaid Numerator and Denominator , and then multiply as in the 


preceding Examples. 
aa- 2ab -|- bb b = a 

a—d FT 
Foraſmuch as the Numerator of. the firſt Fration and the Denominator of the latter 
may be divided ſeverally by a -|- 6 without a Remainder , I ſet the Quotients a -| b 
and 1 in the places of aa-[-24b-|-bb and a6, and by that exchange theſe Fra- 
ions will ariſe, to wit, | | 


As, for Example, to multiply 


£13; ad < 
cd — dd I 


In like manner, becauſe cd — dd the Denominator of the firſt of the two Fractions laſt 

above-wricten , and 4d the Numerator of the latter Fration, may be ſeverally divided 

by 4 without a Remainder , I ſet the Quotients c — d and 4 in the places of cd — gd, 
and dd, and ſo theſe new Frations ariſe, to wit ; 

— Ly 

| d "Sy 

Then 1 multiply ( as befor: ) the Numerators a-|-þ and 4, one by the other, and 

the Produtt da+|- ab is a new Numerator: Alſo multiplying the Denominator c — 4 

by the Denominator 1, the Product,c— 4 is a new Denominator, and the new Fraction 


— -s is the Product ſought.; being equal to that which would be made by the 
mutual multiplication of Ix: 245 a oy and 7 the FraQtions firſt propoſed to 
be*multplyed. TS 

bb bb 


So alſo, 1f ir be defired to multiply 4 + 


as _ E = by 7 TN, Foraſmuch as the Numerator as — 2ab -|- bb 
of the latter Fration, and the Denominator 4 — b of the former, being ſeverally 
divided by their common Diviſor 4 — 6 'will give the Quotients 4 — b and .1 ; therefore 


I fer theſe in the places of 44 —2ab + bb and a—b, whence theſe FraQtions will 
arte z» [0 wit ; 


IT by a—26+ To that is, 


aa — ab + bb 


—__— * cr 
"He 


Which 


A > 
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Which being multiplyed one by the other will give 


4 


aa —2ab+206b — oy , the Product ſought. 


P | 
. aac —aad—bbc- bb aaa — abb 
Again , this Fra&tion Pr pe Y gp woormey* af 


Wa — aabl bbb _ . 
produce "<5 —— wn DR - For the Numerator of the firſt FraQion 


and the Denominator of the latter being ſeverally divided by their common Diviſor c — 4, 
the Quotients will be #4 — #6 and d ; Alſo, the Denominator of the firſt Fraftion and 
the Numerator of the ſecond being ſeverally divided by their common Diviſor a j- 6, 
the Quotients will be 2+ b and 44 — ab, then ferting the two former Quotients in the 
places of the two firſt Dividends, and the two Jatter Quotients in the places of che rwo 
latter Dividends, theſe two FraQions will ariſe, to wir 
aa —bb q aa—ab, 
a+b ” | Sake 


multiplyed by , will 


ana — 24ab + 2 bb — bb 
; , or 


Laſtly, multiplying the Numerators 44 — 6b and 44 — ab one into the other ; as alſo 


the Denominators « -+ & and 4d, ( as in former Examples ,) you will find the Produt 


ſought, to wit ; | | 
Ws aces A a 


ad + bd l 


RX XIII. When a FraRtion is to be multiplyed by ſorvie Integer that happens to 
be the ſame with the Denominator of the Fration, take the Numerator for the Product 


required. As, for Example , to multiply en by « +—d, I write aa-+ ab 
-|-bb for the Product of their multiplication. | 
Likewiſe , If - be to be multiplyed by the Denomunator c ; I write the Numera- 


tor b for the Produt, The reaſon of this ContraQtion is evident ; for if 5 he mul- 


Cc 


tiplyed by &, or — , In the ordinary way, the Prodott will ſtand thus, Le , Which, 
by caſting away the common FaRor < out of the Numerator and Denominator , gives 5 
for the Produ& , to wit, the Numerator of the given FraQtion —_ 


Hence alſo, if an Algebraical Fraftion be to be multiplyed by ſome letter or letters 
that are found among others in every member of the Denominator, that multiplication 
needs rio other work but the caſting away ſuch letter or letters out of the Denominaror : 


As to multiply - by c, the Product is 2 where obſerve, that becauſe the 
multiplyer & is found in the given Denominator cd, I ſtrike it quite out. 

Likewiſe, to multiply - by 4, I write A for the ProduQ : And to multiply 
= by 34s, I cancel 3as in the Denominator , and write EE for 
the Product required. 

Note. The taking of 4 parts of the Quantity 4, imports the ſame thing with the 


multiplying of « by 4, and the Prpdu& may be expreſt either thus, ==; or thus, $4. 


Likewiſe + of þ 4+-c, or the Produ& of b +c multiplyed by *, may be expreſt 
either thus, 26 - 2, or thus, #b-1-2c, And ſo of others. | 


pF Diviſion ; 
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Diviſion in Algebraical FraFions. 


XXIV. When the two given Fraftions,. to wit , the Dividend and Diviſor , have 
3 common -Denothinator , caſt away the Denominator , and divide the Numerator of the 
Dividend by the Numerator of the Diviſor ; fo that which ariſeth ſhall be the Quotient 


ſought, As, to divide 4 by 2, I caſt away the common Denominator c, and 


aa 
b .* 
that is, ab for the Quotient. 


divide aab by 6b , ſo the Quotient ſought is F—- , that is, 


In like manner, 4abb divided by 4 gives = , 


a 
CG aaa — abb a aat2 ab-bb aaa—abh 
Again, If Wh be divided by ——_ IT 


which abbreviated ( by dividing 'the Numerator and Denominator ſeverally by their 
common Diviſor &-|- 6 ) gives aa — ab the Quotient ſought, 


- ab 

XXV. lf the given Fractions have not a common Denominator , then ( as in Di- 
viſion of vulgar FraQtions ) multiply the Numerator of the Dividend by the Denomi- 
nator of the Diviſor, and the ProduR. ſhall be a new Numerator, alſo , multiply the 
Denominator of the Dividend by the Numerator of the Diviſor, and the Product thall be 

a new Denominator., ſo the new FraQtion 1s the Quotient ſought. 
As, for Example, to divide < by E , I multiply ab by 4, and the ProduR 
et * oj is aab for a new Numerator, alſo, multiplying c by 
— ) — I by 4d, the Produ& is 4c for a new Denominator ; 


, there will ariſe 


ED ſo the Quotient ſought is A 
FOOT » aa — bb = 6 md ES aaaa — btbb 
- Likewiſe, It = be divided by —Ly the Quotient will be —IIH"8 


For aa — 6b the Numerator of the Dividend being multiplyed by aa + 64 the De- 
nowwmator of the'Diviſoe, the Produt aaa —bbþb is the new Numerator y, ahd £4 
the Denominator of the Dividend being multiplyed by c — 4 the Numerator. of the 
Diviſor produceth & — dd for 4 ew Denominator ; whence the Quotient ſought is 
aaaa — bbbb | | 

w— 

XXVI. But oftentimes there may be this. uſeful ComraRion in the Diviſion of 
Fra&tions, viz. When either the two Numerators', or the two Denominators may be 
divided by ſome common Diviſor without'a Remainder , ſet the Qyotients ariling out of 
ſach Diviſion (or image them to. be ſer ) in-the places of the ſaid Numerators or Deno- 
minators that were divided , and then divide as in the former Examples. 

As, to divide — a by = ; Foraſmuch as the Numerators 44 — ab and 
a — b may be reduced to more ſimple Terms, to wit, 4 and 1, (for aa — ab and 
4 — b being ſeverally divided by their common Meaſure 4 — b give 4 and 1. And, 
becauſe the Denominators cc and cd may likewiſe be reduced to more ſimple Terms 
candd, ( by dividing the faid cc and cd by their. common Diviſor c, ) therefote in the 
places of the two given Numerators aa — 4b and a —b I ſe the two former Quotients 
4 and 1, and 1n the places of the two given Denominators cc and cd .1I ſer the two 


oy ) 3 uk latter Quotients c and d; ſo there will be —_ 
A C c 


before) I multiply a by 4, and the ProduRt is ad or dz for a new Numerator ; 


and 7 for a new Dividend and Diviſor ; then ( as 


Alſo, c multiplyed by 1 gives & for a new Denominator, and the new Fraion - Is 


the 


$5145 
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the Quotient ſought z which is equal to that which would ariſe by dividing ab by 
cc 


os. , to wit, the Frations firſt propoſed. 


ca | 
Again, If it be deſired to divide __— by ££4, Foramuch as the 


Numerators 4444 — bbbb and aa-- ab may be reduced to aaa — aab + abb — bb 
and a by their common Diviſor 4+ 6 ; and the Denominators a4 — 24b+|- bb and 
a — þ may be reduced to a—b and 1, by the common Diviſor « — 4; therefore 
inſtead of multiplying 4444 — bbbb by 4 —6, I multiply the ſaid 444 — ab | abb 
— bbb by 1, and the ProduQt is aaa — aab | abb — bbb for a new Numerator; and 
inſtead of multiplying aa — 24b -|- bb by aa ab, I multiply a — b by a; ſo the 
Produt 4a — ab (hall be a new Denominator, whence the Quotient ſought is 
aaa -— aab | abb — tbb 


Aa — ab 


: : anda — 625 ey aa + 54 | ; 

In like mariner, If ———— be divided by = z the Quotient will 

be =—_ CS [25 , For aaaa—625 and aa-|- 54a may be reduced to 
aa — | x 

aan — 544 -|- 254 — 125, and 4 by the common Diviſor 4-5; Alſo, aa — 104 

|-25 and 4—F may be reduced to —5 and 1 by the common Divifor 4 — 5 

and 1; whence inſtead of the Fractions given we may divide | 


aaa — fag ?F4a—125 b _- 
es $ Y T2? 
and the Quotient ſought will be £46402 


aa— 54 


Again, to divide aaa — 2 aab -|- abb by EY, I ſet x for a Denominatot 


aan — 2 4aab oþ- abb 


under the Dividend aaa — 2aab -|- abb, and ir ſtands thus then 


| I 
foraſmuch as the Numerators aaa — 2446 | abb and aa — ab may be reduced to 4 — b 
and I, (by the common Diviſor as — ab, ) therefore inſtead of the given Dividend 


and Diviſor we may take _— : and =" » Whence the Quotient ſought will be 


found aa — bb. 


So alſo, If 44+ 3. betobedivided by a-{-b, that is, <=4<& 346 
N a--46 ; —_—_ 
a-- . . aa + 3ab_, þ XX += Fx - 0 , 
by —_— the Quotient will be found =" nd mg divided by 


xx 4 5*, gives the Quotient =; : Laſtly, RTE divided by x + 5 gives 


the Quotient 


». 
| _— 
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Car VIL. 
The Rule of Three in Quantities repreſented by Letters. 


6nd out a fourth in a dire& Proportion , that is, when the nature of the 
Queſtion is ſuch that as the firſt Term is in proportion to the ſecond, ſo 
is the third to the fourth ſought z then ( reſpe& being had to the preceding Rules of Alge- 
braica} Multiplication aud Divilion ) multiply the ſecond and third Terms one into ano- 


[, \ S in vulgar Arithmetick ſo here in Algebraica] , if three Quantities be given to. 


- ther, and divide the Product by the firſt Term , ſo the Quotient ſhall be the fourth Pro- 


portional ſought. : + - : 
As, for example , If the Quantity 4 give þ , what ſhall c give, in a dire Propor- 
tion? Or, to the ſame effe, find out a quantity which ſhall have 


the ſame proportion to c, as 6 hath to 4, here 1 multiply 6 


þ 
*.b::c.— by c, and then dividing the Produft bc by 4, the Quotient 


The Proof, © is the fourth Proportional ſought; as will appear by the 


a 

abc — bc. Proof of the Rule of Three diret: For if the fourth Term 

5 _be be multiplyed by the firſt Term 4a, the Produc will be 
A 


Abe which ( by Se&. 5, Chap. 5.) is equal to bc, to wit, the Product of the ſecond 
A 


Term multiplyed by the third. Fs : : 
In like manner, If 4-6 give 4, what ſhall c4- 4 give in a Dire& proportion ? 
ac + dd 


Anſwer , <pene a 


= , that 1s, 644. 


Again, If 4 give 3 , what ſhall 844 give? Anſw. - 
Moreover, If aaa — aab-{- abb — bbb give aa-|-bb, what ſhall a2 — 6b give ? 


 Anſw. 4-j-b: For the ſecond and third Terms being multiplyed one by the other will 


produce aaaa—bbbb, which divided by the firſt Term aaa—aab-|-abb —bbb ( according 
to the general method of Divilion in SeZF. 9, Chap. 5.) gives a-|-6 the fourth Propor- 
fional ſought. | 
11, When any one of the three given Quantities is an Algebraick Fra&ion , ſet 

the other two if they be Integers, in the forra of Fraftions, by placing x as a Denomi- 
nator under each Integer, : 

Alſo, when any one of the three given Quantities is compos'd of an Integer and a 
Fraction , let it be reduced into the form of a FraRion, ( by Se, 5. Chap. 6.) then if 
the Proportion be Dire& , multiply and divide as before. 


As, for example , If a-|- :....2 give ca, What ſhall 
C 


ab 


give in a dire& pro- 


LS —_ bb aL, 
portion ? Anſw. pray «oh For firſt , 4+ - being reduced to the form of a 
fraRion will ſtand thus ph 2 alſo cd ſet fraftion-wiſe is LY then multiplying 


the third Term 4 by the ſecond Term a » the Produ& is _ , Which divided 


ac + bb _. abced 


by the firſt Term —— gives for the fourth Proportional ſought. 


acf -|- bbf | 
WL =” = a A cabb 
In like manner, It — give d, then - will give x5 that is, _ ( for =} 
being abbreviated according to Set, 5, Chap. 5. gives LA 
Alſo, 
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C . 44 Te daa 
Alſo, If Lid give £5 , then _— will give —<< 

TI. If after the three given Quantities are: ordered or ſet in the Rule according to 
the uſual manner in Vulgar Arichmetick , the Proportion flows backwards, +5z. it the 
nature of the Queſtion be ſuch, that as the third Term is in proportion to the ſecond, ſo is 
the firft to the fourth Term ſought; then ( as in the Inverſe or backward Rule of Three in 
Vulgar Arithmetick ) multiply the firſt and ſecond Terms one by the other, and divide the x 
Produt by the thitd , ſo the Quotient ſhall be the fourth Proportional ſought. Bur I hall 
not need to give Examples of this Rule , nor to make application ot Algebraical Arithme- 
tick to the Double Rule of Three, Rules of Fellowſhip and Alligation ; ſince he thar 
underſtands the manner of working thoſe Rules in Vulgat Arithmetick, as alſo the Rules 
of Algebraical Arithmetick before delivered ,” cannot miſs of performing the like work 
Algebraically when there is occaſion. 


CHnaPp. VIII. 


' An Introduftion to the Extraftion of ROOTS out-of 
Algebraical Quantities, 


I. Þ is not my delign in this Chapter to treat of the ExtraQion of Roers in-general, 
4 ( that Doctrine being hereafter handled in the third and fourth Chapter of the ſecond 
Book ) but chiefly to ſhew how to extraR the Roots or (ides of Simple Powers expreſt 
by Letters, as alſo of Squares formed from Rational Binomial Roots, in order+to the 
explication of divers Equations in the following Chapters : For: I would not willingly 
affright the Learner with tedious and intricate Operations until he hath had a conſiderable 
taſte of the pratice of Algebra in the ſolving- of Arithmetical Queſtions. | 


IT. As in Vulgar Arithmetick , the extration of the Square root of a given number 
imports nothing elſe bat the finding out ſuch a nuniber that being multiplyed by it ſelf 
will produce the given number : Bake extracting of the Square root of the quantity 4 
implyes onely the finding out ſuch a quantity, which if ic be multiplyed by it ſelf-will pro- 
duce. a4; and ſince a multiplyed by a produceth aa , therefore 4 is the Root or ſide 
of the Square aa. R 

Likewiſe the ſquare Root of 46b is 25, for 26 multiplyed by 26 produceth 466: 


And for the ſame reaſon, the ſquare Root of Zan (or Ty ). is 24; (or =) Alſo, the 


ſquare Root of bbaa is ba; and the ſquare Root of aaas is 4s. | 
Moreover , Foraſmuch as a4, or the Square of the Root 4 , being multiplyed by the 
Root 4 produceth 424, or the Cube of 4, therefore the cubick Roor of aaa being ex- 
trated there will come forth again the Root 4, In like manner, the cubick Roor of 8444 
is 24; for 24 multiplyed cubically , (that is, firſt by ir ſelf and then again by the Pro- 
duct ) produceth 8 4aa. | et SAS 
I11.” The like is to be underſtood: in the extraQtion of the Root of a Compound 
Power; For , as the Binomial Root 4 4+- b, which may repreſent the Summ of the two 
mu _ _ ſore: yes - my fray - 
vided, being ſquared or multiplyed' by it ſelf, | 
produceth ts a aa-|-24b + bb; So the - 444-6, - Tue Roots 


{quare Root of aa ++ 246 -{- bb being extraRted, He 
there will ariſe the Root &@ -| 6. . Here the aa + ab: - 
Learner may ebſerve, Thar if a Number or Right- + ab -bb 


line be divided into any two parts, (4 and b 

the Square ( aa —|- 2ab + bb ). which is made 

of 4-1-6 ) the Summ of the parts, is compoſed 

of ( aa and bb) the Squares of the parts, and of (246) the double Produt made by 

the multiplication of the parts ( 4 and 6) one _ the other. R 
2 0 


aa + 2ab + bb. The Square. 


{i 
il 44 
I 
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So the Square of 8, orof 5 +3, is equal to 25-9-|- 30, that is, 64. 
Again, As the Binomial , or ( as ſome call it ) the Relidual Root 4a —b, or b — 4 
being multiplyed by it ſelf producerh the Square aa—2ab + bb , So the ſquare Root of 
aa — 2ab-|- bb being extracted , there will 
come forth the Root 4a—b, or b—4; ( for 
a—b. The Root, either of theſe Roots will produce the ſame 
OE IR Square, ) Here alſo the Learner may obſerve, 
"ID That if a Number or Right-line be divided into 
_—_— th any two parts, ( & and 6) the Square ( aa— 
_—_— 2ab |-bb ) which is made by the multiplica- 
aa — 2ab -\- bb. The Square, rwionof (4 —b, or b—a) the difference of 
the parts into it ſelf, is equal to ( 44a-|- 4b) the 
ſumm of the Squares of the parts, leſs by (246) 
the double Produ& of the Multiplication of the parts one into the other ; So the Square 

of 5 —3, that is, of 2 , is equalto 25 -9g— 3o, thats, 4. | 


I'V. From what hath been ſaid in the laſt SeRion, this Theorem may be inferr'd, 
viz, If a Compound quantity conſiſts of three ſuch members or Simple quantities , 
that two of them are Squares , each of them having the lign +- prefaxt to it, and the third 
is the double Produ& made by the mutual 2 "=pOg ot the Roots of thoſe (imple 
Squares, the ſaid double Produtt alſo having the ſign + prefixt to it ; that Compound 
quantity ſhall be a Square whoſe Root is the ſumm of the two Roots of the ſaid two timple 
Squares : But if the ſaid double Produ& hath the ſign — prefixt to ir , then the dif- 
ference of the ſaid Roots ſhall be the Root of the ſaid compound Square. 

Hence 4a+|- 64 9 will be found a Square , whoſe Root is 4+ 3 , for it is evident 
that a4 and 9 are Squares, whoſe Roots are 4 and 3, and 64 ts the double Pradut 
of the multiplication of thoſe Roots.4 and 3 one by the other, | | 

Likewiſe, gbb + 6bc+|-c is a Square, whoſe Root is 26|-c; for g9bb and cc are 
Squares whoſe Roots are 3b and c, and 6bc is the double Produ& of the multiplication 
of the Roots 3b and c one into the ,other, - Alſo, aaaa-|- baa + £bb will be. found 
a Square , whoſe Root is aa | 3b. * ofl3 -.. by 

Moreover , ( agreeable to the lazter Caſe in the Theorem ) This Compound: quantity 
aa — Ia 25 will be diſcovered to: be a Square whoſe Root: is &'— 5, of 5;'-— 4a. 
And bbaa— 2bca'-cc is a Square whole, Root is j4—c, or c-—ba; For from 
either . of . theſe Roots. the, ſame Square ;bbaa — 2bca|+ cc will be. produced by Alge- 
braical Multiplication. h 5 S113 © 

\lf the Learner be well vers'd in this Theorem , he may oftentimes-diſcern at firſt ſight 
whether a Compound quantity that conſiſts of three members or Single quantities be a 


Square or not ; and if a Square, what its Root is. 


V. If a quantity out of which a Root isto be extracted be ſuch, that the Root can- 
not any manner of way be exaQly extraRted , that Root 1s. uſually delign'd or repreſented 
by prefixing the Radical lign before the Quantity propoſed. So to extraft the ſquare 
Root of the quantity 4, ( whether it repreſefits a Plane. number or a Superficies ) I write 
4a, or  (2)a, which ſignifies that the ſquare? Root of 4 is extracted or to be extrated. 

So alſo, 4/:aa + bb : or, 4 (2) :aa 4+ bb: denotes the Square Root of the ſumm 
of the Squares aa and bb. TW | | 

Likewiſe, to extra the Cubick Root of b, I write 4/ (3)b x: as alſo 4/ (3) ab, to 
ſignifie the Cubick Root of aab; _ which kind of Roots are called Surd or Irrational 


Quantities. ( As hereafter in Chap. 9. of the II. Book will be morefully declared. ) 


VI. When it is required to extra the Root of a Fraction, the Root of the Nume- 
rator and the Root of the Denominator ſhall give a new Fraftion. which is the Root 


fought. As, for example, If the Square root of IT be deſired ; foraſmuch as the 


ſquare Root of aa is a, and the ſquarg Root of 4b is b, 1 write + for the Root 


fough ts; 
In 
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In like manner , the ſquare Root of _ Is - ( for the ſquare Root of aabb 
is ab, and the Root of #3 is 4.) a | | 
9 . 40403 - | . 
Again, the ſquare Root of <= = 7 +2 is £53. 3 For ( by the foregoing 
SefF. 4.) the ſquare Root of the Numerator 44+|- b4+j-9 is 443 ; and the ſquare 


Root of the Denominator 6þ is b6. Alſo, the ſquare Root of _9bb 2G tc 
= 
is 3f3-©. and the cubick Root of 274d j 34 or *4. 
| 24 ” 64 4 


V II. Bur if the Root ſought cannot be extrafted out of the Numerator and Denomi- 
nator as before , the Radical ſign is to be ſet before the given Fraion ; as to extrac.the 


ſquare Root of — » I write / _—_ or becauſe the ſquare Root of the Numerator is a, 


the ſquare Root of T may be expreſt thus 7 ; likewiſe the ſquare Root of ho 
' may be written either thus, 4/ == LE ; or thus, v at b ah 
A 


CaulAar?r. IX. 


Which teacheth how by any two of the three Members of a Square 
formed from a Binomial Root, to find out the third Member. 


I, | gs SefF, 3. of the precedent 8, Chap. it is evident that every Square formed 

from a Binomial Root , chat is , a Root of two Names ot Parts , conſiſts of three 
Members or diſtin& Quantities , ro wit , two Affirmative Squares, and the double of the 
Produ&t made by the mutual multiplication of the two Roots of thoſe Squares ;. which 
double Produc is ſometimes Affirmative , and ſometimes Negative : So cach of theſe 
compound Squares 944 -|- 124+ 4, and 9ga4— 124+ 4, whoſe Roots are 34-2, 
and 3a—2, (or 2z—34a) conſiſts of 'two Squares, to wit , gaa and 4, together 
with 124, the double Product of 34 multiplyed by 2 ; which 34 and 2 are the Roots - 
of the ſaid Squares gaz and 4 : Now it any two of the three members of a Square formed 
from a Binomial root be given z we may find out the third member by one of theſe two 
following Rules. Wu 


11. When two Affirmative Squares are . pand. two of the three members or parts 
of a compound Square formed from a Binomial root to find ont the third of mean mem- 
ber ; extra& the Square root out of each of thoſe given Squares , then the double of the 
Product made by the multiplication of thoſe'Roots one irito the other ſhall be rhe mean or 
middle member ſought , which. if ir be annexed to the two given q wn either by -|- 
or —, wilt make.a compleat Compound Square having a Binomial Roox. 

As, for example, If the Squares 9a# and 4 be given , firſt I extrat their Roots 
Which are 34 and 2 , then multiplying theſe Roots one by the other the ProduRt is 64, 
which doubled makes 124, the middle'member ſought; this joyned by + to the farm 
of the given Squares 944 and 4 makes the compound Square 944-|- 4 + 124 , of 
94a+|- 124-|-4, Whoſe Root is 34-42: But if 'the ſaid double ProduR 1 24 be 
joyned to the ſumm of the Squares by — e will arife the'coripound- Square 944 -- 

4—124, Or 9a4 — 124-|-4 ; Whoſe Root is 34—2, or,, 2 — 34. 

In hke manner, If 44s and 96b be propos'd as two of the three' members of a 
compound Square that hath a Binomial Root , the third member will be found 1246 ; and 
the Square ſought will be ejther 44a -|- 1246 |= 9bb , whoſe Root is 24+|-36; or elſe 
444 — 134b | gbb, whoſe Root is 24 — 3b, or 36 — 24. | TY 

£ I11. When 


=; 
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1 11. When the double Product and either of the two Affirmative Squares aforeſaid 
are given as two of the three members of a compound Square having a Binomial Root, to 
find out the other Square or third member ; divide balt the ſaid double ProduR by the 
Root of the given Square , andthe ſquare of the Quotient ſhall be the third member ſought, 
which added by -|- to the two given members will compleat the Compound Square. 

As, for example, If 944+] 124 be propoſed , the half of 124 is 64; this di- 
vided by 3a ( the ſquare Root of gaz) gives 2 whoſe Square 15 4 , Which added by 
-|- 10 g4a+{-128 makes 9aa5- 124-4, Which is a compleat Compound Square, 


whoſe Root 1s 34-|- 2+ ' BN, : 
In like manner, If 12a-| 4 be given ; the half of 124 is 64, which divided by 2, 


( the ſquare Root of 4 ) gives 34, whoſe Square is 944, which added by | to 124 
-| 4 , makes the compound Square 124+ 4 + 944, thatis, g4a-þ- 124 4, whoſe 
Root is 34-2. 

Apain, If a — 26a be given, the half of 244 is ba, which divided by &, (the 
ſquare Root of a ) gives the Quotient 6, whoſe Square is 66 ; which added to aa— 264 
makes the Square as — 2ba+ bb, whoſe Root, becauſe — is prefixt to 26a, ſhall 
be a—b, or, b—a, But ut -|- had been prefixt to 264, then the Root would have 
been a-|-6, or b-|-a. 

Note. If the ſaid Affirmative Square given be expreſt by letters, and hath only x 
(to wit, Unity ) prefixtro it, then inſtead of the Rule above delivered in this SecF. 3. there 
may be this Compendium, viz. The Square of half that quantity which in the donble Pro- 
duct given is drawn into the Root of the given Square ſhall be the third Member ſought 
ro compleat the compound Square : 'As in the laſt Example, where a4 — 26a was given, 
becauſe 1 is prefixt ( or muſt be imagined to be prefixt ) ro aa; I take the half of 26 
to wit, 6, which multiplyed by it ſelf gives þþ, which added by -|-- to aa — 26a, will 
make ( as before ) the compleat Compound Square aa— 2 ba + bb. So alſo to make 
aa |-6da a Compleat Square, I take the ha]t of 6d which is 3d, whoſe Square ydd 
added by {- to aa-|- 6da makes the compound Square 44+ 6da-|- 9dd,, whoſe Root 
is 4-]- 34. This will be further illuſtrated in the next SefF;on, 


IV. If a Compound quantity conſiſts of two ſuch quantities that one of thera. is an 
Affirmative Square expreſt by letters , before which 1 is prefixr, (or ſuppos'd to be prefixt) 
and the other is the Produt made by the multiplication of the Root vf that Square by 
ſome quantity, which is uſually called the Coefhcient ; that Compound quantity may 
be made a compleat Square thus, viz. Add by the ſign -+ the Square of half the Co- 
efficient to the Compound quantity given, ſo ſhall the ſumm be a Square, whoſe Root, 
when -|-- is prefixt to the ſaid Produtt, is the ſurnm of the Roots of the Square given and 
the *quare added : Bur when — is prefixt to the ſaid Produ&, then the Root of the Com- 
pound Square found ſhall be the difference of thoſe two Roots. | 

As, forexample, 1f the Compound quantity aa+{- ca be propoſed, I take the half 
of the Coefficient c, towit, 3c; then the Square of £c is £cc,, which added to aa-|-ca 
makes aa ca +-$cc, which is a Square whoſe Root or Side is #-|-*c, to wit, the 
ſumm of the Roots of the Squares 44 and jcc ; But if the ſaid £cc be added to aa — ca, 
ther there will ariſe the Square 44 — ca-þ Zcc , whoſe Root is 4 — Ze, or ic —a. 

In like manner, To make 44+ 56a a compleat Square, and to diſcover its Root; 
I take the half of 56, ro wit, 74, the Square whereof is #366, which added to the given 
Compound quantity | a4 -|- 564 makes 44+ 5ba-|-*:bb, which is a Square whoſe 
Root is a+ £6, as will ealily appear by multiplying the ſaid Root into it ſelf. 

So alſo, To make aa— 124 a perfe&t Square, 1 add 36 (the Square of. half the Co- 
efficient 12 ) to 44 — 124 , and it makes the compound Square 44 — 124+ 36, whoſe 
Root is 4—6, or 6 — &. 

Again , To find what Quantity muſt be added to aaaa+ſ- 44, or aaaa+- 14s, to 
make a compleat Square, I take 7, to wit, halt the Coefficient r which is prefixt tro 44, 
( the Square root of 4444) and then the Square of the ſaid + is Z; this added to a444 
-+- 1a4 makes the Square aaaa-|- 144-7 , Or, aaaart-aa-|-+, whoſe Root is 
aa -|-7, to wit, the ſurm of the Roots of the Squares aaaa and *. 


Afﬀer 
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After the ſame manner, To make 164 
this Compound Quantity a cotmpleat > aa I « 


Square, « «+ ++» + +00 + +0 » 
,, _ the. half of the Coethcient ab 28 

- =, to wit, CS SS Env we 24d 2 
Then the Square of that balf Co- F 4bb-\- 1266 +J- gcc A 

efficient Is 4 $04 See, 44d 


Which Square added to the Com- @ ,,-1_ 26+3e, 4, 466 nbc oc 
pound quantity propoſed, makes « . .. - a 4da ; 

Which laſt Compoynd quantity 1s £ Joſe 0 264+ 3c 
a Square, whoſe Root is .. .. «+ «+ 2d 


Likewiſe , If it be deſired ro make this Compound quantity a compleat Square, to wir, 
aaaaan -|- baaa, 1 add to it the Square of half rhe Corfficient þ, to wit, 344, ſo there 
will be a2aaaa+ baaa + 5bb the Square delired ; whoſe Root is aaa + £6. 


CHaP. X. 
A ColleSion of eaſie QueStions to exerciſe the Rules 


bitherto delivered, 


I. T9 are two Quantities whereof the greater is 4 (or, 3, ) the leſſer is e;, (ot 2,) 

What is their Surmm ? Whar is their Difference ? What is the Produ& of their 
Multiplication ? What is the Quotierit of the greater divided by the leſſer? What 
is the Quotient of the lefler divided by the greater ? What is the Summ of their Squares > 
What is the Difference of their Squares? What is the ſumm of the Summ and Dif- 
ference of the two Quantities firſt propoſed ? What is the ditference of their Summ and 
Difference ? What 1s the Product made by the multiplication of the Summ by the Dif- 
ference ? What is the Square of the Sum ? What is the Square of the Difference ? 
What is the Summ of the Squares of the Summ and Difference? What is the Difference 
between the Square of the Summ, and the Square of the Difference ? What is the Square 
of the Product of the multiplication of the ſaid two Quantities ? 


Anſwers by Letters, by Numbers. 


1. The Summ of the two Quantities propoſed is «. . - . ae 5 ; 
2. Their Difference, or the exceſs 'of the greater 

above the the leſs, 1s 9 OO = : 
3- The Product of their Multiplication is ,c........ | ae 6 
4+ The Quotient of the greater divided by the lefs is .; | w_ > 
5. The Quotient of the leſſer divided by the greater is _ 2 
6. The Summ of their Squares is .. «oc ..00oe+ aa + ee 3 
7» The Diftcrence of their Squares is .., . . « + + + + aa — ee | 'F- 
8, The ſumm of the Summ and Difference of the two p 

Quantities firſt propoſed is, ,. ., . +» + « AY 
9. The difference of their Summ and Difference is . «. 262"; | 4 
10. the ProduR of the Multiplication of the Summ 

by the Dilerenadth 2 * 5 oo oo ee NE - | E 
31. The Square of tht Sunil fo. ooo ooo not aa 24e -|-ee 25 
I2. The Square of the Difference is , « . .. + + . « | 4a — 246-|--ee T 
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13. The Summ of the Squares of the Summ andQ_ | = 
CO AIRES FER, | 248-206 | 26 
14. The difference between the Square ot the Summ 
Td the Square of the Difference is , . . . « -» - + | 4ae | 24 
15. The Square of the ProduR of the 2 WEN . . 
of the ewe Quantities is .. coop cnc aace | 3 


In like manner, If the greater of two Quantities be c, ( or 4,) and the leſſer be 
R's . ( which we may ſuppoſe to repreſent ES. » that is, 2 , by putting 6 
- | 


for 20, and d for 12; ) then 


I. The >umm of thoſe two Quantities will be . . . . co] = E:.0 
ers, . coo 30. c_£=2 AX 
3+ The ProduCt of their Multiplication is . . . .; « Saws - - 8 
4. The Quotient of the greater divided by theleſs is .. TJ 
5. The Quotient of the lefler divided by the greater is t—=s | + 
| c 
6. The ſumm of their Squares Is, , ....o,00 + oe 4.4 =2447- 4d 
C CC 
7. The difference of their Squares is , ; ,9 5 y » + | co — 2s 14] xn 
| c 
8, The ſumm of the Summ and Difference of wy l 2 
CSE i . co co on adn» eo | RIP | 
9, The difference between the Summ and Difference is E- Ro . $6 a 
' 10, The Produ& of the Summ multiplyed by the? ! ____ #5 — 264+ ad| 
LS, ..o. oo EEE. | Tn Iz 


II. There are two Quantities whoſe Summ is 4, ( or 20,) and the greater of 
them is put 4, (or 12 ;) What is the Lefler ? What is their Difference? What is 
the Product of their multiplication > What is the Summ of their Squares ? What is the 
Difference of their Squares ? IS 


1, If from the Summ of two quantities the greater 

be ſabtrated , the Remainder ſhall be the lefler ; | b— 4 8 

therefore the leſſer quauntity ſought is . ... 
2. If from the greater quantity a, the leſſer b—4 be? | P 

ſubtracted, the Remainder or Difference will be .. 'c I 4 
3- The Produ& of the multiplication of the gx | EAPO p 

quantities IS, .... co e 00000000 » TY 9 
4. The Summ of their Squares is , ,....... .. | 248 + bb — 2ba | 208 
5. The Difference of their Squares is. . , .., « . ©. 2ba — bb 80 
7. Butif the Summ of two quantities be repreſented by b 20 
2. And for the leſſer of them there bepmt. . .. ,.. | c 8 
3. The Greater quantity ſhall be... .... $60" Þ mm 8 I2 
4. Thaw Ditebence Bulle, coo oc nc 000 I b—2e +l 
5. The Produ& of their Multiplication. . . ,. ; + « be —ee 96 
6. The Summ of their Squares. , ..... . ... | 20+ bhb—3be 208 
7. The Diference of their Squares .. o co0'ots co | bb — tbe 80 

I1I. There 
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IT]. There are two Quantities whoſe Difference is 4, ( or 4,) and if for the 
Greater quantity there be put a, (ori2;) What is the Lefler? What is their Sunim ? 
What is the Product of their Mulciplication ! What is the Summ of their Squrres ? 
What is the Difference of their Squares ? | 


1. By ſubtraRing the Ditference from the — 4 
quantity , the Leſſer will be nn.” o_ $ 
2. The Summ of the two quantities is . , . . + 248 — of ”: vl 
3. The Product of their Multiplication is , . +» .\ aa — da il 9g6 
4- The Summ of their Squares is . + +. 0:0 ++} 244+ dd — 2ds =—_ 
5. The Difference of their Squares 5 . , . . . | PPTRyY ” [1 
1. Burt if the Difference of two quantities be . . .. « | a 4 
2. And for the Lefſer quantity you put , . . . + e 8 

3. The Grearer ſhall be the ſumm of the Difference 1} | 
and che Leaf GR, - fo = © 0 'c "ny "I 
_ The Summ of the two Quantities is . . . , d+2e 20 
5. The Produdt of their Multiplication is . . . . de 4- ee 96 
6, The Summ of their Squares is . . . . . , . | dd-|-2de-|-2ee 208 
7. The Difference of their Squares is . . . . . | ad + 2ae 6 


IV. There are two Quantities , whereof the Greater hath ſuch proportion to the 
Leſſer as + (3) to 5, (2,) now if for the Greater quantity there be put 2, (1 


What is the Lefſer * What is their Summ ? What is their Difference ? What is the 


Produ@ of their Multiplication ? What is the Summ of their Squares ? What is the 
Difference of their Squares ? 


1. Firſt, ſay by the Rule of Three, If » give s; | 


what will 2 give? Anſw. _ , Which is the — Io 
r 
Leffer quancity fought. . . <0: » +» » | | 
2. Then the Summ of the two quantities will be . ; . 4 ob a 25 
: : A 
3o Their Difference is ® * 6 . . . - 2 = » | ; A ——— s | 
Fr 
: , f = | Po 
4. The Product of their Multiplication is . 5 ; . | = I50 
8 | -” 
5. The Summ of their Squares is . . « « 5% . 4 | — | 325 
6, The Difference of their Squares is ; . 3; 4 » 4s —— I. | I25 
ww 


——— 


But if the Leſſer of two quiantities be e ( 10, ) and hath ſach proportion to the 
Greater as 5 (2,) tor (3;,) Then * 


| b. OI he i Tm by Ow " _— | LA 15 
2. Andthe Summ of the two quantities will be ! .. .. . | _ + e 25 
3- Their Dili -.. >. © wt EE — © 
4. The Product of their Multiplication is ; . . + _— | I5o 
5. The Summ of their Squares is . | ; 5 + « ; _ | ee 325 
6. The Difference of their Squares is . « « + « | = —_— Izy 


G V. There 


gO 
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D—_ 


V. There are two Quantities , the Product of whoſe multiplication js & ( 20 ;) and 
if for the Greater quantity there be put 4 ( 5,) What 1s the Lefler ? What is their 
Summ ? What is their Difference? What is the Summ of their Squares? What is the 


Difference of their Squares ! 


7. The Produ& 6 divided by the Greater quantity %? | b_ | X 
gives the Leſſer, towit, « « + « « & «© « a . 
2. Then the Summ of the two quantities is . . , . 5+ > 9 
| | 
3; Their Difference is - « » +» +» +» +» » +« 4 — 4 8 
4, The Summ of their Squares is . . +» . »«. , Aa = , 4t 
5. The Difference of their Squares is . «. . . +» I 1 | | 9 
| aa 


But if the Produ&t of the multiplication of two quantities be 6 ( 20,) and for the 
Leſſer there be put e ( 4- ) | 


7. The greater quantity will be . . . +. < /« « - | 5 
2. The Surmm of the two quantities is . . +» « , LE os | 9 
OG 5 - . co £550 2-2 - _ Wh 
4. The ſumm of their Squares is ,-. . « « | Li —+ ee C-: af 
5. The difference of their Squares is . '. . 2 + = — CC 9 


—_— 


V I. The extraQion of Roots may be exerciſed by theſe following Queſtions , reſpeR 
being had to Sett. 28. Chap. 1. as alſo Chap. 8. $97 FLLEDS E-4 


. What is the ſquare Root of 14442? Anſw. 124. 


I | 
2. What is the ſquare Root of *£3aabb? Anſw, *5a6b. 
3. What is the ſquare Root of 944 — 64b-|- bb ?  Anſw. 34 —b, or, b — 34. 
4. What is the ſquare Root of 467. Leda 1660 2 Anſw. 24:54:46 
PTR: T 
5. What is the Cubick Root of 125aaabbb? Anſw. 5ab. : 
6. If b bepnt for 65, and & for 8, what number is ſignified by 4 : b-- ico: —*c 2 
eAnſw. 5. | ; 
7. The ſame things being pur as in the laſt Queſtion, what number is ſignified by 
y/ :b | Ec: + 3c? Anſw. 13. R | 


8. If 4 beput for 8, and f for 48, what number is fignified by 4/ i f- tad — *d: 
eAnſw. 2, | 

9. But the ſame things being put as in the laſt Queſtion, this quantity /:y/f-<dd-|-24: 
ſignifies /12 , or, 3.464, &c. that is, 3,42, &c. _h 
- o. If g be put for 4, and h for 837, what number is ſignified by /(3):/b-igg—tir: 

nſw. 3. EG AS 158 

11. But the ſame things being put as in the laſt Queſtion, this quantity 
/ (3): 4b 3gg +39: lignifies / (3) 31, or, 3.141, &c. 


VII. The Rules of the ninth Chap: may be exerciſed by theſe following Queſtions. 


1. What Quantity is that which if it be added to aa -}- 25, will make the ſumm 


a Square? A»ſw. The Quantity to be added may be either 4 104, or — 10a; 
and 
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29% = TE > > EE. 


and the Square ſought is either aa -|- 104+}-25, whoſe Root or {ide is a+|--5 ; or elle 
the Square is a4 — 104+ 25 , whoſe Root 5 a— 5, or 5— 4. 


2. What Quantity is that which if it be added to 534a-|-£bb, will make the ſy 5 


a Square? Anſw. The Quantity to be added may be either + ab, or — ab; and the 
Square is either 5544 ab -|- *þbh, whoſe Root 15 44-|-36b: Or elle the Square is 241 
— ab -|- bb, whoſe Root is ja—5b, or 36 — 44. 

2. Vihar Quantity is that which if it be added to a4-|--2@ will make the ſurmm a Square? 


Anſw. The Quantity to be added is 4 ; and the Square 1s aa -|- 34-7, whoſe Root | 


5 4+ 3 by | 
4s What Quantity is that which together with aaa — 2bbaa will make a perfect 
Square? Arſw. The Quantity to be added 1s 4446 ; and the Square is a4aa — 2 bbaa 


| bbbb, whoſe Root is aa — bb, or bb — aa. 
5. What Quantity is that which it it be addded to aa-| > » Will make the 
bbbb 


; and the Square 1; as 
4cc 


ſfumm a 5quare ! | Anſw. The Quantity to be added 1s 


- 268 , Whoſe Root is a+|- Fc 
C 


- 


+ 
y 4 2C 
6. What Quamity is that which together with a4aa4aa — 44a Will make a compleat 
Square? Anſw. The Quantity to be added is 7; and the Square ſought is 444422 — aaa 
=, Whoſe Root-1s 444 — 7, Or + — aaa, | 


Gu am Hh 
Concerning an Equation, and the, ReduGion 'of Equations. 


I. A* Equation in the Algebraical Art is a mutual Comparing of two Equal quan- 
6 ities or things of different Denominations: as, If the value of three ſhillings 
be compared to thirty {ix pence of Zng/iſh meney , that compariſon imports an Equation, 
which may be Symbolically expreſt thus, 3s = 36, thar 1s, three thillings are equal 
0-thirty lix pence. .. Likewiſe, foraſmuch as nine Crowns are of equal value with the 
ſumm of two Pounds and five Shillings of Eng/:/s money ;_ the comparing of theſe two 
ſamms ro one angther is nothing elſe but.an Equation which may be briefly expreſt thus , 
9c = 21+ 5s.--In each of which Equations the Moneys compared are of different kinds; 
for Equations between equal thihgs ot one and the. ſame name, as 2s = 25,.0r 5 =5, 
and ſuch like, ,are fruitleſs. G12; $3 3% 

After the ſame manner , this Equation a= b+[-- c may ſignifie that ſome number or 


line repreſented by @ is equal to two other numbers or lines & and © taken together as 


one ; or, if the number or line 4 be divided into two parts 6 and c, then allo a=6b-þ-<c 
for the whole is equal to all its parts. 


II. Every Equation confiſts of two Parts, which are uſually ſeparated -one from 
another by this Chara&ter — , fo in the firſt Equation in the precedenr $2&. 3s is the firſt 
Part, and 364 the latter ; alſo in the ſecond Equation , 9c is the firſt Part, and 2/+ 5s 
15 the latter ; likewiſe in the Jaſt Equation of the ſame Seton, 4 is the firſt Part, and b + c 
the latter. | 18 + 1 

111. The ſingle Quantities or things, whereof each part of an Equation is compoſed, 
are —_— the Terms of an Equation ; as in this Equation, 4 =b-+&, the Terms are 
a, b and c, | | 


I'V. How Equations are found out, the Reſolution of Queſtions will hereafter ſhew , 
but when known quantiries are intermingled with unknown in an Equation , the firſt ſcope 
1s toc]car the Equation from all ſuperfluous quantities, and to ſeparate the known quan- 
titties from the unknown, that at length an Equation may remain in the feweſt and ING 

G43 erms, 


"i 


X 


52 ReduGion of Equations. Book I. 


Terms , ſo diſpoſed , that the unknown quantity or quantities may poſleſs one part of 
= the Equation , and the known the other , this work 1s called Reda#;on', and how ris 
Pl perform'd the Examples 1n the following Se&#:075s will make manifeſt, 


ReduFion by Addition. 


v. ReduQtion by Addition is grounded upon this Axiom, (or common Notion ) 
viz, If equal quantities, or one and the ſame quantity , be added to equal quantities , the 


whole ſhall be equal. As, for Example ; 


If the letter 4 repreſent ſome number un-7? | 
known, and it be granted or found gut © © 8—3 = 13 
that LOS 0 6 co 2 4 ones 

Then by adding -|- 3 to each part of that 
Equation , this ariſeth, to wit, . . . 


_ —j+3 = 123 


That 1s, ( becauſe — 3 and + 3 added ye 

Ir IC ©,) os +» - +» '$ we no "On Fy 
In like manner, to reduce this Equation , . . . . . 3a—4 = 6—84 
I add -þ- 4 to each part, and there ariſeth . . Ja—4+4 = 6—a 4 
Which Equation contrafted makes ., . . . . 24 = IO—84 
Then by adding -|- 4 to each part of the 

laſt Equation, this ariſeth, . . 'F 34-4 = I0—aj-4 
That is, atter each part is contracted, , , .. . . +» 44 = 10 


Again , If this Equation be propos'd to be 
. .. . -. . 3 = ** «© 4aa—b = d-j-b 
By adding -| b to each part, this — obs 41-41. 


7 + e -» 


Which laſt Equation , after due contraion ; 

... » > PN © a es 44 = dj-26 
ES... os I 90 goods _— 
By adding -|-- 6 to each part , there atiſeth . . , . s ww ' þ 
Likewiſe, If . BE RNS 4 > b—a = ©O : 4 
By adding a to each part thereariſeth . , . . .. . 5 = 8 


—c— 
—_ 


Moreover, If . . aa— bb —c = add 


Then by adding 6b -j- cc to each part? 
this Equation comes forth, . . . £ EE the aa = dd+bb lc 


——_—__ tt 


X aa — bb 


Laſtly, If N * o2 A © [3 . * © * pe mae CC — da 
By adding -- | i | 
for orig 4 a to _ part, this m—_— Hs © I RY = 


And by adding -þ-4« to each part of the? . 
laſt Equation, this ariſeth, to wit, . ; ib * «© anajaa = co bb 


From the premiſes i is evident, Thar it in any Equation any Quantity which hath 
the ſign — prefixed to it, be transfer'd to the other part of the Equation with the (ign -|-, 
that work effects the ſame thing as the adding of that Quantity to each part of the 
Equation, and is called Tranſþoſition. | | 


Re dnttion 
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Redudtion by Sabtra@ton. 


V. If from equal Quantities you take away equal Quantities, or one and the ſame 
Quantity, the Quantities remaining will be equal ; therefore , 


If it be taken for granted that . . . ; . . a-{+3 = 12 
Then by ſubtracting -|-- 3 from each part, 2 ; 
cheve ns © oo «© ie 


| ———C 


In like manner, If . . . + 3... + 


I ſubira&t + 6b from cach part , and _— | « 
arditth © » »- <>. « ©. pn ings — 
Again i - . "ty . . . . . _ . o 0 bb + 2A4 — aan|=cc 
Firſt , I ſubtract rom each part, an x 
there fethanths - : +» 3 «© 6 . abs 244 =" aa-Þ:CC— bb 
Then aa ſubtrated from each part of mm it, ub 
hft Equation leaves this, to wit, 3, .y *Y 00 0 Tn 


-_ 


So alſo, If & -4 . . . = «= . aa|-b-|-c 26k 2Ca 4d "8 
By ſubtrafting +|-4-|-c from each pat oY | gut: 
there ariſeth . - eb I Ie = 204-j df — b —c 
And by ſubtraRing 2 ca from each part of = 
the laſt Equation, this ariſeth, to wit, . .F * *om TEE df — b—e 


Hence it is evident , That if in any Equation aty Quantity which hath the lign -|- pre- 
fixed to it be transferr'd to the other part of the Equation with the ſign, —, that work 
effects the ſame thing as the ſubtrating of that Quantity from each part of the Equation; 
and is alſo called TranFÞoſition. | | 


AITIFRe—_———_—_ Cr———_—y 


_ _— J 
\——_ _ - 


Reduction by Multiplication, 


V IT. If equal Quantities be multiplyed by equal Quantities, or by one and the ſarhe | 
Quantity, the ProduRts ſhall be equal : Hence Equations expreſt by Algebraical Fractions 
are reduced to other Equations conliſting altogether of Incegers. 


As, for 'Exanple, If  , 5 5 5 4 oo nes 


2 


[Then by multiplying each part by 5, this . 4 _— 
Equation & S00NME: «ai wa = 


4 

A 

d 
. 


Again, to reduce this Equation to another 2 —— 7 
Mn MN. SL -— oc: = > - oe: _ voy $4 

I multiply each part by a — b and there? - , eos ad nd | 
comes Wit”; 5 a at «= 3 : "* 


Likewiſe, to reduce this Equarion to ano- 
ther i WIRING os «> <-+ NG 

Firſt, I multiply each patt by the Denomi- <7 = 41 
nator b, and there will be produced . d . RD c 

Then multiplying each part of the laſt 
Equation by the Denoininatof &, I find> . Þ ; 3aab 
es Bquatien ©. « & . 


ad 
2 = ax 
— 


— cad 


Hence it is manifeſt, That an Equation whereof each part is a FraQtion , rhay be 


feduced to another Equation in Integers , by multiplying croſs-wiſe, as in the reduction 
of 
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& in Integers, «. . . . . 


of Fraftions to a common Denominator , and then omittirg the common Denominator, 
a new Equation may be inſtituted between the new Numerators only, 


When either part of an Equation is compos'd of Integets and FraRions , firſt 'reduce 
that part into a FraQtion , ( after the manner of the latter Example in SetZ. 16. Chap. 6.) 


and then multiply as in the preceding Examples: as, 
bel. £4 


7 — 


If this Equation be propoled, . . . . _ | c-|-d $0 
Firſt, 1 reduce that Equation to this, . . ..- << - > - [bd — Ke: dd 
4 


Which laſt Equation reduced by Makiph-2 bi 
cation as in the preceding Examples, gives aaa abc j- abd = bhca-\-bad 


But here is to be noted , that in reducing Equations which conſiſt of Fra&ions into 
other Equations 1n Integers , the Operation may oftentimes be facilitated by the ſame 
compendium that hath before been ſhewn in the Diviſion of FraQtions (in SefF.26, Chap.6.) 
2iz. When either the Numerators or Denominators Can be reduced to more fimple Terms 
by ſome common Diviſor , ſer the Quotients in the places of thoſe Namerators or Deno- 
minators ; and then reduce theſe new Fractions into an Equation in Integers , by multi- 


plying croſs-wiſe as before : As, for example, 


To reduce this Equation to another " . ——0086-  #z—— 
EEE 7. . <—bb  _a-j+-b 
Firſt, after the Denominators aa — bb and | 
r * aaa ba — bb 


4 -|- b are reduced to a —b and 1, by( ” , * 
the common Diviſor a + 6, this new 4—b 
Sms anech, . .. co» +5: 

Whence , by multiplying croſs-wiſe, ( as 
in the preceding Examples ) this Is —_ 
rion in Integers 1s produced, .. . . . 


ana = baa—2bba-{-bb 


Again , to reduce this Equation to _—  bba —cca £ bbb — bee 


ab 4 


Firſt, the Numerators reduced to 4 and jþ h 
b by the common Diviſor, 66 — ce will * » RT 
_ oo SEE. » «T F 
Whence by mutiplying croſs-wiſe , __ "2 I aa = be 
Equation is produced ' , . . . «+ . b-” 
In like manner, to reduce this Equation, . . —_— = #—bc 
wn c 
Firſt, I reduce the Numerators to a4 and 6, 
by the common Diviſor þ6— 6; alſo, 
the Denominators to c— 4 and 1, by the) ; _ "7 . 
common Diviſor c ; which new Nume-Q * * —_ 


rators .and Denominators conſtitute this 

ST, ---- > 
Whence by multiplying croſs-wiſe 

Equation is produced . . . 


this eg 
: 't hk . __— = © 4s 


ba — £43 


So alſo to reduce this Equation , . . . EC RE " EIN 

Firſt, I ſet 1 for a Denominator under the "SW Bol 
Integer bc — cc + ſo the Equation pro- > —— —_— -— 
ones nil and thus, - oa: »-.» reel Oo _ Y a 


Then 


FP kk Sow + 
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Then, after the Numerators #43 — c43 and? | 
bc — Cc are reduced to 43 and c, ) by the PF @ 


———— 


common Diviſor 6 —c, this Equation 4a—-p = 
aiſles. on #0 

Which laſt Equation, by meets BS 0 448 = dna——iheI— ci 
wiſe, glves this in Integers, . W_ 2 


— 


mr r—_—— 


When one part of an Equation is a Surd quantity, ( that is, ſuch which hath a Radical 
ſign prefixt to tt, as, y/, or (3), &c.) and the other part is a Rational quantity , that 
Equation may be reduced to another which ſhall be free trom any Surd quantity , by 
caſting away the Radical ſign , and multiplying the rational part of the given Equation 
either quadratickly or cubickly , &c. according to the import of the Radical lign; as, 


If there be propetet. o fo © © 6 © © 20 ya = 6 
Foraſmuch as the Squares of equal Roots 
or Sides are alſo equal, therefore by 
{quaring each part of that Equation, this 
is produced, to Wit, © 
Lheniih, Bic ac... Ry e- 
By multiplying each part into it ſelf, this _m_ 
Equarion iv pwned, «oo t ot... los 
Amin, ©. eee is ee as IS -- 
By ſquaring each part, there comes forth ., , « « « « © 4 = 
And, If : s. oo dn GY aa — 
By ſquaring each part, - which is done by 
calting away y/, there will ariſe . '8 .. I 
So alſo it a” Equation be propoſed, . . , i. « «» aca = b#—4 
By multiplying each part into it ſelf, this : — ts 
"om Is md en « a ERS Cs = Pt abd-1- da. 
And, I Ss 2-0 + ne 4 ie oe Res 
By multiplying each part into it ſelf cubi- — 
cally-,-there ariſeth . . .. 'S + 5,7, © m_ 
Alb. Fo eG SSIS 
By caſting away 4/(3) from each part, DER es. S 


F- EE” l 


= 36 


. 
KN 
| 


4 
x 
ll 
\ oS- 
T & 
* 5 


[Y 


ReadutFion by Diviſron,- | 


VIIE. If equal Quantities be divided by equal Quamtities, or by one and the fame 
Quantity, there will come forth equal Quotients. Hence Equations are reduced to others 
of lower Degrees: As, for example ; | VA {#4 bt 


If ir be granted or found out that © . ne 2 —_— 56, 
Then by dividing each part by a, you will find , . ., « = 5 
_—_ S., ON: _ EE ny aaa | bas — bba 

y dlviding each part by*a, this Equation? - . 7, 4p 

ariſeth, , Kg args Ws , . Fo 5. 500, 8 
AS, i. a E afe ea ES. 54 = 15 
By dividing cach part by F, thereariſeth ,,' , 6 'a = .3 
Likewiſe, If . . .., oo 5. Afi Rs 
By dividing each part by þ , this Equation Ar ti 

aiſeth,,” SW. 9 _ . * © no LO 
Agin, ©... a> SL. bu —= (4 = @& 
By dividing each part by þ — c, there ariſeth . . . 4 = 7 _ 
Alſo, If SS IG Ov ov 02 $1915 5 i lhedoane Ss 
By dividing each part by þ-4-c, there ariſeth , . . . aa = d 


ReduGion of Equations. Boo k I. 


Moreover, If 0. 34a 44 = 39 
By dividing each part by 3 , there ariſeth , . aa Je = 13 
Likewiſe, If . . SF 7.” caa — ba = cad 


[| 
I 


By dividing each part by c, there ariſeth . . . aa— —— 


| p— —_—__ 


ReduGion by Extraition of ROOTS. 


IX. Foraſmuch as the Sides or Roots of equal Squares and Cubes, &c. are alſo 
equal berween themſelves ; therefore , 


36 


nmammtd . . - - > => +: » as — 
By extra&ting the ſquare Root of each part, 

LR. . » - © » + s = 6 
ST... - 3 +» » aa —= bbl-2bc+c 
By extracting the ſquare Root of each part, Wn 

there comes forth = jo ; « = bo-c 
__Þ- T_T - - 48 =" 29 
By extraRing the ſquare Root of each part, We 

ELSE . - ., « - = >» © ”, CT 00S 
_—_— If oy ' . = «© as mM . a == bb — dd 

en , by extraRing the ſquare Root out of Þ + 2 5 mp» pf 

each + A ; ive ardfick. « "0 hi a = 4/:bb—aa: 
EE Lo  » Ea ENS «+ aan —= 27 
Then , the cubick Root being extracted out A hy 

of each part, there comes forth . . © EF £1” >... 9 
Alſo, of RGA. 6 aaa — 12 
By extraRting the cubick Root out of eachF . - | | 
Ss. this  _ will ariſe, . . q "Sf = 4/(3)12. 
LIE... - - -:c + 8 « aaa = bbc cad 
Then, the cubick Root extraRted —_ 2 2  EOIETCAI 


each part, gives . . . . . 


—_ ——— 3 


X. By the help of ſome of the foregoing ReduQions Be ſhall here ſhew, ( after the 


manner of Fran, van Scooten in his Principia Matheſ. univerſal. ) the certainty of the 


Rule before given concerning - and — in the Algebraical Multiplication of Compound 
quantities: zz, That -| multiplyed by —, or — by + makes — , alſo, That 
— multiplyed by —. makes -|--. 


 -. Firſt, let 4 — b be.to be multiplyed by & ,; then the Produd according to Algebraical 


Multiplication is ac — bc : how it muſt be proved that — & multiplyed by 4+ c makes 
— bt , to whichend, let f be put equal to 4—b , and then if it be proved that ac — 
bc =fe, it is evidetit that ac — be is the true Produ&t ſought ; and conſequently, — 6 
multiplyed by -|- c makes — bc: But-that ac — bc = fe may be proved thus , 


Foraſmuch as. by. ſuppolition, . . , ; «© a—b = f 
Therefore by adding 6 to each part, it makes . . . , a = f+6 
And by multiplying each part of the laſt | 

Equarion by c, there will be produced { © * * *- & = 3-0 
Wherefore , by-ſubtraRting bc. from each? 

part of the Jaſt Equation there remains 

Which was to be proved. | 


oe, Hm = f 


After the ſame manner it may be proved that — multiplyed by — makes -þ : For, 
If 4 — 6 beto be multiplyed by c — 4, and there be put (as before) f=4a—8&, it may 
Le ſhewn that ac — bc — ad-|- bd is equal to a—b x c—T7 the Produt ſought ; and 
theretore — 6 multiplyed by — 4 produceth -|- 64. For, 

| | By 


Ys 
wEPRG | 


"WESWH3: dh Hu ee - - 2 *6% 3 Bi WF es DD 


| OY -£4.25) WW os $16 


A IT 


4 
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a—b 
a— bxe—nm 


a—bxXc—4d 


fc 


. . o 


By ſuppolition . «. «+ + + +» +» » 
Therefore, by multiplying each part intoc—d , . fxc—d 
That is, . IE ond 6: "WR Ie OE 2 OY fe — fad 
But it hath been proved in the former 

Example, that « . +» + + » «+ + 
Therefore inſtead of fc in the third Equa- | 

tion of this tatrer Example, taking ac — be> , + ar — be — fd 

(equal to fc) there ariſeth . 6a - - 3 ol 

' Again, If each part ofthe firſt Equation be | F 
multiplyed by 4, this will be produced, $-. *.,*.*. - 
Wheretore , If from ac=— bc in the fifth 

Equation there be ſubtracted 'ad— bd manbionmns, . 

inttead "of f4 equal to ad — bd, there's ac—be—ad-ſ-bd. = a—b *%c—a 

will remain according to the Rule of IE ; noledog yd. 4 

Algebraical SRL. « 5. I, "ES 

Which was to be proved. 


(0108! 
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E aAa?. XII. © 


Which ſhews in what Order the Redlubtions in the foregoing Chap. 1: 
are 10 be uſed to reſolve Equations , or at leaſt to prepare them 
for Reſolation. oinino% .: 40 cds ans 


I. B* the help of the pfecedent ReduRions , eithet the value of-the unknown Root ot 

Quantity ſought. in an Equation will be found equal to ſome known. Quanticy 
or Quantities, and conſequently the Quantity, ſought is then knozyn allo , or. elſe ,a_ new 
Equation will be diſcovered , from whence the ſame Quantity ſought may be made.known 
by ſome other Rule or Rules hereafter delivered : Burt in the ,vſe' of thoſe Reductions, 
the work may oftentimes. be facilitated by an rica. procels ; ;whichy is the (cops. of the 
five following Seftions ; where I aſſume the Vowel 4 to ſtand for the unknown Root 
or Quantity ſought , and Conſonants for known Quantities, o an 


. H- SQIEZM 3H nl 
_ IT. If in any Equation the Quantity ſought, or any Power: or: Degree of ir-be found 
in a Fraction . reduce that Equation td another that may be expreſt altogether; by Inte- 
gers,  ( by Se. 5. Chap. ti.) As, tor Examplez — + oe —_ 
If this Equation be propoſed , 5 4-6 = = > tg 
By multiplying each part thereof by chart ey bas 
Deriominator c, this Equation © ariſeth> -. , b—4 
Mb ugets, |< 1nte; {os oo ltd G 


=ra | of —cg-— 
_—_— work V7 \7 


44 heath. FY _— 
F —_ 4 


After the ſame manner this Equation-multi .! 1:1 9ri7 hes 21 mig; | 
plyed by =g # Fu. x aA £ ts fl Tas mM ST 
Will be reduced into. ; Þ. þ - 4 . © 4a4024,=,00-. 


———— .— — 


Likewiſe this Equation 5 , * , 4 Art 4 px. ah ont 
Will be -reduced tO. ._. , .- . . 44+ bbl-db-þ-de = Je— de. 


Ad Aa. a " 1 


—— 


_ THI. .When Quantities given or known be intermingled with, thoſe that are fought 
in an Equation, Jet Quantities be transferr'd from one part of the Equation o,the ocher 
under a contrary. Sign, ( according to. Se&. 5,.and_5. of Chap. 11.) until at length the 

| : H unknown 


4 
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unknown Quantity may make one part f an Equation , and all the known Quantities 
the other: As, for example; 


If there be propoſed .' . « « + I” 24 —26 = 8 


By tranſpoſition of — 26 to the other part OY 
of the Equation , under the contrary > . . 24 = 8-«|-26= 34. 


. fign - #- there will ariſe 41S 


DO 


In like manner , ep =... aa[24 = 60 


By ro 242 "under theeus-2, ©» aa = Go —24 


Thar 1 IS, . . bd . 0 bd . 5 . . d o ah = 36 


If x 68 — 4 = 20—8& 


Again 
Firſt, 'by tranſpoſition of — 4 | this E- iS. 
quation wa : x 8 = 20—4 4 


Then by tranſpoſition af-— 4, 46> LES. 6a + 4 = 204 


Which laſt Equation being contracted byZ . - RE 
_ Addition, gives ...—-. +» + :;- +» Dee Wo 1 Om 
dn, . . . 2" .b—a = od —f 


After due Tranſpolition , ' this Equation 2 = ; b+ of —ad = .@ 


Will alle, «© « «© © » » +” 


Or, . _ © . . « ® #® * ® .. © » @ » Tn) * 


Ei: ; 


A 


IV. When ſome Power or « Degree of the Quantity ſought happens to be multiplyed 
into every Term or Member of an Equation, divide every Term by that Degree, fo will 
that Degree or Power quite vanith, and conſequently the Equation will be depreſſed; mn IS, 
reduced to lower Degrees or more {imple Terms : As, for example , 


- If there bepropoſd. . : ,  . 5h aa] 34 = 204 
Foraſmuch-as 4 is drawn into every Term | 


of that Equation ; 1 divide every Term > «1 "#43 = 20 

by 4, and there ariſeth - ; 
Woke bf api, en SE 5 A" A, 0 WW IF jel 
In like manner , it--. > and” = 344 7 
By caſting away 44, thatis, by dividing each? HY x WELDd , 

part by as, there will ariſe .. 1 a: 196%: 21 Ty =, 
Again, If . . ITAS, «© aaaa--laas = dies 5 
By expunging 44 out 0 _— Term, » ther "Of 

=" 's 0... - BY: : SED _—_ ad 


i 


* 
mt 
" — 


—_ 


V. When ſome VI Quantiy i Is ; adv imo the higheſt Power or ; Degree 


of the Quantity unknown-or fought in an Equation ; divide each part of the Equation by 


that known Quantity, to the end the ſaid higheſt unknown Power may have. no Co 
efficient or fellow-multiplyer but 1 ks _ z) mY for example, 


If there be propoſed "= EN. 54 = 60 


Becauſe the unknown quantity 4. is ——_ | 
plyed by 5, 1 divide cach part of. ne Ls s. 2=;;33 
Equation by Fo and there ariſerh > Big 
Again, if GIN . "I ca = cc+ dd 
Becauſe c is drawn 1 into a the Root ſought, = 4, 
"I ivide every Term of the' Erle 3. TEN GB SE open + 
Wo fuembereariees os 100; OS ; 


FINS 0" Ne FEI £2 : 
a ttt. "4 Fs FE ttt, mamma. _ 4 aha 
"——_—_——_—___ 
” 


—— —_ YE —_ >. ,F 


a add} 4 I” 
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Likewiſe, If . + . 2ba -|- 3ca = 2ddb | 3cdd 


Becauſe 1b t- 3c Is drawn into the un- | 
known Root 4; I divide each- part ne... ... «© —_ 
26 -|- 2g and there ariſeth . ; nga 
So So allo, WO | FE PR 448 =: 
By dividing each part by 4 which is Goon, * 2722s hal 
. =.T5 
into aa, there ariſeth. _ .. . «a 
Again, If ou 8 6 ST ew - NN O Jaa — $4 = 24 
Becauie 3 is drawn into: az Which is the | 
higheſt unknown Power in the Equation, 5 aa —fia = 8 
] divide every Term by: 3,and thereariſerh\ 
Likewiſe, If . 2Ccaa— 4dda — Fbbce 
Becauſe 2cc 1s drawn i into: - An which. i is the - 
higheſt unknown Power in the Equation, Rf 
I divide _— Term by ze a mn 0 05 76b. 
ariſeth Pe {75 | je 
Again, EF s ervaoyyatinea dts = cedd Vs 
Becauſe 26b + 3ca is Fes into aa the | 
higheſt unknown Degree in the Equa ©» erdd: 
tion, I divide each part by _— rea — 4 — 3b F3ca 
and there ariſeth . . | 
Allo, 2 a . _ hs La Pa: in =. 1200 


Becauſe - is drawn i into es the hi gheſt un- | 
known Power in the Equation. , | ane AAA I = — 24 =. 400 
each part by 3, atid there ariſeth . 36 


VI. If there be a Sard quantity in an E uation , that i is, if a Radical ſign as /; 
or y/ (3) be prefixed before ſome Quantity z by Tranſpoſition ( according ro Sefs.5. 
or 6, of Chap. 11. ) make the Surd quantity. ſole poſſefſor of one part of an- Equation, 
then caſt away the Radical ſign, and exalr the other part of rhe Equation to the ſame degree 
or Power which is denoted by the Radical ſign, by multiplying Quadratically or Cubi- 
cally, &c. fo at length an Equation will be found fxped altogether by Rational quan=- 
titles: As, for example , 


If this Equation be propoſed . . 1.0: <4 
By {quaring each part, there will be produced Mee 4. 3 - +» 
In like manner, If . , CE x ba = 3bc 
By multiplying each part into it ſelf qua-2 bY be' = gbbce 


dratickly, there comes forth . . 
Then dividing each part of the laft Equation 
op 5, there nn «wo 6. T 


Ain, + >. . . | 

= by tranſpoſition of b there ariſeth . . C—b 

Then by fquaring each part of the laſt | 97} cos 
Equation, there will be produced . .F* * * * Px ba = 6 —2c+bb. 

Whence, by dividing each Foy *P b, | 0: = 26 +6 
there ariſcth ENTS - 2 : -6-* 14. 


Ty 
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W 
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Likewiſe , If . — d{-vf : ba\'da'= b 


= empraekre Baie 

why” by dividing « each part of the laſt : 2 y TT. / 
Equation by 6+ 4, there ariſeth . FF T1 TEE, 

Again, + b . 4/(3)ga = 3 

By multiplying each part Cubicall , i CoD 


will be produced . . 


' And, by dividing each patt of the laſt Equ-2 © OBA 8 = 3 


tion bys mac arifech . . >» © + » 


Likewiſe, If þ o(3):ba—carle = þ 
Firft , by tranſpoſition of 44 c this bk | 
quation ariſeth, . . . (3):ba—ia: , = b—c 


Then multiplying ak part of hs laſt Equation cubically , this. Equation will be pro- 


duced, to wit, 
be — ca= bbb — 3bbc + 3bee—cce: 


Whence, by w—_ky each part by Gy the value of a will be dikorered, VI 
a =bb — 2bc-|- cc: | ] 


_ \ 


[| 


VII, When after the uſing of all or any of the FER Rules of this Chapter an 
Equation ariſeth berween a perfe& Square, Cube or other higher Power of the' quantity 
ſought , and ſome known quantity ; then extraR ſach a Root our of each part of the ſaid 
Equation as the Index of the 'faid unknown Power denoteth, ſo will the value of the 
unknown Root or Quantity ſought be made known :' As, for example; 


If this Equation be propoſed , to wit , - = | 8 = 128 
Firſt by ſubtraRing 8 from each part, =y . 6aa TR: TTY 


Equation ariſeth, « . . 5 
Then each part of the laſt Equation being Zoey: 
multiplyed by 5 , gives a 1 6a _— Owe 
And' by dividing: each part of the laſt E- 
WS. - uation by 6, this ariſeth, , . 
ly , the Square root of each part of ot 
.* 0 * 


. aa. = 60 . 


laft Equation being extraRed , the value = 70 

of 4 will be diſcovered , to wit , . 
WEED 5-548 « — — 84 = 1544 
Then by tranſpoſition of — $4 there ariſth — EE = 1624 
And by multiplying each part of the laſt 

Equation by 4, this will be produced, 34444 = 6484 
And by dividing each part of. the laſt Equa- =""> 

tion by & this ariſeth, ro wit, ., .. "5ſt ye 
Likewiſe each patt of the laſt _ di- Fn 

vided by 3 gives . .. . © j= MPO 
Laſtly, by extrating the Cubick root 

out of each part of the laſt Equation, 5 4 ='-6 

value of 4 will be diſcovered, to wit 


i 
—_— —_—_— 
m—_———_ a. 
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Likewiſe, If . . . » +» - +» +» «© aaſ=2babb = cc 
The Square root extraRted out of each part, Ye 

ives @ SY 2 . #@ . . . . O I 1 
Ang then by txgpſpoſition of 6, mY ng IS 


bf a is diſcovered, to wit, «. + «+ + 


> 06 
4 F 


Caap, XI11. 


' Which fſhews how to convert Analogies into Equations , 
and Equations into Analogies. 


I. & four right-lines or numbers be Proportionals , the Produ& made by the multipli- 

cation of the two extremes is equal to the Produdt of the two means. And if three 
right-lines or numbers be Proportionals, the Product of the extremes is equa] to the 
Square of the mean, (by Prop. 16. and 17. of 6. Elem. and by 19. and 20. of 7. Elem. 
Euclid. ) Hence Analogies may be converted into Equations, as in the following Examples z 
where fot the greater evidence let Z repreſent 2, 66, c,12, and 4, 3; Then 


t. Let there be four Proportionals 2 a  b :: d—4 . 4 
ſappole hilt on a 58 3 -» -6 236 $5 50S 
Then by the Theorem above expreſt , _ . WR 
Equation will follow, .. .. - +» J* * wY pn 
Now to find the value of a in that Equation, 2 | 
firſt by tranſpoſition of — ba this E->. © ada-þ ba = bd 
quation ariſeth, . , « » -» «oo - | oy 
Then each patt divided by 4-+ 6b gives. , - 5 © #4:= rpg; 
2. If there be three Continual Py ; H6:. : of ff R ge. TY 
nals, ſuppoſe theſe, . . . .. » ff ”. 15.2 + 
That is 5 If « RK i S= S&::-/< . - . 44 . Cc S c @ ga 
Then , by the latter part of the ſaid Theo- ; 2646 = 


rem, this Equation will follow, . - . _ . 
Now to find the value of 4 in that Equation, 
extra&t the Square root out of each part,> « 5: «© , 64 —= © | 
T and there ariſeth . . EINE, | | | 
aſtly , each part of the laſt Equation di- > - ts "FER! 
vided by 6 gives . . . « > '$ EE Es - 


TY 


IT. If the Produ& of the multiplication of two Quantities be fonnd equal to the 
Product of two other Quantities , that Equation may be reſolved into Proportionals , for 
as either of the Fa&ors in either of the two equal ProduRs-is to a Faftor of the ſame 
kind in the other Produ@, fo is the remaining FaRor in this latter Produ& to the other 
Factor in the former. Hence Equations may oftentimes be reſolved into Proportional ; as, 


E If there be propoſed . . . . Des. 3ba = &@ | 
rom that Equation this Analogy may be n — ed 
inferr'd, viz. As . . gy ; 's = 30 « 6 33/88 


Again, If eu eo oo on bd = "doh 
hat Equation may be reſolved into theſe 2 | 
Proportionals, viz. As . . + + dq-b.b:i:de.s 


Likewiſe, 8 . S' » " TS he oo. © © & 64da — bb 


Then it ſhall be, As . . . » "I IS . > 6d . b + 


111, When 
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111, When there happens to be an Equation between an Algebraical Fratien and 
an Integer , and the Numerator of the Fraction can be reſolved into two fach quantities 
that being mutually multiplyed will produce the ſaid Numerator , then that Equation:may 
be reſolved into Proportionals in this manner , viz. Let the Denominator of the Fraction, 
and the Integer to which the Fra&ion is equal , be made the extreme Terms of an Ana- 
logy ; and let the two quantities which being mutually multiplyed will conſticute the 
Numerator be made the mean Terms; but with this caution in Geometrical Queſtions, 
that the firſt and ſecond Terms be of one and the ſame kind , that is, either both Lines, 


* or both Planes, or both Solids. As, for example; 


” JR 

30 - 

It may be reſolved into theſe Proportionals, . WE 2 eo” 
But that they are Proportionals, 1 prove thus , | 


If this Equation be propoſed, . , . . = 


* oo 


_ - Firſt, It is evident that theſe are Proportio- 


Ani this E — ; ._ @Ai 3 -—— | q—_ = 
1 


nals, ( becauſe the Produ& of the ex- 


tremes is equal to the Produc of the 36 
GL. wo; [ec 4: ho | 
And by the Equation propoſed, . . . 1 5 . 1 4 = = 
—_—_ 4 0 NS 5 8 
erefore 15 | "Say 2 any HP" (3) 
Again, If . © ©. -0 hs + © . A ® @ & —— == 4 
That Equation may be reſolved into theſe d = hd 
Proportions, . -.- © +» + ,» 8 DOE EIS" 
Likewiſe this Equation SS. A = 4 


1 
may be reſolved into this Analogy, . g5b-þ-2c . c-+b :: c—b. a 
bb -j- 26bc + cc | 


5 l 
may be converted into theſe Proportionals, 54d . b-|-c :: bc . 8 
bbc | 


ND 7 os CE as 7 = 4a. 
k 3 
may be reſolved into theſe Proportionals, * 36d . b :: bc . aa 
RE - io oo > Nox 265 . 6 22: 0. as 
TEEN 5. co »> $ o » »; = 4 
c 


tov 2: fb; & 


cannot be reſolved into Proportionals any? : 
otherwiſe than thus , ME Go of. 


Nor can this Equation . . . , , att bb jcd __ 


* — Aa 


L4 
be converted into Proportionals,unleſs thus, g . 4/ : $5 -|-cd: :: 4/:bbd: . 4 


ms 


CHAP. 


Chap. 14. Reſolntion of Arithmetical Queſtions, F&c. | 


Cnap, XIV. 


Various Arithmetical Queftions Algebraically reſolved ; whereby 
moſt of the Rules bitherto delivered are exercis'd, in the In: 
vention and Reſolntion of pure or ſumrple Equations, | 


: NNE I ; ... Cr. Pote or Sn 7 
I. Þ quarions may be divided into two kinds, v3. 3 Wn dfefted of Cott poiindet, : 
II, A pure or ſimple. Equation is,of two kinds, 9zz. Firſt , when the quantity 
ſought is expreſt by a ſimple Root only, as 4, as inthis Equation, 64 = 12 : ſecondly; 
when the quantity ſought is expreſt by a ſimple Power only , as aa,.0r 444, GC. as in 
this Equation, 3448=24 ; likewiſe in this, 24444 = 32 , and ſuch like, _.. 
I1I. An adfeted or compounded Equation is that, wherein there are rwo or more 
different * Degrees or; Powers of the quantity ſought ;/ as in\this Equation , 4#.-þ- 64 
= 27, Where aa and 4 expreſs two different Degrees or Powers of the quantity ſoyghr, 


the one ſignifying a Square, and the other its Root or ſide: alſo in this Equation, 


aaa -|-.6aa—224= 28, there are three unlike Powers or Degrees of the guantity ſought , 
to Wit, aa4, 44, and 4. 4 ny - 7. ; 
IV. The Invention and Reſolution-.of Pure or Simple Equations, is. copiouſly illa- 
ſtrated by Arichmetical Queſtions in this Chapter , as alſo in the ſecond and.third Books 
. of my Algebraical Elements ; and the Reſolution of AdfeRted 'o2:Compount Equations 
in Numbers is handled in the 1 5, 16, and 17. Chapters of this Book , as al{@ in the 16; and 
11. Chapters of the ſecond Book, But how Algebraical operations are applicable to, 
the ſolving of Geometrical Problems, I ſhall ſhew in my fourth Book of Aigtbrnical 
Elements. | 
V. When an Arithmetical Queſtion is propoſed, the number ſought muſt firſt of all 
be aſſumed or ſuppoſed ro be knowng and you ttiay repreſent it by the lter 97 ny 
other Vowel : you may likewiſe repreſent the giveti numbers by Conſotiahts, as, 5, c,d,&e. 
Renates des Cartes puts for given Quantities the former lergers of the oo (bet; as, #, b, 
c, d, 8c. but for Quantiries ſought thi latter letters, £,7, 4, &c. T1 ſe! wich the lettexs 
repreſenting the nutabers given and ſought, ar orderly proceſs miſt b&-j - by adding, 
ſubrraing , multiplying or dividing, &#; according ro theittiport of theQueſtion, until 
at length an Equation be found out between the number it hg or" ſoihe Power 'or Powers 
of it, and ſome number or numbers giveri; Laſtly, when be an fs found a 


”: 


a Pure or Simple Equation;the number fought may be diſcovered by ſonle of the ReduRjon 
in the. fategoing r and 13. Chpers but when the Equatlon is Adfe&ed Fo 12-4 
pounded., the Reſolution thereof belongs either to the 1 5.” Chapter" of His firſt Book. gr 
the 10, and 11. Chapters of the ſecond Book. | Be 
- VI. In the Reſolution of every Queſtion, I proceed from the beginning to the-end 
by ſteps numbred in the Margin, "Ae 3,4» 5, &'c. And becauſe Numeral cAlge- 
bra is more ealie for Learners than” the *Zirz-a?., ( though not ſo uſeful for the reaſons 
before given in Sef. 8. Chap. 1.) 1;have in many Queſtions expreſt the Operation- be- 
longing to every ſtep in both kinds of -Algeb72 ;* that *tfie ont may explain the other ; 
" - the _ oh the Reſolutio# of the followin ket Nr _— rp 
ought is expreſt by Numeral Algebra thus, 26 — 4; but by Literal. Algebra thus, þ— 4. 
Alſo, in the fourth ſtep, the Equation” by. numerat Algebra is no =8 4. but by 
literal Algebra ir is 24—b=c. L- CE out 
VII. When an Equation is found our, in any of the following Queſtions, I rake it 
for granted that the Reader knows how tb redhce it, if n&d be, actording to the Rules in 
the foregoing 11, 12, and 13. Chapters;, that I may avoid tedious repetitions of what 
hath been already 'explain'd. Theſe things premiſed , *{ ptoc&d *to 'the-” Queſtions 


themſelves. 


-. 
. 


2UEST. 


> 
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QUEST. bo 


"There are two numbers whoſe Summ is 26, ( or 6,) and their difference, (ro wir, the 
exceſs of the greater above the leſſer) is 8, (or c;) What are the Numbers ? 


RESOLUTION: MNumeral, | Literal. 


1, For the greater number put . « . . +» 
2. Then ſubtra&ting that number-« from the 
given Summ, the Remainder will be the leſſer 26 —4 | b—a 
number, ro_ wit, .. 


3. And by ſubtraRting the lefler number from | 


A a 


the gueater , the ,Remainder will- be their 24 — 26 24—b6 
_ difference, to wit, '. ..c . «© | « » 
4+ Which Wirere found out in the Jaſt ſtep | 
muſt be equMMo the given difference 8, (or c) Þ 24 —26=8 | 24a —b=c 


whence this Equation ariſeth, . . . . 
5. From which Equation, after it is duly re- 
duced according to SefF. 3. and 5. of Chap.12. FILE | a =364-1 
the greater number ſought will be diſcovered, ( GP | dg _y 
BE 7 YE OE IS 
6. And conſequently from the fifth-and ſecond | Go 
ſteps the leſſer n w% is alſo diſcovered, > 9, thatis, 3þ==2e, 
NE; of 0757 ITE os ; 4 


So the. numbers ſought are fqund 17 — whoſe ſumm{b 26, and their differences 2, 


as was preſcribed. _ | 
Moreover , lf the two laſt ſtogs of che li 


give this 
THEORE M. 


Half the difference of any two numbers added to half their Summ, gives the greater 
number : But half the difference of any two numbers ſubtracted from half their dumm, 
leaves the lefſer number, © . | ER 

Therefore the Summ and difference of any two numbers being Siven ſeverally, the num- 
bers themſelves are alſo Es 'o id Theorem ; bur it pre uppoſeth that the number 
. Biven tor the Differerice muſt (ed the number given for the Summ. 

. Note here once for all , That the numbers given in a Queſtion cannot alwayes be choſen 

at pleaſure , bur ſometimes they muſt be ſubje&R to one or more Determinations, which 

for the moſt part ( though not alwayes ) are diſcoverable by the Theorem or Canon that 

reſulteth trom the Reſojution, But how limits' or Determinations are diſcovered, I ſhall 

_—_ occalion to ſhew hereafter in my ſecond, third, and tourth Books of Algebraical 
ements. In 


eral Reſolution be expreſt by words, they will | 


% 


— 


"4 


QUEST. 2. 


There are two numbers whoſe Summ is- 40) (or b,) and the greater number hath ſuch 
proportion to the lefler as 3 to 2, or,as r to 5; )  Whatare the Numbers ? 


r. For the greater number ſought 


RT. EE ETOESD « 
2. Then to find the leſſer number, ſay by Y | 


Rule of Three , 


=; Sr WT k 4 24 54 
&; 3 | ry 
BL .v 4-4 8. i. | 
"1 | 


whence the leſſer number is , ; ; . , 
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3. Therefore the Summ of the two numbers 54 | 5;jng 
ſought is 6 EI "'$. _—_ 

4. Which Summ found out in the laſt ſtep mult 54 HR 

| be <qual to the given Summ 40, (or 5,) Wat. | a — =b. 
whence this Equation . . « . . + + 

5. Which Equation, after due ReduQion ac-, | 4 
cording to Set. 2. and 5. of Chap. 12. gives a=24 $628 
* the greater number . . . . . . + +» | #4.8'q 

6, And from the fifth, firſt , and ſecond Ig ys | sþ 
the leſſer number is alſo diſcovered , to wit; . | r +8 


' $0 the numbers ſought are found 2.4 and 16, which will ſatisfie the conditions in the 
Queſtion , for their ſumm is+40, and the greater hath ſuch proportion to the leſs as 3 to 2, 


as was preſcribed. VU 
Moreover, If the two laſt ſteps of the literal Reſolution be reſolved into Proportionals, 


according to SetF, 3, Chap. 13. there will ariſe this | 4 
THEOREM. | 
As the Summ of both the Terms which expreſs the Reaſon ( or Proportion Y of two 
numbers, is to the Summ of the ſame two numbers ; ſo is the greater Term to the greater 


number ; and ſo'is the lefſer Term to the lefler number. Q ; 
Therefore the Summ of two numbers being given, as alſo their Reaſon, or Proportion z 


the numbers ſhall alſo be given ſeverally by the ſaid Theorem. 


| ————_— 


LUEST. 3. 


There are two numbers whole difference is $, (or4d,) and the greater number hath 
ſuch proportion to the leſſer as 3 to 2, ( oras r to 5; ) what are the Numbers ? 


1. For the greater number put . . . .. , C [ - A 
2, Then to find the lefler number ſay by: the 
Rule of Three, | | ? | | | 
FOES 60% £23 24 | hn 
3 . "7 | r 
Gn £, Ha. Pl | 
F 0 : 
whence the lefſer number is . 7} . . .J | | 
3- Therefore by ſubtraRing the leſſer number? } - T Aagatl 
from the greater, the Remainder l1all bx ry E Le 
their difference, to wit, » | 


4. Which difference muſt be equal to the giv 
difference 8 (or d,) hence this Equation arifecrhhF — = 8 Rog 


5. Which Equation, after due ReduRion, diſ- | 33 ie 
covers the greater number. ſought, to wit, c 4.98 Ons 
i 


6. And from the fifth, firſt , and ſecond ſteps the? . . = — 
lefler number will be alſo made known, to wie 66" OE} | Yo 
So the Numbers ſought are found 24 and 16, which will ſolve the Queſtion, for 

their difference.is 8, and they are in the proportion of 3 to 2, as was preſcribed. | 
Moreover , If thetwo laſt ſteps of the literal Reſolution be converted into Proportionals / 

(according to SetF, 3, Chap. 13.) there will ariſe this 


THEOREM 


As the difference of the two Terms which expreſs the Reaſon or Proportion of two 
numbers is to the difference of the ſame two. numbers, ſo is the greater Term to the 
greater Number ; and fo is the lefſer Term to the lefler Number. 
- Therefore the Difference and Reaſon of two numbers being ſeverally given, the numbers 
themſelves ſhall be alſo given by the ſaid Theorem, | 
QUEST. 


© e2” 
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.-6. Which difference muſt be equal to the given 


QUEST. 4. 


There are two numbers whoſe Summ is 7, (or 6,) and the difference of their Squates 
is 21, (or 4;) What are the numbers ! 


I. For the greater number ſought put . , . a | 8 
2. Then ſubrraRing the greater number from 
the given Summ, the Remainder is the leſſer 7 == \ Cas 
number, to Wit, . . + . - "ET. | | 
3. Therefore from the firſt ſtep the Square of 4 _ 


the greater number I's . . «+ +» EX, 
T leſſer —_— ; = OO : : ” an — 14a-|-49 | aa—2ba+ bb 
5. Therefore the diffcrence of the Squares of WE | 

the rwo numbers ſought ſhall be . . . . 5 144—49 | 2ba — bb 
difference 21 (or 4, )_ whence this Equation > 144 — 49 =21 | 2ba — bb = 4d 
—_ 


. Which Equation, after due Redu&tion A 
g according - Seft. 3, and 5. of Chap. 12-6 8:25 a= bb 1-d 
diſcovers the greater number ſought, to wit, | 26 
8, And from the ſeventh and ſecond ſteps , the dt 
lefler number will be alſo made Known. =3 = 7 
> » - ie - © © | R 


So the mimbers ſought are found 5 and 2, which will ſolve the Queſtion , for their 


Summa is 7, and the difference of their Squares is 21, (to wit, 25 — 4 5 as Was preſcribed. 


Moreover, If the two laſt ſteps of the literal Reſolution be expre 


by words , they 
will give this | | 


THEORE M, 


Af to the Square of the ſumm of any two numbers the difference of their Squares be added, 
and the ſumm of that addition be divided by the double ſumm of the two numbers , the 


Quotient will be the greater number : Burt it from the Square of. the ſuram of two numbers 


the difference of their Squares be ſubtra&ed , and the Remainder be divided by the double 
ſumm of the two numbers, the Quotient will give the lefler number. | 


Theretore the Summ of two numbets being given, as alſo the difference of their 


_— , the numbers themſelves ſhall be.given ſeverally , but it prefuppoſeth the ſquare 
of the given ſumm to exceed the given difference, 


td —_— 


QUEST. $5. 


_ There are two numbers whoſe difference is 2, (or c,) and the difference of their Squares 
iS 21, (or d;) what are the numbers ? 


3. For the leſſer number ſought put . . . . a | _ 
2. To Which adding the given difference 3, 
- (er c,) the ſumm will make the greater a -|- 3 ac 


WIR. oi es 2 
3+ Therefore the Square of the greater number is aa-{-64-|-:9 | as {-25a|rc 


4. And the Square of the leſſer numberis . . . aa . | aa 
5. Theretore the difference of thoſe Squares is 6a-|-g 4. 264 -|--C0 
6. Which difterence muſt be equal to the given | 


difference of the Squares ; whence this Equa- > 6a -|- 9g = 21 1a cc =d 
DW, . . -. 54 | 
7- Which Equation, after due Reduction ( ac-o 


cording to Set. 3, and 5. of Chip 12.)> | 4=2 Aſs <1 a LE 

diſcovers the leſſer number , to wit, JF | TE 
8, And from the ſeventh and ſecond Equations, _— aps 

the greatct. number will be found © =: = 26 


So 


» 
OY 


Chap. 14+ which produce ſimple Eqnanons. 


L y, A 3 ,- ft 
a a 


So the numbers ſought are 5 and 2, which will ſolve the Queſtion for their difference 


is 3 , and the difference of their Squares is 21 3 as was preſcribed; 
Moreover, the two laſt ſteps of the literal Reſolution afford this ' 


THEOREM. 

If to the difference of the Squares of any two numbers the Square of their difference 
be added , and the ſumm of that. addition be divided by the double of the difference of 
thoſe two numbers , the Quotient will give the greatet humber : But if from the dit- 
ference of the Squares of two numbers the Square of their ditference be ſubtracted , and the 
Remainder be divided by the double of the difference of thoſe two numbers , the Quotient 
ſhall be the lefler number. | | Ws 

Therefore the difference of any two numbers being given, as alſo the difference of their 
Squares , the numbers theraſelves ſhall alſo: be given ſeverally by this Theorem ; bur ir 
preſuppoſeth the given difference of the Squares of the two nurbers to exceed the Square 
of the given difference of the ſame two numbers. 


» . - - - . - . 
"IE ” P hu. _ * 


DUEST.s6. 


———_n—_—_— 


A certain perſon being asked what was the age of every one of his four Sons z an : 


ſwered , the eldeſt was four years ( or þ ) elder than the ſecond, the ſecond was four years 
elder than the third , the third was four years elder than the fourth or youngeſt ; and the 
double of the youngeſt Sons age was equal to the age of the eldeſt ; what was the age 
of each Son *! . | 


I. For the age of the eldeſt Son = TO 4 b P: 

2. Then trom the age of the eldeſt Son fub- | | | 
crafting 4 (or 6) there will remain the core _ 
Sons au, $6 Wi- a © o 6:4 St... | 

3. Likewiſe from the ſecond Sons age ſub- | 
traing 4 ( or 6) the Remainder will be the; 4 — 8 | 
third Sons age, to wit, , . . .'« .J 

4+ Again, from the third Sons age ſubtrating | 
4 (or 6 ) there will remain the fourth or A—13 a4— 36 
youngeſt Sons age, to wit, , . . « . 

5. Bur actording to the Queſtion, the double of. 
the age in the forth ſtep muſt be equal to the 
age in the firſt ſtep , whence this Equatio 
will. Ht, oa: + © >» 6, on ©2076 

6. Which Equation duly reduced diſcovers the 
age of the eldeſt Son, to wit, ; . . » © 


24—24=4 | 24a—6b=4 


4A=24 | "GS 6h 


Wherefore the ages of the four Sons were 24, 20, 16, and 12; for the firſt exceeds 
the ſecond by 4; which is alſo the exceſs of the ſecond above the thitd, the third above the 
nr and the double of the fourth is equal to the firſt, as 'was preſcribed in the 

veſtion, FO Sn | | 

Moreover the Jaſt ſtep of the literal Reſolution ſhews , that if inſtead of 4, any other 
number be given for the common difference of 'the four Sons ages, then ſix rimes that 
common difference will give the eldeſt Sons age , which ſhall be equal to'the double of the 
age of the youngeſt. | | | 


| -.- QUEST. .7« | 

A Merchant began to Trade with'a cettain nurhber of pounds : By his firſt Yoya e 
he doubled- that Stock; by his-ſecond he loſt 1200. pounds (or b,) by his third he 
doubled his remaining Stock ; by his fourth he loſt again 1200. pounds; and then 


had no money left, The queſtion is, to find how many pounds the Merchant began to 
Trade with ? | 


1x | i. For 
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I.» For the number of pounds which the 
Merchant began to trade with put . 's | E 

2, Then the double of that number gives the 
number of pounds he had at the end of his> 24 24 
firſt voyage, to witz . . « «' +» «© oJ + 

3. From which Jaſt number ſubtracting 1200 
(or b;) the Retnainder ſhews the number SO OI? es 0 


ds that remained to the Merchant at the 
end of his ſecond yoyage, roWwit, . » . 
4. Which remaining number. being doubled | 
gives the number of pounds which the = h0=— 2400 


chant had at the end of his third voyage, <4 = 26 


s 


—_—_  :. -:4:.3 4 FS». 
'$. From wk laſt number ſubgrafting again | 
I 200( or 6b) pounds loſt by the tourth yoy-C WE: 5 Wd 
age, the Remainder muſt be cqual tonothing ,(" 4* habeas | __— 
hence this Equation , a oh ®* © ® $ - » | , 
6. Which Equation, after due RedaRtion, gives # = 900 a=2b, 
Whence it is found that the Merchant began to trade with 950. pounds ; which number 
will fatisfie the conditions in the Queſtion, | 
Moreover the laſt ſtep of the, literal Reſolution ſhews , that if inſtead of 1200. any 
other number were given, the Merchants ſtock at firſt would be three quarters of that 
given number. : F 


— a Bn 


<w_” Sls ene ans _—_—_— 


2VEST. 8, 


A Gentleman hired a Servant for a year, for 120. ſhillings ( or c,) together with 
a livery Cloak valued at a certain number of ſhillings: But when 74 (or d) parts of the 
year were expired, the Maſter falling at variance with his Servant puts him _ and 
. gives him the Cloak-with 5. ſhillings, (or f;) and ſo the Seryant received full fatis- 
' faRion for the time of his ſervice, The queſtion is, to find How many ſhillings the 


[- 


Cloak was valued at ? 


1, For the number of ſhillings which the Cloak 7. | | 
was valued at put . . . « +» «+ + « ix 18 i 
2. Then to, find what part of the yalue of they 
Cloak was due to the Servant when 2(or d) | 
parts of the year were expired , ſay by the 
Rulg of Three, . | | 
= > 


Ec ug. = | 


a a 


$2 | ( I2 _ 12 
Or,if x . @ ;: d +. ( ds | 
whence the deſired part of the value of the 
Cloak i5 found + » + «> —_ 
3- Find likewiſe what part of the 120 (or c) 
ſhillings was due to the Servant when 5} 
Cor 4) yarts of the year were expired, 
and fay , | | P 
Mi 0 2: of © 
WU; 2-2 13 dd: {od 
whence the part deſired is fo >», © ol 
4- Now foraſmuch as the Cloak together with the 50. ſhillings the Servant received, ought 
ro be equal to the part of the Cloak, ragether with the part of the x.20. ſhillings rhat 
me him at the time he left his ſervice ; therefore from the premiſes there ariſeth 
—_—__..--. - i | = 


a-þ- yo = 2= +76; > t. a+ f= dels. 


5. Which 
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5. Which Equation after due ReduRion according to SetF. 2, 3, and 5. of Chap. I 2; ul 4 
give the defired value of the Cloak , to wit , | 
574 RE x 
a=48= To7 | 
Whence it is evident that the Cloak was valued at 48. ſhillings; ahd the laft 


Equation diſcovers this 


CANON. 


Multiply the money which the Servant was to receive belides the Cloak for a years 
wages, by the time he ſerved , then divide the difference berween that ProduR and the 
money he received when he left his ſervice by the difference berween 1 ( or unity ) and 
the ſame time he ſerved , ſo the Quotient gives the value of the Cloak. hs | 

By which Canon the value of the Cloak will be found ro be 48. 3. as above. 


T he Proof. 


| 48 + 5o = 98; 
+2 of 48, -þ 72 of 120 = 9$ 


QUEST, 9. 


A certain man finding divers poor perſons at his door, gave every one of them three 
pence ( or, b, ) and had lix pence (or ©) left , bur if he would have given them four pence 
( or f) a piece, he ſhould have wanted two pence (or g.) How many poor perſons 


were there ? 


1, For the number of poor perſons put . . . , « « ? a 
2. Then foraſmuch as. that number multiplyed by 3:(orþ) and. the Produd incteaſed 
with 6 (or c ) makes the whole number of —_—_ the giver had: And, becauſe 
if the fare number of poor perſons be multiplyed'by 4 (or F,) the Produtt leſs by 4 
(or g) muſt alſo make the ſame _— -u pence -: hence this Equation ; | 
34 = 44 — 2: 
Or, ba ce = fa — og. © | = 
3- Which Equation after due ReduQion according to SelF. 3, and 5. of Chap. 12. dif- 
covers the number ef poor perſons to ; Vs. 


be 8: vsz. | 
; = Shs 
QUEST. Io. 


One being asked what a Clock it was , anſwered , That the time then paſt from noori 
was equal ro 4+ (or, 6b) parts of the time remaining until midnight :. What was the 
_ Hour ? ſuppoling the time between noon and midnight to be divided into x2 (or 5) 
equal Hours. | 


7, For the Hour ſought after noon put , . . .._ 4 : | 4 
2. Which ſubtrated from x 2 (or c) leaves the 


time remaining until midnight, to wit, . . . I2 —4 C— 4 
np” = b) — OE VS a 


( according to the Queſtion ) this Equatio a=bc—bs 


4. Therefore from the Grſt and third Neps 

np 4= 35 — 323, 

ana wuwt, . 3 Sw 

5. Wong uation after on 4 wn accord. EY | ' 
ng to Seff. 2,3, and 5. of Chap. 12. gives 4 = 573. fog = ike 
the Hour ſought , WW, - +. 5-0 : | wy 
So the time ſought was 5245 Hours after noon, and conſequently the remaining time 

until — was 442 Hours, whereof 2+ is equal to the faid 535; as was pre- 

(cribed in rhe Queſtion. ZY | VE Sr 
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| QUEST. IT. 


-A General of an Army having ſer his Souldiers in a Square Battel, there happened to be 
500 (or b ) Souldiers to ſpare ; but to increaſe the Square ſo as that its (ide might conſiſt 
of 1 ( or c) Souldier more than the fide of the former Square, there would be2g ( or 4) 
Souldiers wanting. The queſtion is, to find How many Souldiers the. General had in 
his Army. 


1, For the number of Souldiers that made the 


ſide of the firſt Square, put . . . . . - 4 

2. Then that ſide multiplyed by it ſelf gives the 
number of Souldiers in the firſt ſquare Bat- aa an 
LE - - - v «+. > 

3. Therefore the number of Souldiers in the a4 500 dd 


whole Army was «. +. ...:o-f 0+ + 
4. Then to the end the ſide of another Square : 
may exceed the (ide of the former by 1 a1 ac 

LITER Bt - - +» © $7 > | | 
5- Which latter (ide multiplyed by it ſelf gives | 
the number of Souldiers in the latter ſquare > aa+--24--1 aa-|-2ca- cc 
LETT, oo oo ea 
6. But the number of Souldiers in the laſt ſtep exceeded the number of Souldfers in the 


Generals Army by 29 ( or d;) therefore ſubtraing 29 ( or 4) from the number in 
the laſt ſtep, the Remainder muſt be equal to the number in the third ſtep ; hence this 
Equation ariſeth , to wit, | | 
| aa] 24-1 — 29 = a4 +500, 
Or, aa 20a — d webs? My 
7. Which Equation after due ReduEtion ( according to SefZ. 3 , and 5. of Chap. 12.) 
makes known. the [ide of the firſt Square , v5z. 


4 = 264 = fo — IC. 


$. Laſtly , If the ide or mimber found out in the laſt ep be multiplyed by it ſelf, and 
the Produd be increaſed with 5 00 (or b,) there will come forth the number of Souldiers 
that were in the Generals Army,-to wit, 
| 70196 = #5: el ad | Sc + 36 — 74. 

Whence it is manifeſt that the General had 70196 Souldiers in his Army : Alſo, 
the Side of the firſt Square Battel conliſted of 264 Souldiers ; and the Side of the latter 
265 ; this multiplyed by it ſelf produceth 70225, which exceeds the ſaid 70196 by 29: 
Moreover, the ſaid 701 96 exceeds the Square of 264 by 500, as the queſtion requires. 


» JTVEST, -13. 


Two perſons, 4 and B, diſcourſe of their Money in this manner , viz. A faith, if B 
would give him a Crown ( or c,) then A ſhould have as many Crowns as Z had left, 
but B faith, if 4 would give him a Crown, they B ſhould have twice as many Crowns 
as A had left. How many Crowns had each perſon ? 


1. For the number of Crowns which 4 —_.- - - >» Pl 
2. Then, according to the queſtion, if that number be increaſed with 
1 Crown ( or c,) the ſumm will be the number of Crowns that ac 


remained to B after he had given 1 Crown to A, to wit, . . . 
3- And conſequently, by adding 1 Crown ( or c ) to the ſaid num- 
ber; of Crowns that remained to' B. after he had given x Crown 
to A, the ſurmm will be the number of Crowns which B had 
EL FIR, 6 I IR Ew > + 5 oth 


PE 26 


4. Again, 


— 
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Apain , according to the queſtion, if 1 Crown (ore) be added © 
Y hg. = ſaid pare. in the laſt ſtep, and ſubtracted from @ in the 
firſt ſtep, the ſamm muſt be equalts the double of the Remain-( 


der ; hence this Equation, . 


5. Which Equation, aſter due ReduKtion , diſcovers the number of ob 
Crowns that A had at firſt, rowit, . . . . . 3: . . {4 =5 
6. And from the fifth and third ſteps, the number of Crowns _— #4 2>2= 91 
B had at firſt will alſo be made known, to wit, , , . ... . = 7c ; 
So it is found that 4 had 5 Crowns, and BZ > Crowns , as will be evident by 
The Proof. 
$s þ1=7—t=6 


7 F1I=4 +4 


a-|- 3c=24—2t 


- pe £3 a. = —_— 


2UEST. 13. 


A Vintner having two ſorts of French Wines, to wit , one ſort worth 1 0. d. ( or 6) the 
quart, and the ther 6. & (or c) per quart, would have a mixed yuuny of both ſorts 
to conliſt of 1 00. quarts (or #) that mighr. be worth 7. d. (or f) per quart. The queſtion is; 
to find Whar quantity of each ſort of Wine muſt be taken to inake that mixture ? 


x. For the number of quarts that muſt be raken | 
of the better ſort of wine to make the mix- FI | 
w——— 4 

2, Which number ſubtrated from 1 00 ( or »») : | | 
leaves the number of quarts of the worſer fort} 100 — 4 m—4 
of wine in the mixture, to wit, . . . . | 

3- Then find the worth of the better ſort of | ſe 
wine if the mixture ar 10.4. (or 6) per quart, + 
and —_ the Rule of Three, | | 

I 2x '- '1@ 37 & o- © ou | | 
Or, ft 3 4 36-8 © 1 FT ay 
So the quantity of the better ſott of ke | 
in the mixture is found worth . . . .J ", 

4- Find likewiſe the worth of the worſer ſort j | 
of wine inthe mixtureart 6.4. ( orc) per 
quart, and fay, | 
It 1.6 :: 100—& . ( boo —6a, F 600 —64 cm — £4 
Or, 1.c :: m —&4 . ( cm — ca. 
So the quantity of the worſer ſort of wine in 
the mixrure is found worth . . .* . .) | 

5. Therefore the Summ of rhe valnes of both | [7 "iS þ Ehcke lab 
the quantities mentioned in the two laſt ſteps is \ 4677 yoo Mya —4d 

6. Which Sumin muſt be equal to the Produ& thade by the tiinltiplication of 1 co (or m) 
the A "x mixed quantity, by 7 ( or f ) the preſeribed fiean price; hetite this Equation 
ariſeth, to- wit, ; £8 


4a + 609. = %eO,"' 
Or,. . ,, 3 o | heroes = An 
7. Which Equation, after due ReduRtion , diſcovers the value of 4, to wit, the number of 
quarts that muſt be taken of the better ſort of wine to firake the mixture, v2. 
fo -- 1 .q.555 5: 2; 
be - 
8. And from the ſeventh and ſecond ſteps the number'of quarts that ought to be taken of 
the worſer ſort of wine to make the thixtire will alſo be made Known, viz. 


"K-44 -- 


9. From the two laſt ſteps jt is evident , That 25 quarts of the berter ſort of wine, and 
75 quarts of the worſer fort, muſt be taken ro make the preſcribed mixture ; for thoſe 
quantities 
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quantities at their reſpeRive prices will be worth in the whole 700 pence , which is 
alſo the juſt worth of 100 quarts at 7 pence per quart. 

* Moreover , If the latter parts of the two laſt Equations be reſolved into Proportionals, 
(according t0 Sett. 3. Chap. 13.) and be expreſt by words, they will give this following 


THEORE AM. 


As the difference between the given prices of two ſorts of Wines or other things 
whereof a mixture is deſired, is to the total quantity required to be in the mixture ; So is 
the exceſs by which ſome mean price preſcribed for the total quantity mixed exceeds the 
lefſer of the two given prices , to the quantity to be taken of the better ſort of Wine: 
And ſo is the exceſs of. the greater of the two given Prices above the mean price , to the 
quantity that is to be taken of the worſer ſort of Wine. 

This Theorem contains the ſubſtance of the Rule of Alligation-alternate in Vulgar 
Arithmetick. - But how Queſtions of this nature, when three or more things are to be 
mixed, may be ſolved more generally than by that Rule, I ſhall hereafter ſhew in Chap. 13. 
of my ſecond Book of Algebraical Elements. | 


DUEST. 14. 


A Ciſtern in a certain Conduit is ſupplyed with water by two Pipes, of ſuch capacities, 
that by both their Cocks A and Z ſer open at once the Ciſtern will be filled in 12 ( or 6) 
hours , but by the Cock A alone in 20 (or c) hours: the queſtion is , to find In what 
time the Ciſtern will be filled by the Cock Z alone ? | | 


1. Suppoſe the time ſought to be . . .. .. a p 

2. Then find what part of the Ciſtern will be\ 
Glled by the Cock ZB alone in 12 (or b ) 
hours, and fay by the Rule of Three, 


Ea: /:2r 28 —— 


 PRIET - © 


whence the ſaid part is found . , . . 
2. Find likewiſe what part of the Ciſtern will | 

be filled by the Cock A alone in 12 (or b) 

hours, and ſay, 


ES 2 52 WW. Ef 
| 


\nlw 


5 
OO EET. (=; 


whence the ſaid part is found . . . . ..,4 
4. But thoſe parts found out in the ſecond and c 


third ſteps muſt be equal to the whole Ci- > 12 

ſtern ;to wit, 2 ; hence this Equation ariſeth, 6 

5, Which Equation , after due ReduQtion ac- 
cording to SetF. 2, 3, and 5. of Chap. 12. 
diſcovers the value of 4, to wit, the time 


__ 2, JEET EE... 


© 22 Is 
—_— 30 


: be 
A =o 


Timid 


A 


Whence it appears, that by the Cock ZB ſet open alone the Ciſtern wonld be filled in 
30 hours : And, if the laſt Equation of the literal Reſolution be reſolved into Proportionals 
according to Set. 3. Chap. 1 3. there will ariſe this following 

CANON, 


' 'As the difference of the two numbers or ſpaces of Time given in the Queſtion is to either 
of them, ſo is the other to the Time ſought , viz. HER 


As $ (20—12) . 12 :: 20 « 30, 
I METS. C0 253+ 8 . 


The 


« 


Chap. *” "1 wbich produce ſimple Equations. 


The Proof may be made by ſolving this Queſtion, viz. 

If a Ciftern will be filled with water by a Cock '.4 in 20 hours; ahd by inother 
Cock B in 39 hours, in what time will the Ciſtern be filled by both Cocks ſer open- 
at once? eAnſw. 12 hours. 

Firſt find what part or parts of the Ciſtern will be filled by each Cock in one and the 
fame time ; then it ſhall be, As the ſumm of thoſe parts is to that common time, ſo is 
the whole Ciſtern ( to wit, x, ) to the time wherein the whole Ciſtern will be filled by 


both Cocks ſer open at once ; viz. ; 
" : Wo  - ho. 

Firſt, R$. 0 7 RIES $37 87s (C4 P Ciſterri: 

: add : Ciſtern, 


cmmmmannd.. 


Summ, 1+ Cilt. | 
So it is found that 15 Ciſtern will be filled in 20 hours by both Cocks 4 and Z ſet open 
at once ; then fay again by the Rule of Three, 


on = Cf 
: 12 hours. 
If the Gaatbon of this bins Queſtion ba formed Algebraically by letters , it will 
afford this 
CANON. 


As the Summ of the two given numbers expreſ] ing ſpices 6f rime in the Uttet: Que- 
ſtion, is to either of them; $So 1s the other to the Time ſought, 


— ——— 


DVEST. IF. 


A Shepherd in the tine of war driving a flock of Sheep , fell into the hands of three 
Companies of plundering Souldiers , who compell'd him ro deliver the half of his flock 
with half a Sheep over and above to the firſt Company ;; alſo half of his remaining flock 
with half a Sheep to the ſecond Company ; likewiſe the half of the reſt of his flock with 
half a Sheep to the third Company : All which Diviſions the Shepherd exaQly: perform'd 
without killing a Sheep , and then there remained only 2o (.or b );Sheep tor himſelf, 
The queſtion is, to find How many Sheep the Shepherd had in his Flock at firſt? 


I. Ler the number of Sheep which the x hui had i in = flock at 
firſt be repreſented by . . | OL [i 
2. Then the half of that number is £4, to which adding's by (har i is, , 
half a Sheep ,) the ſumin will be che number of Sheep delivered$> tab 


to the. firſt Company of Souldiers; to Wit, « *; 

3. And by ſubtracting the ſaid 74 hn + from z, the remainder _ | 
be the number of Sheep that were left to the Shepherd afrer he Ih tr 
had fatisfied the firſt Company of Souldiers, to wit, Po bes 

4+ Then the half of that remaining flock is 24 — Z, to-Which ae? 


+ [= 
dJ 
A. 

+. 


2» ( that is, } Sheep,) the ſumm will be the number of Sheep de 
livered to the ſecond Company of Souldiers, to wit, . -.- 

5. Which 44-|- * being ſubtraRted from £4 — * inthe third ſtep, 
the remainder will be the number of Sheep that were left-ro thel 
| Shepherd after he had fatisfied the ſecond Company of TIE 
to wit, . . 

6. Then the half of the remaining flock-in thelaſt ſtep 2 "ROM 8 1 


ro which adding 3, (to wit, > Sheep, the ſumm will be the num- ia Þ + 
ber of Sheep delivered to the third Company, rowit, . 

7. Which $4-|- # being ſubtra&ed from £4 — +ih.the Gfch ſtep, 
the remainder will be the number of Sheep that were left ro the: 
Shepherd after he had ſatisfied all the three Companies, towit, 

3, But the remainder in the laſt ſtep muſt be equal to 20 (orb) the- 
number given in the Queſtion , henceithis Equation, . 

9. Which Equation, after due RedaQtion , diſcovers the number? 4=8b4-7=i6 
ſought , to: wity. |: . 7107, 


| $0 it appears that the Shepherd had 167 Sheep T; his Flock at « firſt 


is — þ 


Ea — 3 =6'=20, 


The 


74 
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The Proof. 

1. The half of 167 is $3, to which adding =, the ſumm is $4, which was the 
number of Sheep delivered to the firſt Company of Souldiers ; and then there remained 
$3 Sheep to the Shepherd. "if : ; 

2. Again, the halt of 83 is 414 , which increaſed with 5 makes 42, the number of. 
Sheep  deiivered to the ſecond Company ; and then there remained 41 Shrep. to the 


Shepherd. CE 

2. Laſtly , the half of 41 is 203, which increaſed with 7 makes 21, which was the 
number of Sheep dclivered to the third Company ; and fo there remained 20 Sheep to 
the Shepherd , as the Queſtion declareth. . 

Moreover, the Equation in the Jaſt ſtep of the Reſolution ſhews, That if any whole 
rumber inſtead of 20© be preſcribed: in the Queſtion , that numb-r multiplyed by 8, and 
the Produtt increaſed with 7 will give a number capable of the like Divifion as 167 that 
anſwered the Queſtion : So if there had been but one Sheep leir for the Shepherd , then 
his Flock ar firſt was 15 Sheep; if 2 Sheep had been leit, his Flock ar firſt was 23 ; 
if 3 Shcep had been lefr, then he had 3x when he firſt mer with the Souldiers, and ſo 
by a continual addition of 8, all the odd numbers capable of thar Divilion the Queſtion 
requires may be orderly found out. But to have nothing left after ſuch Diviſion is made, 
the number thirſt to be divided is 7. | 

Ic is alſo evident , that by continuing the Reſoſution an odd number may be found out, 
that ſhall be capable of being divided according ro the import of the Queſtion , as many 
times as ſhall be deſired, | 


DVUEST. 16. 


Two Merchants, 4 and Z, were Copartners in traffick : the ſumm of their Stocks 
was 300 /. (or b,) the Stock of 4 continucd in company 9 (or c) months, and the 
Stock of B 11 (or d) months; they gained a certain ſumm of Money which they 
givided equally. The queſtion is, to find What each Merchants Stock was at firſt ? 


1. For the Stock of 4 when he entred Partner- 
EO ESE. LE TE N F 
2. Then ſubtraRing that ſtock from the joynt #4 | 
ſtock 300 /. ( or 6,) the Remainder will be 300 —4 b a 
RH, wwk,. . > » - > | BELWK | 
3. The firſt ſtock multiplyed by the time it | gt 
continued in Company produceth . . . 2 . yt 
4+ And the other ſtock multiplyed by its time 2500-72 | 5th 


_ ” ._{.- $i r_—_+ 
5. Now foraſmuch as the Merchants divided the gain equally, therefore the ProduRs in 
the third and fourth ſteps muſt be equal to one another, (according to the nature of 
the Rule of Fellowſhip with Time.). Hence this Equation ariſeth 5 | 
>; $4 —= 3300 — IIa, 
Or,  - 038; i: jo Ate. - | 
6, Which Equation, after due ReduCtion, according to SefF, 3, and 5. of Chap, 12. will 
diſcover the Stock which 4 put in, viz. 


4 = 165 = —— 


—— | -- 


C 
7. And from the 6, and 2. ſteps the Stock which , put in will alſo be made known, to wit, 
| c 
135 = — « = 0p 

So it is found that the Stock of A was 165 /. and that of B, 135 /. For, 165 * 9 
= 135 X* 11. 

Moreover , If the Jatter parts of the two Equations in the ſixth and ſeventh ſteps be - 
reſolved into Proportionals, according to Set. : Chap. 13. there will ariſc this 

| CANON. 

As the ſumm of both ſpaces of time given in the Queſtion , is to the given ſumm of 
the rwo particular Stocks ſought , ſo is the greater time to the particular Stock belonging 
ro the leller time ; and 16 is the lefler time tothe Stock belonging to the greater rime, 

| -  VCUBSTo 


Chap. 14. which produce ſimple Equations. . . 


DUEST. 17. 


A certain man being asked how many years old he was, anſwered , If z* (or 6) part 
of the number of years he had lived, were multiplyed by s ( or c) parts of the ſane 
number , the Produ& would give his Age. What was his Age? | 


x. For the number of years ſought put ; . + a | 4 

2. Then according to the Queſtion, multiplying FUR ; 
24 by £« (or ba by ca) the Product will be 32 | caa 

3. Which Produ& muft bc equal to the aapeeet | PRs, 00 "2 
of years ſought, viz. . "PEER Edt 4 


4. Then, by reducing that Equation according 
to SelZ. 4, and 5. of Chap. 12. the number a 32:23 a — —_ 
of years ſought will be diſcovered, viz. . .0- KY 
Whence it is manifeſt that the Reſpondent was 32 years of age; for if 12+, that is, 

<E of 32, be multiplyed by 20,'that 1s, & of 32 , the Product will be 32, to wit, the 

, number of years ſought. It is alſo evident by the laſt Equation in the literal Reſolution, 
thar if x (ro wit Unity) be divided by the ProduR niade by the-multiplication of the two 

numbers given in the queſtion, the Quotient will be the number ſought. 


_ I . 


DUEST. 18. 


There are two numbers, the greater of which hath ſuch proportion t6 the leſſer as 
3to2, (orasrtos;) and the ſumm of the ſaid numbers hath ſuch proportion to the 
ſuram of their Squares, as 1 to 13, (or as 6 toc,) What are the numbers ? 


x. For the greater number ſought put . . . — | a 

2, Then (according to 2xeſe.2. in Set. 4. _ IP 
Chap. 10.) the ſumm of the two numbers ' —  —_ a + = 
rod eons 3B EARS 9 3 

3. And ( according to 2weſt. 5. in the faid 
Selt. 4. —_— "— of the Squares <_ ” aplo == 
of the rwo numbers ſought will be . .. .. ES FF. 


given in the Queſtion , and of the ſumm 
found in the ſecond ſtep ſearch ont the ſumm 
of the Squares of the two numbers ſought ; | | | 
viz. ſay by the Rule of Three, | 65 © | oerackes F 


X's. an a. 654 Or pans '2 
SEREY 
Orif hb ..c 5r eb =; Cral-cia 

r wits 


—.--- 
found) 


4 


4. Again , by the help of the latter Sh) x Se ' 


whence the ſuram of the ſaid Squares is s.Þ = 
5. Bur the ſun of the Squares found out in the third ſtep muſt be equal to the ſummi 
in the fourth, hence this Equation, v2. | 
134  G5a 
9 3 - | 
Os, ; 7, oat 3% Sens Es | 5 - | 


6, Which Equation , after due Reduction, will diſcover the greater of the two numbers 
ſought, viz, Ton, A Rf 54 
* 5 — Cr {ors - | | 
">. = Joon | [2 000: «| 
7. Whence, by the help of the firſt proportion given in the Queſtion , 'the leſſer number. 
ſought will alſo be made known ; v5z. | | 


Io = 


88 | ers - 


 bry= bss * 
K © Sd 


DC 


76 


Reſolation of Arithmeticol Oneſtions Book I. 


So the numbers fought are 15 and 10 ; for they are in the given Reaſon of 3 to 2 ; and 


their ſuram 25 is to 32.5 the ſumm of their Squares, as 1 to 13, as was preſcribed. 


Moreover, the letters in the latter parts of the two laſt Equations give a Canon to 
find out the numbers required. 


a 


YDUEST. 19. 


There are two numbers, the greater of which hath ſuch proportion to the leſſer, 
as 3 to 2,(oras7tos;) andthe ſumm of. the ſaid numbers hath ſuch proportion te the 
Product of their multiplication, as x to 6, (or as $ to c.) What ate thenumbers ? 


7. For the greater number: ſought put . . . 4 | 4 

2. Then ( according to ©weft. 2. in Self. 4. "y ” 
Chap. 10.) the ſumm of the two numbers — # | —— 
EM om. on 0 i nn 5 4 

3. And ( by ef. 4. in Se. 4. Chap. WA 244 | 544 
the Product of their multiplication is . . 3 r 


. Again, by the help of the latter proportion "30 
a” --* in the Queſtion, and of - big" na | 
found in the ſecond Rep, ſearch out the Pro- | 
du@ of the multiplication of the two num- | q | 
bers ſought ; viz. lay by the Rule of Three, © TY 2 CA 


bio ;-6 6 -:d di 4 1 


3 
/ © 2d SA Cra--c34 }: S 
"7 7 PTE I -- 4 
” 


br 

whence the Produt is found 5 . . . J : | | 

5. But the Produ&ts found out in the two laſt Reps muſt be equal to one another 3 kerice 
this Equation , v2. ; 


2 : R "1 
a = foa, 
J 
a = - ne $44 . cra | C34 rn 
Or, 0 Ui * — - * 


7 
6, Which Equation , after due Reduction, diſcovers the greater of the two number; 
ſought, vx. | 


s = I5 = de ls 


7. Whence, by the help of the firſt proportion given in the Queſtion, the lefſer number 
ſought will alſo be made known, v2z, | | 


« Or + C8 
TO = 
br 


> 


So the numbers fought are found 15 and x0 - but thac they will ſolve the Queſtion 
the Proof will make manifeſt : For the greater is to the leſſer as 3 to 2 and their ſuram 2.5, 


- is to 150 theProdudt of their Multiplication, as x to 6; as was preſcribed. 


Moreover , the two laſt Equations give a Canon to find out the number ſought. 


———_ 


—__ 


QUEST. 20; 


There are two numbers, the greater of which hath ſuch proportion to the lefler as 2 to x 
(or as r to 2, and the ſumm of the Squares of the ſaid numbers is 125 ( or 6; ) 
What are the numbers ? | 


x. For the greater number ſought put 7 . ; 0 4 
2+ Then ( according to Qweſt, 1. in Se. 4. - | 54 
Chap. 10.) the lefſer number will be found 2 | ” 
3- Therefore the ſumm of their Squares ſliall be T | aa == 
a < O TNIOIRTST - _ 
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4. Which ſumm muſt be equal to 125 (or b)> . 
4 the given ſurmm of the Squares; hence tie ag = 125 a4 -|- 5344 "Wy 

: rr 


', Equation, « © ©: + © «#: «8 

5. Which Equation, after due ReduCtion ( ac- 
cording to Seft. 2,5,and 7. of Chap.12.)JÞ 4 = 10 a=4/ 
will di{cover the greater number ſought, viz. 2 

6. Bur if a had been put for the leſſer number, 
it would by the like proceſs have been found 


From the two laſt ſteps the numbers ſought are found 16 and 5, which will folve the 
Queſtion : For the greater is to the leſſer as 2 to 1, and che fumm of their Squares is x25 , 


as Was preſcribed. 


l 


rr -|- SS 


Moreover , to find out the numbers ſought , the two Jaſt ſteps of the literal Reſolution 


give this h 
CANON. 

Multiply ſeverally the Squares of the Terms of the given Reaſon; by the given ſumm 
of the Squares of the number ſought , then divide the ProduRts ſeverally by the ſumm 
of the Squares of the ſaid Terms ; laſtly; extra& the ſquare Root out of each Quottent, 
fo ſhall theſe ſquare Roots be the numbers ſought. | 


—__ — 


DUEST. 21: 


There are two numbers, the greater of which hath ſuch proportion to the leſſer as 2 tor, 
(or as 7 to 5;) andthe difference of their Squares is 75, ( or 4:) Whar are the numbers ?, 


—_—_— 


p—_—_— 


r. For the greater number ſought put . þ «. 4 a 
2. Then ( according to 2ueſt. r. in Set. 4. a 4 
Chap. 10.) the leſſer number will be , -. . 2 | r 
3. Therefore the difference of their Squares is 344_ Al Wh 
4+ Which Difference muſt be equal to the gene 248 e BE Ny 
Difference 75 (or d;) hence this Equation,vsz. _— > e567 am 
5. Which Equation, after due ReduQtion, dif- 7 FB ta | 
covers: the greater number, viz. . » c ,.- 0" 80 EN yp — 5s 
6. But if 4 had been put for the leſſer number | "B2 OY 51d 
it would haye been found by the like proceſs e | I; F | =4/ F—; 


So the numbers ſought are 10 and 5, which will ſolve the Queſtion : For the greater 
is to the lefſer as 2 to 1, and the Difference of their Squares is 75 ; as was preſcri 
Moreover , to find out the numbers ſought , the two laſt ſteps of the liceral Reſolution 


give this 
CANON. 


Multiply ſeverally the Squares,the Terms of the groun Reaſon by the given Differetice 
of the Squares, then divide the ProduRts ſeverally by the Difference of the Squares of the 
faid Terms, laſtly , extra& the ſquare Root of each Quotient, fo ſhall theſe ſquare/Roots 


be the numbers ſought. 


Ls ET I 


DUEST. 22. 


There are two numbers, the ſurnm of whoſe Squares is 125 (or b;) and the difference of 
their Squares is 75 (or 4z) what are the numbers? | 


I. For the greater number put . . . 5 + a A 
2- Then its Square will be .. . , :«. » aa | a4 
3- Wiuck ſubtracted from 125 (or 6b) the? 
given furam, leaves the Square of the ſer 125 —44 | b— 44 | 
number, t0' Wit, "oo oo 4 oo ood | 
4; And 
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4. And from the ſecond and third ſteps by ſub- | 
trating the lefler Square from the greater, 244 — I25 
mc. . + oe 

5. Which Difference muſt be equal to the given 
Difference 75 (or d,) whence this Equation >2aa — 125 =75 | 244—b=4d 


ariſeth, 5: © Rn. 

6. From which Equation after due ReduRtion, 
according to Set. 3, 5, and 7. of Chap. 12. FOES 56 b-|-d 
the greater number. ſought will be made ED ig *-- 
TINS. coo 2 2. 

7. But if 2 had been put for the leſſer number e bw = F, bd 
ſought, it would by the like proceſs have ES... ON =: 
been found  .. . «- » . < | 


So the numbers ſought are found x o/and 5, Which will ſolve the Queſtion , for the 
. fumm of their Squares 1s 1 25, and the difference of their Squares is 75 , as was preſcribed. 
Moreover, to find out the numbers ſought, the two laſt ſteps of the literal Reſolution 
give this 
CANON. 
The ſquare Root of half the ſumm of the given ſumm and difference of the Squares 
of the rwo numbers ſought , is equal to the greater number ; and the ſquare Root of half 
the difference of the ſaid given ſumm and difference gives the lefler number. 


_ 


BNLUEST. 33. - 


There are two numbers, the ſumm of whoſe Squares is 340 (orb ,) and the Produ& 
made by the multiplication of the rwo numbers is equal to £ ( or c) parts of the Square 
of the greater number ; what are the numbers ? 


1. For the greater number put . ., . . . . a | | a 
Rar S . > xo + ag hs | 
3. And < ( or c ) parts of that Square is . . _ cas 
4. Therefore alſo ( according to the condition p ; 
in the Queſtion) the Produ of the muti i = cada 
plication of the two numbers ſought, ſhall be 7 | 
5. Which Produ& divided by the greater num- 64 | 
| ber 4 will give the lefler number , to wir, £ > 
6. Therefore trom the laſt ſtep the Square 36a4 
of the leſſer number is . . . . . £ EF” OW 
7. And by adding together the Squares in the $5aa A 
ſecond ood ſixch ſieps, their fon will be . 'c 49 CCAR SI 4h 
8. Which ſaumm muſt be equal to the given ſumm 8544 __ | 
340 ( or 6b, )- whence this Equation ariſeth, c = "0 | ccar + aa =b 
9. From which Equation, after it is duly re- | 
« duced according:'ro Set. 2, 5, and 7, of 25 h 
| Chap. 12.-the greater number ſought will be FO a= Es 
—_ —_, wu . > >. - 
Io. And from the ninth and fifth Reps the < RE bee 
" lefler number will alſo be diſcovered, . . ec 0 FY abt 


_ the two' numbers ſought are: found 14 and 12, which will ſolve the Queſtion , for 
the ſuram of their Squares 196 and 144 is 340; alſo, 14 multiplyed by 12 makes 168, 
which is equal to £ of the greater Square 196. 


TY 


DUEST. 24. 


A Merchant bought a certain number of Yards of linnen Cloth at 12 pence (orb ) 7 
pet Yard , and if the number of pence paid tor all the Cloth be multiplyed by _——_ 
J 7 0 
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of Yards bought , the Pfodutt will be 30000, (orr.) The Queſtion is, to find the 


number of Yards bought. 


1, For the number of yards bought put . . . A 4 
2. Then the number of pence paid for the | 


whole Cloth wllf-de | >» * mo . ba 
3 Which number multiplyed by «(the —_ = - 

of yards bought,) —_— Ei R, - » 

Which Produ& mult, according to the Que- _ M 
, tion, be equal to 30000 ( or bo ods SPREE EY bas =& 
«. From which Equation, after due Redu&tion,, k 
" the number of yards ſought will be dew a=50 a= 


vered, VIE o 5 * Q 5 > * * 5 


So it is found that the Merchant bought 50 yards of Cloth, which at 12, 4. per yard 


makes 60c. 4, this 600 multiplyed by 50 ( the number of yards bought, produceth 


30009 ; as was preſcribed in the Queſtion. 


—_— 


4 —_ 


"_- y_ ous —_— —_ 


L2UVEST. 25. 


Two Merchants, 4 and Þ , were Copartners in traffick z A brought in a certain 
oumber of pounds, which continued in Company 4 (orc) months, B brought in 100 
(or b) pounds, which continued jn Company ſuch-a time, that if it be multiplyedby the 
Stock of A it makes 50 (or d.) At the end ot their Partnerſhip they had gained 60 pounds, 
whereof 4 had 40 (or ) pounds for hyjs ſhare, and B the teſt, to wit, 20 (ors) pounds. 
What was the Stock which A. pur in at firſt, and how many months did the Stock of B 
continue in Company £ | | | 


7. For the Stock of ff put ,-o '-:'o + » FE 
2, Then multiplying that ſtock by the time it. 
continued in company, t0 wit, by 4.{( or &,)> - + 44 | 4 


 * Per” 


3- Then divide 50 (or a) the PraduQt.given in, . | | 
the Queſtion, by a the (Stock of A,) and the( eo /:- 1:5 d 
Quotient will give the time that the Stock "= | » 
of Z3 continued in Company, towit, . : 
4+ The Stock of B, to wit, 100 /. (or b) multi- | b4 
NP 59 P | | F000 | —_ 
plyed by its time 2 ( or _ prduc A P 


5. Then according to the nature of the Rule of Fellowſhip with Time, this Analogy will 
ariſe, viz. As the Produ@ made by the mutual multiplication of the Stock and Time 
of A, is to the Product of the Stock and Time of B , ſo is the gain of A to the 
gain of B : v4. | . 

5 OOO 

— 4: 40. 20, 


bd 


Or,, &< +». — . 88: 4 Þ: & 


A y ; 
6. Which Analogy (according to SeF. 1. Chap, 13. ) may be converted into this Equation, 


2 ; 


Or, 3ca = rbd -6 


| «4 
7. From which Equation, (after due ReduRion according to Sef?.2,5.and 7. of Chap.1 2.) 
the Stock of 4 will be diſcovered, vx. ny —_— + 
; #bd 


8 = $0 =: 
5 Ee 


$8, And 


———— 


fe, 
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8.: And from the ſeventh and third ſteps , the Time that the Stock of Z continued in Com- 
pany will alſo be made known , v4z. 

þ - 2p SCA 

--. rb 


FO 
g. £0 it is found that the Stock which 4 put in at firſt was 50 /. and the Time during 
which the Stock of B continued in Company was one month , as will appear by | 


The Proof. 
FO X 4 = 200 
100 Xx I —= 100 
: 200 « 409 
—_—_— . - 0; 60 Wh OG, 


LUEST. 26. 


Certain Noble-men made a Progreſs for their pleaſure; every Noble-man carried 
along with him the ſame ſumm of pounds , the number of the Noble-men was equal to the 
—_— of Servants which attended upon each Noble-man ,; the number of pounds that 
each Noble-man had was the double of the number of all their Servants ; and the ſumm of 
all their money was 3456 pounds : the Queſtion is, to find out the number of Noble-men ; 
alſo, how many pounds and Servants each Noble-man had ? 


1. For the number of Noble-men put . . . ., . 5 5. 040 4 
2. Then ( accordipg to the Queſtion ) the number of Servants that 
attended upon each Noble-man was allo . . , . t + . FE 
3. Therefore the number of all the Servants was . . 5  « . . 5 « 44 
. Which laſt number doubled gives the number of pounds that each 
Nobleman had, to wit, . a 


5. And it the ſaid number of pounds be multiplyed by the ad bn 


of Noble-men, it produceth the ſumm of all their money, to wit, 
6, Which ſumm muſt be qual to the given ſumm 3456, therefore . ' 2444= 3456 
7. Therefore by taking the half of that Equation, there ariſeth ', , . aaa=1728 
8, Laſtly , by extraCting the Cubick root of each part of the laſt> . . $6 
- Equation, the number of Noble-men is diſcovered, to wit, . . .F* * * © I3 


So it is found that there were x2 Noble-men , alſo, every one of them had 1 2 Ser- 
vants and 288 pounds, as will appear by | 
The Proof. 
I2 X 12 = 144 
£44-x 3 ==., 288 
288 x 12 = 3456. 


A Merchant bought as many pounds of Pepper for one Crown as was half the number 
6f Crowns he laid out, then in ſelling the Pepper he received for every 25 i of Pepper 
as many Crowns as he paid for al] the Pepper ;. and in concluſion he had 20 Crowns, 
The queſtion is, to find how many Crowns he laid out. 


x. For the number of Crowns which the Merchant laid ont, let'there 


=. -. Eo Eon = <a I 4 
2. Then the number of pounds of Pepper which he bought for one 4 
CIV 0. 2 err: wn an hs 3 ah '©. fm 
3- Whence the whole quantity of Pepper bought will be found <<, | 
| | S.73 x 
for , If 1. a, ES : 2; £ i 


z 2 


£ WOT OI 7 TY 


—— = TD <= TIS. 
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. Then find how many Crowns the Merchant received for the toral 
quantity of Pepper ſold ; ſaying by the Rule of Three, 
a 


If 4 —_ ( —. ad 
"FI - EW o ? A 
whence the number of Crowns far which alk the Pepper was fold 
is found « ee ® om Ba; 0&0 14 en Sn 
5 Which number of Crowns found out in the laſtſtep, muſt be equa] =, 
to 20*the number of Crowns given in the Queſtion ; hence'this> . = =26 


. © ® 


oF, - © 045 ;% Jad A: $; ©. +. # a © 
6. Flom wit Equation, after it is reduced according to Set. 2, 
and 7. of Chap. 12. there will come forth the firſt coſt of ee & = 10 
Pepper, tow, - +» @ 7 ' 74 W691 
So the number of Crowns which the Merchant laid out was 16, as will appear by 
the Proof; for firſt, the half of 10, rowit, 5, will be the number of pounds 0 Pepper 
which he bought for 1 Crown , then fay , 
If 2x - $5 :: Fo . 5s || - pounds of Pepper bought, 
If 25 . 10 :: 5o . 20 || Crowns received for Pepper ſold. 


Cy * @ ” = * LY 


| — —  — 


QUEST. 8. 


There are two numbers, the greater of which hath ſuch proportion to the leſſer as 
3 to 2, (or as y to ;) andthe fumm of the Cybes of the two numbersis 4375, (or b;) 
what are the numbers ? 


1. For the greater number put ; { þ « a a 

2. Then ( _—_— to Queſt. 1. in Set. 4. of 24 "74 
Chap. 10.) the lefler number will be found "qe | 3+ 

3. Therefore from the firſt ſtep, the Cube of oo 4M 
the greater number is .. . .''- » . » | | | 

4- And from the ſecond ſtep the Cube of the Saga 555448. 
leſſer number is .. *: 5:1... » + © "a3" x £510; or 

5. Therefore from the third and fourth ſt 3 5444 '} - 555444 IF 
the ſumm' of the Cubes of both never 27 —— _ 


6. Which ſumm muſt be cqual to the given ſumm 4375 
tion ariſeth , viz, 
_3 $444 
2 


= 4375. 


7 
» (or 6;) whence this Equa- 


Or, = þ aa = b. 
. IT 


7. From which Equation, after due ReduQtion, (according to SefF.2, 5, and 7. of Chap.1 2.) 


the greater number ſought will be made known , v5z. 
rteb 


= 15, =o (anyones 


| | 777 | 
8. And from the ſeventh and ſecond ſteps, the lefſer number will alſo be diſcovered, to wit, 
10 = o(3) £2. | 
35s ob vey 


So the numbers ſought are found 15 and 10, 


which will ſolve the Queſtion ; for they 


are In the given Reaſon of 3 to 2; and the ſumm of the Cubes of the ſaid x5 and'x 0, 


to wit, of 3375 and 1000 tnakes 4375 z as was preſcribed LES | 
of the Equations in the ſeventh 


Moreovet , to find the numbers ſought , the latter 
and eighth ſteps give this "RY ; a | _ 
CANON. 


Multiply ſeverally the Cubes of the Terms of the green Reaſon (or Proportion) by the 
1 


given ſamm of the Cubes of the numbers ſought , 
ſumm of the Cubes of the ſaid Terms; laſtly 


L 


vide the Produds 
F , extra the Cubick Root of cach of the 
Quotients ; ſo theſe Roots ſhal| be che numbers ſought 


CHAP. 


ſeverally by the 


Bn 
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CnuapPr. XV. 


Concerning the Reſolution of ſuch adfefed or compounded Equations 
wherein there are two different Powers of the quantity ſought, 
and thoſe Powers ſuch, that the bigher of them is a Square 
whoſe Side or Square Root is the lower Power. 


I. "He Equations treated of in this Chapter fall under three heads or forms here-under 
T ſpecified , which I ſhall firſt explain, and then ſhew how they may be Arith- 


metically reſolved. "a> 
Equations of the firſt forts. 


aa | G63 = 55. EO ae: as mn b. 
aaaa |» Baa = 48.  aagna -|- daa = f. 
aaaaaa | 4aaa = Bz7. | aaanaa | gana = h. 
Equations of the ſecond form. 

4 —' 102 = 24. | ac — ba = kh, 
Haan — | Gaa = 27% atlas — pas = & 
ARAAAG — 2444 —= &d., | | anaaat — mAAA = Fo. 

Equations of the third form, 
I04 — A = 24. CA — af = » 
ga — Algna —= 74. YAR = Aha = 58S. 
OA — AAaaAaa — 8. | daaa — aanana —= t, 


IT. Every Equation which falleth under any of the faid three forms, conliſts of three 
diſtin& Terms or Members , whereof two are unknown and the third is known , of the 
two unknown terms, one is a Square, ( by which in this place I mean a ſquare number) - 
Which is (called the higheſt term in the Equation; and the other unknown term'is the 
Produ& made by the multiplication of the ſquare Root ot the ſaid ſquare number by ſome 
known number , which Produ& is called the middle term , and the third or loweſt term 
is a number purely knowt.:- So in this Equation aa-|- 64a =5 5 , the higheſt term is 2, 
which may repreſent an unknown ſquare number whoſe Root is 4; the middle term is 64, 
which. is the Product of the multiplication of the ſaid ynknown Root 4 by the known 
number 6 ; and the loweſt term ( of known part of the ſaid Equation) is the number 5 5, 
which for diſtinion ſake is uſually called the AbſoJute number given. 

The like may be obſerved in this Equation aa | ca=6b, where we may ſuppoſe 6 


and c to repreſent two known numbers, and & ſome number unknown ; then the higheſt 


term is the Square aa; the middle term is ca, to wit, the Product made by the multi- 
plication of « the Root of the ſaid Square aa by the known number c ; and the loweſt 
term of the ſaid Equation is the known abſolute number 6. : 
Again, in this Equation 544 — 4444= 4, the higheſt term is the ſquare number aaa; 
the middle term is 54x , to wit , the Produtt made by the multiplication of aa the ſquare 
Roor of the ſaid ſquare number 4444 into the known number 5 , and the loweſt term 
15 the abſolute number 4. | 
III. In every Equation which falls under any of the three before-mentioned forms, 
there are two different Powers or Degrees of the number ſought, and thoſe ſuch, that the 
Indexor Exponent of the higher Power is the double of the Index of the lower : As in this 
Equation a+|- 64 = 55, the Index or number of dimenlions in a4 is 2, which is the 


double of 1 the Index of 4 ( in the middle term 64:) ſo alſo in this Equation 544 — 


aaaa = 4, the Index of the higheſt terrh a444 is 4 , which is the double of 2 the Index 
of aa in the middle term. Likewiſe in this Equation aaaaaa —+ 44aa = 837 , the 


Index of the higheſt term aaaaaa is 6, which is the double of 3 the Index of aa in 
; * | the 
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the middle term. But in this Equation aaa 64=39 the Index of the'FAeſ termi 
aaa is not the double of the Index of a in the middle term, ( for the Index of the former 


is 3, and of the latter I ;) and therefore the Equation laſt propoſed cannot be ranked 
under any of the three Forms aforeſaid , and conſequently it 15 not reſolvable by the fol- 
lowing Rules of this Chapter, bur belongs to the 10, and 11. Chapters of my ſecond | EM 
Book; | 
1 V. Known numbers which are drawn into, or multiplyed by ſome Degree or Power 
of the number ſought are- by 77eta and others called Coefficients, viz. fellow-faRtors, or 
copartners in multiplication with unknown Powers : So in this Equation aa-|- 64= 5x5 . 
the number 6 is called the Coefficient , to wit, the fellow-multiplyer with the unknown 
number 4 to make the Produt 64, Likewiſe in this Equation as -|- ca —b, we may 
ſuppoſe the letters þ and c- to repreſent known numbers, and the letter 4 ſome unknown 
number whoſe Coefficient is c. Pn 
But ſometimes the Coefficient will happen to be expreſt by many letters, as in this 
Equation a4 + R_ (or a) = Wn , Where 4 only is ſuppoſed to be un- 


known, and the known number =- is the Coefficient , which ſignifies but one number, 


r | 
to wit, the Quotient that ariſeth , when the Produ of the number s multiplyed by 
the number & is divided by the number r, viz. it s=2 ; c=4; andr=1,, then 


= or 8 is the Coefficient, and conſequently —a is the fame with $4, 
Y 


" ſ p ; ; 
. . P . - 27 27 je 4 ; , , 
Likewiſe in this Equation 2ro20d ( or = F Z) —aa= = » the Cocth- 
s$ « 


cient is 2” <4 , Which is to be eſteemed but as one number, to wit, the Quotient of 


s 

that ariſeth by dividing the ſumm.of 27 and s by s,; ſo that if we ſuppoſe y = 3 and 
s = 2, then the Equation laſt propoſed may be xpreſ thus, 44 — 44= 3. | 

Note. When no known number appears to be drawn into the middle term of the 
Equation, then 1 ( or Unity ) muſt in that caſe be alwayes taken for the Coefficient ; 
ſo in this Equation 4aa+|-4 — 3o , the middle term 4 tmplies 14, to wit, the Product 
of 4 multiplyed by x, and therefore 1 is the Coefficient. | 

Note alſo. When the higheſt unknown Power 'or Degree is multiplyed by any number 
greater than 1 , then every term or member of the Equation muſt be divided by that num- 
ber, to the end the ſaid higheſt unknown Power may be clear'd from any Coefficient 
unleſs it be 1 ; as before hath been ſhewn in Set. 5. Chap. 12. | | 

Theſe things being premiſed by way of Explication , I proceed to the Reſolution of 
Equations which fall under any of the three forms before ſpecified. | - 


V. The Arithmetical Reſolution of 7 ny which fall nuder the firſt of the " 
three Forms before ſpecified in Sect. I, of this Chapter. > 2M 


QUEST. 1. 


1. What is the number repreſented by 4 in this Equation?  , _ aa 6a= 55 
2, Which Equation, if c be aſſumed to ſignifie 6, and b 55,7. + ca=b 
may be expreſt thus 5 . . 0 - . . . @.-..4 o o by . was ti 


RESOLUTION. 


3. To reſolve the faid Equation imports the ſame thing as. to ſolve this Queſtion ; v5z; 
There is an unknown number ( repreſented by 4 ) which is ſuch, that if to its Square 
you add the ProduR made by the multiplication of that unknown nutnber by 6, (or c,) 
the ſumm will be 55 , ( or þ,) what is that unknown number'a? Anſw, 5 , found 
out thus, OG | 

4- Let the Square of half the Coefficient 6 (or c) be added t6' each part of the Equation 
propoſed , to the end its firſt part may be made a compleat Square, ( according to Se, 4. 
Chap. g. ) whence this Equation ariſeth , | 

an-{-ba9g=64,; or, aa-cab- 3c =b+ ic EO 
L z 5. Then 
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5. Then by extrafting the ſquare Root of each part of the laſt Equation { according to - 

Seft. 4, and 5. of Chap. 8. ) this Equation ariſeth 

 @+3 = 8, 

| Or, a+ ic = 4/:b+:;rc: 

6. Wherefore by tranſpoſition (or equal ſubtraftion ) of 3, or-zc, the number @ ſought | 
will be made known, vzz. DER 

| 4 = F=a: bc: — 5c, 

I ſay the number & ſought is 5 , which will folve the Queſtion propoſed, as will 


_ The Prof 
If . G . * 8 . * 8 . | = F $ 
Then con  . . . ' at = 35, 
And Ca 4 + +.» Oo = $09 
Therefore «© . «© . aa-|-6a = 55; 


Which was the Equation propoſed, 

Note. Every Equation which falls under this firſt Form may be expounded by either 
of two Roots, whereof one is Affirmative or greater than nothing , and the other 
Negative or leſs than nothing. As in the Equation propoſed, to wit, aa +|-6a=55 ; 
foraſmuch as according to the Rules of Algebraical Multiplication , — multiplyed by — 

roduceth |, and ſon this ſenſe the ſquare Root of 64 may be — 8 as wcll as -|-3 ; 
therefore the ſquare Root of the Equation aa + 64+ 9 = 64 in the fourth ſtep may be 
LR. oo > - 6 Es + nc. « 843 = — © 8, 

Whence, by tranſpoſition of + 3, a Negative Root - wy 
or value of & is diſcovered, to wit, . . . . . "0M _ CO Fs 

I ſay the Root 4 in the Equation aa 64= 55 may: be. expounded by —11, 
{ beſides -- 5) as will be manifeſt by 


The Proof. 
os +» © © © oo WJ 2 ie tate of |. and — in 
= EW ow» 8 — —  F21  Algebraical Multiplication and 
And « » = I Addition are to be reſpetted. 


Therefore, as before, aa +64 = +, 55s. / | ; 
Negative Roors are oftentimes of good uſe to find out Affirmative Roots, as hereafter 


will appear in Chap. 1 1. of the ſecond Book, 


LUEST, 2. 


1. What is the number —_— gy 4 in this Equation? , . Þ aaaa+- "0: = 48, 
. Which Equation, if 4 be pur for 8, and f tor 48, may be? 
% RN, OE, Wa n P ls 4 u! F © aa48-l- das = f. 
RESOLUTION. 


3» To reſolve the ſaid Equation imports the ſame thing as to ſolve this Queſtion, 
viz, There is an unknown number repreſented by 4, which is ſuch, that if to irs Biqua- 
drate or ſquared Square you add the ProduR made by the multiplication of the Square 
of that unknown number 4 by 8, (or 4,) the fumm will be 48, (or f;) what is the 
unknown number a? A»ſw. 2. found out in the ſame manner as before in ,2eſþ. 1. vir. 

4+ Let the Square of half the Coefficient 8 (or 4) be added to each part of the Equation 
propoſed, to the end its former part may be made a compleat Square, according to 
Seft, 4. Chap. g. ) whence this Equation ariſeth ; 

- aaa | 8aa-|= 16 = 64, 
| Or, aaaa+ daa + Zdd = > s zad. | 
5- Then by extraQting the ſquare Root of each part of the laſt Equation ( according to 
Set, 4, and 5. of Chap. 8.) this-Equation ariſeth , 
| F aa 4=8, 
' Or, aa+id=4/:f-þ tad: 
S. Whence by equal ſubtraRion or tranſpoſition of 4 (or £4) there will ariſe 
as 2.4 


Or, 48 = y:f add: — 3d. 


7. There- 
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7. -. Therefore by extracting the Square Root of each part of the laft Equation, the 

number 4 ſought, will be made known , 93z. 
a= > = eB} Pies, 

I fay the number & ſought is 2, kick wil ſolve the Queſtion propoſed , as will 


b 
We"? The Proof. 
If & is . . . 0. 64. 6 «9 Rs 2 , 5 
Then conſequently - + o » + » a 2 
And . - . . . . . . " . AAA — I6, 
Alſo « . . . . - . . 844 aq—_ 32 $ 
Therefore . o: oo i» acae v8aa = 48. 
Which was the Equation propos'd to be reſolycd, S 
QUEST. 3- 


1. What is the number ATE As by 2 in 
_ Equation? . 


. Which Equarion , if g be pur for 4, "und h | Wes ET 
"Gio 837 , may be expreſt thus . . « aaaana- gans = h, 


RESOLUTION, 


3. To reſolve the ſaid Equation imports the ſame thing as to ſolve this Queſtion, viz, 
There is an unknown number repreſented by 4, which is ſuch, that if to its cubed: Cube 
or fixth Power, you add the Produ& made by the multiplication of the Cube of that 
unknown number by 4 (or g) the ſumm will be 837, whatis that unknown number a ? 
Anſw. 7. tound out in the ſame manner as before , vz. 

4. By adding the Square of half the Coefficient 4 ( or g ) to each part of the < Equaion 
pn , this Equation arifeth , 

aaaaaa + gaca- 4 uy Tous 
Or, aaaaan -|- gaan -|- 70g 

5. And by extraQting the Square Root of —— part _ the = Fouation this ariſeth ; - 

aaa j- 2 = 29: 
Or, aaa 7 26 = = 4b} 

6. Whence by tranſpoſition of 2 ( or 7g) this Equation ariſeth 
| ads = 3. 
Or . aaa = a:h-7gg:— Ig. 

7. Therefore by extraQting the Cubick Root of each part of the laſt Equation the num- 

ber a ſought will be made am VIR 
a = 3 = (3) : 4b+-4g TE ; 
| ws va number 4 ſought is 3, which will fe _ hs Sveſtion propoſed, as will 
appear by | 


« aaaana-|- qaan = $37. 


The Proof. 


If EI FEI Wo 6 NS mon 33 
Then PLE. . '« » a= 25. 
And ..'. . + - +» + o- a = yn 
Alſo . . . :. © oi. a0 = 20 
Therefore . .-.. . A44aat=h=4aan = B37. 


Which was the Equation propos'd to be reſolved. 
V I. From the Reſolution of the three laſt Queſtions the following Canon bs deduced 


for the reſolving of all Equations which fall under the firſt of the three forms before 
ſpecified in SetF. 1, of this Chaprer. 


CANON. 


Add the Square of half the Coefficient, or ( which is the ſame thing ) a Juurer 9 of the 
Square of the whole Coefficient, to the given Abſolute number. 


Extra the Square Root of that ſumni, 
From 
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_ - n— 


" "8 


From the ſaid Square Root ſubtra& half the Coefficient, and reſerve the Remainder. 

Laſtly, when the unknown number which is multiplyed by the Coefficient in the 
middle term of the Equation is expreſt by a ſingle letter only , as- 4, then the Remainder 
before reſerved is the number ſought ; but if the faid unknown number in the micdle term 
be a Square, as 4a, then the Square Root of the Remainder reſerved is the number ſought , 
if a Cube, as aaa, then the Cubick Root of the ſaid Remainder fhall be the number . 
ſought ; if any higher Power , then the Root for the kind muſt be extraRed out of the 
ſaid Remainder , which Root ſhall' be the number fought. 


An Example of the Canon, 


1, Let the preceding 2wef?. 1. be here repeated, 
viz. What is,the number repreſented by aÞ - « aa-|-6a=55 
in this Equation? . . © «© « + ». « 
2. Or, whatis the value of 4 in this Equation, , . « aa--a=b 
"© RESOLUTION. 


3- To the given abſolute number . . . . 55 | b. 
4. Add the Square of half the Coefficient 6,2 

to wit, the Square of 3, whichis . . . | 
EST E'i oo» + + o 34 [Op ge 
6. The Square Root of that ſumm is . . . 7. 8 | 4: b-þ Ice: 
7. From that Square Root ſubtraR half the Co- 

elficieed'6s., te:wit,. , oo 4's <' & » 
8. The Remainder is the number « ſought, to wit, 5 | 4/ :#--fce: — 2c. 

Whence it is rhaniteſt that the Anſwer is the ſame as was before found to, Lueſb, r, 


A ſecond Example of the Canon, 


7, Let. the preceding ©xeft.. 2. be here re- 7 

. peated, viz. What is the number repreſented > . . aaaa-þ faa=48 
by 4 in this Equation? ., . . . . . | 

2. Or what is the value of & in this Equation, , . « aaaarþdaa=f 


RESOLUTION. 


Koa 


r 
17 


A 
3 | 2G 


3. To the given abſolute number. , '. , . , 48 | f 
4- Add the Square orthalf the Coefhicient 8,2 _ | +1, 

to wit, the Square of 4, which is . .. .. e : ws | 
> DX ORC ES. 5 * 


6. The ſquare root of that ſummis . . , . $ i 4 :f+3ad: | 

7. From which ſquare root ſubtra& half th 11 I 
Coecthcient 8, to-wit, . «. +» . .« + © HT Sat] 

8, 4 04m ae is the value of as, towit, . 4 | / f + Jad —24d 

9. Laſtly, the ſquare root of the ſaid Remainder — . 
EE = YM CT v/ 2):4/frgad — 16: 
Whence it 1s evident that the Anſwer is the ſame as was before found to Leſt. 24 


| A third Example of the Canon, 
1, Let the preceding 2xeſf. 3. be here _ 


peated , viz. What is the number repre- aacana + qaas — 837. 
ſented by 2 in this Equation? , ., . 


2, Or what is the value of , in this Equation , ©: ananaa + gaan = h. 
| RESOLUTION. 


3. To the abſolute number . . . . . . 837 | h. 

4. Add the Square of half the Coefficient 4,towit, 4 | 4og. 
LEES,» 6 2s © a7 | bop 00. 

6, The ſquate root whereof is , , . . « 29 | 4: h+-|-igg: 
7. From that ſquare rgot ſubtract half the Co- 1g 


efficient 4 3 to wit, 6s 6s 6 * » oe + 


8, The 
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$8. The Remainder is the value of 24a, to wit, . 27 | / h+ igg —*p 
9. Therefore the Cubick Root of that Remain- | I ( "7 [ga ay yo: - 
der ſhall be the number , ſought, . . .F 3 3): + 428 — If: 


Whereby ir is manifeſt that the Anſwer 1s the ſame as was before found to neſs. 3. 
F 28 Example 4. | 1 
If. i... > + 4+e=b(orzs,) what is a = ? 


| Anſw. «» «© +» » (4 = ofib4:—=5 = $5522, Oc. .. 

For the Coefficient drawn-into the middle term 4 being 1 its half is 3, the Square 
whereof is  , which added to the abſolute number 35 makes 35+, whoſe Square Root 
is 5 232z, &c. from which ſubtrating 3, ( of 55) rs wit , half the Coefficient I, 
the Remainder 572325 , &c. 1s the number & ſought, which here liappens to be irrational 
that is, inexpreſſible by any true number , but by continiiing the extraftion of the ſaid 


Squate Root of the ſaid 35% , you may approach infinitely near the exa&t number a; 
| Example 5. 
If . : 3 5 aa b+*lsa —= 32, what is a = ? 
x  Huſw. «- - © & = vi SEE JAAEE, AL — 42, Þ 
The Learner muſt remember to redite a FraQtion to its leaſt Terms, before he goes 
abvut ro extra any Root ont of it, 


Example 6. 


KO Pee” s = 2z 
CEE 4 


® 3 


EF + © 


Adif 5 . 5 ab Cen iT, 
| EE ar 
What is bo Py . o » » of} A—= ? 
| Auſwe. 'o +. + 0.5 + '» Suro 
& *-27: 
| | Example JT. © 
If .; |] aaaa+ ae = £2262 what is a= ! 
Anſw. . - . . = - A — wn pA 


VII. The Arithmetical Reſolution of Equations which fall under the ſecond 
of the three Forms before expreſſed in SeQ. 1. of this Chapter. 


LUEST. 1. 


t. What is the number repreſented by. a in 
this Equation ? 6 $ n 
2. Which Equation, by afluming 6 to repre- 
+ «© & aa—ba = k. 


an — I04 = 24, 


ſet 10, and þ to lignifie 24 , may be ex- 
mg; 7 + > 2 WO 
RESOLUTION. 


3. Let the Square of half the Coefficient 10 (or 6b) be added to each part of the Equation 
propoſed , to the end its firſt part may be made a compleat Squate, Fccording ro SetF. 4; 
Chap. 9.) whence this Equation ariſeth ; 

aa — 104 + 25 = 49, 
Or, aa — ba + *$b—= k + 536be = 

4+ Then by extraQing the Square Root of each part of the laſt Equation ( according t6 
Sect. 4, and 5. of Chap. 8. ) this Equation ariſerh z , 

A —_5 = 7, 
Or, 4. — *b = v:h{- 56: EIS | 

5. Wherefore by equal addition of 5, or 56, the number a ſought will be made kffown, 

ViRe 4 = 12 = 36 b+ f:k-|- 36: | 

6, But foraſmuch as the ſquare Root of aa — 104-25 in the third ſtep. may bes — 4 

, as well as 4—yx , ( for either of thoſe Roots being multiplyed by it ſelf wil produce 


” 


the 


TH 
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the ſame Square 44 — 104-{-25,) therefore let 5 — 4 be ſer. inſtead of &— 5 
in the fourth ſtep , whence this Equation ariſeth', zz. 
| fF—&4=7)> 
| Or, . 2b —a = &:k+ 366: | 
7, Therefore by tranſpoſition , another value ot 4 ariſeth , to wit, 
| 4 =—2 = bh —u&:k 5: 

Which latter yalue of @ is leſs than nothing , and ſuch it will alwayes be, as may eaſily 
be proved from the laſt Equation. For k.-|- 766 is manifeſtly greater than 44b, and 
conſequently the ſquare Root of the former will be greater than the ſquare Root of the 
latter, viz. 4/:k #336: is greater than {6 , therefore 2þ — 4/: OF.Z 26b: (that is a) 
will be leſs than nothing , for if a greater quantity be ſubtraRted from a leſs, the Re- 
mainder will be a negative quantity, that is leſs than nothing, as before hath been ſhewn 
in Alpebraical Subtration. From the premiſes it 15 evident that the Equation propounded, 
to wit, 44— 104 = 24 ( and likewiſe every Equation which falleth under the ſecond 
form of Equations before-mentioned.Y .is explicable by rwo Roots, whereof one is real 
or affirmative, whoſe. value is before expreſt in' the fifth ſtep ; and the other negative 
or leſs than nothing, the value whereof is expreſt in the ſeventh ſtep. 

L ay the real or true number 4 ſought in the Queſtion propoſed is 12, as will appear by 


The Proof. 


. - - LI * »” « « aA 


If - <A o — 
Then conſequently .. . , . ; - © © a4 = 1445 
a... SS +» +: cc os = 
Therefore  $ © © » « d8=mTO4= 340 
 _ Which was the Equation propoſed. 

Moreover , according to the Rules of Algebraical Multiplication and SubtraCtion , the 
negative value of 4, to wit — 2 before found, will conſtitute the Equation firſt propoſed : 


For if  @:S ®. @ p "RE . 5 A —= ww 2 » 
Then conſequently of. 2 - 48 = + 4, 
And. . » as.” + 6. HO ——0, 


Therefore . . - « . - . aa—1oa = +24; as before. 


QUEST. 2. 
1. What is the number repreſented by a in 

wb nant CG 
2. Which Equation , if p be put for 6 

.d for 27, may be expreſt thus, . . 


RESOLUTION. 


3. Let the Square of half the Coefficient 6 ( or p ) be added toeach part of the Equation 
propoſed , to the end its firſt part may be made a compleat Square ( according to Se&. 4, 
Chap. g. ) whence this Equation ariſeth 

aaaga — bans. 9 = 36, 
Or, aaaa— Pas oF 5?P =-d+ 22p- 
4+ Then by extraRting the ſquare Root of each part of the laſt Equation ( according to 
Set,4, and 5. of Chap. 8.) this Equation ariſeth, viz. | 
ala — 3 = G, 


aaaa — 6aa = 27 


Sk * 5 +» ana — pan = & 


a — © s: a+ 3pp: 
5» Whence, by equal addition of 3 ( or 5p, ) there Mill ariſe 
00 Ws 
Or, aa = yv:d+tip: + 2p 
6. Wherefore by extraRing- the ſquare Root of each part of the laſt Equation; the 
number 4 ſought will be made known , v:z. 


a = 3 = (2) : /dF pp ++ E: 
I fay the number @ ſought is 3 , which will af. the Queſtion propoſed ; as will 
appear by | SE et. 
The 
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Boo 
The Proof. 

If 0 . . - . . . . ” . . » . a = 3 5 

Then conſequently . . ; . 5 0 © a 

And . o: »  » « + + 50 «2» Ae 

Alſo . . - + +», + + -+ |» +» » Gan 

"TRAIISNE - | o =» aaaa — baa = 27. 


Which was the Equation propoſed to be teſolved. 


DOEST. 3: 


. What is the number repreſented b 4 in : lt 
: this Bacuion "RP x TS MT F . aaaaad — 2444 = 48 
2. Which Equation , if »z be put for 2, =y 


g for 48, may be expreſt thus, _ . | 
RESOLUTION. 


3. Let the Square of half the Coefficient 2 (or) be added to cach part of the Equation 
propoſed, to the end its former. part may be made a compleat Square ( according to 
Seft. 4. Chap. 9g. ) whence this Equation ariſeth , 

aaaaad — 2444 t = 404 
Or, | aaaaaa— nana imm = g -|-imm. | | 

4. Then by extraRting the ſquare Roor ot each part ot the laſt Equation ( according to 

Se. 4; and 5. of: Chap.'S. ) this Equation ariſeth , : 


AAAGAAR — 1mA4% = 8£ 


aaa — I =.7,, | 
Or, , aaa —im = w/:g | imm: 
5. Whence by equal addition of r ( or *») there ariſeth 
eq ae = 83, » 
Or, aaa = a: g-\- imm: | 5m. ; 


6. Wherefore by extraQting the Cubick Root of each part of the laſt Equation , the 
number & ſought will be made known, viz. 


4 =2 = (3): 4g + mm. |- 3m: | 


I fay the number 2 ſought is 2 , which will ſolve the Queſtion propoſed ; as will 


appear by ah 4 
e Proof. 


. | 9 Re 


* $8 » ” 8 . 6 P R . A w———_ 2 - 
Then conſequently . . « + + + + aaa = S, 
And _ RTP « aaaaaa — 64, 
AS, < o + 5 54+ + oe 
Thentore. < «©: « . aaaaaa — ada = 4d. 


Which was the Equation propoſed to be reſolved. 


VIIE. From the Refolution of the three laſt Queſtions the following Canon' is de- 
duced, for the reſolving of all Equations which fall under the ſecond of the three Forms 
betore ſpecified in Sedt. 1. of this Chapt. | 

CANON, 

Add the Square of half the Coefficient,” or ,- (which is the ſame thing) a quarter of the 
Square of the whole Coefficient, ro the given Abſolute number, | 

Extract the Square Root of that ſumm. 

To the ſaid Square Root add half the Coefficient, and reſerve this ſumm. | 

Laſtly, when the unknown number which is drawn into the Coefficient in the middle 
term of the Equation is expreſt by a ſingle letter only , -as 4, then the Summ before' 
reſerved is the number ſought ; but if the ſaid unknown number in the middle term be 
a Square, as aa, then the Square. Roor of the Summ reſerved is the number ſought , 
it a Cube » 4S aaa, then the Cubick Root of the ſaid Sum ſhall be the number ſought ; 
it any higher Power, then the Root for the kind muſt be extradted ont of the ſaid Sumin, 
which Root ſhall be the number ſought, 


M . An 


GO 


An Exampie of the faid Canon. 


. Let the preceding 2weſ. 1. in SeZZ. 7. of this | 
"do be here repeated, viz. What 1s the »* «© aa —TO0a = 24 
number repreſented by 2 in this Equation ! 3 

2, Or, what is the value of 2 in this Equation? >... « aa— ba = 


RESOLUTION. 


3- To the given abſolute number . . . > 24. | k. 
4- Add the Square of half the Coefficient I THT, 
to wit, the Square of 5, Which is . . [- 
5. The ſumm is . 49 | kt. 
6. The Square Root of that forum i Wa: 64 7 | ih +366 
7. To which Square Root add half the Co-? - « | Is 


efficient 10, to Wit, . 
$. The Summ is the number a ſought, to wit, -».3* | #: k|- $66: +36. 

Whence it is maniieſt that the Anſwer is the ſame as was before found to Leſt, 1, 
in Sect. 7. 


- A ſecond Example of the Canon in Sect. 8. 


. Let the preceding Leſt. 2. in Sett. 7. of 
"ahi Chapt. be here repeated, viz. What is web 
number repreſented by 4 in this Equation ! ; 

2. Or, Whats the value of 4 in this Equation? Þ ,  aada—paa = &. 


RESOLUTION. 


. To the given abſolute number . . S227 | <4 
4 Add the Square of half the Coefficient 6, f 
to wit, the Square of 3, which is . | «PP- 


aaaa — 6aa = 27 


5- The ſumm is . . . 4-30} 47.0 


6. The ſquare Root of that fon | IS . « - 6 | 4 :d+zpp: 


7. To which ſquare Root add half the Co- ; 
efficient 6, to wit, : 2Þ 
8. The Summ 1s the value of aa, towit, . > v:d + 5pp: + Ip. 
Lherefore the Root of the ſaid i” I 
9. Lherefore the ſquare Root of the ſai Summ y (2): 4 dÞ Ipp+2p: 


ſhall be the number ſought, to wit, 
1 wo it is manifeſt that the afwer is the ſame as was before found to 2weſt. 2+ 
in Set, 7 
A third Example of the Canon in Set. 8. 


1. Let the preceding 2ueſt. 3. in SetF.7. of this | 
Chapt. be here repeated , 242. What is the aaaaan — 2444 —= 48, 
number repreſented by 2 in this Equation ? 


2, Or, What 1s the value of 2 in this Equation? > . . aaadaa — maaa = 8- 


RESOLUTION. 


3. To the given abſolute number . . , > 48 | [2 
4- Add the Square of 'half the Coefficient 2, to 

wit, the Square of 1, which is . . ©, 'c 
5- The ſumm's . . . © « «© . .> 49 | gb im. 


FLA 


6. The ſquare Root of that Summ is ., , » » | 4/:g+imm* 
7. To which ſquare Root add. half the Co- n | 
_—_— - , . -- a i Tn 


8. The ſummis the value of aaa , to wit, . .> -8 | 4. gj-Zmm. | tm. 

9. Therefore the cubick Root of the ſaid ſamm 7? | "Hr 
ſhall be the number 4 ſought, to wit, . .T * v (3): vg + gm + 3m: 
—_ it is manifeſt that the Anſwer is the ſame as was before found to 2ueft. 3. 

in Set, 7, 


Example 
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Example 4. 
 .-  at—4=7f ( or 1122,) what is 4 = ? 
Anſw. . 4a=weig+iis 34. | 
| Example 5. | | 
4 + 33 a5 = 395342] Whitis 4 = ?' 
Anſw «© © © © <-& © 04 == 230% | 


Example 6. 


: F- I, 
It &-©-.6 . 4 TI x ay” . 0-8 F : == 2, 
1 6 = 4+ 


: * _ = - = : Ic ; 
'And if . . 0 ©. ©® . AEST ho T 5 $5CE! 3 


arr 
What 1s . _ . . 5 7 a = ? 
nſw”. 1? 3750 ame As. 
kb 27 


IX. The Arithmetical Reſolution of Equations which fall under the tha 
three Forms before exprest in Se. I. of this EP of 


2UVEST..1. 


1, What is the number repreſented by 4-in this Equation? ''. , » 104—aa = 24; 
2, Which Equation, if c be afſumed to ſignifie 10, and # put for 24, 2:11 
may be expreſt tis; 6 zo 3 4 4% SH 


RESOLUTION. 


3. Let the Equation propoſed, by tranſpoſition of its Terms , be reduced to an Equation 
bf the ſecond of the three Forms before expreſt in Se#.1, viz... Firſt, by tranſpolition 
of — aa, this Equation arifeth , | 

P Ic = 24 | aa, 

_ Or, 68-''"= F — ad. WT | 
4. Likewiſe by tranſpoſition of 24 ( or #4) this Equation ariſeth ; 
| IO04 — 24 = aa, 
Or, 4 — 4% = ad. | | : 
5, And from the Jlaſt Equation by tranſpoſition of 104 ( or ca) there will ariſe 
— 24 = aa — 10a, | 
Or, — » = aa — (A. &F 7 "EROS P 

6, Which laſt Equation, by tranſpoſing each part of it to the contrary coaſt, may be 

expreſt thus ; Lone! 0 ORE 


44 — I04 = — 245 
Or, as — a= —". | 
7. Now let the following proceſs be made as before in the Reſolution of Equations of 
the ſecond Form ( in Sef.7.) viz. Let the Square of half the Coefficient xo (or c) 
be added to each part of the laſt Equation, ro the end its former part may be made 
a compleat Square (according to SetF. 4. Chap. 9.) whence this Equation ariſeth , 
: | | a8 — Jog-| 25 = "25 — 24 = I, 
Or, aa — a +He' = Ze — #. | | 
8, Then by extraQing the Square root of each part of the Jaſt Equation, (according to Set, 
4,and 5.0f Chap.8.) this Equation ariſeth, 5z. 
45 ="; 
Or, 7 os en df = II Ee 
9. Whence by equal addition of 5 (or £c )) one value of 4 will be madeknown, viz: 
4 = 6 = {Cmpoy/ i560 —31%, 
10. But foraſmuch as the Square root of 44 — 104-25 in the-ſeventh ſtep may be 
5— 4 as wellas 4— 5, ( for either of thofe Roots being multiplyed into it ſelf, will 
_ M2 __ prodhite 


_ 


i EIS 


92 | Reſolution of Quadratick, Equations. Book I. 


produce aa — 104 | 253) therefore let 5 — 4 be ſet inſtead of 4— 5 in the eighth 
ſtep, whence this Equation will ariſe, vis. 
4 4s =- I, 


Or, ZE — 4 = N: Eco —n:- 
11, Whence by due tranſpoſition another valne of 4 is diſcovered, to wit, 
4 = 4'= Ie—4&/ :h4cc—n: 


I q I fay- the number a ſought may be either 6 or 4, for either of theſe numbers will 
conſtitute the Equation propoſed , as will appear by 


The Proof. 
If = . "EW ©, YC BR Ta oY Wy” 4 = 6, 
Then conſequently . . . «. . 44 = 36, 
A - co Shs - -. Wwe = 
Therefore. . .  . . « Toda—as = 24s 
Which was the Equation} propos'd to be reſolved.  - 
Again , | 
If OE OE 2 2 ORE oo OS. SS = 4 z 
Then. conſequehtly . . . Þ.' 4a = 16, 
"RPE > » oc. 208 = os 


| Therefore ' . . . |. » 104—a4 = 34; 3s before. 

13- But to the' end that both the values of & before expreſt in the ninth and eleventh 
Equations-fnay. be real or Affirmative numbers, ( thar is, each greater than nothing ) the 
given numbers in the Equation propoſed , and likewiſe in every Equation of the third 
Form aforeſaid muſt be ſabje& to this following - - 

DETERMINATION. 

The Abſolute number given muſt not exceed the Square of half the Coefficient. 

The reaſon of this Determination is evident by the. ſaid ninth and eleventh Equations; 
for the latter part of each of them ſhews, that the given Abſolutenumber is to be ſubcracted 
from the Square of half the Coefficient , and therefore it ought to be leſs, or equal to the 

> ſaid Square ; Therefore when in any Equation of the third form, the _ Abſolme num- 
ber exceeds the, Square of half the Coefficient that Equation is impoſſible, and likewiſe the 

Queſtion that produced it. 

It is alſo evident by the faid ninth and eleventh Equations, That when it happens that 
» =Zcc, then £6 —# =o, and conſequently each value of & is equal to 4c; wiz. 
When the Abſolute number happens to be equal to the Square of halt the Coefficient, 
then the two values of & will be equal to one another , each vaJue in that caſe being equal 
to half the Coefficient : But when it happens that the Abſolute number is leſs than the 
Square of half the Coefhcient, then thoſe two Roots or values of 4 will be unequal. Bur 
here is to be noted, that although in this latter caſe the Equation be alwayes explicable 
by either of thoſe two unequal Roors or numbers, yer the Queſtion that produced the 
Equation will ſometimes be anſwered only by one of thoſe Roots or numbers, ( as hereafter 
will appear in Qweſt. 10. Chap, 16. and by the latter way of reſolving the 16. neſt. 
of the ſame Chapt. ) 


1 


L2UVEST. 2, 


Is What is the number repreſented by 2 in 
this Equation? . .. . . + 3 » «+ » 

2. Which Equation, if » be put for 5, and s 
for 4, may be expreſt thus . . , . 0 


RESOLUTION, 


3. Let the Equation propos'd, by Tranſpoſition of its Terms (after the ſame manner as in 
the third, fourth, fifth, and lixth ſteps of the preceding 2xeft. 1. Se. 9.) be reduced 
to an Equation of the ſecond of the three Forms betore expreſt in Se, 1. ſo this 
Equation will ariſe , 252. | 


YN 


o . 5 48 — AARK — 4. 


©. @ rAG — Aa = Fs 


AMAR — FAR = —=4, - 
Or, AAA — IAA = = #, 


<4o Then 
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FO 


4, Then by adding ( as in the former Examples ) the Square of half the Cooffickne + 5 
( or - ) to each part of the laſt Equation ,*there ariſerh 


aaug — 544 o- 5 = 24 = 4 = 2, 
Or, aana — Yaa | It. = at — $. 
5, And by extraRting the Square Root of each part of the laſt Equation this ariſeth; 
Ag — = » "i 


Or, aa = = 4&/:fr —5: 
6. Whence by equal addition of + ( or jr, ) this Equation ariſeth, v:z, 
a = Þ qt ws, 
Or, a =$ I, = 4/3grr — 8: 
73, Therefore by extraRing the Square Root of each part of the laſt Equation , ohe 
value of 4 will be made known, viz. 
4=2 = 4 (2): Ir Or: * 
8, But foraſmuch as the ſquare Root of aaas— 544+ +5. in the fourth ſtep may be 
— 44, a3 Well a5 44 — : , (for either of thoſe Roots being multiplyed by it ſelf will. 
—- 4448 — 54a-22 ,) therefore let + — aa be ſet inſtead of a8 — £ in the 
i ſtep, whence this Equation will ariſe , 
7 —aa = 71, 
Or, Ir — Ad - A: rt — 58: 
9, Whenc: by due tranſpoſition this Equation ariſerh ; 
: aa — 3 or 1, 
Or, as = ir —4a/:iirr —5s: 
10. Wherefore by extrating the ſquare Root of each 3a of the laſt Equation, pallet 
value of 4 is diſcovered , to wit , 
« = I = y (2:7 w—4 ar —s: 
If fay the number 4 ſought may be either 2 or 1, for cicher of theſe numbers will 
conſtitute rhe Bquation propoſed, as will appear by 


The Ps 
If " rs CERES el ©. -6. .. 4 2 5 
Then conſequemly 0 +06: 4, 0; We 
Al oo» + + « +. +4 5. «© a ne 
AS . . - » «+ © {| © Js 
Therefore : . © Sad—aamma = 4. 
Which was the Equation propos 4 to be reſolyed. | . 
Again , £2 SE 2” * «+» -- S—- 
TUM . + © co 0 © © oe Roms 
Ald . + + s « © < £4. «-  _ > 
Alfo 0 © 6 © 6. 0 + ©. ©: 6 os AS 
Therefore, ., . . « + ga — aana = 4; As before: 


QUEST. Þ 


1. What is the number repreſented by a in this Equation? > 94aa4— 444444 = 8, 
2. Which Equation, if 4 be put for 9, and e for 8,2 p 
may be expreſt thus, . . . . © « « » « '& OT NENITINE 


RESOLUTION. 


3+ Let the Equation p Foopor'® , by tranſpoſition: of irs Terms ( after the fame maniier as in 
| the third, fourth, fifth, and ſixch ſteps of the preceding 2ueft. 1. SetF. 9. ) be reduced 

to an Equation of the ſecond of the three forms before expreft in So « I, ſo this 

Nr bel will ariſe, v7z. 

GARAGE — DARG = — 8, 
Or, aaanahs — dans — — &. 

4- Then by adding the Square of half the Coefficient 9 (ord) to each part of the laſt 

Equation , there ariſeth | 

adaaah — gaae | i — 12 8g — 42, 


Or, RARAAG — dann == 44d = 1448 


5. And 
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5. And by extraRing the Square Root of each part of the laſt Equation this ariſeth 
ahR-—-F = T's  : | FT 
Or, 446 — if —= /: 54d —t: : 
6. Whence by equal addition- of 3 ( or 34) this Equation arifeth ; 
aaa —= 7 or 8, 
Or, aaa = Zd-|-a/:4dd — t: 

-, Therefore by extratifig the Cubick Root of each part of the Equation, one value of 4 

will be made known, viz. © | SUE 4 | 
- 4 =. 3 = (3): 3d-|- 4:gad—t: ; 

2, But foraſmuch as' the Square Root of a44aaa — $4aa +; In the fourth ſtep ma 
be 2 — 444 as well as aaa — 2, ( for either of theſe Roots being multiplyed by it ſelf, 
will produce the fame Square 444444 — 9444-135, ) therefore let 7 — aaa be fer 
inſtead of aaa — 2 in the fifth ſtep , whence this Equation will be made, 24z. 


2 _— 


Or, 1d — aaa = e/iidd—t: 
9: Whence by due tranſpoſition this Equation artſeth , 2x. 
i £ aces = =n';, 


- aaa = fd —4:4dd—t: 
' 10. Wherefore by extracting the Cubick Root of each part of the laſt Equation, another 
value of 4 is made known , v1z, | Ft 
| 4=1T1=v(3):id—Nzdd-t:  - 
I fay the number 2 ſought is either 2 or 1, for either of theſe numbers will conſtitute 
the Equation propoſed, as will appear by | | 


The Proof. 

= ES ES + +. TW 2, - 

Then conſequently ' . , . . + © - aaa = 8, 

AW. 0» 4 +» ace = 04> 

AD Ee en > Jer mn 72, 
bY Therefore «- '« +. .- o- GAA == AAdtaah = 8. 4 
Which was the Equaiion propoſed to be reſolved. 

| Again, 

W- oo I Es . 4 a2 I, 

Then confequetlly :.- +- > +» - +» - a= 1, 

a. . co 42> Cc +2 er 1, 

_ GT oo OE ' 3 Wy Þ 

Therefore «. .'. + + « «. 9g4aa— aaanaa = 8B, as before. 


— 


X. From the Reſolution of the three laſt Queſtions the following Canon is deduced 
for the reſolving of all Equations which fall under the laſt of the three Forms before 
ſpecified in SelF. 1. of this Chapt. | 

; CANON. 


From the Square of half the Coefficient , or ( which is the ſame thing ) from a quarter 
of the Square of the whole Coefficient , ſubtra& the Abſolute number given. 

Extract the Square Root of that Remainder. 

Add the ſaid Square Root to halt the Coefficient , and alſo ſubtra& it from half the 
Coefficient , reſerving the Summ and Remainder. 

Laſtly , when the unknown number which is multiplyed by the Coeffictent in the 
middle rerm of the Equation is expreſt by a ſingle letter only , as: a, then the Surnnn and 
Remainder before reſerved .are the two nembers ſought, each of which will conftitute 
the Equation propoſed ; but if the ſaid unknown number in the middle terni wE__ 
as 44 , then the Square Root ſeverally extraed out of the Sumum and Remainder reſerved 
ſhall be the two numbers ſoyght ; if a Cube, as aaa, then the Cubick Root ſeverally ex- 
trated our of the ſaid Summ and Remainder ſhall be 'the two numbers ſought, if any 
higher Power, then the Root for the kind muſt be extracted ſeverally out of the ſaid Summ 
and Remainder , which- Roots ſhall be the two numbers ſought. 


An 
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An Example of the ſaid Canon, 


7. Let the preceding 2zeſt.1. in Set+.g. of this Chapr.be here repeat- E. 
ed , viz. What 15 the rumber repreſented by a 1n this Equation ? I04-——44 = 24 
2, Or, What is the value of & inthis Equation? , . . . .> a —aa = # 


RESOLUTION. 


* 


3- From the ſquare of half the Coefficient —_ ES ; 

to wit, the ſquare of 5, whichis . . . ) _— 
4. Subtract the given abſolute number . . .> 24 7 | 
5. The ret > « 4, » + oo © P14 IEC — 94. 
6. The ſquare root of that remainder is . .> 1 | wv: Eo —3n: 
7. To which ſquare root add half the Co- : ; &% 

efficient 10 , to _ 5 _ wo 
8, Kaur a " = = ou " , oug by p xc « (IO: 
9g. But ſubtraRing the ſaid ſquare root from? | 

half the Coefficient, the remainder is thep 4 | Io—ny :ic—": 


lefler value of 4, to wit, . « © «© +» 
Either of which numbers 6 and 4 found out in the two laſt ſteps will conſtitute the 
Equation propoſed , as before hath been proved in the Anſwer ro weft, 1. in Set. 9. 
of this Chapt. | | 
A ſecond Example of the Canon in Sect. 10. 


I, Let the preceding 2ueſt. 2. in Sef. 9. of this Chape. be here | 
TAA — AAA — 


repeated , viz. What 15 the number repreſented by 4 in this 
Equation ? , . - 0 . . o - 0 8 . . o ® . 
2. Or , What 1s the value of 4 in this Equation? . . . Þ r7a4— aan = & 


, RESOLUTION. 
3. From the ſquare of half the Coefficient 5 FR 
to wit, the {quare of Z, which is 4: _- 
4. Subtra& the given abſolute number . . Þ 4 1 5s: 
ſ. Ihe remainder $ . . - + + «+ re. | arr — Ss 
6. The ſquare root of that remainder is . .7 3 v/ : Err — 8 
7. To which ſquare root add half the _— $ : 
an, WF. 6. 9 7 
8. The ſumm is the greater value of aa, to wit, > 4 Lploof ihr —8: 
9. But ſubtrating the ſaid ſquare root from WE 
half the Coefficient, the remainder is the > 1 | tipo: gr — 8: 
_ _ «A a0; wal, 4 n+ 
Io, Therefore the ſquare root of the ſuram in . 2 
the 8:5 ſtep is the + nan value of 4, to oh : MONET 
11. And the ſquare root of the remainder in the (2): ons —. 
vinth ſtep is the leſſer value of 4, tro wit, C * vo OS 1 


Either of which numbers 2 and 1 found out in the two Jaſt ſteps will conſtirute the 
Equation propoſed , as before hath been- proved in the Ayfwer to Queſt, 2. in Seb. g, 


A third Example of the Canon in Se. 10. 


1. Let the preceding 9weſt. 3. in Seb. 9. of this Chapt, be; | 
here repeated, wiz. What is the number repclemelS 94a, — Aaaadd — 8 


by - i ob Bent . . - Ex | 467 
2, Or, What is the yalue of 4 in this Equation? . . «> — 4aanae = t 


RESOLUTION. 


3, From the ſquare of half the Coefficient 9, to? ,. £17 
wit, the ſquare of 2, whichis . . . . + EO 
4. Subtra@ the given abſolute number. . > 8 Ft. 


\ C- 
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5; The neauinder'is - « 4 a we» Þ: 75 | 0 __ 
6. The ſquare root of that remainder 15 , ,Þ> 7 y : 5dd —t: 
>. To which ſquare root add half the Coefi-2 , - 
cient 9, to wit, ET RF - - 
8. The ſumm is the greater vaJue of aaa, to wit,> 8 ; 44.1.4/:2dd —r: 


9. But ſubrracting the ſaid ſquare root trom halt /# | 
the Coefficient , the remainder 1s the leflcr 
' value of aaa, to wit, . + 3 ER 
10. Therefore the Cubick root ot the ſumm -e | —_— — 
the eighth Rep is the greater value of 4,0 wit, & * V (3):d | v/ 74d —t: 
11. And the Cubick root of the remainder in on 
the ninth ſtep is. the leſſer value of 4a, ro _ Thin | vV (3): z4—w/ 4ad —r:; 
Either of which nunibers 2 and 1 found ont in the two laſt ſteps will conſtitute the 
Equation propoſed, as before hath been proved-in the Anſwer to Queſt. 3. in Set, g, 
ot this Chapt. h | | 


8. 
| 
< 


dd —t : 


3 


Example 4. 


1, If b, df, $ repreſent ſuch known numbers that Zf is greater than dr; and , 
2. If gb 2bfj- df —A— Af = Lf — ag : 
bg + ag -)- of -- f og + ag bf = of * 
What is 4 equal to? 
eAnſw. a is equal ton, and alſo to - Bol 


wing =_ 

| | bg = dg + bf +5 af 
Which values of 4 are alſo found out by the Canon in the tenth Sefton of this Chape. 
but I ſhall leave the Operation as an exerciſe tor the induſtrious Learner, and in the next 


place ſhew the uſe of the Rules before delivered in this fifteenth Chapr. in the Reſolution 
of various Arithmetical Queſtions. "of 


— 


= 7 ME © £5 


Various Arithmetical Queſtions, producing Equations that fall under 
ſome of the three Forms in Sect. 1. of the foregoing Chap. 18, 
and are reſolvable by their reſpeStive Canons in Set. 6,8, and to. 
of the ſame Chapt. _. © 


QUEST. 1. 


Here are two numbers whoſe difference is 16 ( or c,) and the Produdt of their 
multiplication is 35 (or 6,) what are the numbers ? | 


| RESOLUTION. Numeral. Literal. 
I, For the leſſer of the two numbers ſought put > a | a 
2. Then by adding to the ſaid lefſer number the 
given difference 16 (or c ,) the greater num- 4a-|-16 aJ-c 
ber ſought will be OI 8: 4 | 
3o Therefore from the two laſt ſteps the Pro- 
du&t made by the murual. multiplication of > aaþ 16a aa -|- ca 
the two numbers ſought will be | 


4. * Which Produ& muſt be equal to the given Produ&t 36 ( or 6) whence this Equation 
ariſeth , viz. aa -|- 164 .= 36, | 
Or, aa -|- ca = b. 
5. Which Equation being reſolved by the Canon in Se. 6. of Chap. 15. the value of 4, 
or the leſſer number ſought by this Queſtion will be diſcovered , viz. | 


5s VS = a $360 4 EC; — *s 


6. To 


[i 
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6. To which lefer number adding the given diff:rence 16 (or 6) the greater mba: 
ſought will alſo be made known, viz. 


2-16 = 18 =4/ :b+ Etc: +1 *. 


h Otherwiſe thus , 
x. For the greater of the two numbers ſought put a4 | "i 
2. Then by ſubtraQting from the ſaid greater oe | = 
number the given difterence 16, (or & ) they a—16 a—C 
lefler number ſought will be . . . 
. Therefore from the two laſt ſteps, the Pro- | | > 
du&t made by the mutual "mk FS of > aa—1648 | as — C6 
the two numbers ſought will be ; F 
. Which ProduR muſt be equal to the given Product 36, ( or b;) whence this Equation 
ariſeth, Vit. 
44 — 164 = or, Al —— (4 = "Y 
5. Which Equation being relalved by the Canon in Seft. 8. of Chep. 1 5. the value of 4, 
to Wit , the greater number ſought will be diſcovered, v:z. POS 


6s = = x: b -|- Ice: o+ 2 26s 

6, And by ſubtraQing from the ſaid greater number: the given difference 16 Cor Dy the 

lefler number ſoughr will alſo be diſcovered, viz. -- L 

18—16 = 2'= oy bj $i 6. 

| From either of thoſe wayes of Reſolution , the pron ſought are found 18. and 2 
which will ſolve the Queſtion, propoſed ; for their difference ls 16, and the Product 2 
their multiplication is 3 6 , as was preſcribed. 

Moreover , the two laſt ſteps of each Reſolution by Literal Algebra give/ one and the 
ſame Canon to ſolve the Queſtion propoſed; 


CANON. E: 2" 


; To'thegiven Product add the Square of half the giyen difference,, and extra? the are 
Root of that ſumm ; then to the faid ſquare Root adding half the given difference; 'and 
trom the ſaid {quare Root ſubrraQing the faid half difference , the Suram and Remainder 
ſhall be the rwo numbers ſought. - GHG OE «A 
Therefore the difference and the Retangle ( or Produdt of the multiplication ) of any 
=_ _ being renlly _ , the {nn themſelves ſhall alſo be given by the 
aid Canon, 


= ” : 
K nn * 4 a . , ; > 
Las kd _— ” vr” 


FI LAS | RE 1334, 


are the extreme Proportional | 5.0 


RESOLUTION... ay: 5 *; EE 


1. For the leſſer - "Y tvs extreme Proportio- S206! + 4 pb ohh 
2, Then by adding to the faid lefſer extreme the DE ol ane 
iven'difference ot the extremes, to” wit, 16> gb re OO. 
or c,)' the greater extreme will be": 27 2g HI 99-5 TH. 
3. Therefore the ReRangle contained under © | 
-the-extreme Proportionals ,) to wit, the Pro- 26 
_ __ by their mutual multiplication) _—_— 
4 Which ReQangle (or Produ& ) muſt (by Seftix. \Chap.'r 3. Y beequal'ts the Square 
of the given mean Proportional 6 (or »»,) hence this Equation ;*! © 
aa5- 164 = 36, or,,. . 44+ ca = mm . 
5. Which Equation being reſolved by the Canon in SetF. 6. Chap. 15. the value of 4, 
or the leſſer of the two extreme Proportional ſought will be-made known , viz»: 7 . 


5$=7z = vi: nn I. "c 


”s 
” 


W3-H73S [1 
- Y % Fe Ss, * 
, $$; & 
: 4a - "> * 
, #7 <4 v2: 1 


aa + c4 


= To 
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© The rettalnder is. . . 5 'o 6d © #5 add —t. __ 
6. The ſquare root of that remainder is , ,> 27 / : 5dd —t: 
7. To which ſquare root add half the Coeth- 2, : 
cient 9, to wit, © 6. Nr _ - 
$. The umm is the greater value of aaa, to wit, > 8 | Ed hoy :5dd —t: 


9. Bui ſubrra&ing the ſaid ſquare root from halt # | 
the Coefficient , the remainder 1s the leflcr 
value of aaa, to wit, . + 4 : _ 

10; Therefore the Cubick root ot the ſumm WF "+ - 30H 255 none 
the eighth Rep is the greater value of aro wit, 0 V (3):d4 + v/ 344—t: 

11. And the Cubick root of the remainder in I —_—_— 
the ninth ſtep is. the leſſer value of 4, to _y , | V 3): 24—y 4d —r: 
Either of which nunibers 2 and 1 found out in the two laſt ſteps will conſtitute the 

Equation propoſed, as before hath been proved-in the Anſwer to pee 3. in Se@, g, 

ot this Chapr. | | | 


[we] 

w! 
x 
| 


A — af :5dd —t : 


*% 


Example 4. 


3. If b, 4, f, g repreſent ſuch known numbers that bf is oreater than .97 and : 
gb 2bf 1 df Lf — dg 


25 If - —A — AA ; 
EE --4e-1- oi F-Faet 
What is 4 equal to? : 
bf — ag 


eAnſw, a is equal to 1, and alſo to FTSTHER 


Which values of 4 are alſo found out by the Canon in the tenth Settion of this Chape. 
but I ſhall leave the Operation as an exerciſe for the induſtrious Learner, and in the next 
- place ſhew the uſe of the Rules before delivered in this fifteenth Chapr. in the Reſojution 


of various Arithmetical Queſtions. 


— 


Cas? AvVL 


Various Arithmetical Queſtions, producing Equations that fall under 
ſome of the tbree Forms in Set. 1. of the foregoing Chap. 18. 
and are reſolvable by their reſpeStive Canons in Se. 6,8, and 10. 
of the ſame Chapt.  .- 


DUEST. 1. 


Here are two numbers whoſe difference is 16 ( or c,) and the Produdt of their 
multiplication is 3s (or 6 ,) what are the numbers ? 


| RESOLUTION. Numeral. Literal. 
I, For the lefler of the two numbers ſought put > a | a 
2. Then by adding to the ſaid lefſer number the 
mY difference 16 (or c ,) the greater num- 4-16 abc 
r ſought will be . Ne 0 
3. Therefore from the two laſt ſteps the Pro- | 
du&t made by the mutual multiplication of > aa 16a {| aa -|- ca 
the two numbers ſought will be | 


4- Which Produ& muſt be equal to the given Produtt 36 ( or 6b ) whence this Equation 
ariſeth , viz. 44 + 164 =. 36, 
Or, aa -|- a = b, 
5. Which Equation being reſolved by the Canon in Sef. 6. of Chap. 1 5. the value of 4, 
or the lefler number ſought by this Queſtion will be diſcovered , viz. 


4=2 = 4/04 $6; = Ic, 


6. T0 


7 


Chap. 16. producing Quadratick Equations. g 7 


6. To which lefſer number adding the 


ſought will alſo be made known, viz. 
2 16 = 18 = ib Te :þ2e. 


given diff:rence 16 (or c) the greater number 


Otherwiſe thus , | 
x. For the greater of the two numbers ſought put 4 | _ 
2. Then by ſubtrating from the ſaid greater SHO | 0 
number the given difterence 16, (or &c ) the; 4a—16 Ss 


lefler nuraber ſought will be . , . . . 
3. Thercfore from the two laſt ſteps, the Pro- | 
du& made by the mutual multiplication of > as — 164. |} 2h — Ch 
the two numbers ſought will be , , . 0 | ; »Þ vg | 
4. Which Product muſt be equal to the given Produtt 36, ( or b;) whence this Equation 
ariſeth, 932. Fre" | ; 
aa — 164 = 36, or, Al —- 68 = b... - 
5. Which Equation being reſolved by the Canon in Sef. 8. of Chap. 1 5. the value of a, 
to wit , the greater number ſought will be diſcovered, w5z. 
| 4 = 18 = 4/:b-| Ice: A ic, , | 
6, And by ſubtraQing from the ſaid _—_ number'the given difference 16 ( or &,) the 
lefſer number ſoughr will alſo be diſcovered , viz. | $i: 
; 18—16 = 2:= F: b-+ $cc t- 6. 5 
From either of thoſe wayes of Reſolution , the numbers ſought are found 18. and 2, 
which will ſolve the Queſtion propoſed ; for their difference is 16 and the Produc of 
their multiplication 'is 3 6 , as was preſcribed. > ECT] PDE 1d al 


Moreover , the two laſt ſteps of each Reſolution by Literal Algebra give/one and the 
ſame Canon to ſolve the Queſtion propoſed.” CET Sparc FF. ae: Ppreer 
CANON., | 


 To.thegiven Produdt add the Square of half the giyen difference}, and extra the ſquare 
Root of that ſumm ; then to the faid ſquare Root adding half the given difference; 'and 
trom the ſaid ſquare Root ſubrrafting the ſaid half difference , the Summ and Remainder 

(hall be the two numbers ſought. p40 rs 0 DO (iff WORD -OT63S find ,2 
Therefore the difference and the ReRangle'( or Produ& of the multiplication ): of ary 

= —_— being ſeverally given , the nambers themſelves ſhall alſo be given by the 
id Canon. | $: > | | 


alc " Oy . l Ls " *. VS | 
- A ” — 5 Ly "_—— 44 


=, — 


2VEST. i! , & __ 
. BIG F db ID ETHER IE ot FE EO 2 a T 3 BUY 
There are three numbers in Geometrical proportion continued; the difference, of the 
extremes, that 1s, of the firſt and third is 16 Gor &,) and the mean is 6.( or mz) 
are the extreme Proportionals ? ! | 


\ 
> i 


RESOLUTION. | 1b, 7... 


1. For the leſſer of the two extreme Proportio- 
nals' ſought pur © PI ICI 
2. Then by adding to the ſaid lefſer extreme the | 
vendifference of the extremes, 'fo'wit, 16> ''a-þ16 og be”® 
of c,)' the greater extreme will be, . \ 1008 ghcoryþ 
J- Therefore the ReRangle contained under } | we: 008 
- the extreme Proportionals ,) to wit, the Pro- L.16 
a =_ by their mutual multiplication) ah Dias 
4 Which ReQangle ( or ProduR ) muſt (by Sef.'r.'Chap. r 3. ) beequal'ts the Square 
of the given mean Proportional 6 (or mn, ) hence this Equation ;'"', © Le 
aa 164 = 36,,., or . 4ar-ca = mn. | 
5. Which Equation being reſolved by 'the Canon in SetZ. 6. Chap. 15. the value of 4, - 
or the leſſer of the two extreme Proportionals ſought will. be-made known, 952»: +4 


4 = 2 = x :mm<|-Zcc: — tc 
N 


* " kilo "y 
4 tif | 4 : 116 os 


| : aa -|-c4 


6. To 


BS... 
_ 


=] 


9B 
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6. To Which lefler exzreme Proportional adding 16 (or c) the given ditterence of the 
extremes, the greater of the two extreme Proportionals will allo þe diſcovered, 242. | 
2-16 = 18 = 4: mm-|-4c: -|- 26. 
I ay the two extreme Proportionals ſought are 2 and 18, between which the given 
number 6 is a mean Proportional ; for, as 2 isto6, fois 6 to 18. 
' Moregver, the two laſt ſteps of the Reſolution give the following Canon to find ow 
the extreme Proportionals ſought. | 


CANON. 


To the Square of the given mean Proportional add. the Square of half the given dif- 
ference of the extremes , and extra the {quare Root of that ſumm , then to the ſaid ſquare 
Root adding half the faid difference, and from ghe ſaid ſquare Root ſubtrafting the ſame 
half diffexence, the Summ and Remainder ſhall be the extreme Proportionals ſought. 

Therefore if of three numbers in continual proportion the mean be given, as alfo the 
difference of the extremes, the extremes ſhall be given ſeverally by the ſaid Canon. 


'” 4 


DUVEST. 3. 


There are two npmbers whole ſumm is 20 (or c) and the Produdt of their multipli- 
cation is 36 ( or-» ;) what are the numbers ? | | 


| — RESOLUTION, 
I, For one of thenumbers ſought pat . . > A a 
2. Then by ſubtra&ing that number from the =: 
given ſumm 20 (orc,) the Remainder will ve 
the other number ſoiight , to wit, . . + OLIN Cs 
3. Therefore the Product of the multiplication | 
204 — as | C4 — Ada 


of .thoſe two numbers will be .- . . 
4. Which Produ& mult be equal to the given Produ&t 36 (or n,) whence this Equation 
| ariſeth, vis. | J04—an = 36, 9101 
MOOR! - Or,, .  c4—44 = #, > 
5. Which Equation being reſolved by the Canon in Sed. 10. Chap. 15. the two values 

of 4, which are the numbers ſought by this Queſtion will be diſcovered , viz, 
18 = 30 + v/; 3co — #: jp 

2 = 26 — 4: Ie —#: 

I fay the numbers ſought are 28, and 2 for their famm is 20, and the Product of 
their multiplication is 36 , as was preſcribed. 

Moreover , if the two values of 4 , which are expreſt by letters in the laſt ſtep of the 
Reſolution, be expreſt by words , they will give the following Canon to ſolve the Queſtian 


propoſed. 
| CANON. 


From the Square of half the given Summ fubtraR the given Produ& , and extract the 
{quare Root of the Remainder ,; then to the faid half Summ adding the faid ſquare Rooc, 


s = 
— % 


and from the ſaid half Summ fubtraRing the ſame ſquare Root , the Suram and Remainder ; 


a —s ewo numbers ſought. Fey 

fore the Summ' and ReQangle ( or p& of the multiplication.) of 
—_ being ſeverally given , the numbers themſelves ſhall alſo _ CT, jo 
aid Canon. ' 7 


| LUEST. 4. 
There are three numbers in continual proportion ; the ſumm. of the extremes is 20, 


- (ore,) and the mean proportional is 6, (or » ;). what are the extremes ? 


RESOLUTION. 
1. For one of the two extreme proportionals 
ſought put . . = - os keep . '_ L, i 4 
| 2. Then 


Chip. 16, producing Ouadratick Equations. 99 


2. Then by ſubtradting that extreme from 20 # es | 
(or c) the given ſumm, the Remainder will be p 20 — 4 
the. other extreme, to wit, , © i = 

3. Therefore the Re&angle contained under the | 
extreme proportionals, ( to wit, the Produt 204 — aa £6 owed 
of their multiplication) ſhall be . . . . | | 

4. Which ReQtangle (or Produ&) mult ( according to SefF. 1. Chap. 13.) be equal to 
the Square of the given mean Proportional 6 (or »»,) whence this Equation ariſeth, 24z. 

208 — 44 — 36, 


" 


Or, (4 — aa — MM. | 

5, Which Equation being reſolved by the Canon in Set. x 0. Chap. I 5. the two values 

of 4, which are the numbers ſought by this Queſtion will be diſcovered, 91x. 

om$ Tn EN Io — 1m: 
þ Cc 2 = Sema}; 5c — mm: 

I ſay the two extreme Proportionals ſought are 18 and 2 , between which the given 
number 6 is a mean Proportional; for, as 18 is to 6, ſois 6 to2. 

Moreover, if the two values of 4 which are expreſt by letters in the laſt ſtep of the 
Reſolution be expreſt ” words , they will give the following Canon to find out the 
extreme Proportionals ſought, | 
| CANON. 


From the Square of half the given ſamm of the extreme Proportionals ſubtra&t the 
Fd Square of the given mean, andextra&t the ſquare Root of the Remainder , then to the ſaid 
half ſurm adding the ſaid ſquare Root , and trom the ſaid half ſumm ſubtrating the fame 
ſquare Root , the Summ. and Remainder ſhall be che two extreme Proportionals ſought. 
Therefore if of three numbers in continual proportion the mean be given, as alſo the 
ſumm of the extremes , the extremes themſelves ſhall be given ſeverally by the ſaid Canon. 


LUEST. 5. | 

There are two numbers whoſe difference is 15, ( or d,) and if the Produdt of the ' 
multiplication of the ſaid two numbers be divided by 2, (or c,) the Quotient will give + 
the Cube of the leſſer number ; what are the numbers ? Fe 

RESOLUTION. 

3. For the leſſer number ſought pur . . > a a 
2, To which adding the given difference 1 5 | 

(or 4,) the ſumm ſhall be the greater number, a +15 | a 4d 


WW oO EE oe en 
3- Therefore the Produ& of the ENITOg 


of the two numbers is . ., . « TIF pr 
4+ Which Produ&t being divided by 2 ( or c) aa 1-154 4a 14s 

the Quotient will be ... . ; . ._ . 2 | "M 
5. From the firſt ſtep the Cube of the leſſer yy Bo, 


wor 7 ES = a > m3 
6. Which Cube muſt (as the Queſtion requires) be equal ro the Quotient in the tourth ſtep, 
whencethis Equation ; aa +: 154 
EE Im Y 


As = 
> — 
Or 5 aa = = a= <6 w= 
7. Which Equation being duly reduced ( according to Sett. 2, 4, 3, 5 of Chap. 12.) 
there will ariſe 48 — 36 = 5, | 
Or, As — a 


c c 
$. Therefore the laſt Ro__ being reſolved by the Canon in SelF. 8. Chap. 15. the 
value of 4 , to wit, the lefler number ſought will be diſcovered , viz. 
EY Oy | 
4 = 3} = f;— + _— 
| C ACC 2C 
N 2 9, To 


— —— 
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9. To which leſſer number adding the given difference 1 5 ( or 4d) the ſumm hall be the 
greater number ſought, ro wit , 


ge 7 1] " WOE Wis. 3 
3-1* 15 [= #8 Wo the = rſs — +4. 


10. 1 ſay the two numbers ſought are 3 and 18, which will ſatisfie the conditions in 
the Queſtion, for their difference is 15, and it the Produ&t of their multiplication 54 
be divided by 2 , the Quotient is 27 , which is the Cube of the lefler number 3, 
as was required. | 

11. Bur if the Equation in the eighth ſtep be expreſt by words , it will give the following - 
Canon to find out the leffer number ſought, ro which- adding the given difference , the 
greater number 1s alſo given, | 


CANON. 


Divide the given difference by the given Diviſor , alſo divide x ( or Unity ) by the 

uadruple of the Square of the given Diviſor , add thoſe two Quotients together, and 

extract rhe {quare Koot of the ſumm ; then to this ſquare Root add the Quotient that 

- ariſeth by dividing 1 by the double of the given Diviſor ; ſo ſhall the ſumm be the leffer 

of the rwo numbers ſought, which increaſed with their given difference will give the 
greater number. 


——— — 
— 


DUEST. 6. 


There are two numbers whoſe difference is 2 (or 4) and the ſumm of their Squares 
is 130 (or c;,) what are the numbers ? | 


RESOLUTION, © £ 
x. For the leſſer number ſought put . . . > a | p 
2. Then to that leffer number adding the given 
difference 2 ( or 4) the ſumm (hall be the 6 a-\-2 add 
greater number, towit, ....  , « . i | 
3. Therefore from the firſt ſtep the Square of : 
the lefler number is . 3; . ISS _ 64 


4. And from the ſecond ſtep the Square of wi | 
greater number is 0 4aþ4a4 aa |= 2da | ad 


5. Therefore from the two laſt ſteps the fumm E 
of the Squares of the two numbers ſought is @ *** + 44 -|-4 | 244 + 2da + dd 


6. Which tumm muſt be equal ro the given ſumm of the Squares 130 ( or c,) whence 
this Equation arifeth, 022. | 


244 + 44+ 4 = 130, 
Or, .2a4a | 2da + dd = c. 
7. Which Equation, after due ReduQtion according to the Rules of the twelfth Chapt. | 
will give this Equation, v2z, aa 4+ 24 = 63, 
Or aa | da —= t$ — add. 


: | 
8, Therefore the Equation in the laſt ſtep being reſolved according to the Canon in 
Sett. 6. Chap. 15. the value of 4, to wit , the lefler number ſought by the Queſtion 
will be made known, zz, | 
| = 7 _ y/ : Ec — Had: — 74. \ | 
9, To which lefſer number adding the given difference 2 (-or 4) the ſumm ſhall be the 
greater number ſought, to wit, 
7-1-2 = 9 = 4: Ze — Zdd: -þ td. 
10. I ſay the two numbers ſought are 9 and 7 ; for their ditference is 2, and the ſumm of 
their Squares is 130 , as was preſcribed by the Queſtion. Sk 
Ii. Moreover, from the eighth and ninth ſtep ariſeth this 


CANON. 


_ From halt the given ſumm ſubtra the Square of half the given difference; and extrat 
the ſquare Root of the Remainder ; then from this ſquare Roor ſubtra& half the given dif- 
terence , the Remainder ſhall be the lefſer number ſought, ro which adding the given 
ditterence the ſumm ſhall be the greater number, ; 

AUEST, 


AF! 
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There are two numbers whoſe ſumm is 1.4 ( or' b,) and the ſumm of their Squares is 
190 (or c,) what are the numbers ? 


RESOLUTION, 


2. Which ſubtraed from the given ſumm 14 


(or b) leaves the other number b — a 


1, For one of the numbers ſought ST 7 4 | 5 
I4 —4 | 


3. The Square of the firſt numberis . . . > aa + 
4. The Square of the other number is , . + p44 —284+|-196 aa — 2ba + bb 
5. The ſumm of the ſaid Squares Is. ,. . Pp 244— 284-1196 |, 244 — 2ba-þ-bb 
6. Which ſumm muſt be equal to 100 (or c) the given ſumm of the Squares , whence 

this Equation ariſeth , viz. 244 — 284-|- 196 = 1009, 

Or, 246— 2ba + # = 6. = | 

7, Which Equation, after due ReduRtion , according to the Rules of the twelfth Chape. 

will give this following Equation , bo 

144 — a4 = 48, 2 
- Or, + be — a6 = $08 — 6 Ke TE : 

8. Which Equation being reſolved by the Canon in Seft. 10. Chap. 15: the' two values 

of a, which are the numbers ſought by this Queſtion , will be diſcovered, v:z. 
8 = th by: 3c — 3bb. 
| 6. = Ib —: 6 — 66. 

9. I fay the numbers ſought are 8 and 6; for their farm'ts x4 ; and the ſumm of their 
Squares is 100, as was preſcribed, Z | | | D 
10. Moreover, if the two values of 4 which are expreſt by letters in the eighth ſtep 
be expreſt by words there will ariſe this | 

- | CANON. | Wn 

From half the given ſumm of the Squares ſubtra& the Square of half the given ſumm 
of the two numbers, and extra the ſquare Root of the Remainder ; then adding the 
ſaid ſquare Root to the ſaid half ſamm of the numbers, the ſumm of this addition ſhall be 
the greater number , but ſubtracting the ſaid ſquare Root from the ſaid half ſumm of the 
numbers , the Remainder ſhall be the leſſer number. 


8 => 


> —— 


DUEST: 8, 


There.are three numbers in Geometrical proportion continued , and ſuch, that if the 
difference between the. ſummm of the extretnes and the mean be multiplyed by the ſumm 
of the extremes, the Produ& will be 1120: (or b;) but if the ſaid difference be nwiti- 
plyed by the ſumm of all the three Proportionals , the Produ& will be 1456 (or c;) 
what are the Proportionals ? R$ | Gs 

RESOLUTION: 


I, For the difference of the ſuram of the 
extremes and . mean put $6 TE 09 h - 
2, Then, according to the Queſtion, the ſumm II20 «4» 808 
& ihe me oa oe £2 a 
3. From which ſumm if the difference in be | 


firſt ſtep be ſubtra&ted, the Remainder will be 


the mean proportional , to wit, . + 


4- Therefore from the two laſt fteps the ſumm 2340 KC ES A 
| of all three proportionals is . . - . . " hy EP ; 
5- But ( according to the Queſtion) if the ſumrn of all the three proportionals be multi- 
plyed by the difference of the ſumm of the extremes and the mean , the Product mult 
be equal to 1456 ( or c;) therefore from the firſt and forrth' ſteps this following 
Equation ariſeth , 92x. 


2240 — a4 = 1456, | 
6, Which 


MO Os 7 OR Os ing SHER ty UB V9 OF 


UW 
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6. Which Equation being reduced according to the Rules of the twelfth Chapt. the value 
of 4 will be diſcovered , v3z, : 
a = 28 = wy; 2b — c. ; 
7, Therefore from the ſixth and ſecond ſteps, the ſumm of the extremes is alſo known, »z, 


go = Es. — the ſumm of the extremes. 
ax : 2b —c: ; - 
8. And from the fixth and third ſteps, the mean proportional is alſo given, viz, 
— == = - the mean. 
oy a :2b—c: 


ge Laſtly , the ſumm of the extremes of three continual proportionals being given 40; 
as alſo the mean 12 , the extremes ſhall alſo be given ſeverally by the Canon of the 


fourth 2ueſtion of this Chapt. to wit, 4 and 36, therefore the three continual 
proportionals ſooght are 4 ,-12 and 36, which will fatisfie the conditions in the 


; Queſtion propoſed , as will appear by ; 
| The Proof. y 
I 4, 12, 36 are ==; for, 4x36 = 12 X12, 


II. 4. 36 —12 Into 36-4 = 1120. | 
II. 4+ 35 —12 into 4 | 12-36 = 1456, 


a. 


ZVEST. 9. 


There are two numbers whoſe ſumm is 1o (or 6,) and the ſarm of their Cubes is 520 


(or c,) what ate the numbers ? 
7 RESOLUTION. 


1. For one of the numbers ſought put . . .> a | 
2. Then by ſubtraRing that number from the 

given ſumm 10 (or 6,) the other number © IO — 4 | 

remains, to wit, « « « +» +» « - 
3. The Cube of the former is . . « . .P? aaa | 
4. And from the ſecond ſtep the Cube of the latter number is 

1000 — 3OO&' | 30aa — aaa, 
Or, bbh — 3bba -|- 3baa — aaa. 
4. Therefore the ſumm of the two Cubes in the third and fourth ſteps is 
1000 — 30OO@ | 3oad, 
Or, bbb — 3bba +|- 3baa. : 

5. Which ſamm muſt be equal ro 520 (or c) the given fumm of the Cubes , whence 

this Equation ariſeth, viz. 1000 — 3904 -| 3044 = 520, 

Or, bbb — 3bba | 3baa = c. 

6. Which Equation, after due ReduCtion according to the Rules of the twelfth Chapr, will 

give this Equation ; I6 = Iog — 44, : | 

bbb —c | 
Or, by = 6s — 44. 

7. Therefore the laſt Equation being reſolved by the Canon in Se. 106, Chap. r5. the 

two values of 4, which are the numbers ſought by this Queſtion, will be diſcovered, vz. 


Lþ + Vi SE: -- —= 
a = AZ TY 

z — ne OOO. 7 

20 EN 12. ; 


8. I fay the two numbers ſought are 8 and 2, for their ſumm is 10, and the ſumm of 

their Cubes is 520, as was preſcribed. | | 

9. Moreover, if the two values of 4 which are expreſt by letters in the ſeventh ſtep 
be expreſt by words, they will-give this | 

CANON. 

From the Quotient that ariſcth by dividing the given ſumm of the two Cubes, by the 

triple of the given ſumm of their ſides, ſabira&t 55, of rhe Square of the laſt mentioned 

ſumm, 


Dama 
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ſuram , and extra& the ſquare Root of the Remainder ; then adding the ſaid ſquare Root 
ro half the faid ſumm of the ſides of the two Cubes, and alfo ſubrrating the ſaid ſquare 
Root from the ſaid half fumm, the Summ and Remainder ſliall be the lides or num- 


bers ſought. h 


QUEST. 10. 


| There are two numbers whoſe ſumm is 10 (or b,) and the proportion which their 
, difference beareth to the ſumm of their Squares is as 2 to 29, ( or as 7 to 53) what are 
the numbers ? | | 
VF RESOLUTION. 


x, For the _ _— __ = a | 4 
2. Which ſubt m the given ſumm xo 7 
(or þ) leaves the leſſer number, . . . 'F I | 
3- Therefore the difference of the tw bers is 24—10 24—b 
4. And from the firſt ſtep the Square of the | | 
greater number is . « «-. . « « +1 ; 
5 And from the ſecond ſtep the Square of the leſſer nainber is 
100 — 304 + as, 
Or, bb — 1ba + as. | 
6. And from the two Jaſt ſteps the ſamm of the Squares of the two numbers ſonpht is 
I00 — 204 | 244, | 
Or, | bb — 26a + 244. : | 
7. Then according to the Queſtion , the differerice.in the rhitd Rep muſt be to the ſumm 
of the Squares 1n the ſixth ſtep as 2 ro 29, (oras y to 5; ) viz. 
? 2 , 29 3: 24 — 10 , 100 — 2084 »þ 244, 
Or, r . s 3: 24 — bs , bb — 2bs -+ 2ac. 
8. Which Analogy may be converted into this following Equation , ( according to the 


Theorem in Chap. 1, Se. 13.) viz. 
200 — 404 | 448 = 584 — 290, 
Or, rbb — 2rba | 2raa' = 2544 — 5b. 
9. Which Equation, after due ReduRtion according- to the Rules in the 27. Chapt. will 
produce this Equation ; Az3 —» 25 — 44, 4 G58 | 
| Or, rbb oj oh _ La APE 


-— r | 
10. Therefore by reſolving the Equation in the laſt ſtep according. to SefF. 10. Chap. t 5: 


a8 1-8 b 0. - 
Hh &, © Sw = Tr 5 ® 
| "a : $ 1 meme is bb 


| * > h "©. . : Ss 
It. The lefſer of which two Roots or numbers, to wit 7, is the greater number ſough 
by this Queſtion ; and conſequently , the ſaid 7 being Froky from the: given 
ſumm x0 , the Remainder 3 is the leffer number ſought, ' 22drnom” lat, : 
I fay 7 and 3 will ſolve the Queſtion, for their ſurara-is- 10 gy, and thele difference 4. is 
to the ſumm of their Squares 58, as 23 to 29 ; Which was preſcribed. _ S 
12, Netr., Although the value of 4 in'the: Equation .in' the\nnimehy ſtep' may; be eicher 
24 or 7, ( for that Equation may be expounded by. ++. as well as? 7) yet 7 only, 
te-wit, the leſſer value of 4, ſhall be the greater number ſought by this Queſtion. 
. For that the greater value of «, to wit, ++ v4: £. — 2; can never_be 
equal to either of the two numbers ſought , 1 prove thus ; Firſt, it is miifelt by each. 


of the values of « expreſt by letters in the renth- ſtep, That if == - » then 


conſequently x == , andthe two valies of « ate equal orie+to the other , cach 
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being equal to 5M + b , that is, b; and therefore in this 6rſt caſe, neither of the 
27 2 


two values of & can poſſibly be equal ro either of the two numbers ſought ; for that 
which is equal to the ſumm of two numbers mult needs be greater than either of them, 


Secondly , If — © X* , Which is a neceſſary Determination to make the Queſtion 
2X7 - 


poſſible , then the greater value of 4, that is, _ | - "7. A _bb | a 


| q 
 nifeſtly greater than. þ the given ſumm of the two numbers ſought, and therefore it cannot 
be equal to either of them. Wheretore the ſaid greater value of 4 cannot in any caſe be 
ual to cither of the two numbers ſought. Which was to be proved. 
Bur the ſaid lefſer value of & is the greater of the two numbers ſought, and conſequently 
they are given ſeverally by this following | | 


CG 


CANON. as 
13. From the Quotient that ariſeth by dividing the Square of the latter term of the given 
f Reaſon by the quadruple of the Square of the firſt cerm , ſubtrat a quarter of the 


Square: of the given ſumm of the two-numbery ſopghr » And extra& the ſquare Root of 
the Remainder , then ſubtrat rhat ſquare Root ſrom the ſumm of the Hrs that 
ariſeth by dividing the latter term of. the given Reaſon by the double of the firſt, and 
the half of the given ſumm of the two numbers, 'ſo the Remainder ſh31l be the greater 
number ſought; which ſubtraRed from the ſaid given ſumm leaves the Jefſr number, 
14. From the premiſes this following Queſtion may eaſily be ſolved, vzz. The ſumm 
of two numbers being given , ſuppoſe # ( or 6). and their difference being equal to 
the ſumm of their, Squares , to find the numbers. | | 
Firſt, ſuppoſe:x = 5. 1 , ( becauſe the Terms of the Proportion in this Queſtion 
are equal to one another) then the wo values of 4 before expreſt in the tenth ſtep will 
be converted into theſe, viz. 3 | 


= £ = Hb 4. 4 I=D, 
-3 1364 i=. 


 &. = = : 
| 5 2 | 4 | 
The leſſer of which values of a, to wit, 7, Is the greater of the two numbers 
ſought, and theretore the ſaid + being ſubtrafted from 5 the given ſumm, Jeaves + for 
the |fſer number. I fay + and + will ſolve the Queſtion , for their difference + is 
equa] to the ſumm of their Squares. 


x, 


A | / 


LD UEST. 11. 


There are two numbers, the Produ of whoſe Multiplication is 48 ( or p,) and the | 
difference of their Squares is 28 (or 4, ) what are the numbers ? 
RESOLUTION. 
1. For the greater number put SE DRgD. a A 
2. Then dividing 48 (or p) by 4, the Quotient "4.48 P. 
1s the leſſer number, tow, . . . .F Ws | - 
3. From the firſt ſtep the Square of the greater pat a 
__ TTL BET TOS 
. 4+ And from the ſecond ſtep the Square of the 2304 | N / 
lefler number is. + . o os » aa aa 
5. Therefore the differerice of the ſaid Squares is > 4444 = 2304 ' | 2444—#p 


+ ES | $5 3H = | as 
6. Which difference muſt be equal to the given difference of the <quares, whence this 
Equation ariſeth , viz, | | Es 

 aaaa — 2304 


= 8, 
Aa ff 
Or, #4. ONES 7 
aa 


"8 To Which 
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7. Which Equation, after due Reduction according to the Rules of the twelith Chapt. 
will produce this ; , aadt — 2. 3ag = 2304, ] | 
Or, aaaa — daa = "pp. *N | 
8. Therefore by reſolving the laſt "Equation according to the Canon in SeF. 8. Chap. 15, 
the value of 4, to wit, the greater number ſought will be diſcovered , v5z. 
a=8=4/(2): 4 pp-þ-244-+ 34: . | 
Whence the greater number is found 8, by which if the given ProduR 48 be divided, 
the Quotient 6 is the leſſer number ſought, Yr 
I ſay, the numbers 8 and 6 will folve the Queſtion ; for the, Produ * of their 
multiplication is 48 , and the difference of their Squares 64 and 36 is 28, as was 
preſcribed. 


Moreovet, the Equation in the eighth ſtep gives a Canon to find the greater of the two 

numbers ſought, by the help whereof and the given Produ@ the lefler number ſhall be- 

atſo given. .” | 

p | CANON, ; 

9. To the Square of the given Product add the Square of half the given difference of the 

uares and extratt the ſquare Roor of that ſumm ; then to the ſaid ſquare Root add 

the ſaid half difference, and extract the ſquare Root of this ſumm , ſo ſhall the laſt ſquare 
Root be the greater of the rwo numbers ſought , laſtly, by the ſaid greater number 
divide the given Produ& of rhe multiplication of both numbers, and the Quotient 
ſhall be the lefler number. | 


_—_— 


DUEST. 12. 


| There are two numbers the Product of whoſe multiplication is 48 ( or p,) and the 
ſumm of their Squares is 100 (or c,) What are the numbers? | | 


RESOLUTION. 


7. For one of the numbers ſought pit , . . > a | & 
2. Then dividing 48 (or p) by a, the Quotient 48 8 2 
will give the other number, ro wit, . . . We 4 
3. From the firſt ſtep, the Square of one of the | | s 
anda S -- c's 47 of ce.» w_ | _ 
4. And from the ſecond ſtep the Square of the 2304 I + 
RW 2 oe FI * aa aa : 
5. Therefore the ſumm of the ſaid Squares is p LESISLE | Leeiipp 
| - G 
6, Which (umm muſt be equa] to the given ſuram' of the Squares , whence this Equation - 
ariſeth , v2. F aaaa | 2304 CORPS; | 
aa 
Or, aaaa-|- pp | 
DE _— "3 
7. From which Equation, after due ReduStion by the Rules in Chap. 12, this will ariſe, 
2304 = 10044 — aada, 


PP = CAA — Adadd., 
$, Which laſt Equation being reſolved by the Canon in Se. 10. Chap. 15. the two values 
of 4, which are the numbers ſought, will be diſcovered , viz. 


8 =uV(2):3c+v 3cc— pp: 

; 6 = #(2):jc —& 4ce—Ppp*? AAS ge en 

9. I fay, 8 and 6 are the numbers required; for the Produ&t of their multiplication 
is 48, and the ſumm of their Squares 64 and 36 is 1co , as was preſcribed. From 
the laſt ſtep alſo ariſeth this | 


> = 


CANON. EW 

From the Square of half the given ſumm of the Squares of the two numbers ſought 
ſubwraRt the Square of the given Produ& of their mujriplication , and extract the ſquare. 
Root of the Remainder , then to half the ſaid _— add the faid ſquare Root , and _ 


> _——— 


— 
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the ſaid half ſumm ſubtraR the ſaid ſquare Root; laſtly, extrat the ſquare Roor of | 
the ſumm of that Addicion , and alſo of the Remainder ot the latter Subtration , ſo ſhall F 
theſe two ſquare roots be the numbers ſought by the Queſtion propos'd. 


QUEST. I 3. 


There are two numbers whoſe ſumm is 14 (or 6,)-and if the ſumm of their Squares | 
be multiplyed by the ſamm of their Cubes, the Produ is 72800 ( or c ,) what 
are the numbers ? 


RESOLUTION. | 
1. For one of the numbers ny put c "Fe > aÞ+7 | a | 
2, Then, thar their ſumm may be 14 ( or 6,) LD ES 
the other number muſt be. . ; . _— ah ot 


3. The Square of the firſt number is . . .F aa 14a 49 { aa+ ba+ 5bb 
4. The Square of the latter number is . . > aa— 144+ 49 | 44 — ba 4- bb 
5. Therefore the ſumm of their Squares is > 244+ 93 244 | bb 
6. Again, the Cube of the firſt number will be 
| aan = 2144 1474 | 343, 
h Or, aaa + Zbaa -þ ibba {| 3bbb. 
7. And the Cube of the Jatter number will be 
== 444 -|- 2144 — 1474 + 343, 
Or, =— aaa + Ebaa — 3bba + 36bb. 
8, Therefore the ſumm of the Cubes in the two laſt ſteps is 
, 4244 | 686, Or, 3baa -|- 3bbb. . 
9. Which ſumm of the Cubes in the laſt ſtep being multiplied by the ſumm of the Squares 
in the fifth ſtep, produceth 8444aa -|- 548824 | 67228, | 
Or, Gbanan -|- 2bbbaa | gbbbbb. 4; 
10. Which Produ& in the laſt ſtep muſt be equal to 72800 ( or c) the ProduQ given 
in the Queſtion, whence this Equation ariſeth , viz, | 
844aaan |= 548%az | 67223 — 72800, 


Or, Gbaaaa | 2bbbaa | 3bbbbb C. 


to the Rules of the twelfth 


11. And from that Equation, after due ReduRion according 
Chapter , this will ariſe , anna | **$a — 523, 
Or, aaaa | Thbbas = —_ — 736bbb. 


12, Which Equation being reſolved by the Canon in SefF. 6. of Chap. 1 5. the value of 4 
will be diſcovered, v3z. 


= 1 = Cur + OPTTTY — bb: 


I3- Therefore from the twelfth , firſt and ſecond ſteps the two numbers ſought arc 
made known: 


71 =8 = 2 | v (2) :4/ => + r75bbbb. — (bb: 


—__ —_ 


7—1=6 = 3—v (2): +7536. —4bb : 


» I fay the numbers ſought are 8 and 6, for their ſumm js 14 , and if 100 the 
ſumm of their Squares be multiplyed by 728 , the ſumm of their Cubes, the Produ& 
will be 72800, as was preſcribed. 

Moreover , the thirteenth ſtep gives a Canon to find out the numbers ſought, 


* CANON. 
Divide the given Produdt by ix times the given Somm ; then ro the Quotient add ** 


of the Biquadrate of the given ſumm, and extract the ſquare Root of the ſumm of that 

\ +x- Addition ; then from the ſaid ſquare Root ſubtra& 5 of the Square of the given ſumm, and 
- extfatthe ſquare Roor of the Remainder ; laſtly , add this ſquare Root to half the given 
ſumma and ſubtract ir from the ſaid half ſumm , fo ſhall the Summ and Remainder be the 

two numbers ſought, "3 SPL OE BT art Of Fel = 


G 0 QUEST. 


_ 
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| QUEST. 14. 
[; There are two numbers the Produ& of whoſe multiplication is 20 ( or 6,) and the 
| ſumm_ of their Cubes is 189 (or c;) what are the numbers ? 
| RESOLUTION. 
1. For one of the numbers ſought put . .p a h 
| 2. Then, by dividing the given Product ws 295 h 
| (or b) by a, the other number will be . .\ _ _ 
| 3 Therefore trom the firſt ſtep, the Cube of 
| the firſt number is . « «© . +» + +$ . 44a 
| 4. And from the ſecond ſtep the Cube of the 2 | $009 bbb 
other number is . » © +» © © of ' aaa aca 
5. Therefore the ſumm of the ſaid Cubes is o Þ» _— $000 ananae -|- = 560 


6. Which ſimm mult be equal to 1 8g ( or c) the ſumm given inthe Queſtion, whence 
this Equation arliſeth, 242, — 
444444 | 800D 


aas wares. 
eat WM , : 
—_ \ 22] ,; 1: 208i an }i-b7vig - 
7. Which Equation being reduced according to SefF. 2, 3, and 5. of Chap. 12. there 
will ariſe 8000 = 1 d9aa8 — 4AAAAK » 7 io 
Or, bob — cCcaaa — aaanan. 


8. Andby reſolving the Equation in the laſt ſtep by rhe Canon in Set#,' 10. Chap. 15. the 
two valges of 4, which arc the numbers ſought by this Queſtion, will be made known,vzs, 


E = 5 = 4/(3): 2+ Wice—bbb: | 


4 = 4/(3):3i6— x4 — bbb: 

5. I fay, the numbers ſought are 5 and. 4; for the Produ of their multiplication is 20, 

and the .fumm of their Cubes 125 and 64 is 189, as was preſcribed, 76.2 

Moreover, from the two values of 4 expreſt by letters in the eighth jſtep, the 
following Canon ariſerh to find out the numbers ſought, 

From the Square of half the given ſumm ſubira& the Cube of the' given ProduR, 
and extrat the ſquare Root of the Remainder ; then add the ſaid ſquare Roat to halt 
the given ſumm , and alſo ſubtra& ir from the ſaid halt ſumm ; laſtly , extract the cu- 
bick Root of the ſumm of that addition, and likewiſe extra& the cubick Root of che latter 
Remainder, fo ſhall theſe Cubick Roots be the numbers ſought. 


a. — 


DPUVUEST. 1% 


' There are two numbers the Produft of whoſe multiplication is 20 ( or b,) and the 
difference of their Cubes is 61 (or d4;) what are the numbers? | | 


/ 


2 RESOLZUTION. 
1. For thegreater of the two numbers ſought pur P 4 
2. Then, by dividing the given Produ& 20 20 b : 
(or b) by a, the lefſer number will be . '$ oy Ot | FPY 
3- Therefore from the firſt ſtep the Cube of _ 
the greater number is . . , . .. « —_ NP 
4. And from the ſecond ſtep the Cube of the 8000 " 8. 
lefler number is DA Pon Sag; -* —” | aa 
5. Therefore from the two laſt ſteps, the dif- , | 
ference of the Cubes of the rwo numbers > £44444—=3200 aaaaee — bbb 
ſought is . . .. ; aaa | \ 2 1 Onto 4 % 


6, Which difference muſt be equal to 61 ( or d) the difference given in the Queſtion, 
whence this Equation ariſes, iz. ' 
AAAAAR — 2000 = 61, Oc, 444448 — bbb = 4. 
4% aaa 


Q 2 7. Which 


| —— 
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7. Which Equation, after due ReduCtion, (according to SebF. 2, 3,and 5, of Chap. 12.) will 


give this that follows, v3z. aaananas — Ciann = 8ooo, "fp 
*. As aaaaan — dann = bbb. \ 


$8. Therefore by reſolving rhe Equation in the laſt ſtep by rhe Canon in Set. 8. Chap, 15, 
the value of 4, to Wit , the greater number. ſought will be made known, w#Zs 
4 = 5 = 4/(3):34-+ 4 Jad bbb: © | 
9. Whence the greater number ſought is found'5 ,, by which if the given Product 20 be 
divided , the Quotient will give 4 for the lefſer numb required. 

I ſay, the numbers 5 and 4 will ſolve the Queſtion propoſed ; for the Produd& of 
their mahriplication 20 , and*the difference. of their Cubes 125 and 64 1s 6r, as was 
preſcribed. | ; : ml 

Moreover , - the Equation in the eighth ſtep gives a Canon to find out the greater of 
the ewo numbers ſought , by the. help whereof and the given Product the lefler number 


ts alfo given. 


CANON. 


To the Square of half the given difference add the Cube of the given Produdt, and _ 

the ſquare Root of the ſumm of that addition ; then add the ſaid ſquare Roor to half the giver” 
difference and extra the cubick-Root of this ſumm', ſo ſhall the. ſaid cubick Roor be the 
greater of the two numbers ſought , by which grearer number if the given Product be 
divided the Quotient ſhall be the lefler number ſought. - 


_— _ 


LT — 


DUVEST. 16. 


A Merthant having bought certain Clothes, ſells them at 17+ 1. (or b) the Cloth; and 
then found that by every 100 /. (6r c) that he had laid out, he gained as many pounds 
as he paid for one Cloth ,' what was the firſt coſt of a Cloth ? | 


RESOLUTJON. 


». For the firſt coſt of one Clothpat . , . > 

2. Which firſt coſt being ſubtrated from the 
money for which the Merchant ſold o 
Cloth, there will remain the gain of one 
Chak; t9-Wit:;': 57 Go s 7 

3« Then find what was gained in laying out 100 /, (or 6,) viz. ſay by the Rule of Three, 


I725 — IOO04 : 


4 Pp? 


174 — 4: | b— 4 


If &« . 17: —# :: 100 


"Ke 
or, & - T= 2K #8. > OW - 
4 
Whence the gain of 100 1. is found 22522, or Wes, 


| 4 a | 
4+ But according to the Queſtion the gain of 150 /. (or c) muſt be equal to the firſt coſt 
of one Cloth , therefore from the firſt and third. ſteps this Equation ariſeth, viz. 
= I, Or;: #s = = 
4 
S- Which Equation, after due ReduQion ( according to Sed. 2, and 3, of Chap. 12. ) will 
give this that follows, viz. aa 1004 = 1725, 
Therefore by reſolving the Equation i the laſt lp by 
6. ere by reſolving t ton 1n the Jaſt ſtep by the Canon in SelF. 6, Chap. 15. 
'the value of «, to wit, the GR coſt of a Cloth will be diſcovered, ve. hats 
a a = 15 = 4: be: — * 

I fay the firſt coft of a Cloth was x 5 /. as will appear by the Proof: For if a Cloth 
be bought for 15 /. and ſold for 174. /. the gain is 24 /. Then if 15 4. gain 22 L 
it will follow: that 200 /. will gain 15 /, which is equal to the firſt coſt of a Cloth a5 
was preſcribed, _ T2 


Amther 


LR 
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Another way of reſolving the preceding Quelt. 16. 


1. Ler the fame things be | 45 — E ; 
then. for the gain of one Cloth put © . Þ$ 

2. Which gain, being ſubtracted from the} bo | 
money for which one Cloth was ſold, will > 175 — 4 b — 4 
leave the firſt coſt of a Cloth, towit, . . | _— | 

3. Then find what was gained in laying out 100 /. (or c,) and fay by the Rule of Three; 


: ,; I O04 
If . 17; —6, -''4 2:2. 200» - 
177; —4 
CA 
b—a _ SS 38 [1 . — @ 
Or, | kay. ; 
. . ; 1004 Ca = 
Whence the gain of 10@4 is found —— or. -- 


, 17 | , =” 
4. But, according to the Queſtion, the gain of 100 /. (or c) muſt be equal to the brll 
coſt of one Cloth; therefore from-the ſecond and third ſteps this Equation ariſeth, viz. 
1 004 x _—_— ca "OY 
Tg © 40 Or, 7 = hd—#. | 
$. Which Equation, after dne ReduRtion according to Sef#, 2, and 3. of Chap. r2. will 
give' this thar follows, viz. ; Ef + cnn c 
1; 2) MAhSg mag = ES}, Or, Caf 2b4— ad = —_.”: 
6. Therefore by reſolving the Equarion inc laft ſtep by the Canon ite Seft. to. Chap. 1 5. 
the two values of 4, or the two Roots of that Equation will be made known 5 v»<. 
i122 = Hb bÞ+v/:io+ <: 
| | 2 = 36+ b.— af: 3c +þ. cbr "FOES 
' | The leffer of which two Roots or numbers, to wit 2 or 25 L. is the gain of a Cloth, : 
which ſubtra&ed'from 1 74 /. leaves 15 /. for the firſt coſt of a Cloth, as before; _ 
Note. Although the value of 4 in the Equation. ia the fifth. ſtep be eicher £22 
or 2, ( for that Equation may be expounded by £24 as well as 2,) yer # only, to wir, 
the lefſer value of 4 ſhall be the. gain of a Cloth, for £*+ is greater than 175 , and 
conſequently the gain of one Cloth would exceed the money for which one Cloth was 
ſold. Which abſurdity appears alſo by the greater value of # as *tis expreſt by Letters 


in the ſixth ftep, for 3c þ 6+ y/: 3c ++ £6 : is maniteſtly greater than 6. 


| —— as —____ 6 


4s = 


—_ P 


LUEST. 17. 7091 boinck HASASTIIT 7 
Each of two Captains , whereof one had a lefſer number of 'Soufdfers in his any 
by 49 (or 6) than the other , diſtributed equally among the Souldiers o bis own Com- 
pany 1200 (or c) Crowns , whereby it happened that the Sonldiers of the leffer Company 
had 5 (or 4) Crowns a piece more than the Souldicrs of the ;greater Company; the 
Queſtion is to find rhe number. of Souldiers in each Company , and how many Crowns 
each Souldier received. WJ; | 


RESOLUTZON. 
I. For the number of Souldiers in the leffer oa | 
Company pat is oe 3 + 3s Þ - fi 
2. To which adding 40 (or 6) the ſumm will | hone 
' give the number of Souldiers in the greater 4-40 | &1-b 
Company, to wit, . . « . . » « 
3. Then it 12e0 (or c) Crowns be equally 
_— among the Souldiers of the leffer 1200 c 
mpany ,.the Quotient or ſhare of ey | Rs 
Sinks wither I TEES E Y 
4+ Likewiſe, if 1200 (or c) Crowns be equally” SES 
divided among the Souldiers of. the greaterl RPGO: {75141 gh 0. oh 
C y, the Quotient or ſhare of every 4 4-40 - _- 
Souldier will be. 4 EY | | | 
5- To which Jatter Quotient adding F5 ( or d ) 54+ 1400 4a 4b +6 
Crowns, theſummis . . . . . + + | 


—_ [ PEST 


TD _—__ — [ ])_—_ 


a__— -- 
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6. Bur according to the Queſtion the ſumm in the laſt ſtep muſt be equal to the Quotient 
in the third ſtep, whence this Equation ariſeth , v3z. 
<a þ-1400 __ 1200 - Or da —- db -|-c __ 
es bl 


pf 
if 

| 
> [© 


a -|- 40 a 4 | 
7, From which Equation fied due Reduction according to SeF. 2, 3, and 5. of Chap. 12. 
this will ariſe , viz, aa \- 4ca = 9600;, | | 


Or, aa + ba == LIP 


8. Therefore the Equation in the laſt Rep being reſolved by the Canon in SefF. 6. Chap. 1 5, 
the value of 4, to wit, the number ot Souldiers in the lefſer Company will be diſ- 
covered, viz, | 


4 —= 8&8 = y: 4 MM. — 36. 
a 4 


From the eighth , firſt, and ſecond ſteps it is evident that the lefler Company conliſted 
of Lo, and the greater 120 Souldiers; which nurabers will ſatisfie the Conditions in the 
Queſtion. For the difference of the two Companies is 40 Souldiers , -alſo +232 — 15, 
and +222 — 10 , whence it is manifeſt that the Souldiers of the lefler Company xe-: 
ceived 15 Crowns a piece, the Souldiers of the greater Company. i o Crowns a. piece, 
and conſequently the Souldiers of the lefler Company had 5 Crowns a picce-more than 
the Squldiers of the greater Company, as was preſcribed. | 2 


hs 


QUEST. 18. 


Two Merchants ſel] linnen Cloth'in this manner, viz. each ſells 60:( or 6) Els, and” 

_ the firſt Merchant ſelling 2 (orc) Ells leſs for one pound than the ſecond, receives for 

for his 60 Ells 5 ( or d) pounds more than the ſecond Merchant for his 60 Ells. The 
Queſtion is ro find how many Ells each Merchant ſold for i pound ? 


Fa 


| RESOLUTION. h 
1. For the number of Ells which the firſt | 
Merchant ſold for-1 /. put . , . ., . # 4 
2. To which number of Ells adding 2 (or c,) | | 
the ſumm will be the number of Ells which a |-2 | a+sc 


the latter Merchant ſold for 1 /. towit, . . 
3. Then find how much money the firſt Mw-1 
chant received for his 60 Ells, viz. ſay by 

the Rule of Three , $2 


Wd 2 021160) » i, 60 | b 


> 2 £3 > A 


4 
whence the firſt Merchants total money is found) 
4. Find likewiſe how much money the lattter ) 
Merchant received for his 60 Ells, zz. ſay, 
If EET 7 5. | 
me a2 z | PR | ; 
Or, a+c .n::6b . . r 4 -|-+ 2 «+c 


| abc” 

whence the latter Merchants total money | | | 
is found : > <= , ®h " SR p 

5. To which latter ſumm of money adding ga 1-70 + 
5 (or 4) pounds, the ſumm willbe . . . a2 - a+c 

6. Bur according to the Queſtion the ſumm of money in the laſt ſtep muſt be equal to 
the ſumm in the third ſtep, whence this Equation ariſeth , vzz, 


_.. +) 2 PS... Eo dart de4-b _ b 
Wu «> , ate a” 


7. Which 
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me Which Equation, after due ReduRion according to SefF. 2, 3, and 5. of Chap. 12. 


will give this that follows, 2:z. aa | 24 = 24, 
C 
Or, aa | CA —__ or 


$. Which Equation in the laſt ſtep being reſolved by the Canon in Se#. 6. Chap. t5. the 
value of 4, to wit the number of Ells which the firſt Merchant ſold will be made known, 
is ins = ES 
VIZ. = 4 = en OE bs. 


I ſay the firſt Merchant ſold 4 Ells for 1 pound, and the ſecond 6 Ells for 1 pound', as 
will appear by the Proof. For it 4 Ells give 1 pound, then 60 Ells will give 1 5 pounds. 


' Again, if6 Ells give one pound, then 60 Ells will give 10 pounds, Whence it is manffeſt 


chat the firſt Merchant ſold his 60 Ells for 5 pounds more than the ſecond ſold his 60 Ells, 
and ſold two Ells leſs for 1 pound than the ſecond Merchant ſold for one pound. 


_ 
— —— — 


DUEST. I 9. 


Two Societies, whereof one exceeds the other by 4 (or b) men, divide two equal ſumms 
of Crowns; the men of the lefler Society have 8 (or c) Crowns a piece more than thoſe 


of the greater: and the number of Crowns which each Society receives exceeds the 


number of men of both Societies by 172 ( or 4.) The Queſtion is, to find the number 
of Men in cach Society , and the number of Crowns which each Society had ? 


RESOLUTION. 
I. For the number of men of the leſſer Society put | a A 
2. To which number adding 4 ( or 6,) the h 7 
ſumm will be the number of men of the a4 | ear-6 


greater Society , to wit, ES 
3- Then, according to the _ if —_ n 
(or 4d) be added to the ſumm of the men 0 | Y 
both Societies, it will give the number of; 247-176 24+-b-1-d 
Crowns ſhared by each Society, to wit, | 
4+ Which number of Crowns being divided by 
(4) the number of -men of the lefler So- 24 {176 24 bad 
Ciety , the Quotient or ſhare of every man Pan "tl 
in that Society will be . , . . . + 
5. -- the ſame os ys Crowns Fr 
ore expreſt in the third ſtep be divided pero 
a by” or 4-6, the number of men of cert 266d 


the greater Society ,) the Quotient will give E"3Y 


6. To which Quotient in the laſt ſtep adding 2 Toa-|- 208 2a+b LEA + <b 
© 6 00 a4 —__ 
7. But, according to the Queſtion, the ſumm in the Jaſt ſtep muſt be equal to che 


' this Equation will ariſe, v5z. aa | 3a —= 8B 
_ ak Boa bb 4-44 
3 I 0. ——— IS 


| c | 
9. Therefore by reſolving the laſt Equation according to the Canon in SeFF. 6. Chap. 1 5. 
the value of 4, to wit, the number of men in the leſſer Society will be diſcovered , vz. 


a= $== /i 2M ge D;—2 + =: 


| Fa 2 
Io, Laſtly , from the ninth, firſt, ſecond, and third ſteps, it is manifeſt that the 1umber - 
of men in the leſſer Society was 8, that of the greater 1 2 and the number of Crowns | 
divided by cach Sogiety 192 ; which numbers will fatisfie the — ——_ 
| ETON uellion, 
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Queſtion, as will appear by the Proof : For +4 = 24, and +22 — 16, whence 
it is evident that the men of the leſſer Society had 8 Crowns a piece more than thoſe of | 
the greater ; alſo 192, the number of Crowns which each Society divided, exceeded Þ 
20 the number of men in both Societies by 172, and 12 the number of men in the #® 
greater Society exceeded 8 the number of men in the lefler by 4 , as was preſcribed, | 


a. 


DVEST. 20. 


A Graſier having bought certain Oxen for 270 ( or b ) pounds , finds, that 1f he had 
paid that ſumm for 5 (or c) Oxen fewer, every Ox would have coſt him +1. ( or 4) 


— — 


more than he paid for an Ox: What was the number of Oxen bought ? p 
RESOLUTION, | 
1. For the number of Oxen bought put . . 5 p | Mm 
2. Then find out the coſt of an Ox, and ſay, | 
pe oa 270 , 
1 - 270 1 8 - ' _ R 
eo oO & | a 
whence the price of an Ox is , , . ,/ 
3- Subtract 5 (or c) from the number off' | 
Oxen bought, and then find what the reſt | 
would coſt a .piece, ſaying, | | PE. 
Go gw--;.. 370 11 3 Rs 7 os | | 
a—gy Ss | A — C 
Or, AC . b * © I o b . } | 
a—c | 


Whence the price of an Ox is found © . J : | 
4+ Then according to the Queſtion , the laſt mentioned price of an Ox muſt exceed. that 
in the ſecond ſtep by + /. (or 4; ) theretore if the former price be ſubrratted from 


the latter, the Remainder muſt be equal ro 5 ( or d;) whence this Equation ariſeth, 24z. 


b 
270 270: POO. 4 
oe ws 4A —C a 
5. Which Equation , after due Redu&tion according to the Rules in Chap. 12, will give | 
this that tollows, ey —- js = i$00, ; 
. | bc 
| Or, 8; - | 
6. Therefore the Equation in the laſt ſtep being reſolved by the Canon in SelZ.12,Chap.15. ; 


the value of 4, to wit the number of Oxen bought will be diſcovered , 23z. 
8s = 45 a ae 2 ok — Ic, 


I fay the number of Oxen bought was 45 , and every Ox coſt 6 pounds, as will appear 
by the Proof : For firſt, #22 — 6 ; then from 45 Oxen ſubtrafting 5 , the remaining * 
| 40 Oxen valued at-270 /. will yield 6+. a piece, which exceeds the former price 61. | 
by 7 /. as was preſcribed, : | 3 


——__ 


2 VEST. 21. 


| A Merchant buyes linnen Clothes of two ſorts,, viz. goor b) Ells of one ſort, 
together with 4o ( or c ) Ells of. a worſer ſort for 42 ( or 4) pounds; and he finds 
that in laying out 1 pound 'upon each ſort he hath 4 (or 3) of an Ell more of the worſer 
fort than the other: Whar was the price of an Ell of each ſort ? | 


RESOLUTION, 


I. For the number of Ells of the better ſort of 
Cloth which the Merchant bought for 1 /. put | 

2. Then according to the Queſt. the number of & 

. Ells of the worſer ſort bought for 1 /. will be _ ha 


A A 


Py 


ſ 


hs 
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| 3- Find the coſt of all the Ellis of the worker 
| ſort , and ſay, 


Re mm 


| If a3 .1 53; 40. ——x" [ 46 . 
; | Aa : 3 P ar) 7; | a|--3 
Or, a|-m « I 'F- C . | 
| am 
| whence the ſaid full Coſt is found , . vQ 
4. Find likewiſe the coſt of all the Ells of they | | 


better ſort, and ſay, 
If &. 5 $=U FS © 


a | 


Qs! 4c: £44 $4 


; whence the ſaid full _ is; OL. 2 [ 
, Then the two ſurnms of money tound out | | 'M 
: in the third and fourth ſteps om added T 304 + 30 | ca + bat bm 
" together will give the full coſt of both ſorts 4a | 34 aca me 
Ea. rad 5 ie oY be Ef 
6. Which total Coſt exprelt in the laſt ſtep, muſt (according to the Queſtion) be equal 
' t0.42 (or d;) whence this Equation ariſeth , viz. | 


| 
} E 


| 


; 42 = LI902-39 ; .. Or, 4 = ca ba4bm . IN 
' | aAa—34 = IS pv” wes | as -|- ma ; : 
7, Which Equation, «after due reduRion ( according'tothe Rules in Chap. x 2.) will give 
this that follows, viz. aa — Ha = 2, 


Or; al — | > 


In whicti laſt Equation, if inſtead of the known Coefficient < 
that Equation may be expreſt thus; FM 


aa — fa = c—_—_ 


8, Therefore by reſolving the laſt Equation according to the Canon in SetF. 8, Chap. 1 5. 


the value of 4, to wit, the number of Ells of the better ſort of Cloth which were | 4 i 
; bought for 1 /. will be diſcovered, viz. Ws I 
On «=3 =4i& +L: 4+. 


; Thus it is found that 3 Ells of the better ſort of Cloth did coft r 1. and Confee ently 
4 1 Ellcoſt 4 /. and 90 Ells 3o {, which ſubtracted from 42 /. (the full caſt of both ſorts,) 
” leaves 12 /. for the full coſt of 4o Ells of the worſer ſort , and conſequently. r Ell. coſt 
_ 7+ l. and at this rate 1 /, will. buy 35 Ells, which is more by 3 of an Ell than was 
þ boogh E the better ſort of Cloth for x // Therefore all the conditions in the Queſtion 
7 are ſatisfied, | 


Cree # 


6 QUEST. 22. | 

4 A Merchant having Spices, to wit, 80 i weight ( or 6 ) of Mace, and 160 th weight 
; (or c) of Cloves, {ells both quantities for 65 ( or 4.) pounds in money; whereby ir 
: happened that he ſold a quantity of Mace for 10 {. ( or #,) and the like quantity af Cloves 
with 60 tb weight (or » ) more of Claves for 20 4 (or #.) The Queſtion Þ, to 6nd 
how many 1b weight of Mace he ſold for 10 /. Seth | 


RESOLUTION: 


I. Let the number of #6 weight of Mace that 4 
the Merchant ſold for 10 /. be repreſented by 2 

2. To which number adding 60, the ſumm will 
6 4+ 69 


give the number of 16 weight of Clayes 


that he ſold for 30/7. towtt, . , . , | | 
; P Zo Then b 


© OL It ret ne 


JP HEE WEE 
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3. Then find how much money 80 i weight 
of Mace was ſold for , ard fay , 
FF -..:10 ::: $6. =. | 
. þ : 8oo | mb 
Or, a . 1m b Le © Þ a 4 
whence the. money for which the ſaid 80 tb |. 
of Mace was fold is . . « «© . +» + 
4. Find likewiſe how much money 100 ib 
weight of Cloves was ſold for, and ſay, 
_—_ | 
E If a+Þ+d60 . 20 :: 100. wr, Sh 3 OI 
* : YC 4 --|- 60 a 1-7 | 
Or, a-bþn.r :: C - _—= - 
whence the money for which the ſaid 1 06 ib | 
of Cloves was fold is . « » «© + + ND | 
5. The ſumm of both the ſaid ſumms of money? 28004-48000 | mba | mbn -|- va 
aa | na 


found our in the third and fourth ſteps is 44+ 60a 
6. Which ſumm in the laſt ſtep muſt (according tothe Queſtion) be equal to 65 /. (or 4,) 
hence this Equation ariſeth , viz. 


28004-+-48000 Or; d = mba -mbn rea 


65 = — — | 
aa 60 , | hep 44 | na | ; 
73, Which Equation , after due ReduQion ( according to Sees. 12. Ghep.2,395-) will give | 
this following Equation, viz. aa + *224 = 2699 - J 
1 4 —mb—rc _ mbn / 
- > —aa =| des tr” whe 

In which laſt Equation if we'take f inſtead of the known Coefficient Ew 

and g inſtead of the known number Li , that Equation may be expreſt thus, 


as + fa = &.- t 
8. Therefore by reſolving the laſt Equation according to the Canon in Set. 6. Chap. 15, | 
the value of 2, to wit, the number of tb weight of Mace that was ſold for 10/7. will | 
be made known , Vic, | | 
4 = 20 = wu: g+ aff: — If: 


Thus it is found that 20 th weight of Mace was ſold for 101. and conſequently 


$0 ib weight for 40 /. | 

Moreover , adding 60 to 20 ( before found,) the ſumm $0 is the number of th weight | 

_ of Cloves that was ſold for 20 /. and conſequently 100 tþ of Cleves was ſold for 25. © 
which added to 40 /. ( the price of 8o tb of Mace, ) makes 6y /. the preſcribed ſumm | 

of money for both quantities of Spices ſold, 


—____ 


SFVUEST. 33. 

Two Merchants entred into Partnerſhip ; the firſt brought in a certain ſumm of pounds 
which continued in Company 12 ( or þ ) months, and the ſecond put in 3o /. (or c) 
for 17 (or 4) moneths , they gained together 181. ( or mz,) whereof the firſt Mer- 
chant had 267. (or #) for his principal and gain. It is required co find how many pounds 
the firſt Merchant brought into the common Stock ? 


RESOLUTION. 


1. For the firſt Merchants Stock put , , .> 4 4 
2. Which Stock being multiplyed by the time 

it continued im Company, produceth , *$ On ba 
3- The ſecond Merchants Stock being multi- 

plyed by the time it remained in Company, FId 

produceth « « . ee 4 + + + » 


\ 
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Pur” hen proceeding with thoſe two Products according to the Rule of Fellowſhip with 
Time , find the gain of the firſt Merchant, and fay , 


It 124+ 510: . 187 :: 124 « 3254 


124-510 $ 
| WI ; mba , 
Or, ba | id .. wu 31; bs .. = * 
2254 r mba I 
I24-|-510 ba-|-cd' 
5. Which gain added to the firſt Merchants Stock-4, gives for the ſumm of his Stock and gain; 
I 244-7354 Or baa + cda -|- mba. 
 128-|-510 : : ba + cd ; 
6. Which ſfumm muſt be equal to the 26 /.( or ») given in the Qyeſtion; whente this 
Equation ariſeth , v2. | 


1244-7254 __ 6, Or, baa -|- cda {- mba __, 


Whence the gain of the firſt Merchant is found 


| 224 $ro 1? To | 
7. Then by reducing that ——— to the Rules in Chap. 1 2, there will ariſe; 
aa 3528 ==: 22063 
Or, as + dw —w, _— _ 


| b | 
8. Which 1a Equation being reſolved by the Canon in SefF. 6. of the r 5. Chapt. the 
value of 4, to wit, the firſt Merchants Stock will be found 2o pounds, viz. If inſtead 


of the known Coefficient Ell = _ — nh wetake f, and g inſtead of the given num- 


V » »qQ 


ber 24. Then by the ſaid Canori, 


== 30; =, If x £ohe CY =. 
Whence the firſt Merchants Stock is found 20 /. The Proof may be made by the 
Rule of Fellowſhip with Time, in manner following. : 
20 X 12 = 240 
30 = 17 wi ro 


240 | 6 


6-00 x9 
6K 5 FIO . 125s 


QUEST. 24. 

Two Merchants entred into Partnerſhip, the firſt put in a certain number of Pounds 
for 3 (or 6) moneths, the ſecond put in 50 J. (or c ) more than the firſt for 5 (or d ) 
moneths ; they gained' together 140 /. (or #,) whereof the firſt Merchant had ſuch 
part, that if 60 /. ( of ») be added to it, the ſfumm will be equal to the Stock wherewith 

he entred Partnerſhip: What was the Stock and gain of each Merchant ? 


RESOLUTION. 
1, For the Stock of the firſt Merchant put > P | FP 
2, To which adding 50 1, ( or c,) the ſomm | | | 
will give the ſecond Merchant's Stock, to wir, we FN "I ks 
3. Then multiplying the firſt Merchant's Sto ck 
by the time it remained in Company , the gait £2291 ba 


Prem @- 7 ne CSE ITS 
4 Likewiſe by multiplying the ſecond Mer- 
chant's Stock by the time it continued in 54-250 da -- dc 
Company, the Produt is . . + + « 2h 
5. Then proceeding with thoſe two Produdts according to the Rule of Fellowſhip with * 
Time, find the firſt Merchant's Gain , and fay, 


| D; 4204 , 

If ea l-250 . 140 :: 34 5 an” 
: Re 4 b 
Or, ba dai dc  m :: bs +; j—— 
4204 mba 


Whence the gain of the firſt Merchant is found — 


$4a-+ 250? Or, Fake da ae 
Fg 6, 10 


» 
af A 
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6. To which gain add 60 ( or »,) fo the ſumm will be 
9004 + 15000 Or mba + nba + nda + -nac 
p 
8a +250 ' ba += da + ac 
7. But, according to the Queſtion, the ſumm in the laſt ſtep muſt be equal to. ( a) the 
firſt Merchant's Stock , whence this Equation ariſerh ; 
9004-15000 _ mba-\-nbal-nda-\-ndc 
84+ 250 jpg py ba da -|- dc 
8. Which Equation, after due ReduRion according to the Rules in Chap. 12. will produce 
this following Equation, v4z. aa — 8154 = 1875, 
| Or, as — 2b Snbþ-nd—ac, — Ade 
b-j- a b+ 4d 
G. In which Equation the value of 4, to wit, the firſt Merchant's Stock, will be diſco- 
veried by the Canon in SefF. 8. Chap. 15. viz. a = 100. And conſequently 
' from the premiſes the ſecond Merchant's Stock was 150 /7. the gain of the firſt 4o /, 
and the gain of the ſecond 100 /. All which will be evident by the following Proof 
wrought by the Rule of Fellowſhip with Time, 


100 x 32 6 


150x5 = 750 :; 
oO 3 
A 2-o $2» , Þ. of 
QUEST. 25. 


w 

A Citizen having bought a Houſe for a certain ſumm of pounds, ſells it for 64 /. (or 4.) 
and finds that his loſs in 100 pounds ( or c ) was equal to a fourth part ( or #2 ) of the 
money that he paid for the Houſe. What number of pounds did the Citizen pay for 
the Houſe ! | FT 


RESOLUTION. 


1. For the number of pounds which the Citizen 

paid for the houſe put . . . . . « . ; 

2. Then will the whole loſs by fale of the houſe be a — 64. A—d 

3- Find how much was loſt by 100 /. (or c,) and fay, 

; 1004 — 6400 
o_ 

Or, "RE TEE 02” MO þ 


TOI4A — 6400 ca — cd 


4 | 4 


If A © 4a—64 :: 109 


Whence the loſs per Cent. Is fond 


a a 
4. But according to the Queſtion the loſs per Cent. was equal to + part of the money 
which the Citizen paid for the Houſe, therefore from the firſt and third ſteps this 
Equation ariſeth, 94z. 
1004 — 6400 __ a. Or ' ca—cad 


% 


= MA. 


PRES 60: 2 4 a 
5. Which Equation, after due ReduRion according to the Rules in Chap 12. will give 


4904 — a4 = 25600! Or, ew ww i. 


mM 
6, Therefore by reſolving the ſaid Equation according to the Canon in Set. 10. Chap. 15+ 
* both the values of 4 will be diſcovered, either of which will ſolve the Queſtion z whick 
values or numbers are theſe following , viz. ; 


C - CC — 4Canm 


oO — — © - 
—_—_ 3 =_ Y — 
ES ot EET, 
2 : 4mm —_ ; 


I fay either of the numbers 320 and 80 will fatisfie the Conditions in the Queſtion, 
2s will be evident by the Proof : For it a Houſe coſt 320 /. and be ſold for 64 /. the lols 
is 2561, and 1001, at that rate of loſs will loſe 86, which is + part of the firſt Coſt 320 

_— Again, 
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' Again, if a Houſe coſt 80. and be ſold for 64 /. the loſs is 16 }. and 1001. atthis rate 
of loſs will loſe 20 /. which js likewiſe 4 part of the hrſt Colt 80 /. 


DD — 
- 


 —————_—_— 


QUEST. 36. 


Two Merchants entred into Partnerſhip , the ſumm of their Stocks was 165 (or 5b) 
ounds : the" firſt Merchant's Stock continued in Company 12 ( or c) moneths, and the 
Stock of the ſecond 8 (or 4) moneths: they gained a certain ſumm of pounds, which 
together with their Stocks they divided between themſelves in ſuch manner, thatthe firſt 
Merchant received 67 ( or f ) pounds for his Stock and gain, and the ſecond 126 (or g) 
pounds for his Stock and gain, It is deſired to find out each Merchant's Stock and Gain. 


RESOLUTION. 


x. For the firſt Merchant's Stock put . . «Þ F] | F 

2. Then, by ſubtraRing that Stock ( a) from 165'=4 
165 ( or 6,) there remains the ſecond Mer- > 
chant's Stock , tq wit, . . - + « 

3. And if you ſubtrat ( 4) the firſt Mer- | | | 
chant's Stock from 67 (or f') the ſumm of FI - $224 
his Stock and Gain, there will remain his mY —_ 
Gain only; to wit, RF ag Fo 

4. Likewiſe, it you ſubtra&t the ſecond Mer- 
chant's Stock ( in the ſecond ſtep ) from 126 5 LOT HY 
( or 2) the ſumm of his Stock and Gain,f 6 — 39 | | Gjg—b | 
there will remain' his Gain only, to wit, | | Fi | 

5. Now according to the nature of the Rule of Fellowſhip with Time, the Gain of the 
firſt Merchant 67 — 4 muſt be in ſuch proportion to 4 — 39 the Gain of the ſecond, 
as the Product of the firſt Merchant's Stock « multiplyed by it's time x2 moneths, is 
to the Product of the ſecond Merchant's Stock 165 — a multiplyed by it's tine 
8 moneths: hence this Analogy, viz. 7; 7g 

t 67 —=4 , &4—39 :: 124 « 1320 — $&z, _ 
| That is, f—4 «:6-Fg—b :t.ce . db—da no 

6. Which Analogy , by comparing the Produ& made by the mukiþlication? of the Means 
one into the other, to the Product of the Extremes, produceth this Equation , viz. 

I1244— 4684 = 8aa— 18564 88440, 
That is, rcaa=—þ ga — ba = dai — aba — dfa + dbf. 
7. From which Equation after due ReduRion this arifeth, v#z. 
aa-|- 3474 = 22110, WR | 

That is, aa + ab + 23 Ate P— _x 

8, Wherefore by reſolving the laſt Equation according to the Canon in SelF. 6. Chap. 1 5. 
the value of 4, that is , the number of pounds expreffing the firſt Merchant's Stock 
will be found 55 ; which fubtrated from 165 /. the fumm of both their Stocks, 
leaves 110. for the ſecond Merchant's Stock : then each of their Stocks being ſub- 
trated from their refſpe&ive Stock and Gain, viz. 55 /. from 67 . and 110 /. 
from 126 /. there remains 12 /, for the Gain of the firſt Merchant, and 16 /. for 

the gain of the ſecond ; whence the total Gain was 28 /. Which: numbers will ſolve 

the Gueſtion , a5 may ealily be proved by the Rule of Fellowſhip with Time ; thus , 

55 x 12 = 660 © Et hte es ©: 


"2. 


IIlO-* dS. =, 880, REES 
of | 0 660 Mm 
COT OT: 8. PO wy 3880 .' 16. 


— . _ Wh 
T” 


KA; E S T. 27. 1 : 
A certain Foot-man A departeth from Zondon towards Lincojr ,..and at the ſame time 
another Foot-man Z departeth from Lincol/» towards Loxdon ; each keeping the ſame 
Road. When they met, A faith to Z, 1 find that I have travelled 20 ( or c) miles 


more than you, and have gone as many miles in 65 ( or #) dayes , as you have gone 
| | ; 


A——__ 
L mana 
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miles in all hitherto : *Tis true ſaith B, I am nor ſo good a Foot-man as you, but I find 
that at the end of 15 (or f) dayes hence, I ſhall be at Zondon, if I travel as many 
miles in every one of thoſe x 5 dayes, as 1 have done in every day hitherto. The Queſtion 
is, to find how many miles thoſe two Cities are diſtant one from another , and how many 
miles each Foot-man had travelled when they met one another. 
| BOX os RESOLUTION. 
1» For the deſired diſtance between the two 
RR TR oo 
2. Then foraſmuch as the number of miles eachy 
Foot-man had travelled when they met, being | 
_ rogether make = ſumm ( a,) and the | 
difference between thoſe two numbers was 2 Ly bc 
20 ( or c,) for A had travelled 2o miles Sa | T3 
more than B : Therefore ( by the Theorem 
at the end of ,2=eft. 1. Chap. 1.4.) the num- [ 
. ber of miles which A had travelled was . 
3. And ( by the ſame Theorem ) the number 


of miles which B had travelled was . . .F #4279 af 
4. Then ſay, If in 6+ dayes A had travelled | 
*4—10o miles, how many miles did he L4— TO Ea —Ic 
travel in one day ? ſo by the Rule of Three, GE a 
TS .. co.» 5 , 8 
5. Say again, lt in 15 dayes B muſt travel EEE 
+2. 4- 10 miles, ( that is, all che miles which 34 1.T0 Ea -- Ec 
A had travelled ,) how many miles muſt B os - Tait | F; 
travel in one day ? ſo you will find , þ .. | 
6. Say again , If he miles were tra- Tig—150 fa — fe 
velled by B in one day , in how many dayes 24 | 10 24 1c 
' did he travel $4 — 10 mites ? ſo.you will find 
; Ez — 1C , 3 
7. Say again, If DT Wot miles were tray 424 1.665 a | 3de | 
| velledby A in one day, in how many days 24 —10 24 — 26 


did he travel £4 + 10 miles? ſo you will find | 
8. Bur the numbers of days found out in the two laſt ſteps muſt be equal to one another 

for when 4 and B met, each had travelled the ſame number of days, becauſe they 

began their Journey at one and the ſametime : Hence this Equation ariſerh, 94x. 


7” _:.c. =. 
. = 
is — 10 hes 9. 
| K z 1 EET | 
Trek, AER = aa, 
$6 =e Ls oF 


9. In which Equation, if you double both the Numerators and Denominators, and then 
reduce the Equation reſulting , to a common Denominator , and caſt away the common 
Denominator , the new Numerators being compared to one another will give this fol- 
lowing Equation , viz 

244 | £224 | 2222 | — 1544 — 6004 + 6000; 
That is, aaa -|- 2dca + dcc | = faa — 2fca + fee. 
10. Which laſt Equation duly reduced gives this that follows , Fiz. 


I044 — 44 = 400, 
2 »|—+ 
Thar is, ac - a — As = CC 


17. Wherefore by reſolving the Equation in the laſt ſtep according to the Canon in 
Seft, 10, Chap. i5. the two values of & will be. found theſe, wv:z. | 
de + fe + uf 4dfce 


dc =D — a qafec 
bed: 
29 | r2, But 


# —= JT00 = 


8 = 2m 


— & 
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12. But although by either of tlioſe values of 4, to wit, 10e afid 4; the Equation in the 

tenth ſtep may be expounded , yet the greater value only is the delired number of miles 
* expreſling the diftance between the two Cities, for” :cis evident by the Queſtion, that 
20 is bur parc of the number of miles berween the two Cities, and therefore 4 the 
leſſer value of a is much leſs than the ſaid diſtance: Wherefore 100 the greater 
value of 4 is the defired number of miles between the two Cities. And tonſequently 
the ſecond, third; fourth and fifth ſteps being reſolved into numbers, will ſhew, that when 
the two Foot-men 4 and B met orie another, A had travelled 60 miles, and Z 4o miles: 
Alſo, A travelled 6 miles, and B 4 miles every day ; as will ealily appear by the Proof, 
' But the numbers in this Queſtion muſt not be given at random , for the Denominarot 


of the Fraction 244 27 in the Equation in the tenth ſtep ſhews that the number 4 


13 


mult be leſs than the number f , otherwiſe the Queſtion is impoſſible ;*as rhay eafily 
be inferr'd from the literal Equation in the ninth ſtep : for if in that Equation 4 be ſup-" 
poſed greater than f\, then conſequently acc 1s greater than fcc, and after-due tranſpo- 
ſition this Equation will ariſe , viz. dco—fee = fan - daa—2 dca—2 fea, where if 4 be 
greater than f, then the firſt part of the Equation will be a real quantity, that is, greater 
than nothing , and. the latter part leſs than nothing ; but to affirm that a quantity 
greater than nothing is equal to a quantity leſs than nothing is abſurd, the like abſurdity 
will follow if we ſuppoſe 4 = f. | | Þ ek — 4 
x4. Having ſhew'd that 4 muſt neceſſarily be leſs than f, I ſhall prove that the leſſer value 
of 4, as it is expreſt by letters in; the eleventh ſtep. can never be equal to the who! 
diſtance between the two Cities. For if we ſhould ſuppoſe the leſſer value to be equal 


ro the ſaid diſtance, ir muſt neceſſarily be greater than c , which the Queſtion ſhews to be 
but part of the ſaid diſtance : But from that ſuppolirion, it will follow by undeniable 
conſequence, that d is greater than f, which is contrary to what hath been befote proved: 
Now to prove the ſaid conſequence , 


15. Suppoſe the leſſer value of 4 to exceed +, viz. > — vader & + 
16. Then by multiplying each part by f—d, nd de 4+ fe — adfet & fr 4 


follows that.» 695d ties m0 95 0540: 5 PSS 5 
c to each part, ;\ 5 > de fe © fe— de y qdfee 
. . . 2d4c-|-fec Ef + v/ qafee 
2dc © x 4dfce 
PR Te qddce © qafee 


proved, 

2.3. Again, by ſuppoſing 4 to be leſs than f, as it ought to be, to the end the Queſtion 
may be poſſible , we may prove the leſſer value of a to be lefſer than c , by returning 
backwards from the 2 1 ſtep to the 15, in this manner , viz. 

24+ Suppoſe oo 4: oo 5 oof oo » iS RT : 

25. Then by multiplying each part by 4dce, . . > 4ddee =D gqdfce 

m_— by — 5, —_ _ "ns 5 ge: 2de => /adfec 

27. And by adding fe to each part; . . : > 2d64-fo = fob v/qdfee. 

28, And by ſubtrating dc from each part, . ' Paburs yy Jas | 

29. And by fubtrating 4/44fcc from each part, & do fe— 4 qdfee a2 fe — dt 

39. Wherefore by dividing each part by f—d, it is 4c-{fe —4/44fee = , 
manifeft that the lefſer value of a is lefs than c, viz. — + 5:5 SNP 
Which was to be proved. Wherefore the leſſer value of 4 cannot poſſibly be equal 
to the diſtance berween the two Cities, for the faid diftatice muſt neceſfarily be greater 
than part of it (elf, "PEROT je 3 REIN | | 

ON AN 31. But 
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37. But it may be objeted, That although f be greater than 4, yet how doth it appear 
that dc | fe is greater than 4/ 4dfec , to the end that this may be ſubtraRted from that, 
as the leſler value of @ requires', to make it ſelf a poſſible Root of the Equation in the 
tenth ſtep? In anſwer to this Objection I ſhall in the next place prove that dc | fe 


is greater than 4/4dfce. : | 
. 32, Foraſmuch as theſe quantities are Proportionals, > = bo: OD 
( for the ProduRt of the extremes is equal to the > dd . of :: of . f 
Produc of the means,) . « +» « +» » + 
33. Therefore ( per 25 Prop. 5. Elem. Euclid.) > dd-|- ff © 24f 
34- And by muluplying all in the laſt ſtep by cc, 4 ddce + ffee 5 2afece 
35. And Ny 2 afcc 29 RE, . K. » «Þ dacc-|- ffee +-2afcce © gd 
6. Wherefore by extracting the {quare Root ont 
: of each part <A al. > + © dcA-fe © v qafee. 
Ss Which was to be proved, 


Cna?. XVII 
Concerning Arithmetical PROGRESSION. 


I. Rithmetical Progreſſion is , when' mary numbers ( or other quantities of one and 

A the ſame kind ) proceed by a'common difference or exceſs, as in theſe 246 
$,10,12,14, ©; here 2 is thecommonditterence berwixt 2 and 4, 4ands, 6 and 8, 
8 and xo, &'c. $0 1,2, 3,4,5,6, &c. are in Arithmetical Progrefſion, x being the 
common difference : Likewiſe 3,7,11,15,19, &c. or 19, 15,11, 7, and 3, where 
4 is the common difference. ay | 

11, Arithmetical Progreſſion is either continued , as in the Examples above expreſt, 
where every two terms thar ſtand next to one another, have one common ditterence , or-elle 
diſcontinued or interrupted , as in theſe numbers, 3,5: 9. 11, where 5 exceeds 3 by 2, 
and ſo doth 11 exceed 9 , but 9 doth not exceed 5 by 2, for theexceſs of 9 above 5 is 4. 
In like manner 18, 14 : 21,17, arein Arithmetical Progreſſion difconinued. 


111. For the better manifeſtation of the following Propolitions concerning Arithme- | 


tical Progreſſion, let there be a rank of numbers in a continued Arithmetical Progreſſion, as, 
3,7,11,15,19, 23,27, &c, Which numbers may be repreſented by 4, b, c, 4, e, f, g, &. | 
Alſo, let 105 the ſumm of all the terms of the OP be repreſented by Z; the | 
common exceſs or difference 4 by X; and the number of terms 7p by T: all which 

are here orderly expreſt underneath, 


3 = 4A = #8 
| 7 = 6 = a X. 
Quantities in Arithmetical < 11 = e = 4 + 2X, 
-< 259 = 4-2: + 3X. 
Progreſſion continued : | =. = a 3X. 
CÞ-= f II-i & FX. 
C 27 | vw 4 = #&h | 6X, 
The Surmm of all fIT 8 $2 ANANY Mp2 af 2 
te Terma Te IG = £L.= . Z 
The common difference is ; 4 —= X =— X 
The number of Terms is . 7 — T — » 


— Iv. Whenceit is manifeſt, that if 4 be put for the firſt and leaſt term of an Arithme- 
tical Progreſſion continued , and -X. for the comman difference, then ( according to the 
Definition in Sei, 14) the ſecond term ſhall be a+ X , the third «++ 2X, the fourth 
4 3X, the fifth a-- 4X, &. Moreover, according to the Suppalitions in SeZ. 3- 
a=4, b = a-X, c= a-þiX. d = a+3X, e= 4-| 4X, &c. 
V. Therefore it follows, that the laſt and greateſt term of every Axithmerical 
' Progrefſion continued is compos'd of the firſt ( to wit, the leaſt) term, and of the Pro- 
duct of the common difference multiplyed by a number lefs by 1 ( qr Unity ) than ” 
num 
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number of terms ; as g; or 4 | 6X is compo$'d of the firſt term a and the ProduRt of X 
multiplied by 6 , which is lefs by 1 than 7 the number of cerms: 78 
VI. Therefore the firſt and laſt terms, as alſo the number of terms being ſeverally 
given, the common difference ſhall be alſo given ; for if the firſt (ro wit, the ſmalleſt ) 
btra&ted from the laſt, and the Remainder be divided by a number leſs by 1 


rerm be ſn f r be, i by | 
( or Unity ) than the number of terms, the Quotient is the cortimion difference , v3z, 


Ry = MN | 
VII. Ir is alſo manifeſt from Se. 3. Thar if the firſt ( to wit, the leaſt ) term be 
equal to the common difference, then the Jaſt term is equal to the Produ@ of the common 
difference ( or firſt term ) multiplied by the number of terms, viz. If a = XN, then 
= X=þ- 6X = 7% | - £1 
VIII. Therefore in an Arithmetical Progreſſion tontinued whoſe firſt or leaſt tetm 
is equal to the common difference, it the laſt term and the number of terms be ſeverally 
given, the firſt term ( or the common difference ) ſhall alſo be given : For if the laſt rerm 
be divided by the number bf terms , the Quotient is the firſt rerm or common difference , 
as, if 8 = N, then g = X-|- 6X = 7X 7 therefore _ =.&. ==; | fs 
IX, Ir is alſo manifeſt ſtoth SefF. 7, That when the tomtnon differente divideth any 
term juſt without any Remainder;then the.commoh difference is the ſame with the leaſt ter 
in that Progreſſion, and the Quotient is the number of tetms ; but if any numberremain 
after the Diviſion is finiſhed , then that Remainder is the leaſt term, and the merit in- 
creaſed with 1 ( or Unity ) gives the number of terms ( per Set. q, & 5.) Therefore 
if any term greater than the leaſt be giyen , as alſo the common diticrence, the leaſt term, ' 
as alſo the number of terms inthat Progreſſion ſhall alſo be given ; as if 27 be ſome term 
greater than the leaſt, and 3 the common difference, by dividing 27 by 3; the Quotient g 
1s the number of terms, ahd the leaſt term is equal to the common difference 3 ; as in this 
Progreſſion, 3,6, 9; 12,15;18, 21,2427. | : ' 
But it 27 be given as before, and 4 be preſcribed for the common difference, then 27 
divided by 4 gives 6 in the Quotient , and there remains 3 for the leaſt term, and 7 
(towit 64-1) is the number -of terms , as in this Progreflion, 3, 7,1r;15;19, 
3s $1... ; | © 28-70 $195, 
x7 If three numbers, ſuppoſe a, b, c, be in a continyed Arithmetical Progreſhon ; wit; 
If the exceſs of c above b be equal tothe exceſs of b above 4, the ſurmm of the Extremes, 
that is, of the firſt and laſt Terms ſhall be equal to the double of the Mean or middle Term ; 
Viz, 4-|-c = 26. For, 
1; By ſuppoſition, , ... 5 , 35 » © + . > c—b = b—48d, 
3. Therefore by adding 6 to each part, it gives > c = 2b — 4; 
3. And by adding 4 to each part of the laſt Equation > ac = 26; 
' Which was to be proved. ans, - 
Xl. If four numbers, ſuppoſe a, b, c, d, be in Arithmetical Progreſſion whether 
continued or interrupted, viz. If the exceſs of þ above 4 be equal to the exceſs of 4 
above e, the ſumm of the Extremes fhall be equal ro che fumm of the Means, 45s; - 
44d = bc, Fory | | 
1. By ſuppoſition, 26: 0.0.67. 2 CANE 2 SH, 
2; Therefore by equal addition of 4, . « . +>} 4þd—& =6b, 
3; Therefore by equal addition of c, .. 5 , «» ip a-fd4 = b-þ& # 
Which was to be proved. ; | 
XIE, If there be as many numbers as you pleaſe in a continned Arithmerical Pro- 
| ws the ſamm of the Extremes is equa] to the ſunim of any two Means equally diſtant 
om the Extremes, and alſo tothe double of the Mean when the number of Terms is odd. 
Ler a, 6, c, d;e, f, be in Arithmetical Progreſſion.continued, and increaſing from 4; I ſay 
the ſuram of the Extremes & and f is equal to the ſumim of any rwo Terms equally diſtant 
from the Extremes, that is, to the ſumm of b and e, and to the ſumm of & and 4. For, 
I. By ſuppoſition , in regard of the continued Pro- f 
grefſion, . . 0. WS > Cali iigey 67 ; 7 
2. Therefore by equal addition of e and «to each part, Þ a-|-f = b+e, 
3- Again, by ſuppoſition . «/. , « « 4. 5 eb = e—&, "5 
Q 4. There- 


—_ ff — b—a, 
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4. Therefore by equal addition of 4 and 6, - —_ c-j-d = be, 
5. Therefore from the ſecond and fourth ſteps my +2 = | 
I. Axon, 1. Elein, Euclid.) « .. © + +» +4 arr f = cnpd = +, 
Which was to be proved. 


And if more numbers were propos'd, the Demonſtration would not be otherwiſe , 


therefore the firſt part of the Theorem is maniteſt. 
* But if the number of terms be odd as in this continued Progreſſion, 4, b,c,d, e, f, FL, 
then the ſumm of the extremes 4 and g is equal to the double of the middle term 4, viz, 
-|-g = 2d; which I prove thus: 4 

1. By ſuppoſition , in regard of the continued Pro- FO 


-greſſion , - « Sia =» « Ws, 
2. And conſequently by equal addition of c and d, >» 24 = ce, 
3+ Bur by what hath been proved concerning the wan ao TOY 


part of the Theorem in > _— > 
. Therefore from the two laſt ſteps, ( per Axtom. 1. & 
” ti bt Back.) . o 'j. {+ 5 n Os aL = 2 
Which was to be demonſtrated. Therefore the Theorem is every way manifeſt. 
X111. In every Arithmetical Progreſſion continued , the ſumm of the extremes multi- 
plied by the number of terms produceth the double of the ſumm of all the terms. 
The number of terms is either even or odd , Firſt, let there be an even number of terms, 
viz, ſuppoſe theſe lix numbers a, b, c, d, e, f to be in Arithmertical Progreſſion continued; 


—_ .- . - 6a-of = 4 36Þ 202673, 


SDS = -. aol 


| 2e-|-2f. = 


DEMONSTRATION. 


x. Itis evident tht 7 3] .  e  o> 2anþrf = 245-2f, 
2» and by Seff-12- 'o of. o v0 © © © of 24n5pn2f = 26-26, 
3. Likewiſe, by the ſame Se, , , . , oF? 2a-jp of = 2e-| 24, 
4. Therefore by adding the three laſt Equation together, > 64-þ 6f — LS Hogs, 
Which was to be demonſtrated. And ſo of others when the number of terms is even. 
Secondly, let there be an Arithmetical Progreſſion conliſting of an odd number of 
terms , ſuppoſe theſe five, a,b, c,4, e. | 
I fay, «. « © «© gar|-5e = :aÞ2bJ-2c-]|-2d-þ 2e. 


DEMONSTRATION. 
. Ir is manifeſt thr . . , . ,  . .,Þ 24-þ2e = 2452s 


mm 


2. And by Set. 12. ,  «  « «© .Þ& 245-20 = 261-29, p 
. Likewiſe by Seff. 2. . Þ. . » #4] e = 20, 
- Therefore by adding the three laſt Equati $1 F 
. together . 7 4 5 - : 162K Ki | je = 24 -26b-|-:2 c--2 4-j-20, 


And. fo of others when the number of terms is odd. 


XIV. Therefore from the laſt SetF. the firſt and laſt terms , as alſo the number of 
terms 1n an Arithmetical Progreſſion continued being given , the ſumm of all the terms: 


ſhall be alſo given: For if the. ſuram of the firſt and laſt terms be multiplyed by the num- 
ber of terms the Produ&t is the double ſurm of all the terms, and conſequently the half 
of that Product is the ſumm it ſelf, For example, If 4,,c, 4, e, f, g, be in Arithme- 
tical Progreſſion continued , and T be put for the number of terms , alſo Z for their 
ſumm ( as before ;) + Then Ta-|- Tg = 2Z, and conſequently *Ta -- ZTg = Z. 

XV. Mr. William Onughtred in Probl. 4. Chap. 19. of his incomparable Clavss 
Mathemat. hath very elegantly handled 20 Propolitions about Arithmetical Progreſfion 


continued, which ( for the moe ample Illuſtration of the preceding Rules in this Book,) 


I ſhall explain in this Sef#:0zr,, uſing his own Symbols , which are theſe, v5z. 


The leaſt ( or firſt ) term. 
_ The greateſt ( or laſt term, 

Stands for <\ The number of terms. w 

| The common difference of the terms. 
The ſamm of all the terms, 


NxXndes 


Any 
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Any three of theſe five things being given, the other two ſhall be alſo given, by the 
reſpetive Canons of the following 2 o Propolitions , which Mr, Oughtred ſtates thus 


| Given, Sought, | By Propoſ. 
| @s ©, T Z and X I and 2 
2, @®, X T and Z 3 and- 4 

| | wn #4 & T and X 5 and 6 
: a Ty Sb & and Z 7 and 8 
as 1:6 & and X 9 and 10 
au X, £ @ and T 11 and 12 
Fs oP * « and Z 13 and 14 
w,l, £ « and X 15 and 16 
w, XN, £ « and T I7 and 18 
E. 3,-£ a and @ | | 19 and 20 | 

PROP. 1 


a, 0, T are given ſeverally ; 
; * _ Z is ſought. 
RESOLUTION, 
2. By Selb. 14. of this Chapt. , 5 . © « + » «+ op To+ Te = 2Z. 
Which Equation, if expreſt by words , gives this 
CANONM. 
Multiply the ſumm of the firſt and laſt terms by the number of tertns, the Product ſhall 
be the double of the ſumm of all the terms , and conſequently the half of that Product 


is the required ſtimm of all the terms. 
Which Canon may be exemplified by the folfowing ( or any other ) rahk of numbers 


in Arithmetical Progreſſion continued , viz. 
3z Fs Bt, 154 38% $4 x-#% 


——— 


5 PROP. 11. 
x 3 a, w, T are given ſeverally , 
EN X is ſought. 
RESOLUTION. 


2. By Selt. 6. of this ſeventeenth Clint: |. » » « © == = X; 


Which Equation gives this following 
CANON. - 
Divide the exceſs of the greateſt ( or laſt ) term above the leaſt , by the number of terms 
leſſened by 1 (or Unity,) and the Quotient is the common difference required. 
_ Which Canon may be exemplified by the following ( or any other ) Series of numbers 
in Arithmetical Progreſſion continued , viz. | 


Oo 3s 7, IT, IF, 19, 23, 27. : "0 
From the Equation in the ſecond ſtep of Prop. 1. and the Equation in the ſecond ſtep 
of Prop. 2. the Canons of all the following 1 8 Propoſitions are deduced. 


— FP 


7 


PROP. 11h 


".. 43 «,w, XN are given ſeverally ; 
T 1s ſought; | 
RESOLUTION, | 
2, Theletters put for the things given and ſought, without any other letter, are contained 
in the Equation in the ſecond ſtep of Prop. 2. therefore the work here is only to ſer T 


alone in that Equation, which may be done thus , 24x. WM 
Q 2 3. By 


ns ns 34d Sb Bl anc 
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3. By the Canon of Prop.2. « « . « « » k, © 2== = 
— 1 
4. Rm by multiplying each part of that Equai | 
by T , this ariſeth, v#z. . 2 'F o—a = IN—X, 
5. And by addition of X to each part 0 the aſt Equation, 2 
this ariſeth; . w—aþ X = IX, 
; 6. Therefore each part of the laſt Equation being divided i. = TI. 
by X, the number T will be made known, wiz. X | 
The Jalt Equation gives this following | 
CANON. 


From the laſt ( to wit, the greateſt ) term ſubtra& the firſt , and divide the Remainder by 
the common d:tcrence ; "thentothe Quotlent add 1 ( or Unity ,) ſo, ſhal] the ſumm be the 
- required number of terms, 
This Canon may be exemplified by the following ( or any _ Rank of numbers 
in Arithmetical Progreſſion continued : | 
32 7» 11, IF, 19, 23, 3/7: 


_— —_—_— 
—_ C__—_—_—_— 


— —— -- Mr 


PROP. IV. 


; a, w, X are given ſeverally , 
YI * L 15 required. 


RESOLUTION. 
2, By the Canon of Prop. 1. . « «© « «. +» +» «p WorjrTa = 22, | 
3. And by the Canon of- Prop. 3. « «. « « > + oP —  — =T, If 
4. Now if inſtead of T in the firſt part of the Equation in the _ ſtep, you mul- ; 


tiply into @-{--« that which in the laſt Equation is found equal ro T, the former 
Equation will be converted into this, viz. 
—_— [= + « = Ut 
Which in words is this following 


CANON. 


From the Square of the greateſt (or laſt) term ſubtra& the Square of the leaſt ( or firſ},) 
then dividing the Remainder by the common ditference , and to the Quotient adding the 
the ſumm of «the firſt and laſt terms, rhe half of the ſumm of this addition ſhall be the 
required Surmm of all the terms. 

The Canon may be exemplified by the following ( or any other ) Rank of numbers 
in Arithmetical .Progreſſion continued : 

33-7» il, IF, 19, 23, 27+ 


lp ROP. V. 
; " a, w, Z, are given ſeverally , 
; T is required. 
RESOLUTION. 
2, By the Canon of Prop, 1. .. . * © « «# Tow-|-Te = 2Z, 
3- Therefore by dividing each part of that _ by T — _2£ 
as -|-sz, this ariſeth , VIRa . a I _ @*|= & 
Which Equation gives this following | 
CANON. 


Divide the double of the ſumm of all the terms by the ſumm of the firſt and laſt terms, 
the Quotient is the number of terms ſought ; as may be proved by this tollowing (or any 
. Other ) Rank of numbers in Arithmetical Progreſſion : 


3» 7» Il, IF, 19, 23, 27. | 
PROP. 
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Woo TAL SSI TIPS] PIES NAOH 


> wo” 


Chap. 17. concerning Arithmetical Progreſſion. 126 


PROP. VI. 


; &,w, L are given ſeverally ; 
2 T0 X is required. 


RESOLUTION. 
2. By the Canon of Prep. 4 +» «» «© & o« oP — TE 


, Which Equation multiplied by X produceth, . Þ as —@az + oX + «X = 2ZXg 
. And by ſubtrating @X-j- «X from each part of e 
the laſt Equation , this ariſeth, v&z . . , . 
. Therefore by dividing each part of the laſt E- Gwe ad 
quation by the Coefticients that are drawn into x, — = X 
you will find, - « + « +» | 

Which laſt Equation gives this 

CANON. 


From the Square of th- laſt term ſubtra& the Square of the firſt ( to wit, the leaſt 
term ; divide the Remainder by the exceſs whereby the double ſurhm of all the terms 
exceeds the ſurmm © the firſt and laſt terms, ſo (hall the Quotient be the common 
difference requirec. : | 

This Canon may be exemplified by the following ( or any other ) Series of numbers in 
Arithmetical Progreſſion : | 

3»73 IL, IF, I9, 23 27+ 


wa — a& — 2ZXN — OX — 8X, 


A 


PROP. VIL 


| ] a, T, X are given ſeverally ; 
mw * Td © is ſought. 


RESOLUTION. 


_ 2. BytheCanonof Fl 3 0 of 6 » > = 


3. Therefore by multiplying each part of the ſaid EE: ol _ 
Equation by T—1, this will be produced , e > rio Fr” Og 
4. And by adding « to each part of the laſt Equation | St | 
this ariſeth, viz. . hy PRESET IS 'F o = IXuþa—X 
Which laſt Equation gives this | 


CANON. 


To the ProduXt made by the multiplication of the number of terms into the conimon 
difference, add the firſt ( to wit, the leaſt) term, and from the ſumm ſubtract the ſaid 
dittcrence, ſo ſhall the Remainder be the laſt term ſought. 

This Canon ,may be exemplified by the following ( or any other ) Rank of numbers 
in Arithmetical Progreſſion continued : | 

3» 7, 11, IF, 19,"*23, 27. 4 


R 2 


P KOP. VIIL 


I 3 «, I, X are given ſeverally ; 
7 Z 1s ſought. 


RESOLUTION. 


2, By the Canon of Prop. t. . . « « + + > To+Ta = 2Z, 

3- And by the Canon of Prop. 7, . . « « « > TX-a—X = 6; | 

4. Now to find an Equation that may conſiſt only of the things given and ſought in this 
Prop. 8. multiply each part of the Equation in the third-ſtep by T , and there will 


be produced 


TIX -{- Ta — TX =. To. 
5. Then 


— 
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5 Then if inſtead of Tw in the ſecond ſtep, you rake that which tn the fourth ſtep is foung 
equal ro To, the Equation in the ſecond ſtep will be reduced to this, to wit , 
TIX + 2Ta — TX = 2Z, | 
That is, IX -- 2a — X into T — 27Z. 
Which /laſt Equation gives this | 


_ — 


CANON. 


6. To the Produ& of the multiplication of the number of terms by the common ditterence, 
add the double of the firſt (ro wit, the leaſt ) term, and from the ſumm of that Ag. 
dition ſubtract the common difference , then multiply the Remainder by the number 
of terms; ſo ſhall the ProduCt be the double ſumm of all the terms, and conſequently 
the half of that ProduR is the required ſumm of all the terms. 

This Canon may be exemplified by the following (or any other) Rank of numbers 
in Arithmetical Progreſtion continued : | 
3» 7, Il, 15, 19, 23, 27- 


EFARQOP. I Xx 
2, T, Z are given ſeverally , 
ena 3 o 1s ſought. 
RESOLUTION. | 
2. By the Canon of Prop. t. . . . . « .> Te+|-Ta = 2Z, 
3. Therefore by «qual ſubtraftion of Ta, . .> To = 2Z—Ts, 
4. Therefore by dividing each part. of the ws — oo Is, | 
Equation by ; this ariſerh , "1 8 es. Ou 2 7 | 
Which }aſt Equation gives this | 
| CANOM. 

From the double of the ſum of all che terms ſubtra& the ProduR of the multiplication 
of the number of terms by the firſt ( to wit, the leaſt) term , and divide the Remainder by 
the nvrnher of terms ; ſo ſhall the Quotient be the laſt term, ſought. 

This Canon may be exemplified by the following ( or any other ) Rank of numbers : 
in Arithmetical Progreſſon continued : [ 
3» 7, 83 15, 19., 23, 27. 


PROP. X, 
, «, T, Z are given ſeverally , 


I» 


oat Foe X 1s ſought. 
| RESOLUTION. 
2. By the Canon of Prop. 8. . . of IlXb23T — TX = 327, 


. Theretore by equal ſubtraction of 2Te from 
each part, this will ariſe; to wit, . ., 'F SHO OOE =>. -3Z. — 206, 
. And by dividing each part of the laſt evil bee P CY. 


UJ 


> 


by TT — T, the common difference X will be Ss 
OZ © JW "OE. "36s 
Which laſt Equation glves this 
| CANON. 
- From the double ſumm of all the terms ſubtra& the double Produt made by the 
rhulriplication of the number of terms by the leaſt term , and divide the Remainder by the 
excels of the Square of the number of terms above the number of terms, ſo ſhall the 
uotient be the common difference ſought, | 
This Canon may be exemplified by the following ( or any other ) Series of numbers in 
Arithmetical Progreſſion continued : | 
3»7, Il 15, T9, 23, 27. 
FERACF Xl. 
"Ty 3 z» XN, Z are given ſcverally , 
@ 1s ſought. 


RESOLUTION, 
os. By the Canon of rep. 4. 4 pp 4 © 5 > —— + # ſa = 3, | 
| : 2. There | 


o o * * 


{ 


oa I eh OA 


J 
$ 
e 


_—Y 


Chap. 17- concerning Arithmetical Progreſſion. 127 


3. Therefore by multiplying that Equation by Ne? TOO, 

this will be produced; to wt, . . » . + 90 — 62-5 No FAM = 2ZNs 

4. And by tranſpolition of — as, this ariſeth ; -Þ @@-|- Xo + Xz = 2ZX-þ aa, 
. And from the laſt Equation by —— Ss 

, of Xa this ariſeth , os 3.00), I ea = CO Xa, 

6. Which Jaſt Equation falling under the firſt of the three Forms in Se#. 1. Chap. 15. 
of this Book , the value of @ ſhall be given” by the Canon in SetF. 6. of the ſame 


Chapt. viz. 


o = wv: IXX -|- 22X j- aa — Xa : — IN, 
Which Equation gives this 
CANON. 


From the ſumm of theſe three, numbers , to wit, the Square of half the common dif- 
ference ; the double Produ&t of the multiplication of the ſumm of all the terms by the com- 
mon difference ; and the Square of the firſt (to wit, the leaſt) term , ſubtra& the Product 
of the firſt term multiplied by the common difference, and extra& the ſquare Root of the 
Remainder ; then from the ſaid ſquare Root ſubtra& halt the common difference, ſo ſhall 
this laſt Remainder be the laſt and greateſt term ſought. 

This Canon may be exemplified by the following (or any other ) Rank of numbers 
in Arithmeticall Progreſſion continued : Ss 

3, 7, IT, I5 y 19, 23, 27: 


PROP, XII. 
=, X, Z are given ſeverally ; 
; 3 _ T is ſought. 
RESOLUTION. : 
2. The Canon of Prop. 8. pives this Equation, p XTT -- 2aT — XT = 27Z, 
3. Where in regard X 1s drawn into TT ( which” 
is the higheſt degree of the quantity ſought ,) let Tr 4+ 2aT — XT _ 2Z 
every term of the Equation be divided by X, X _— 
whence this Equation will ariſe , OE 
4. Now it muſt be diſcovered from the things given whether 2 exceeds X , or is leſs, of 
equal ro X, Firſt then ſuppoſe 2a = X, and then the laſt Equation may be ex; reſt thus; 
24.— X 2L 
TT + 7 I _ WEE, 
5. Which Equation falling under the firſt of rhe three Forms in Set. 1. Chap. 15, the 
value of T ſhall be given by the Canon in Set#. 6. of the ſame Chapr. viz. 
4, a4. — @X<+|-IXX |. 2ZX 2a —X 
T ==: + _ ; 
| XX 2X 
6, Secondly, if 2a == X, then the Equation in the third ſtep ſhall be expreſt thus , 
 R—2a \ "SS - 
TIT — — T = Se 
7- Which Equation falling under the fecond of the three Forms in $2. 1, Chap. 15. the 
value of T ſhall be. given by the Caron in Set. 8. of the ſame Chapt. viz. 
T=—=y: IXX —@Xjoaaſ-2Z%N | N—2a 


XX ; 2 Fl 
% Iaſtly; if 2a — X, then the Equation in the third ſtep wil) be expreſt thus ; 
IT = 27. « h == « 2c _ 
—_ Whence,  T al X 


The three Equations in the 5,7,and 8 ſteps give a threefold Canon to ſolve this 12 Prop. viz, 
Canon I. When the donble of the leaſt term exceeds the commin difference. 


9. To the Square of the excefs of the leaſt term above half the common difference add the 
double Produ&t of the multiplication of the ſumm of all the terms by the common dif- 
terence, divide the ſumm of that Addition by the Square of the common difference and 
extract the ſquare Root of the Quotient , then from the double of the leaſt rerm ſubrra& 

the common difference and divide the Remainder by the double of the common difference : 
laſtly, ſabtraRing this Quotient from the ſquare Root before found , the Remainder 
ſhall be the number of terms ſoughr. | | 

This 
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This Canon may . be exemplified by the following or the like Series of numbers in 
Arithmetical Progreſſion continued, where the double of the leaſt term exceeds the common 


difference of the terms : 
3» 55 7,95 Il, 13, 15, &c. 


Canon II. When the double of the leaft term 55 leſs than the common differentt of the terms, 


10+ To the Square of the exceſs of half the common difference above the leaſt term, ad( 
the double Produ& of the multiplication of the ſumm of all the terms by the corhmon 
difference ; divide the ſumm of that Addition by the Square of the common difference, 
and extract the ſquare Root of the Quotient ; then from the common difference ſub- 
tra& the double of the leaſt term, and divide the Remainder by the double of the common 
difference ; laſtly , adding this Quotient to the ſquare Root before found , the ſumm 
hall be the number of terms ſought. 

This Canon may be exemplified by the following or the like Rank of numbers in Arith- 
metical Progreſſion continued, where the double of the leaſt term is leſs than the common 
difference : 

2, 7, 12, 17, 22,27, 32, 37. 


Canon III. Whenthe double of the leaſt term is equal to the common differente of the terms. 


11. Divide the double of the ſumm of all the terms by the common difference, ſo ſhall 


the ſquare Root of the Quotient be the number of terms ſought. 
This Canon may be exemplified by the following Rank of numbers in Arithmetical 


Progreffion continued , where the double of the leaſt term is equal to the common difference 


of the terms : | 
3 9, 15, 21, 27, 335 39+ 


PROP. XIII. 


3 @, T, X are given ſeverally , 
5; rg Ns = is ſought. 


2 RESOLUTION. 

2. By the Canon of Prop. 7. ER RN © > TX—X-ba = oy 
3- Therefore by tranſpolition of TX — X , this Equation 78 wy 

will ariſe, which makes known the value of a; . .Þ$ ox TA. 

Which Equarton gives this 


EE CANON. ; | 
To the laſt ( that is, the greateſt ) term add the common difference, and from the ſumm 
fubtra& the Produt of the number of terms multiplied by the common difference; {0 
ſhall che Remainder be the firſt ( or leaſt ) term ſought, 
This Canon may be exemplified by the following or any other Rank of numbers in 
Arithmetical Progreſſion continued: | 
3» 7, 1I, 15, 19, 23, 27. 


P  FROP. ATV. 
3 w, T, X are given ſeverally,; 
; Z 1s ſought. 
"RESOLUTION. 
. By the Canon of Prop. 1. .. , « . .' + « » +oÞ To T6 = 2Z, 
. And by the Canon ot Prop. 13,” , . . . «. . > a +X—TX=a, 
- Which latter Equation if it be multiplied by T, will produce > To -{- TX—-TTX = T6 
. Then if inſtead of Ta in the Equation in the ſecond ſtep, / 
you take that which in the fourth ſtep is found equal to T=,Þ> 2Te-|-TX—TTX = 227, 
the Equation in the ſecond ſtep will be converted into this; 
ES - - - «- +»: » * + +, + «> 2a-|-X—-TXintoT=2 
Which Equation gives this | | 
CANON. 


To the double of the laſt ({ to wit, the greateſt ) term, add the common difference; 
from the ſanm ſubtra& the ProduR of the number of rerms multiplyed by the common 
| | | : F/ _— | difference: 
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difference : then multiply the Remainder by the-number of terms , the ProduR ſhall be 


\ 


& 


thedouble of the ſumm of all the terms ; and conſequently the half of that Product is the 


required ſumm of all the terms. 
This Canon may be exemplified by the following ( or any other ) Rank of numbers 


in-Arithmetical Progreſſion continued : 

Ss» 7» il, 15, I9, 23, #7, 3To 
TT "PROP. XV. © 
L 3 @», T, Z are given ſeverally ; 


« 1s ſought. 
RESOLUTION. 


2. By the Canon of Prop. 9. . 5 « « « « .> 3 = 6; 


3. Therefore - multiplying each part of that Equation _ 7 
by T , this mo gee 7, RP i: 5 
And b tranſpolicion 0 « In the Ia quation be 

* this will ariſe o '$ iz To.quIS4 

5. Likewiſe by rranſpoſition Ek To \this Equationariſeth, ? 2Z,— To = Ta, 

6. Therefore each part of the laſt Equation being di-p 2L _,_ , 
vided by T, the value of « will be made known, v4z. "* = 

Which Equation gives this 


CANON. 
Divide the double ſumm of all the terms by the nambet of terms, and froth the Quotienc 
ſubtra& the laſt (ro wit, the greateſt) term; ſo ſhall the Remainder be the firſt and leaſt term 
ſought: 
This Canon may be exemplified by the following ( or any other )- Rank of numbers in 
Arithmetical Progreſſion continued : 
3», 7» ITy, IS, I9, 23, 27. 


FROF.-XVL 
SO 3 w, T, Z are piven ſeverally 
jy Oo X 1s ſought. 
RESOLUTION. | 
2. By the Canon of Prop. be 5 '*.» 4, dal 26 | X—TX into T = x; 
3 NN 4. . > 2To-- IX — TER 5z; 


4: Therefore by due tzanſ voliti tion this Equation will ariſe, > 2To—2Z = TIX — IX, 


5. Therefore by dividing all in the laſt Equation by 2 21#—2£ __ y. 
TT—T, the value of X will be made known, 042. © Fr _— 
Whieh Equation gives this 


CANON. | 
From the double Produt of the multiplication of the number of terms by the greateſt 
term, ſubrra& the double of the ſumm of all the terms ; divide the Reraainder by the exceſs 
of the Square of the number of terms above the number of terms , ſo ſhall the Quotient be 
the common difference ſought. 
| This Canon may be exemplified by the following ( or any "_— Rank of numbers 
in Arithmetical Progreſſion continued : 
3, 7» 11, 15» 19, 235 37» 


PROP, XVII. 


, jy ; v/X, Z are given ſeverally ; 
th. <4 nd « is ſought. 


RESOLUTION. Ee 
2. B d == X; 
y the Canon of Prop.6. 5  » o < > +» Þ 27, — 0 << iy 


3- Thetefore each part of that Equation being multi- — NZX 
plied by 2Z—@—<«, there will ariſe, Ju '$ a9—as = 2XL—Xo—Xa, 
4- Whence by cqual addition of XX you will find, > au-|-Xo-{-Xet—as = Now 
R 


ow 
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| n———— 


Now before known quantities can be ſeparated from unknown in the Jaſt Equation, ] 
we muſt diſcover from the things given in the Propolition, Whether ww -|- Xu be equal, | 
greater , or leſs than 2ZX? Firſt therefore, : 


LEES oo oe ob ES +. > aw {Xo = 2ZXN, 
6. And then by ſetting © -|- X inthe place of 
2LX in the Equation in the fourth ſtep, there> as-|- Xo -|- Xa — @z = 9 +|- Xs, 
SS. . cc SS SEES SD | 
7. Whence by ſubtrafting ww X» from each part, and by tranſ- 
poſition of — ee, this Equation ariſeth; . . . . . . . 
8. Which laſt Equation being divided by a, gives . « . . . 


From the premiſes ariſeth this 
| | CANONM I. 


9. When the ſumm of the Square of the laſt ( ro wir, the greateſt ) term and the Produd | 
of the multiplication of the ſaid laſt term by the common difference of the terms is | 
equal to the double of the Product made by the multiplication of the ſumm and common | 
ditference of the terms , then the ſaid diffcrence is equal to the firſt or leaſt term ſought, | 

This Canon may be exemplified by the following Series of numbers in Arithme- 
tical Progreſſion continued : 4 


4, 8, $; ts, 25, 36: 


10. Secondly , ſuppoſe . : ; , «© . > ao Xo © 22X, ; 
21, Then from the Equation in the fourth ſtep, ' _, _ Xo 122; Y 
after due ReduRjon , there will. arife, . FTE To 289TH, | 
12. In which laſt Equation all things are known but « , and the ſaid Equation falls under 
the ſecond of the three Forms in Sect. 1. Chap. 15. Therefore the value of a, to wit, 
' the firſt ( or leaſt ) rerm ſought ſhall be given by the Canon in Se. 8. of the ſame 
Chapt. viz. | 


$ Xe = as, 
» 


[-1 


| 


atom bel OAT SE RO 


« ="Xoj- oi =o No - NT DELL: 
From the tenth and twelfth ſteps ariſeth 
CANONM II. 


13. If the ſumm of the Square of the laſt ( to wit, the greateſt ) term, and the Produt | 
of the multiplication of the ſaid laſt term by the common difference of the terms, 
exceeds the double of the Produ& made by the multiplication of the ſurmam and com- 
mon difference of the terms ; then to the ſurm firſt mentioned add the Square of half 
the common difference, from this ſurmm ſubtra&t the double Produ& above mentioned, 
and extra&t the ſquare Root of the Remainder : laſtly , add the ſaid ſquare Root to 
half che common difference, ſo ſhall the Summ be the firſt ( or leaſt ) rerm ſought. 

This Canon may be exemplified by the following Progreſſion : 


33 F5 To 93 II, l3, 
P Ge -|- Xo " 2ZN, 


14. Thirdly, ſuppoſe . DE I TOY 

15. But in this third caſe, to the end a poſlible | 
Equation may ariſe, this Determination is > ow -|- X»-|-£XX, not a 27X, 
—y Ws. > EE. 

16- Then from the Equation in the fourth ſte 
by rranſpofition of . - Xo, this will wie © $666 =27X— os — Xo, 

17. In which laſt Equation all things are known but a, and the Equation falls under 
the laſt of the three Forms in Set?. 1. Chap. 15. Therefore the two values of in 
that Equation ſhall be given by the Canon in Sef. 10. of the ſame Chap. viz. 


4 = 3X+ a : oo Xo + XX —2ZX: | 

Or, «@& = 3X—y/: a»-þ Xo-| INX—3TX: 'Y 

18. Whence it is manifeſt , that if in this third Caſe ic happens that vs þ- Xw -|- XX | 
= 2ZX, then @« = 3X; that isto ſay, the firſt ( or leaſt ) term ſought ſhall be 
equal to half the given diffevence of the terms, Bur if in the faid third Caſe is happens 
OT | :  _ 


"un 
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that @w -{-- X» + EXX & 2ZX, then there will be two unequal Roots or, values 
of «, to wit , thoſe above expreſt , by either of which the Equation in the ſixteenth 
ſtep may be expounded; yer ( as may eaſily be apprehended ) only one of thoſe values 
of a can be ſuch a firſt ( orleaſt ) rerm as will agree with the things given in the Pro- 
polition : But which of thoſe two values of « 1s the leaſt term ſought, you may diſ- 
, cover by the Proof formed thus, w:z. Firſt , by the help of one of thoſe unequa] 
valnes of « found out as above, together with the given laſt (to wit, the greateſt) tern 
and the given common difference of the terms, you may find out { by the Canon of the 
third Prop, ) the number of terms, ( which muſt alwayes be a whole number,) and 
then by the ſame value of « , together with the ſaid laſt term and the number of terms 
you may by the Canon of Prop, t, find out the ſumm of all the terms , then if this 
ſumm be equal to the ſumm given 1n the Propoſ. propos'd , that value of « by which the 
Proof was made, is the leaſt term ſought; But if that Proof will nor ſucceed, then 
the other value of « ſhall be the leaſt term ſought ; as will be evident by the Proof made 
; as before. Ws ug of en £9 
| From the five laſt ſteps there will arife 


6axow og on oo 
19. When the ſurm of che Square of the laſt (to wit, the greateſt) term, and the Produ& 


of the multiplication of the faid laſt term by the common difference, is leſs thanthe double 
of the Produ&t made by the multiplication of the ſumm and common difference of the 


7 terms ; but the Aggregate of the ſumm firſt mentioned arid the Square of half the corh- 
I mon difference is not leſs than the faid double Produ& ; then from the ſaid Aggregate 
L ſubtra& the ſaid double Produtt and extraft the ſquare Root of the Remainder ,, thar 


done, add the ſaid ſquare Root to half the common difference of the terms ; and alſo ſilb- 
« trat the ſaid ſquare Root from the ſaid half difference, ſo the Suntim or elſe the Re- 
mainder , (iz. ſuch of them, which by the Proof made according to. the direction 
| in the preceding eighteenth ſtep will be found ro agree with the things given in the Po- 
poſition,) ſhall be the firſt (or leaſt) tetm ſought, 7 "oe 7m 
This Canon may be exemplified by the rwo following Ranks of numbers in 
Arithmetical Progreſhon continued : | I EE | ant Srv i 
| | > 4, ®, $3, #6, 22 
II. 2, 7, 32, 17s 23,27» 


e& k 


PROP. XVIII: : 
F ES ; ®, X, Z are given ſcverally , 
2 T is required. 
RESOLUTION. 
2. By the Canon of Prop. 144 ; « « 6 » > 20T| XT—NITT = 27: 
3+ Therefore dividing every member of the faid Equation by X, ( becauſe it is drawn 
into TT the higheſ degree of the number ſooght,) this following Equation will ariſe, viz: 
20T -|- XT <q 2L.- ariom ile Tt .- 
Ss: Wn ar ID "* 
ths; 2X3 F. 2 FT 125, 
i "4 X ba . = p . "X" =_ Id : -4 / : 
4. In which all things are known but T , and the ſaid Equation falls under the laſt of the 
three Forms in Set. r. Chap. 15. Therefore the rwo values of T will be made known 
by the Canon in SelF. ro. of the ſame Chapt. viz. 


| af 2X as oj XJ ENX <27N 
T == + v: TIER 


XX 


: Or, T= Fa —y:; wo + oX + IXX —27X 
| | R 2 5. But 


5. But although the Equarion in the third ſtep may be expounded by either of the two 
Roots or values of T above expreſt in the' fourth ſtep, yer only one of them can he 


the number of terms ſought, bur which of the ſaid numbers, or values of T will folvethe | 


Propolition you may diſcover tfius : Firſt ,” If one of the rwo numbers or values of T 
before found out be a FraRion or a mixt number , thar value cannot be the number of 
terms ſought , for the number of terms in an Arithmetical Progreſſion is always a whole 
number. Secondly, Tf both the values of T happen to be whole numbers, then the true 
' number of terns ſought may be fiſcovered by this Proof ; viz. Firſt , by the help of 


one of thoſe values ot T in whole numbers, rogether with the given laſt (or greateſt ) ; 
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term; and the given common difference, find out (by the Canon of Prop. 13.) the | 


" firſt (ro win, the leaſt) term; and then by the fame number T, together with the firſt 


and aſt terms, find out ( by the Canon of Prop. 1.) the ſumm of all the terms , laſtly, |. 
If the ſumm ſo found our be equal to the ſumm given in the Propoſition propos'd , then ' 
that number or value of T by which the Proot was made ſhall be the true number of | 


rerms ſought. But if the Proof will nor ſucceed to find out, a number equal to the 
ſumm firſt given, then the other value of T is the number of terms fought , which will 
be evident by the Proof made therewith in the fame manner as before. 
From the premiſſes there ariſes this | 
| CANON. oy 

6, From the Square of the ſumm'of the laſt ( to' wit, the greateſt ) term, and half the 
common difterence , ſubtra&t the ' double of the Produc of the multiplication of the 
ſurm of all the terms by the common difference.; divide the Remainder by the Square 


- of the ſaid difference , and extra&t the ſquare Root of the Quotient. That done, add 


" the Taid ſquare Root to the Quotient which ariſeth by dividing the fumm of the laſt 
term and half the common difference by the difference it ſelf, and alſo ſubtra& the ſaid 
ſquare Root from the ſaid Quotient ; ſo the Summ , or elſe the Remainder ( viz. ſuch 
of them which according to the preceding fifth ſtep will be found to agree with the 
things given in the Propoſe.) ſhall be the number of terms ſought, | 

This Canon may be exemplified by the three ' following Progreſſions , in the firſt 


of which the greater of the two values of T (in the fourth ſtep ) is the number of ; 


terms ſought , but in each of the two latter Progreſſions the leſſer value of T is the num- 
ber of terms. ſought, | | 
. p\ Fy 33s 47, 225; 27, 32> 
_ | 23 5, $, 1, 14, 17, 20. 


111, 12, 204;28, 36,:44, $2, 60. 
I PROP. XIX. 
T, X, Z are given ſeverally ; | 
os 3 &. is ſouphr. ' FG A 
26 = 0: BEFOTUTION, - i {th 
2. By the Canon of, Prop. 10. | SY 9 IPO | : .> 2L -2Ta ww X, 


Po} | bn "7 — 1 
3. Therefore multiplying each part of that Equation ; 
” by ET —F, this will be, produced , to mh 'c ?2Z—2To = TIX — IM 
4+ In which laſt Equation: all things are known but «, / 
whoſe vaJue after due*ReduQion of | that Equation 
will be found our , ViR&s = ® ® . . o . 
Which. in -words gives this | | | 
7 dre "CANON, ok vt 
5. Divide the given ſumm of all the terms by rhe given number of rerms ; 'to the Quotient 
add halt the given. difference of the terms, and from theſumm of that addition ſubtrat 
half the Product of the multiplication of the \faid number of terms by the common 
difference ; fo ſhall the Remainder be the firſt (ro wit, the leaſt ) term required. 
- This Canon may: be exemplified by the following ( or any other) Series of numbers 
in Arithmertical *Progrefſion continued : . © » | ARE 
2,7, 12, 17, 22, 27, 32, 


a LIE 6X. *7 


« | 


PROP. 


mh CAE 7 


© Ceding,) and the nuttiber of terrhs. is 4, ( which we affurtied for the 


o 


Chap. 17. concerting. Arithmetical Progreſſion. Kal: 5 
PROP. XX. 
T, X, Z are given ſeverally , 
'y FE 3 &@ is ſought. 
RESOLUTION 
2. By the Canon of Prop 16. . . » . © op at =T'Y 


_ Therefore multiplying each part of that Equation ® _.... - 
by TT —T, this will be produced, to wit] 7 . 216 —2Z = TIX—TX; 
4. In which laſt Equation all things are known but @ , 7 

whoſe value, after due ReduRion of that Equaion 6: a 
will be diſcovered, viz . « «© « © + +0 
Which in words gives this 

CANON. 

5» Divide the given ſumm of all the cerms by the given number of cerms; to the 
Quotient add half the Produtt of the multiplication of the number of rerms by the 
common difference given, and from the ſumm of that Addicion ſubtradt half the ſaid 
difference ; the Remainder ſhall be the laſt (ro-wit, the greateſt) term required, 


This .Canon may be exemplified by the following or any other Rank of numbers an 
Aritiynerical Progreſſion continued : Winks IR 
2, 59.85 11, Ia: T7, 20. 


OO 


Pueſtions to exerciſe ſome of the Canons of the preceding Propoſitions. 


Queſt. 1, Suppoſe 40 Stones be ſo placed ini a ftreight line, that'the firſt {sdiſtaht front 
a Basket one yatd , the ſecondtwo, the third three, and the reſt in the ſame excels: 'tlow 
if ſome Foot-man undertakes to go from the Basket to ferch into it every Stone ofcafict 
another, how many Yards muſt he-go to perform.that work ? A4nſw,i 1640 Yards, © 
| Foraſmuch as the Foot-man muſt go 2 Yards. to wit, one-forwards ; and: the ſame 
backwards, ) to fetch the firſt Stone;into the Basket ; 4 Yatds for the; ſecond; 6 fot:the Þ © 
third, &c. here is'an- Arithmetical Progteſſion continued whoſe firſt (or leaſt) zerar is 2, 
the common difference of the terms:is-alſo 2 , and the. number of 'terms/is 46 z:therefore 
the ſurim of all the terms, to wit, the number of Yards ſought will bs found 1640; by the 
Canon of the preceding eighth Prop. * - - 'd 190 Orv? , or 249 


Oueſt.” 2. TwoFoot-men, A'and PB, depart at the ſame itimefrom Zaudhrotiards 
York, and travel in this manner , viz. A travelleth 8 ( or-o-YMilegevery day;- #:qra« 
velleth x Mile the firſt day, 2 Miles the ſecond day; '3 Miles the-third day, and fo forward: 
travelling'every!day one Mile more than-in the day next preceding :” the Queſtion is; 'to'fi 
in how many dayes.;Z . will ovettake 4 ? eAzſv. At the end of 15 days, found 


out by this following... : Et WELL TIt Xe 
1. For the numbet df dh ys that B had travelled when he overtook A, put 5: / 4 


2. Theti to' find: how* many Miles-'B” had travelled' when he over-' 
took A, there is an Arithmetical [Progreſſion continued wherein | - | 
the firſt and leaſt terth'is 1, (ro wit; rt Mile which B'travelled the | 

firſt day,) alſo the common difference is 1, (for the Queſtion faith | Di 5 

that B travelled every day 1' Mile more than in the day next pre- © 3 Þ 24 

number of days that 'B had travelled when he overtook A ;) there- 
fore the ſumm of all the terms (cor 'nomber of :Miles that B had 
travelled) will bythe Canon,of. the, preceding Prop, 8. be found to be | 

3. And becauſe A trayelled 8 (or. c) Miles dayly, and had travelled 
the ſame number of dayes ;as B: when B overtook A, therefore(. 
8 (or c) multiplied by: 4, produceth the number of Miles that 
A had then travelled, .to:Wity'; .. - Þ + + » » » o. + 


C4 


= 


134 
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- But when ZB overtook A, each had travelled the ſame number of 
Miles ; therefore the numbers found out in the two laſt ſteps muſt > 74aa-|- 74 = c, 
be equal the one to the other, viz. . «. « » « + +» + o» , 

5. Which Equation after due ReduCtion gives . « + + +» +p 4 = 2C—1 


Which in words is this | 
CANON, - 


From the double of the number of Miles that A travelled dayly, ſubtraft 1 (or Unity,) 
ſo ſhall the Remainder be the number of dayes ſought. | 

Whence the number of dayes required will be found 15, for the double of 8 is r6, 
from which ſubtraRing 1, the Remainder 15 is the number of dayes ſought; viz. Z will 
overtake A at the end of 15 dayes , as will be evident by 


* The Proof. 


If x5, be the number of terms,and 1 the firſt(or leaſt term, as alſo the common difference 
of the terms of an Arithmerical Progreſſion continued ; the ſumm of all the rerms will ( per 
Canon of Prop. 3.) be found 120, being the number of Miles which Z had travelled in 
15 dayes, (according to the Progreſfion of 1 Mile the firſt day, 2 Miles the ſecond, 
3 Mites the third, &c.) Alſo, A travelling 8 Miles every day, would in 1 5 dayes have 
travelled 120 Miles, Therefore the conditions in the Queſtion ate ſatisfied. 


Lueft. 3. A Merchant diſcharged a Debt of 1370 . by ſeveral Payments made in 

this manner, v:z. the firſt payment was 15 /. the ſecond payment exceeded the firſt by + /, 
the third exceeded the ſecond by the ſame exceſs, and the reſt of the payments in like 
manner.” -The Queſtion ts, to find how-many Payments the Merchant made in diſcharging 
the ſaid Nebt! _4uſw. 120, found out thus: 
' There is-piven in the Queſtion 15, to wit, the firſt and leaſt term of an Arithmetical 
Progreſſion continued.;. alſo & the difference of the terms , and 1 370 the ſumm of all the 
terms, to find the number of rerms, which ( by Canon 1 of the foregoing Prop, 1 2. of this 
Chapt.) will be found 120, SI Sy 7: 

Dueſt. 4. If a Debr of 1370 /. was diſcharged by ſeveral Payments made in ſuch man: 


ner, that the ſecond paynient exceeded the firſt: by 5 1. the third the ſecond, the fourththe - * 


third, &. :in the ſame exceſs, wiz. every following payment excceded the next preceding 
by-=1- and that the laſt payment was 21+ /. What was the firft ( ro-wit, the leaft:) Pay: 
mentr';/\and how many ſeveral Payments did the Debitar make ? Arſw.: The firſt and lealt 
Payment was 1 /z ( found our by Canon 2. of Prop 
was 120, found out by the Canon of Prop. 18..--.\ 


weſt; 7 A:Foot-man travelled 124 Miles in 8 dayes at-this rate, VIS... The Z 


«17.) and the.number of Payments. | 


ſecond dayes journey Exceeded the firſt by, 3 Miles, the third the ſeennd by 3 Miles, and | 


fo forward 'in that excels ;' How many Miles was his firſt dayes, jourgey , and how;many 
his laſt? Arſw. '5, ard 126 Miles ;:tound.out by the Canons of.,Prop.'1 9. and.20,.. | 


Qieft. 6, A Draper bought 2o Clothes for 20 Crowns a piece, and ſold thetidt 
Cloth for a certain number of Crowns.; the ſecond for two Crowiis more then the'firlt; 
the third for two Crowns more than' the fecond ;"and'ſo by increaſing the price of ey 
following Cloth by two Crowns more. than the next preceding Cloth , -he fold the lf 
Cloth for 41. Crowns. It is deſired to find the;number of Crowns for which he [old 
the firſt Cloth , and what he gained. or loſt by a the Clothes, __ . 3 

This Queſtion implyes an Arithmetical Progreſſion, whoſe number. of Terms is 20; 
the common difference of the Terms is 2 ; and the laſt Term is 41 : therefore by oe. + 


' Nnofi of Prop. 13. of this Chape. the firſt and leaſt Term-will be found 3, and then by.the 


Canon of Prop. 1. ( or by the Canon of Prop. 14.) the ſumm'of ll the Terms will be 


found 440. Whence 'tis manifeſt that the Draper gained 40 Crowns by the 206 Clothes; 
for he bought them for 400 Crowns, | and ſold them for 440... |. 
g 2 certain' nimber of poor perſon 


Pueft. 7. One diſtributed 456 Pence am | 
fence to the laſt- 5 1"Pences the:number d 


\ In this manner, v#z. To the firſt he gave 6 | 
Pence given to the ſecond exceeded thar given to the firſt, the third the ſecond”, and' ſo'for- 
ward to the laſt by an equal exceſs, The Queſtion is, to find how many poor: perſons 
there were ; and how many Pence every one between the firſt aud laſt received ? 


To ® 


ue hf. net iS 2; TR ID 
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To ſolve this Queſtion, an Arithmetical Progreſſion muſt be conceived, whoſe firſt Term 
is 6; the laſt Term.is 5t and .the ſumm of all the Terms 456 : then by the Canon of 
Prop. 5. the number of Terms will be found 16; and by the Canon of Prep. 6. the com- 
mon difference of the Terms will be found 3; wherefore there were x 6 poor perſons ; and 
if this Arithmetical Progreſſion, to wit, 6, 9, 12, Cc. be continued to the ſixteenth Term 
incluſive, it will ſhew the number of Pence which every one of the poor perſons received ; 
and all thoſe 16 Terms or numbers being added together, make the given ſumm 456. 


Bueſt. 8. A Stationer ſold 7 (or t) Reams of Paper, the. particular prices 
whereot were certain numbers of Shillings in Arithmetical Progreftion ; the price ot the 
ſecond Ream, that is, of that next above the cheapeſt , was 8 (or 6) Shillings ; and the 
price of the laſt or deareſt Ream was 23 ( or &) Shillings : what was the price ot each 
Ream ? | | 
RESOLUTION. 

1. For the price of the cheapeſt or firſt Ream put > "OY ab 

2. Then becauſe the price of the ſecond Ream was 8, 
(or b,) therefore by ſubtracting a from 8, (or 6,) 
there remains the common difference of the Terms 
of the Progreſſion, vis . . « +» « «+ 

3. Then by the help of the leaſt Term, the common, 
difference of the Terms, and the number of Terms, 
ſeek ( by the Canon of Pr-p 7. of this Chpr.) the 
laſt and greateſt Term , which will be found. . | ET 2 

4+ Which greateſt Term laſt found out miuſt be equal to 23 ( or c,), hence this Equation 
ariſeth, 212. | | | | 

48—5a = 23; Or, 24—taþtb—b =c. 
5, From which Equation after due ReduRion this ariſeth , viz, | 


8—a | Sang 


48 C4 54 PORT | YT YAY + 


5 22:9; = t—b —c, 
—_— f —2 
Which in words 1s this | 
| | CANON. 


From the ProduA of the price of the ſecond Ream of Paper (to wit, of that next above 
the cheapeſt ,) multiplied by the number of Reams, ſubtraR the ſumm of the prices of the 
ſecond and laſt Reams , then divide” the Remainder by the exceſs of the number of Reams 
above 2 : ſo ſhall the Quotient be the pt ice of the firlt (or cheapeſt) Ream, | 
 Whence, by the help of the numbers given in the Queſtion, theſe following numbers 
in Arithmertical Progreſſion will be diſcovered, which ſolve the Queſtion ; viz. 5; 8, 11, 
I4, 17, 20, 23. | 


neſt, 9, One being asked what were the ſeveral ages of his five ( or #) Children, . 
anſwered, that the age of the eldeſt exceeded that of the ſecond by 2 (.or x) years; and 
by the ſame exceſs the ſecond exceeded the third , the third the fourth, the fourth the 
fitth or youngeſt Childs age , and if the age of the eldeſt Child were multiplied. by the 
age of the youngeſt it would produce 128 ( or c ) years. It's defired to find out the 
age of every one of the five Children, ee 

The numbers ſought by the Queſtion are in Arithmetical Progreſſion. 


RESOLUTION. 


I, For the age of the youngeſt Child (being the leaſt | | 
Fre y the Arithmerical Progreſſion in the Que- a 4 
ml TY oe eo ew Tn 
2, Then by the help of 4, x and #, vz. the age of the [ 
youngeſt Child, the common difference of their 
ages, and the number of Children, ſeek (by the 
Canon of Prop. 7, of this Chapr. ) the age of the! 
eldeſt, that is, the greateſt Term of the Progreſſion, 
2 OI ber ho ve 
3- Lherefore the Product of the multiplication of the OF 
firſt and laſt Terms of the Progreſſion is . + © ty ad. aom_ = 
4. Which 


a-l-8 | a- tx _— 
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4. Which ProduR muſt be equal to 128. (or t,) the Produtt given in the Queſtion, hence: 


this Equation , v3z. aa-|-8a = 128; Or, aaþtxa—xa=c.. 
5. Wherefore, by reſolving the laſt Equation according to the Canon in SetF. 6. Chap, 1 ; 
the value of 4, that is , the age of the youngeſt Child will be diſcovered, v5z, 
x: ttxx — 2txx -|-xx 4c: — tx— x 
2 


4 = 8—= 
Which in wotds is this | Ps 
CANON: | 
From the Produ& of the number of Children multiplied into the common difference of 


their ages ſubtra& the ſaid difference , then to the Square of the Remainder add four times 


the Product of the age of the eldeſt Child multiplied into the age of the youngeſt, and 
extra& tlie ſquare Root of the ſurmm of that Addition: then from the ſaid ſquare Root 
ſubtra& the Produ& of the common difference of their Ages multiplied into the exceſs of 


the ngper of Children above Unity ; {othe halt of the Remainder ſhall be the age of 


the youtgeſt Child. | - 
Whence theſe five numbers are diſcovered, vzz. 8, 10; 12, 14,16 ; Which ſhew the 


number of years expreſſing the age of every one of the five Children : for the Produt of | 


the firſt and laſt numbers is 128 , and the common difference is 2 , as was required. 


Dueſt. 1o, If the ſumm of 6 (or t ) numbers or Terms in Arithmetical Progreſſion 
be 48 (or z,) and the Product of the common difference multiplied into the leait Term 


| be equal to the number of Terms ,; what are the numbers of that Progreſſion ? 


- RESOLUTION. 


1; Fot the cortimon difference of the Terms: put > © | 4 

2, Then according to the condition in the Queſtion , p Co 
if the number of Terms be divided by the common wa — 
difference, the Quotient is the leaſt Term, to wir, 4 | ""M 


3. Now by the help of the common diftcrence , the | 
leaſt Term, and the number of Terms , ſeek (by the 30 £4. tra 2 
eighth Prop. of this Chapr. ) the double ſumm of all a A 
the Terms , ſo you will find An A | 
4. Which double ſumm muſt be equal to twice 48 , the: ſuram given in the Queſtion; 
hence this Equation ariſeth , zz, 


$04 1 = 965 


2 . 2tt | T: 
That is, . . ttaþ — — 14 = 23 
F 
5, Which Equation duly reduced gives 
12s k—_ 4 _ = *- p-:- 
. 22, 2 
T—_ bs; «> FO EE 
it — 7k $ oo [ 


6: Wherefore by reſolving the laſt Equation according ro the Canon in Sett. 10, Chap. 157 
the two values of 4 will be found theſe, 03z. 
| 2+ 4: z2-þ 2tt —2tttt 


"- = 
| tr —tf 
a g— x: 22 + 2ttt — 2tttt k 
ke it'— 5 7 


' 7. Each of which values of 4, towit, 2 and £ may betaken for the common difference 


ſought. Then becauſe 6 is preſcribed in the Queſtion for the Produ& of the lealt 


Term multiplied into the common difference , ler 6 be divided by the ſaid 2 and ; 
feverally, and the Quotients 3 and 5 ſhall be the two leaſt Terms of wo Arithmetial 
Progreſlions, each of which will ſolve the Queſtion : And therefore 
The (1x numbers ſought may be either theſe, > 3, 5, 7, 9g, 11, 13; 
Or theſe "Sa AE, . . . og . o . . P Fs 65 3 7*, $3.3 93, I Is 
In each of which Progreſlions,. the number of Terms is 6, the ſumm of all the Terms 
is 48 ; and the common difference multiplied by the leaſt Term produceth the numb! 
of Terms, Which was preſcribed in the Queſtion, ir 


The end of the Firſt BOOK. 
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Book IT. 
| CHAP. I. Y A etl : = 
| bY | J \s 1407/3 901 310 SONS I] = 
Concerning the Geneſis or production of Powers , from Roots * 
IT Binomial, Trinomial , &c. <1 4 


*D;&4) Shall take ao granted, that the Reader of this Second Book of 
Þ Algebraical Elements is well exercis'd- in the Firſt ; and therefore 
72) without making any repetition of what hath been there explain'd at 
?P large, [ ſhall procecd to the handling of new matter in this myſterious 
Art. Firſt then, Foraſmuch as the extraftion 6f Roots is undoubredly 
the hardeſt leſſon in Vulgar Arichntetick , and the reaſon of the Rules 
delivered in moſt Treatiſes of Arichmetick for extrafting the Square 
and Cubick Roots is known but to few practical Arithmeticians, I ſha}l explain what 
our learned Divine, and famous Mathematician , Mr. Ws//zam Oughtred , hath ſuccinly 
delivered upon this ſubje& in the twelfth, thirteenth and fourteenth Chapters of kis.incom- 
parable Clavis Mathematice , to which end, in this and the following ſecond Chapters, 
I ſhall firſt ſhew the Genelis or production of Powers, from Roots binomial, trinomial, &c, 
and then, in the third and fourth Chapters, their Analyſis ; or the extraftion of the Root 
or Side out of any given Power , whether tt be expre(s'd by number or letters. 


11. If a Line or number bedivided into any two-parts, ſuppeſe -a the greater } and 
e the leſſer, theſe connet:d by the lign -|-. or — do conſtitute a binomial Root, as 
4—-e, or a—e; the latter of which -ſome call aireſidual Roor', "becavſe-it imports 
a Remainder, v4z, the difference of the:two Names or parts of the Roer. In like mariner 
theſe Compound quantities, a-|- 6 {ic ;'a— b — c; and the like ;{ may be called rxi-' 
nomial Roots, becauſe each of them conſiſts of three Natnes or patts : aid 'a|- b-|-c-[-4 
a qQuadrinomial Root, that is, a' Root cohliſting of four parts ; andſo of 'others. 
THI, From a Root binomial, trinomial , &e. Orme bees may be'produced 
n like manner as from a fimple Root, w#z.. by a' coftinned imilltiplication of the Root * 
nto it ſelf: As, for example, The binomial Root 'a--& beitig multiplied by it. ſelf, 
that is, ae by ae, produceth aa -|- 242 + ee the Square' of' &|* e.' '' Again; * 
If the Square 44 24e4ee be multiplied by its Root 4-j-e, the Product  wijl be 
ann|-Jaae-|- 3 act -|-cee , which is the Cube of the Root a + e; 'and'iF the ſaid-Cube 
be multiplied by its Root a+|--e, it will produce the foutth Power; andſo'you may proceed 
to find a fifth, (ixth , or what Power you pleaſe from the binomial- Root #-|-e:* ' Bur. 


bY 


for the greater evidence view the following Operation, | 
| ) Binomial 
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Binomial Root, . #4 -|-e 
a -|- e 
aa | ae 
| ae + ee 


— 
DP — 
- 


Square, Þ » « 4d | 24c-|-&e. 


a -Þe 


aan | 2 aae -|- ace 
= aac 2 ace -|- cee 


——_ — ————— 


— 


_———_— —— TT 


Cube, . . . aaa »|- 3aae +|- 3 ate -j-cee. 
ae 


m— 
— 
— — 


aaaa | 3anne -|- 3aace | acte 
| aane -|- 3aare | 24eee-|— cect. 


—_— S 


Biquadrate, . . aaaa-|-qaace + baare -|- qaeee | eeee 


After the ſame manner, if the Reſidual Root 4 — e be multiplied by it ſelf, the Pro- | 
du& will be 44 — 24e + ee the Square of 4 — e. Again , if the Square aa — 241 | 
be multiplied by its Root 4 — e, the Produtt will be aaa — 3 ae 3 ace — eee, which 
is the Cube of the Root 4 —e, And ſo you may proceed to find a fourth, fifth, or what 
Power yon pleaſe from the reſidual Root 4 — e; view the following Work. 


Reſidual Root, . Ae 
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a—e 
Ag — 4C 

— ae + ee 

Square, - « 5 aa—2aee. 
a—e 


aaa — 2 ace + ate 
— Age -|- 2a6e — eee 
Cube , «© © aaa — 3aat-|-3ate—ceet. 
A—eC 


PEE i —_ —— 


C—— —  ——— OD gp. ow. aw 


aaaa — '14aae -|— 7} aace — acct 
— aaae -|- 3 aaee — 3 acee | ecee 


Biquadrate, . « aaaa— 4aaae -|- Gagte — 4atee | evce . 


By thoſe twe Examples it is manifeſt , that the Powers from the Reſidual Root a —t ' 
differ only in the ligns + and — from like Powers formed from the Binomial Root 
4-þ-&, for in every Power of a reſidual Roqt, the ſigns prefixt before the patts or 
, members of the Power are alternately -þ- and — ; viz. the greateſt or firſt member 
is affirmative , the ſecond negative, the third affirmative, the fourth negative, and o ! 
forwards; as you.may ſee in the Cube of 4 — e, where aaa the greateſt extreme member | 
is afhrmative , the next number in order being — 3 aae, is negative , the third member 
þ- 3aee is affirmative ; and the laſt ( to wir, the leaſt) member — eee is negative, But © 
in every Power produced from a binomial Root whole parts are conneRed by -|-, as 4a-+% 
all the members of the Power are affirmative, | 


> ret ad 5 Lo ado 6 a 


IV. If according to the conſtruon in the laſt preceding Se&tion, a Scale or Rank 
of Powers be formed from a binomial Root, as from a-|-e ; the members of each 
Power to the tenth incluſive , will be fuch as you ſee in the following Table , where the tw9 
laſt Powers are compendiouſly expreſt according to Carreſins his way, A Table 

54 a 
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A Table of Powers, produced from the Binomial Root 4 -+ e: 
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V. By the foregoing Table it is evident, That the Square of 4-4- e conliſts of 
a8 -|- 24e | ee ; Which ſhews, that if a number be divided into any-two parts , the Square 
of that number ſhall be equal to the Squares of the parts , and to twice the Produt made 
by the multiplication of the parts one into the other, As, If x2 be divided into 10 and 2, 
which may be lignified by 4 and e, Then 


; The Squate of 1Oo® , ; 5; « j - &« _ 200] as 
p The Product of 10 multiplied by | 

| 2 is 20, which doubled makesF * * * 421724 
| The Square" df'> Bo . oi + 0 20 


Which three numbers, to wit, 100, 40 and 4 EEES hh 
added together, makethe Square of 12, viz.C 744 — aa þ+ 246 |-ee. 


: In like manner, the ſaid Table ſhews that the Cube or third Power of the binomial 
L Root ae conſiſts of the Cubes of the names or parts of the Root 4-and e, together 

with the triple of the ſolid ProduCt made by the multiplication of the o_"_ of the greater 
part 4 into the leſſer part e, and the triple of the ſolid Produ& made by the multipli- 
Cation of the greater part 4 into the Square of the leſſer part e. - This may be illuſtrated 
by numbers thus ; Suppoſe 12 to be divided into 15 and 2 , which may ( as before ) 
be repreſented by a and e; then the Cube of 12, or of ae, will be equal to the 
ſanm of theſe four ſolid numbers, viz. : 
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The Cube of 10s <. » > »  » + +» 2000 | aaa 

The Square of 10 is 190, which multi- Fl ; 
pled by 2 produceth 200, this tripled > . 600 3 age 
_—  - ca. | 

Again, 1o multiplied by 4 rhe Square 2 | : , 
of 2 , produceth 4o , the pes I20 ; 
—_  - oo... > | 

Tr Ce ef 2s 0 «© © > © ©», S eee 
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Which four numbers, viz. 1000, 600,120 
and 8, added tog-ther make the Cube of > 1728 — aaa-\-3 aae|-3aced-e, 
12, (or 12x12x12,) thatis, . , | 
After the ſame manner, the reſt of the Powers in the Table might be expreſt by words, | 
Whence 'tis evident that this Literal method diſcgvers many properties in Powers, which * 
in Numeral calculations do lie- in obſcurity, | | 
VI. Moreover, by a bare inſpeRion into the ſaid Table it may be perceived, that 
the number prefixt to every one of the mean members of every Power produced from the 
binomial Root 4+{-e, is compoled of the twg numbers prefixt ro the next ſuperiour and 
inferiour members of the next preceding Power: As for example, if you conceive the 
line upon Which 344e is ſet to be continued forth at length , it will paſs between aa, that 
Is, 144, and 24 in the foregoing ſecond Power ( or Square) now I ſay that the number } 
prefixt to ace is the ſumm of 1 and 2 the numbers prefixt to a4 and ae, Likewiſe 
the number 6 prefixt to «ace one of the members of the fourth power , is compoſed of 
3 and 3 the numbers prefixt to aae and ace in the third Power. Again, the number 15 
prefixt to aaaaee in the (ixth. Power, is the ſumm of 5 and 1o the numbers prefixtto 
aaaae and aaace in the fifth Power. Hence a Table may be made to ſhew what numbers 
are to be prefixt to the mean members of every Power. 


A 


2 For the Square, 


3. 5.3 For the Cube, 
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4 £5 6 «. 4 For the fourth Power, 


Smmma—onny 


+ 4 10 , 10 . 5 For the fifth Power. 


m— 


6 ., 15 « 20 » IF » 6 Forthelixth Power. 


_—__ + 235 +. 21 « 7 For the ſeventh Power. 


Ss - $$ . 6 4 70 _— . 28 , 8 For theeighth Power, 


 — — ———— —o—_—_ CO —o—n_—_—_—_y 


» 84 . 126 , 126 , 84 . 36 . 6s For the ninth Power. 


— 


IO + 45 . I20 . 2I0 . 252 , 210 . 120 . 45 « IO Forthe tenth Power, 


B T0 


In this Table , the numbers from A to B, and likewiſe from 4 to C, do proceed | 
from 2 in an Arithmetical Progreſſion having: 1 ( to wit, Unity ) for a common dif- | 
ference 5 and every one of the mean numbers ſtanding between the ſame Term of each | 
Progreſfion, is compoſed of the two numbers which ſtand next above each mean number 
reſpeQively: As, 6 which ſtands between 4 and 4, is the ſumm of 3 and 3 which 
ſtand above and oneach fide of 6; likewiſe 10, which is ſet between 5 and 5 , is the 
ſumm of 6 and 4 which ſtand above 10; and ſo of the reſt. So that this Table way 
be cafily continued farther at pleaſure. | | 

VII. Any Power of a Binomial or Reſidual Root expreſt by letters, may without 

a continued multiplication of the Root into it ſelf be ealily formed by the following, 
method, which is deduced from the- premiſes, viz, Suppoſe the fifth Power of '- 
| binomia 


Chap. 2. from a Binomial Root. 


binomial Root 4-[--e be deſired ; - Firſt , I write all the ſimple Powers of 4, deſcending 
orderly from the fifth Power downwards to the Root 4, as a44a4, aaaa, ada, As 
and 4, as here you ſee in the firſt Columel : then to | 


all thoſe Powers , except the uppermoſt aaaaa, I joyn ( * 

ſuch fimple Powers of e, that the ſumm of the In- _ T). (2) (3) 
UC 1MmPiICc S OT e, 
dices of both Powers may make 5, viz. To aana Aaaaaa aaaad Aagae 
I joyn &; tO aan, ce; I0 44, ceey and to 4, core; aaaa | aaaue | Fanlae 
then I write zeeee underneath, ſo there are [ix diſtinct 44a | aagee I caaace 
Members or Terms, every one of which conſiſts of «a aacce I 0a4cte 
five dimenſions, as you ſee in the ſecond Columel;, # aecee '5 acces 
that done , by the Table-in the foregoing Se. 6. ceeee ceeee 


] 6nd thar the numbers 5, 10, 10 and 5 are to be - 
prefixt betore the mean members of the fifth Power ; and avoyingly 
10 before aaace, likewiſe 10 before aarce, and 5. before geere ; aſtly, by prefixing -|-, 
or ſuppoling it to be prehixt beiore every one of the ſaid five members, the fitth Power 
of the binomial Root a <- e is compleated , as you ſee in the third Columel, and in 
every reſpect agrees with the fifth Power in the Table in the forgoing Set. 4. Bur if the- 
ſigns -|- and — be alternately prefixt before the members of the ſaid fifth Power, according 
to what hath been faid at the latter end of Se. 5. it will be the fifth Power of the Reli- 
dual Root a — e. | | 6s. MES £30 vt 


VIII. Laſtly, from a Root conliſting of three, four, or. any number of parts, the 
Square, Cube, or any higher Power of the Root may be produced by a continued mulki- 
plication of the Root into it ſelf: As , the Trinomial Root a-+ b-{-c being mulripli 
by it ſelf , irs Square will be found a4- 2ab-|-24c -|+ bb 2bc-þ- ce ; and this Square 
multiplied again by its Root 4 -j- þ |- © produceth the Cube of the ſame Root, that is, 
ans | 3aab-|- 3aac4- 3abb | 6abc -- 3 acc bbb | bbc -|- 3bce-|- ces After the 
ſame manner Powers may be produced from a Root conſiſting of four , or any number 
of parts. And if the conſtitution of Powers expreſt' by letters be ſeriouſly conlidered, 
it will be ſome help to diſcover whether an Algebraick quantity conſiſting of more than 
three Members or Terms be a perfe&t Power or not, and alſo give ſome light to diſcover 
its Root. 


[fer 5 before avant, 


Cuaivwp. II. 


Concerning the compoſition of Powers in numbers , from 
a Binomial Root. 


Sect. I. Of the compoſition of a Square , from a niumber given 
for the Side or Root. 


i, CMUppoſe the Square of the Root 28 be delired; Firſt write down the Root 28 
in ſuch manner that there may be ſpace enough to ſer one figure between 2 and $, 
and let a line be drawn under themy as alſo two downright lines , the one nexc 

after 2 , and the other after $, to the end the numbers which are to be found out may 

be orderly placed for Addition : then let the Root 28 be conceived to be divided into 
theſe two parts 20 and 8, and let @ be put for 
the greater part, and e for the leſſer. Now 
toraſmuch as the Square of 4+ e is aa--+24e 

-|-ee, therefore thz Square of 28, or of 20 

-|- 8 may be compoſed thus, viz. The Square 

of 20 is 400 ( or «4;) the double of 20 is 

40 (or 24,) which multiplyed by 8 (or e) pro- 

duceth 320 ( that is 24e;) and the Square of 8 


is 64 (or ee:) laſtly , the faid three numbers 400, 320 and 64 being ſet under one. 


2] 8] Root propoſed. 

A—=20 4190] 44 

| 31201246 

64| ee | IF 
7]84| Square required. 


another 


yn » 
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another, in ſuch order , that units may ſtand under units, tens under tens, Cc. and added 
rogether the ſumm makes 784 the Square of the Root 28 , as may eaſily be proved by 
mnltiplying 25 into it ſelf. EEE: 

2. When the given number or Root whoſe Square is delired conſiſts of three or more 
places, as 47803; Firſt, the Square of the two foremoſt figures towards the left hand, 
that is, of 47 , muſt be found our in like manner as before in the firſt Example, fo there 
will be produced 2209 for the Square of 47, as you ſee in the tollowing Example 2, 
Secondly , write 47 in a void place and annex a cypher to it, ſo it makes 470, this 
number muſt now be efteemed 4, and 8 the next following character of the Root muſt | 
be taken for e; and then according to theſe values of 4 and e, the numbers ſignified by as, | 
24e, and ce being added together make 228484 for the Square of 478, ( as you ſee | 
here underneath. ) Where obſerve, that to find the Square of 470, (that is, of 4,) 
you need only annex two cyphers to 2209 which was belore found for the Square of 47. 

hirdly, annex a cypher to 478 (1n a void place,) and it makes 4780 for a new value 
of a, and the next tollowing charaer of the Root, tro wit, ©, is the new value of e 
then according to theſe values of « and e, the value of aa -|- 242 5-ee is 22 848400; 
to wit, aa only; for e=0©o, and — 24e-|-ee = ©: fo theſaid 22848400 
is found for the Square of. 4780. Laſtly, by annexing a cypher to 4780 it makes 
47800 for a new value of a, and 3 the laſt figure of the Root is the new value of e: 
Then according to theſe values of @ and &, the ſumm of the numbers ſignified by as, 
24e, and ce, makes 2285126809 , Which is the Square of the ſaid given Root 4780;, | 
as may eaſily be proved by multiplying the ſaid Root by it ſelf. Compare the following | 
Example with the precedent dire&ions. = 
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Example 2, of Se, I. 


__4|7\8|0]3| Root propoſed, 
4a = 40 16 00) | aa 
" 3, WE $150! | 2 ae 
| tis 
a = 470 22|09.00 aa 
eo = 75120 246 
_ 4|_]_ | ce 
a = 4780 22184|84/00| | aa 
f = 0 oo 24e 
| TEDTE: BY: ÞL. ee 
4 = 47800 22|54|84Jooſoc| aa 
Ee = 3 2 8]58|00[2 4c 
©g] ce 
22\85|12[68}|09] Square required. 


ee ee 
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Sect. II. Of the compoſition of a Cube from a number given L 
for the Side or Root, 


1, Let the Cube of the Root 28 be deſired: Firſt, ] write the Root 28 in ſuch 
manner that there may be ſpace enough to ſer two figures between 2 and 8 , then having | 
| | drawn a line under 28, ard down-right * 

__2]__5| Root propoſed. lines as before in the Square, 1 co- | 


A — 20 8]0co| aaa ceive the Root 28 to be divided into | 
e = 8 9|600|\3ace 20 and 8, thatis, a and e, Now | 
31840 /3aee foraſmuch as the Cube of a-|-e5 &} 
___|$12} eee compoſed of theſe four members, vi | 

21/952| Cube deſired. aan, 3ZAae, Zace and eee, ( as appears 


| | : by the Table in Sef#. 4. Chap. 1.) 
therefore the Cube of 20 + 8 (that is, of 28) may be compoſed thus ; viz. Firſt , the 
Cube of 20 is 8000, that is, a4az) ſecondly , the triple of the Square of 20 rot 

| _—_— = mult 


— 
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multiplied by $ producerh 96co, ( that is, 2aae;) thirdly, the triple of 20 being 

multiplied by the Square of 8 produceth 3840 , ( that Is, 3aee;) fourthly , the Cube of 

8is53 2, (that is, ece -) laſtly, the ſaid four numbers 8000, g600, 3840, 512, being 

ſet under one another in ſuch order that units may ſtand under units, tens under tens, &<c. 

and added together make 21952 the Cube of the given Root 28, | ML 
2. When the given number or Root whoſe Cube is delired conliſts of three or more 

places, as 28503 ; Firſt, the Cube of the two formoſt figures , that is, of 2$, muſt 

be found out in like manner as betore in Example 1. ſo there will be produced 2195 2. 

Secondly , write 28 in a void place, and annexiug a Cypher to it , it makes 280, this 

number muſt now be eſteemed 4, and 5 the next following character of the Root muſt 

be taken for e ; then according to theſe values of a and e, the numbers ſignified by aas, 

| 34ae ," 3aee and ece being added together make 23149125 for the Cube of 285 , ( as 

you ſee in Example 2.) where obſerve , that to find the Cube of 280, that is, of a, you 

need only annex three cyphers to 21952 which was before found for the Cube of 28. 

; Thirdly , annex a cypher to 285 after it 1s ſer in a ſpare place, and it makes 2850 for 

2 new value of 4, and the next following CharaSer of the Root , to wit, ©, is the new 

, value of e: Then according to theſe values of 4 and e, the value of aag-(-: 3aae-|- 3 act 

| | ece is 231491250co, that is, aaa only; for e= 0, and conſequently 3aae -|- 

3aceÞ eee = ©, fo the ſaid 23149125000 Is found for the Cube of 2850. Laſtly; 

by annexing a cypher to 2850 it makes 28500 for a new value of 4, and 3 the laſt 

figure of the Root is the new value of e ; then according ro theſe values of 4 and e, the 

ſumm of the numbers fignified by aaa, 3aae, 3aee and eee makes 23156436019527, \ 

which is the Cube of the given Root 28503, as may ealily be proved by multiplying 

the "3 Root into it ſelf cubically. Compare the following Example with the precedent 

directions, | 
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Example 2. of Sed. II. 


. 0.8 | c| _ 3| _ Root propoſed; 
= 20 81000 AAA 
— 8 9:600 3aae 
31840 3aee 
312 eee 
= 280 2 1135 2/000 aaa 
==- 4 11175;000 3aae 
21200 (3ace 
I25 ece 
= 2550 231149[12 5jooo aaa 
= © $00 3aae 
000 3aet 
{ooof | ece 
| 4 = 28500 "23[149|125600 000] aaa 
: = 3 71310|25©c|00of3aae 
: 769|500[3ace 
| $1 |. | 25] cve 
; 231156,43501915271 Cube deſired, 
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FT Þ' Gs . CER Ws: 
Sect. ITI. Of the compoſition of a Biquadrate , or the fourth Power : 
The from 4a number given ſor the Koot, : 


t. Let the Root 28 be propoſed, and its Biquadrare or fourth Power deſired, | 
Firſt, I write the Root 28 in ſuch manner that there may be ſpace enough to (et 
three figures berween 2 and 58 , then having drawn a line under 28 , and downright lineg | 
as in former Examples , I conceive the Root 2.3 to be divided into 2o and 8, that is, .} 
& and e ; now foralmuch as the Biquadrate , or fourth Power produced from the Binomial 
Root 4 -|-e is 4494 -|- 4aaae + 6aace -|- 4aece——eree, ( as appears by the Table 
in Set. 4. Chapt. 1. ) therefore the fourth Power of 20 -|-8, (that is, of 28) 

may be compoſed thus, »1z, 
Firſt , the tourth Power of 


OC OE Ir te. 


wn ac. 


bo As EY IT 


-_ 2015 160000,(that 18 aa44;) 

_— - a Proc ſecondly, four times the Cube 
CLE ns,  _ of 20 being multiplied by 8 
x PRa FI produceth 2 5 6000, that is, 

ogs| eeee 4aaae; ) thirdly , ſix times 

NP . 4. ES PI the Square of 20 being mul. 

6114656] Biquadrate delired. |; 1:1 by the Square of 8 


produceth 15 3600, (that is, 
6aace ;) fourthly, four times 2o multiplied by the Cube of 8 produceth 40960, (that is, 
4aree ;) fifthly, the fourth Power of 8 1s 4096, (thar is, zeze;z) laſtly, the ſumm of all 
the ſaid Gve numbers, to wit, 160000, 256000, 153600, 40960, and 4096 tmakes 
614656, which is the fourth Power of 28 the Root propoſed ; as Will eaſily appear by the 
multiplication of 2 8 four times into it ſelf. 

2. When the given number or Root whoſe fourth Power is deſired conliſts of three 
places, as 285 ; Firſt, the fourth Power of the two foremoſt figures 2 8 muſt be found 
out-in like manner as in Example t..of this Se. ſo there will be produced 614656 for 
the fourrh Power of '28. Secondly , ler 28 be ſet in a void place, and annex a cyphee 
to it, ſo it makes 2 80 which muſt now be eſteemed 4, and 5 the next following charaQter 
of the Root muſt be taken for e, and then according to theſe values of 4 and e, the 
numbers ſignified by aaaa, 4qaaae, 6aace, 4arce and ecece being added together make | 
6597500625 , Which is the fourth Power of the given Root 255 , and the work will 'Þ - 
ſtand as you ſee in the following Example 2. After the ſame manner the work ts to 
continued when the given Root conliſts of more than three places, as is manifeſt by the 
following Example 3. 


Li 


Example 2, of Se&. III. 


5 


Root propoſed. 
aaan | 
4aaae 


6 aaee 
4acee 


EECCce ' 


OCOO 
ofofofe 
OOOC 
0000 
625 


aaaa 
4 AAGE 
6aace 
4acee 
eeee 


0625 


Biquadrate required. 
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E x4mplc 3. of Sect. II. 
2] 8 o 5] Root propoſed. 
A—20 1610000 _ | 
"3-8 2515000 4aaae 
I 513600 Gaaece 
4/0960 4acee 
4096 ecee 
4 = 280 ' 61]4656/0000] | aaaa 
e =O 0000 4aaae 
© 000 5aace 
OO090 4azece 
0000 eeee 
4 — 2800 61]4656;/0000 0000| 4a4aa 
E= 5 43 90'/40001]I0OC|44a4ae 
I 1/7 600]0000|6aace 
1 40ſ0000|4acee 
Gage 
'6r g058;17401062 5 Biquadrate delired. ; 


Set. IV. of the compoſition of the fifth Power from a number 
given for its Koof, X 


t. Let the Root 28 be propoſed, and its fifth Power deſired : Firſt, let the Root 28 
be written in ſuch manner that there may be ſpace enGugh to ſet four figures berween 
2 and 8; then having drawn a line under 28, and down-right lines as in the Examples of 
the precedent Sections, let 2 8 be conceived to be divided into 20 and 8, that 1s, 4 and &; now 
foraſmuch as the fifth Power produced from the Binomial Root a ſe is 44444 + 5acace 
1-1 0aaaee-|-1 caaree-|-5 accee-|—ecece, ( as IS manifeſt by the Table in Set. 4. Chap. 1.) 
Therefore the fifth Power of 20+|-8, | 


( that is, of 28) may be compoſed thus ; _ $$, 228 4 
Firſt, the fifth Power of 2o is 3200000, A —= 20 32/20000| aaaaa 
(that is, aaaan ,) ſecondly, five times the e — 8 64|00000| 5 aanae 
fourth Power of 20 being multiplied by 8 F1/20000|l Oaacce 
produceth 6.400000, ( that is, 5aaaae;) | 20/48000[1Oaacce 
thirdly, ten times the Cube of 2 being | 4\o960c Faceee 
multiplied by the Square of 8 produceth | 32768| eeccee 
5120000, (that 1s, 10aaace ;) fourthly, 172.10368| = 


ten times the Square of 20 multiplied by | 
the Cube of 8 produceth 2048000, (that is, 10aacee;) fifthly , five times 20 multi- 
plied by the fourth Power of 8 produceth 409600, (that is, 5 aeeee ;) fixthly, the filth 
power of 8 is 32768, (that is, ecece,) laſtly, the Summ of all thoſe fix numbers, viz. 
3200000, 6400000, 51200co, 2048000, 409600 and 32768 makes 17210368, 
which is the fifth Power of 2.8 the Root propoſed , as will ealily appear by multiplying 28 
five times into ſelf. 
2. When the given number or Root whoſe fiſth Power is deſired conliſts of three 
Places, as 285 , Firſt, the fifth Power of the two foremoſt figures 28 muſt be found our 
. In like manner as in Example 1. of this Sect. ſo there will be produced 17210368 for the 
fiith Power of 28. Secondly, let 2.3 be ſet in a void place and annex a cypher to it, ſo- 
It makes 280, which muſt now be eſteemed 4, and 5 the next following chataRter of the 
Root, muſt be taken for e; then according to theſe values of a and e, the numbers ſigni | 
tied by a4aaa, 5 anaac , I 04aaee, lO4zcee, 5 avece and efeee being added together —— | 
1880237678125 , Which is the fifth Power of the given Root 285, and the work will 
ſtand as you lee In the following Example 2. Nor will the Operation be more difficult, 
( though more laborions, ) to find the fifth Power of a number ( or Root ) conliſting of 
tour or more places, | | | | 
T Example 
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Example 2, of Sect. IV. 


2 _B _5F|_ Root propoſed. 
20 32 £0000 aaaaa 

64 00000þ fFaaaae 
51,20000 lOaagee 

20 48000 l Oaacee 

4\09600 Faceee 


32768 eecee 


280 172 T© 368 00009] aAaaaa 
15/36640,00000| FA4aaae 
548 80|o00000|1 0A444te 
980[00000|1 oaarce 
8/75000| 5accee 
© 3235] veer 
188102 87617812 5| . Fitch Power delired. 


[| {] 


nl 


By the precedent Rules and Examples of this Chapter, the ingenious Reader will eaſily 
apprehend , how to compoſe the fixth , ſeventh , or any higher Power , from a Root given 
in number and conſidered as a Binomial a+|- e, as before hath been directed. The main 
buſineſs conſiſting in a right underſtanding of the numbers ſignified by 4 and e, and in 
finding out the numbers anſwering to the members of the defired Power of a -{-4, 
according to the Table in SefF. 4. of the precedent Chape. 1. | | 


Gu4ar HI. 
Concerning the reſolution of Powers expreft by numbers : or, 
The extraGion of all kinds of Roots out of Powers give 


_  #n numbers. 


TEK, 1 2” = So —— —_ 
EE eo A Ee rn ae el Cn ies 
F225 IE IF + DIS, > Xe RI 


Fett. I. Of the extraTion of the Square Root out of a number given, 


1. ET it be obſerved in general, That the Reſolution of every Power given n 

number conſiſts in a regular Subtra&ion of thoſe numbers which are ſuppoſed 

: to be added together in the compoſition of each Power reſpeCively, according 

the Rules of the laſt preceding Chapter, wherein I preſuppoſe the Reader to be well exercisd, 

And for the more ready extraction of any Root , it will be convenient to have in a readineſs 

the reſpe&ive Powers of the nine ſingle figures ; as, if the ſquare Root be deſired , then 

the Squares of 1, 2, 3,4, 5, 6, 7, 8, 9 Will be uſeful , which Roots and Squares are exprelt 
in the following Tabuler. 
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2, When a whole number is propoſed and its Square-root delired, the number pro- © 
poſed muſt be prepared for Extraction , by diſtributing it into parts or members after this ©" 
manner; iz. Firſt ſet a point over the firſt or Units place of the given number , thei # 
pafling over the ſecond place ſer another point over the third , alſo paſling over the fourth © 
place ſet another point over the fifth ; and in that order , if there be more places in the Þ 
given number, points are to be ſet , ſo that between every two points which ſtand nextto | 

one another there will be one place without any point over it, Ab, Þ 

I19025 for example, it the ſquare Root of 119025 be delired, I ſet points F 

0D, as here you ſee, whereby the ſajd number is diſtribured into thre? | 

members, to Wit , 11, 90y 25. In like manner if the ſquare Root of 785 be iy" 3 
| | the 


Chap. J- out of a Number given. 147 


the points will ſtand as here you ſee, whereby the ſaid 784 is diſtributed into two 
members 7 and 84. The points ſer as aforeſaid ſhew the number : 
of places that will be found 1n the Root for if there be two points, 584 

there will be two places in the Root , if three points, then the Root | 
will conſiſt of three places, &'c. The points alſo ſhew what member of the number 
given belongs to the finding out of every fingle Charadter of the Root ſought, as is evident 
by the Rules in SeF, 1. of the precedent Chapt. 2. Thele things being premiſcd as 
preparatory to the Exeraion of the ſquare Root, I ſhall proceed to Examples. 


Example t. 


3« Let it be required to extract the ſquare Root of 784. By the preceding Rule 2, 
it is evident that the deſired Root confiſts of two places. viz. of ſome number of Tens 
under 100, and of ſome number of Unities under 1o ; which two numbers , ( agreeable 
ro the compolition of a Square in Set, 1, of the precedent Chapt. 2. ) may be repreſented 
by « and e, ſo that 4 and e ſignifies the Root ſought, and conſequently the Square 
of a-+e, that is, 44 þ- 24e-|- ee is equal to the propoſed number 784: Now to find 
out the number of Tens , (that is, 4,) in the Root, (after a crooked line is drawn on the 
right hand of the given number, that the Root, like the Quotient 


in Diviſion, may be ſer next after the {aid crooked line, as alſo 3 84 (: 
a down-right line next after cach of the points, as here you ſee,) 4 \ gf 
the firſt work in the ExtraQtion is alwayes to ſubtract the " 7 So 


greateſt ſquare whole number contained in the firſt member 
rowards the left hand, from the ſaid member , and to write the Ex 
Root of the ſaid ſquare number in the Quotient for the firſt ſingle figure of the deſired 
Root ; ſo 4 being the greateſt Square contained in the firſt member 7 , I ſubſcribe 4 
under 7, and ſet 2 the Root of the ſaid 4 in the Quotient z then after a line is drawn 
under .4 , I ſubira& 4 from 7, or, 400 from 784 , and there remains the Reſolvend 
334 , that is,-that part of the given number 784. which is yet to be reſolved. Now 
obſerve, that the ſaid 2 in the Quotient, in reſpe& of the next following unknown chara- 
Rer of the Root, is really 20, which is the number lignified by z in the Compolirion ; and 
the Square of 20, to wit, 400, is a4, Which being the firſt number found in the Com. . 
poſition, is the firſt number to be ſubtraQted in the Reſolution. Obſerve alſo, that the nexc- 
lingle CharaQter of the Root, whether it happen to be a figure or a cypher , is called +, 
which is yetqunknown. iO eat —— _—_ 

4. Then I proceed to find the value of e , that is, I tingle CharaRter with this condition, 
that the ſurmam of the numbers ſignified by 2 ae and ee may not exceed the Keſalvend 384, 
for from this number that ſumm muſt be ſubtrafted. * Now becauſe ( for the reaſon afore- 
ſaid ) 4 is 20, therefore 24 is 40, which muſt be eſteemed a Diviſor, and ſer under 
the Reſolvend; then I divide the ſaid Reſolvend 


384 by 40, and find the Quotient 5 for the | "1Q 21 / 
number e, provided it will — the condition cubtrat L 54 C F 
before-mentioned; and therefore 1 make tryal * 1 -. TEE 
(in a waſt Paper) to ſee whether 9 will ſatisfie _3]84|eſolvena. a 
the aid condition or not, in this manner , viz. 4=20 |4[24. Diviſer. 
If e be 9, and 2a 4o z then conſequently 2c e= 8 3]20|:ae 
4 5 360, and ee is 81; therefore 2 4e-|-ee = 441, CY 64] ee 
; this m_ to be ſubtrated from the Reſolvend © Sybtrat 7184) Ablatitinm. 
384 ; but 441 exceeds 384, and therefore can- —__——_— 
not be ſubtrated from it, ſo as to leave a rea] ils 


| Remainder , whence I conclude, that e muſt be ad | F SI G8 1 
: leſs than 9 : and therefore 1 make ;ryal with $ in like:manner as before with 9 , vie, It 
; e=8, and z4= 40, then conſequently 2ae = 320, and ee =64,' therefore 24e-| ee 
= 384 , Which may be ſubtraRed from the Reſolverd 324 ; wherefore I conclude that e, 
(that is, the figure which muſt follow 2 in the Quotient,) is 8, which I ſer in the Quotient : 
then 1 ſubſcribe 320 and 64 ( before found ) under the Reſolvend 384 ,' (in ſuch order 
that Units may ſtand under Units, and Tens under Tens ,) and adding the ſaid 320 and 64 
together, the ſumm is 3 84, ( which ſome Authors call the Gnewor, others, the Ablatstimns, ) 
which ſubtraed from the Reſo/vend 384 leaves 0; fo the whole Exiraftion is __ 
p& | an 
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and the ſquare Root of the given number 784 is tound 28, which is the true Root ſought , 
for 28 multiplied by 28 produceth 784. | | 


NOTE 1. 


The firſt Operation in the ExtraRion of the ſquare Root, is alwayes to ſubtraR the 
greateſt ſquare whole number ( that is, aa,) contained inthe firſt member ( rowards the 


left hand ) of the given number , from the ſaid member, and to ſet the Root of the ſaid - 


Square in the Quotient, ( as hath been ſhewn in the third ſtep, ) which Root is the firſt 
figure of the Root ſought. This work is no more repeated in the whole ExtraCtion , but 
the work in the fourth ſtep is to be renewed for the finding out of every following 
Character in the Root, 

. | NOTE 2. 


After the firſt figure of the Root ſought is known, and ſet in the Quotient, let it be 
Written in a void place and multiplied by 10, ( by annexing to the ſaid firſt figure a cypher 
towards the right hand,) then is the Produ& to be taken for the value of a, 1n order to the 
finding our of the firſt Diviſor. Alſo, when the firſt and ſecond CharaRers of the Roat 
are ſet in the Quotient, and there be yer another to come forth, then the number con- 
liſting of thoſe rwo CharaCters with a Cypher annexed to them is to be taken for a new 
value of a, in order to the finding out of the ſecond Di23/er. Likewiſe , when the firſt, 
ſecond and third CharaRters of the Root are ſet in the Quotient , and there be yet another 
to come forth, then the number conſiſting of thoſe three Characters with a Cypher annexed 
to them, is to be taken for a new valne of 4; and ſo forwards , when there be more Cha- 
raCters in the Root. The reaſon of which work is manifeſt from the Compolition of 
Powers in the precedent Chap. 2. 

But the letter e repreſents every ſingle unknown figure or cypher next following that 
part of the Root which is already diſcovered and ſet in the Quotient, This Note 
concerning the eſtimation of 4 and e is to be obſerved not only in the ExtraRion of the 
Square-root, but of any Root whatever, Y : 


NOTE 3. 


After the number ſignified by a is found out by Note 2. the Diviſor, which ſhews how 
to begin the tryal in ſcarching out the unknown lingle CharaCer repreſented by e, is con- 
ſequenly known: for in the Reſolution of every Power produced from the Binomial 
Root a-|-e, the Diviſor conſiſts of ſuch Powers of 4 as are multiplied into the Powers 
of e, and becauſe the Square-root of a+|-e is aa -| 24e ee, therefore in the extradtion 
of the Square-root the Dzvi/er is 24; fo that wheri the number @ is known, the Din 
ſor 2a is conſequently known, | 

NOTE 4 


When the Dzwiſor is found out by Note 3. as alſo the eAblatitinm , ( that is, the 
number to be ſubtraed, ) which in the extraCtion of the Square-root is compos'd of 24 
and ee , the two numbers (ignified by 24e and ee muſt each of them be ſer in ſuch order 
under the preſent Reſo/verd, (that is, the number remaining to be reſolved,) that Units may 
ſtand under Units, Tens under Tens, &c. to the end that the Ablatitium may be rightly 
compoſed and ſubtracted from the preſent Reſolvend. w_ 


NOTE 5. 


: When the Dz#2%/y is not contained once in the particular or preſent Reſo/vend, a cyphet 
(to wit, ©, ) muſt be ſer in the Quotient; and then the Reſo/vend muſt be augmented 


with the next member (towards the right hand) of the Power propoſed, for a new part- 


cular Reſolvend : Alſo a new Diviſex muſt be found out by Note 3, and the like is to 


be done as often as the Dijv4ſor is not contained once in the particular Reſolvend, The 


praice of theſe Notes will be ſhewn in the following Example. 


Example 


bf 
L bl 

yy 

* 
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* 
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= 
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Example 2. 


5. If the ſquare Root of 2285126809 be dclired, it will be found 47803 by the 
precedent Rules, and the work will ſtand as here you ſee underneath. 


22 85] 2'68/09| ( 47803: Kot, 
Subtract :-46}.:. EE: aa 
6j85] | | | Reſolvend, 
= 40 8ol | | [24 Diviſer. 
- 9 5160 | r?7 
_—_ 4 ee 
Subtract '  Gog| | Ablatitinm. 
[262] | | KReſolvend. 
; 4 = 4790 __ | $40] | |24. Diviſer. 
| e= 8 75]2o] | |2ae 
| Subtra&t HE :7 | 84) | | Ablatitium. 
| 1 ]8168| | _Reſolvend 


Bd I WOE... ... 
To 


: « = 4780 | | |24. Diviſor. 
| e= © | |zd68jog| _ Reſolvend. 
x a = 47800 .. | | g|56|00|24- Diviſor. 
' # = 3 | [a8[6d[o0|24e 

6 — 

: Subtra& 28|68|o9] Ablatitium, 
lo5 ooloo — 


| Explication of Example 2. 


The firſt Ggure of the Root is 4, ( by the foregoing Note 1.) whoſe Square 16. ſub- 
traſted from 22 the firſt member towards the left hand of the number propoſed leaves 6, 
to which the ſecond member 85 being annexed, there ariſeth 685 for the next Reſofvend 
Or to cauſe the ſame effet, ſuppoſe © to be annexed to 4 the firſt figure of the Roor , 
: and it makes 40, (that is, a,) whoſe Square 1600 (or 4a) ſubtrafted from 2285 the two 
A firſt Members of the number firſt propoſed, leaves (as before) rhe, Reſolvend 685, 
; Then , the firſt figure of the Root being found. 4, the value of 4 is 40, (by Note 2.) 
which doubled gives 80 for a Diviſor' to the Reſo/vend 685, (by Note 3) and then by 
dividing and making tryal as is direRted in the precedent fourth ſtep, the number e will be 
found 7 for the ſecond figure of the Root, and conſequently the numbers 'lignified by 
24e and ee are 560 and 49 ;theſe_.being ſet orderly and added together ( according to 
Note 4. ) make the Ablatitium 60g, which ſubtrafted from the ſaid Reſo/vend 685; 
there remains 76, ro which annexing 12 the third member of the number firſt propoſed, 
it makes 7612 for a new Reſolvend. | 

Again , the two formoſt figures of the Root being found 47, the new valne of 4 is 470, 
(by Note 2.) which doubled gives 940 for a Diviſot to the ſaid Reſolvend 7612, ( by 
Note 3.) then by dividing and making tryal as is directed in the fourth ſtep, the value of e 
; is found 8 for the third figure of the Root, whence the numbers lignified by 2ae and ee 
3 are 7520 and 64; theſe being ſet orderly and added together ( according to Note 4- ) 
| make the Ablatitinm 7 584, which ſubtratted from the Reſolvend 7612 before-mentioned, | 
; leaves 28, to which annexing 68 the fourth member of the number firſt propoſed, it 
| Makes 2868 for a new Reſo/vend. 
| i Again , the three formoſt figures of the Root being 478, the value of 4 is 4789, (by 

' Note 2.) which doubled gives 9560 for a Diviſor to the ſaid Keſolvend 2 858,(by Note 3, 
| thenby dividing as aforeſaid the value of e is found 0, therefore, ( according to Nore 5.) 
| 1 ſet © in the Quotient, and becauſe in this caſe the Ablatitiars is alſo o, the Reſolvend 
| 2868 from which the ſaid Ablatitizms ought to be ſubtrafted remains the ſame without 
* akteration; therefore by annexing og the laſt member of the number firſt propoſed; 
to 


—— 
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ro the ſaid 2868 it makes 2 86809 for a new ( and the laſt ) Reſolvend : laſtly , by 
proceeding as before , the laſt figure of the Root will be found 3 ; ſo that the Square-roq | 
ſought is 47803 ; tor this multiplied by it {elf produceth 2255126809 , the number 
whoſe Square-root was deſired. 7 R 

The premiſes may ſuffice ro ſhew a perfeft Method of extraRing the ſquare Root of 
a whole number having an exaCt Square Root , which I have explain'd at large, tha 
the reaſon and certainty of the Rules might be apparent : But this Method may be con. 
trated into more pra&ical and compendious Rules , as I have ſhewn in the 32. Chapt. of 
Mr. Wingate's common Arithmetick. —« | 

6. But when a whole number hath not a Square root exactly expreſlible by any ration! 
or true number , then to approach infinitely near the exact Root , firſt, payrs of Cypher, 
435 00, 0000, 000000, Or 008900000, Cc, are tobe annexed to the number given , then 
eſteeming the number given with the cyphers annexed to be one whole number , let its 
ſquare Root be extraQted according to the precedent. (or other praQtical) Rules ; that done, | 
look how many points were ſet over the number firſt given, tor ſo many of the forme 
places in the Quotient are to. be taken+for the Integers in the Root , and. the reſt following | 
thoſe Integers expreſs the fra&ional- part of the Root in decimal parts :, As, for example, © 
if the ſquare Root of 12 bedelired , 1 annex ſix cyphers to 12, thus, 12,000000 , and | 


then the ſquare Root of 12.000000 being extrated, it will be found 3.464, that is, | 
72+ ; bur becauſe after the ExtraRion is finiſh'd there happens to be a Remainder, I con- 
clude, that 37$$% is leſs than the true Regg, but 3758; is greater . than it. So thi | 
by annexing three pairs of cyphers , you will not miſs 555+ part of an Unit of the tte \ 
Root, and by annexing eight cyphers you will not want 755732 part ; and in that order | 
you may approach as near as you pleaſe when you cannot obtain the exact ſquare Root « © 
a whole number given. : . 
7. The ſquare Root of a vulgar Fra&tion is found out thus, viz, Firſt , if the Fraftion | 


ch ; : 
be not in its leaſt terms, let it be reduced to the leaſt rerms ; then extra the ſquare Roa ; 


of the Numerator for a new Numerator, and the ſquare Root of the Denominator far | 
a new Denominator , ſo ſhall this new Fra&ion be the ſquare Root of the Fradtion pro- | 


Rn. As, for example, the (quare Root of 77 is 4 ; likewiſe, the ſquare Roa | 
"o) E ts _ : R - WR... '' Rr 1 

But when either the Numerator or Denominator of a vulgar Fra&tion hath not a perfett 
ſquare Root, then to find the ſquare Root of that Fraction very near., firſt reduce the | 
FraRiqn tg a decimal FraQtion whoſe Numerator may conliſt of an even number of plags, | 
viz, of two, four, or (ix places, &c, then extraQ the ſquare Root of that decimal as if it 
were a wliole number, and the Root that comes forth ſhall be a'decimal Fraction expreſſing 
nearly the ſquare Root of the Fraftion propoſed: As, for example, if the ſquare Rt | 
of 22 be defired', 1 firſt reduce it to this decimal Fraftion ,81250p00 , ( for, as 16+ 
13 ::' toogooooo . $1250000,). then by extraCting the ſquare Roat of . 812 590g9 
as if it were a whole nimber, 1 find .g013 , that is 7333+ , which is near the ſquare 
Root of, 74, for it wants not 73552 part of an Unit of the exat ſquare Ry | 
| IM 7 : | | kn 

8. Faftly ; if the ſquare Root of. a mixt number be deſired, firſt reduce it to an impropet | 
FraQtion', and then extract the ſquare Root of that improper FraCtion as before ; bu it | 
ir hath not 'an exaR ſquare Root, 'then reduce the fraional part of the mixt pumſit | 
firſt propoſed to a decimal Fraction of an even number of places, and after this deciml © 
is annexed' to the Integers of the mixt number, extra& the ſquare Rogt aut of the whok, | 
then ſo many points as were ſet over the -Integers , ſq many of the format places in.the * 
Quotient are to be taken for the Integers in the Root , and the reſt expreſs the fractional © 
part of the Root in decimal parts: As, for example , the ſquare Root of 343+, that 5 
of £222, will be found *z, or 53 ; and the ſquare Root of 73, that is, of 7.666666, &6 
is 2.768, &c. that is, 272$2, Sc, | Fs 
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Sect. II. Of the extradion of the Cubick Root out of a nitmber given, 


1. For the more ready extraction of the Cubick Root of a number given, the following 
Tabuler will be uſeful, which ſhews ar firſt light the Cubick Root of any cubicai whole 
number leſs than 1000, 


ROOTS. : [2|3[4|5|5|7|8|9| 


} 


1] 


CUBES, 19 27|64 125/216(343 5I2 


20 When a whole number is propoſed and its cubick Root delired, the number given 
muſt be prepared for Extraction, by diſtributing it into parts or members after this manner, 
viz. Firſt , a point is to be ſer over the Units place of the given number ; then palling 
over the ſecond and third places towards the left hand , another point is to be ſet over the 
fourth place ; alſo paſlling over the fitth and (ixth places another point is to be ſet over the 
ſeventh place : and in that 'order as many points are to be fer as the number propos'd will 
admit , and conſequently between every two adjacent 
points there will be two places without points. So if the 


cubick Root of 1331 be delired, after points are ſet as is 1331 
above direRed, the ſaid 13 31 will be diſtributed into two SEMSY 
members, to wit, 1 and 331, In like manner if the cu- 941192 


bick Root of 21952 be required , the points will ſtand Ede oe 
as you ſee in the Example , and the ſaid 21952 will be = 
diſtributed into two members 21 and 952 , likewiſe this number 941192 being pointed 
in the ſame order will be diſtributed into the two members 941 and 192; and this nym- 
ber 23156436019527 intotheſe five members, 2 3, 156, 436,019, 527. The points 
ſhew the number of places that will be found in the Root; for ſo many points as there 
be, ſo many places will the Root conliſt- of ; they likewiſe ſhew what member of the 
number propos'd belongs to the extraction of every lingle Character of the Root ſought. 
3- The given number whoſe cubick Root is deſired may be conceived to be produced 
from the cubical multiplication of the Binomial Root 4-e , and then the ſaid number 
will be compos'd of theſe four members or ſolid numbers, viz. aaa, 34at, 3 ace and 
eee, ( as appears by the third Power in the Table in- Set. 4.. Chap 1.) Now becauſe 
the Reſolution of a Cubick number , wiz. the extraction of the cubick Roox, is deducible 
from the ſteps of the Compolition of a Cubick number from its Root, ( for ſuch numbers 
as are added in the Compolition are to be ſubtracted in the Reſolution ,) reſpect muſt be 
had to SetF, 2. Chap, 2. of this Book. 


Example 1. 


4. it be required to extra the cubick'Root of 21952. By the precedent ſecond 
Rule it is evident that rhe delired Root conliſts of two places, viz. of ſome number of 
Tens under 100, and of ſome number of Unities under 10, which rwo numbers, (agreeable 
to the Compolition of a Cube in SefF 2. of the precedent Chap. 2.) may be repreſented 
by & and e, ſothat a-|-e lignifies rhe Rooc ſought, and conſequently the Cube of ae, 
that is, a44 -|-» 3aae -|- 3aee-|-+cee Is equal ro the given number 21952. Now to hind 
Out the number of Tens, (that is, 4 ) in the Root, ( after a crooked line is drawn on the 
right hand of the given number, that the Root, like the Quotient in Diviſion , may be ſer 
next after the ſaid crooked line, as alſo a down-right line next 
after each of the points, as here you ſee.) The firſt work in 


the Extraction is alwayes to ſubtra& the greateſt Cubick whole 2 1 952 (2 
number contained in the firſt member towards the left hand, g ME 


from the ſaid member , and to write the Root of the ſaid Cube- I 3 952) 
number in the Quotient for the firſt ſingle figure of the delired | 
cubick Root : So 8 being the greateſt Cube contained in the | 
firſt member 21, I ſabſcribe 8 under 21 , and ſer 2 the cubick Root of the ſaid 8 in the 
Quotient , then after a line is drawn under 8, I ſubtra& 8 from 21, or, 8000 from 
21952, and there remains the Reſo/vend 13952, that is, that part of the propoſed number 
21952 Which is yet to be reſolved, Now obſerve, that the faid 2 in the Quorienty 
| in 


— — 
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in reſpect of the next following unknown choraRer of the Root , is really 2o , which is 
the number ſignified by 2 in the Compolition , and the Cube of 20, to wit, 8oog, 
is aaa, which being the firſt number found in the Compotition, is firſt to be ſubtraRed 
in the Reſolution. Obſerve alſo, that the next lingle charafter of the Root Whether it 

happen to be a figure or a cypher is called e , which is,yet unknown. = 
5. Then 1 proceed to find the value of e, that is @Tingie Charaer with this con. 
dition , that the ſumm of the numbers fignified by 34ae, 3aee and eee may not exceed 
the remaining Reſolvend 13952, for from this number that ſumm muſt be ſubtraQed, 
Now becauſe (tor the reaſon aforeſaid) 4 is 20, therefore 344 = 1200, and 34 = 60, 
then ſubſcribing the ſaid 1 200 and 6o under the Reſolverd 1 3 95 2,(in ſuch order that Units 
may ſtand under Units, and Tens under Tens, &«c. ) and adding them together , the ſumm 
is 1260.7 Which muſt be eſteemed a Diviſor, and ſet under the Reſolvend, Then by 
ſuppoling I were to divide the ſaid Refo/vend 13952 by 1260 , I find the Quotient 
exceeds 9, but e alwayes repreſents a ſingle figure or a cypher, and therefore it cannot 
exceed 9 ; Wherefore I make tryal with g (in a void place ) to ſee whether it wili anſwer 
the before-mentioned condition to which e is ſubje& , in this manner , viz. Foraſmnch 
as it was before found that 3aa=1200, and 34 = 60, it will follow , if we ſuppoſe 
e= 09, that 3aae = 10800, alſo 3ace = 


"ee 4860, and eee=729, therefore 3a 

Sabtraft 2 hed own wb 3 get | cce = 1 6389: this ought t0 
gee | em rm be ſubrrafted from the Reſolvend 13952, © 
131952 _ Reſolven, but 16389 exceeds 13952, and there- | 
4 = 20 _ 1]200]3aa | fore cannot be really ſubtracted from ir, F 
_ | 6g! whence I conclude that e muſt be kk | 
1/260] Diviſor. than 9 ; and therefore I make tryal with F 
+ —l6ocl3ane 8 in like manner as before with g ; viz, | 
"-— 9 ; 
3|840|3 ace Having before found that 344 = 1200, # 
cr ol ans _ 34 = = R , will follow, if we fp: 1 
— — png poie e=5$, that 3Zaae= 9600, alld | 
33,99? Ablerotoams. 3aee = 3840, and eve — " . therefore 7 
[ooc 3ane + 3ace =þ ece — 13952 , Which b 


f 


may be ſubtrated from the Reſolveni 


13952 $3 Wherefore I conclude that e, ( that is, the figure which muſt follow 2 in the { 


Quotient, is 8, which I ſet in the Quotient : then I ſubſcribe the three numbers before 
found, to wit, 9600, 3840 and 512 under the Refolvend 13952, ( in ſuch order that 
Unirs may ſtand under Units, Tens under Tens, &c. ) and adding together the ſaid three 
numbers ſo ſubſcribed, their ſumm makes 13952, ( the Ablatitinm ,) which ſubtrafted 
from the Reſo[vend 13952 leaves o. So the ExtraRtion is finiſh'd, and 28 is found 


to be the cubick Root of the propoſed number 21952; for 28 multiplied into it ſelf | 


cubically , viz. 28 x 28 x 28 produceth 2195 2, 


SUOTE# 80 


The brſt Operation in the extraction of the cubick Root , is alwayes to ſubtract the | 


greateſt Cubick whole number, (that is, 44a) contained in the firſt member ( rowards the 
left hand ) of the given number, from rhe ſaid member, and to ſet the Root of the ſaid 
Cube-number in the Quotient ; which Root is the firſt figure of the Root ſought, 35 
hath been ſhewn in the fourth ſtep. This work is no more repeated in the whole Es- 
tration, but the work in the hith ſtep is ro be renewed for the finding out of every 
following Character in the Root. 


NOTE 2. 


The number ſignified by 4 is to be found out by Note 2. in Sed. 1. of this Chapt: 1 


and then the Diviſer for the finding of the unknown ſingle Character repreſented by * 
is conſequently known : For in the Reſolution of every Power produced from the B- 


nomial Root a-|-e, the Divi/or conliſts of ſuch Powers of a as are multiplied into the | | 


Powers of e, and becauſe the Cube of ae is aaa -|- 3aae |: 3 ace -|- eee, thereiore 

in the extraRion of the cubick Root , the Diz;/or is compos'd of 3aa and 3a; ſo chat 

when the number 4 is known , the Dzvi/or 3aa + 34 is conſequently known. ; 
| NOT 


> #54:waac \ 
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| NOTE 3. E530 

| When the Divi/or is found out by the precedent Note 2, as alſo the Ablaritinm , 
which in the extraction of the cubick Root 1s compos'd of 3a4e, 3aee and eee; the 
numbers lignified by the ſaid* Yar, . 3 ace and eze muſt each of them be {cr in ſuch order 
under the particular or preſent Reſo!lvend , that Units may ſtand under Units; Tens under 
Tens, &c. to the end the Ablatitium may be rightly compoſed and ſubtraed from the 


Reſolvend. DP.” 
wo NOTE «4. 


When the D:viſoy is not contained once in the particular or preſent Reſo/vend, a cyphet 
(to wit, 0, ) muſt be ſet in the Quotient; and then the Reſo/vend muſt be augmented 
with the next member (towards the right hand) of the Power propoſed, for a new parti- 
cular Reſolvend : Alſo, a new Diviſer muſt be found out by Note 2. of this SefF. and 
the like is to be done as often as the Divsſor is leſs than the Reſolvend. 


The practice of theſe Notes will be ſhewn in the following Example. 
4 | , Example 2; 
f 6. If the Cubick Root of 231564360ig527 be deſired, it will be found 28504 


by the precedent Rules , and the work will ſtand as here you ſee underneath, 


; 231561436|019/527] (28503. | Roe, 
8_| || [eee 
151156] | | © | "Reſolvend, 
Ss = 9  Tizoo [344 _ 
| Gol | | his 


Subtract 


[512] eee 
Subtrat 13952] | |__| - Ablatitium, 
|__|. Keſolvend, 
a = 280 235 200 - Rs 


Subtra&  1/197]12F | Ablatitium. 
0007]311)019]__| Reſolvend, 
24367|500 344 


A 
to 
L--] 
_ 
O 
O 
wv 
+ 
Ie) 
Q 
_— 
wA 
O 
O 
I 
O 
(GS) 
5 
= 


, >} —2a36|825 500l Diniſer. 
| 25 0/000|3 4a , 
769]5 0013 ace 
Bey TEL 27] eee 
 p3r2forgh527 Ablatitinm, 


—— 
O 


| oſooolooojooo 


| Explication of Example 2. | : | 
The firſt figure of the Root is 2, ( by Note 1.) whoſe Cube 8 ſubtracted from 25 
the firſt member of the number propos'd leaves 1 5 , to which the ſecond member x 55 _ 
| S | u annexed, 


- Subtra& 
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in reſpect of the next following unknown choraQer of the Root, is really 2o, which iz 
the number ſignified by 2 in the Compolition , and the Cube of 20, to wit, 8000, 
is aaa, Which being the firſt number found in the Compotition, is firſt ro be ſubtraRed 
in the Reſolution. Obſerve alſo, that the next lingle character of the Root whether it 
happen to be a figure or a cypher is called e , which is,yet ynknown. 

5. Then I proceed to find the value oof e , that is Jingle Character with this con-: 
dition , that the ſumm of the numbers ſignified by 34ae, 3aee and eee may not exceed 
the remaining Reſo/vend 13952, for from this number that ſumm muſt be ſubtraRed, 
Now becauſe (tor thereaſon aforeſaid) a is 20, therefore 344 = 1200, and 3a=60, 
then ſubſcribing the ſaid 1200 and 6o under the Reſolverd 1 3 95 2,(in ſuch order that Ugits 
may ſtand under Units, and Tens under Tens, &c. ) and adding them together , the rafem 
is 1260, Which muſt be eſteemed a Diviſor, and ſet under the Reſolvend, Then by 
ſuppoling I were to divide the ſaid Reſo[vend 13952 by 1260, I find the Quotient 
exceeds y, bur e alwayes repreſents a ſingle figure or a cypher, and-therefore it cannot 
exceed 9 ; Wherefore I maketryal with g ( in a void place ) to ſee whether it will anſwer 
the before-mentioned condition to which e is ſubje&-, in this manner, viz. Foraſmnch 
as it was before found that 34a =1200, and 34 = 60, it will follow , if we ſappoſe 
e=09, that 3aae = 10800, alſo 3ace = 
4860, and eee=729, therefore 3aze 


211952| ( 28 | x 
| 34ee-|- eee = 16389 : this ought to 
Subtraft - i ſas be ſubtrated fromthe Reſoivend I _ 
| _23/952|_ Reſolvend, but 16389 exceeds 13952, and there- 
4 = 20 _ _ 1]200|3a8 fore cannot be really ſubtracted from ir, 
| 6e[3a__ whence I conclude that e muſt be lefs 
1/260 * Diviſor. than 9 ; and therefore I make tryal with 
IR 1 by” Goc|3zaat 8 in like manner as before with 9g ; 42, 
= 2|840[3 arc Having before found that 34a = 1206, 
£121 eee = 34 _ , . will follow, if we = 
— —— ole e=0o, that 3Zaae= 9600, allo 
1393? Ablaritizm. = = 3340, and eve — 5 5 therefore 
OOc 3age + 3aee + ece = 13952, Which 


| | may be ſubtrated from the Reſolvend 
13952 3 Wherefore I conclude that e , ( that is, the figure which muſt follow 2 in the 
Quotient,.) is 8, Which 1 ſet in the Quotient : then I ſubſcribe the three numbers betore 
found, to wit, 9600, 3840 and 512 under the Refo/vend 13952, (in ſuch order that 
Unirs may ſtand under Units, Tens under Tens, &c. ) and adding together the ſaid three 
numbers ſo ſubſcribed, their ſumm makes 13952, ( the Ablatitinm ,) which ſubtradted 
from the Reſolvend 13952 leaves o. So the ExtraRtion is finiſhid, and 28 is found 
to be the cubick Root of the propoſed number 21952 ; for 28 multiplied into it ſelf 
cubically , viz. 28 x 28 x 28 produceth 2195 2, \ | 


y 


NOTE 8 


The 6rſt Operation in the extraction of the cubick Root, is alwayes to ſubtract the 
greateſt Cubick whole number, (that is, aaa) contained in the firſt member ( rowards the 
left hand ) of the given number, from rhe ſaid member, and to ſet the Root of the ſaid 
Cube-number in the Quotient ; which Root is the firſt figure of the Root ſought, as 
hath been ſhewn in the fourth ſtep. This work is no more repeated in the whole Ex- 
traction, but the work in the hfth ſtep is to be renewed for the finding out of every 
following Character in the Root. 


NOTE 2. 


The number ſignified by 4 is to be found out by Note 2. in Sed. 1. of this Chapt. 
and then the Diviſer for the finding of the unknown ſingle CharaQter repreſented by * 
is conſequently known : For in the Reſolution of every Power produced from the Bi- 
nomial Root a-|-e, the Div;/or conliſts of ſuch Powers of a as are multiplied into the 
Powers of e, and becauſe the Cube of ae is aaa -|- 3aze-|- 3ace -[- ece, therefore 
in the extraRion of the cubick Root, the Divi/or is compos'd of 34a and 34; ſo that 
when the number 4 is known , the Diviſor 3aa + 34 is conſequently known. 


NOTE 
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NOTE 3. 


When the Diviſor is found out by the precedent Note 2. as alſo the Ablatitinms 
which in the extration of the cubick Root is compos'd of 3ae, 34ee and eee : the 
numbers ſignified by the ſaid* 3#at,. 3 ace and eze muſt each of them be {et in ſach order 
under the particular or preſent Reſo!vend , that Units may ſtand under Linits; Tens under 
Tens, &c. to the end the Ablatitium may be rightly compoſed and ſubtrated from the 


Reſolvend. I 
| NOTE. 4. 


When the Diviſor is not contained once in the particular or preſent Reſo/vend, a cyphet 


' (to wit, o, ) muſt be ſer in the Quotient; and then the Reſo/vend muſt be augmented 


with the next member (towards the right hand) of the Power propoſed, for a new parti- 
cular Reſolvend : Alſo, a new Diviſer muſt be found 'out by Note 2. of this Se&. and 
the like is to be done as often as the Div4ſor is leſs than the Reſolvend. 

The practice of theſe Notes will be thewn in the following Example. 

Exainple 2: 

6. If the Cubick Root of 231564360ig527 be delired, it will be found 28504 
by the precedent Rules , and the work will and as here you ſee underneath, 
| 2311561436|019'52-7)(28503. Roct, 
Subtract We. Es: ha þ pr aaa © 
=] | _ Reſolvend, 
& = 20 I;200 34a 
ALES 


—n————g———_— 
—_ 


Dwnſor. 
34ae 
3Zaee 

eee 


> 


Ablatitium, 


Im — 
A ————  — 
| ——— 


Subtrat 73952 [blai 
Reſolvend, 


— ..___—_ 


344 


34 


|2 36/040 WS  Deviſer, 


s = 286 235/200 | 


p ES 


3 age 

21/000 Jace 

11s 
Ablatitium, 


o19 "4-0 olvend. 


®Q 
[ 
A 
oy 
= 
WN 
Q 
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Subtract -- ju 


2850 
2 | 


l 1] 


| Dywsſor. 
ol 9fF27|__ Reſolvend. 


a = 28500 21436 75 0|000|3a4 

85150034 
2[436]325/500|_ Diviſor: 

5 = 3 713 10|z5 0j000[3 ae 

769 F00[3 ace 

| 27| eee 

7 3111019 $27 Ablatitium, 
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SubtraR 


Explication of Example 2. 


The firſt figure of the Root is 2, ( by Note 1.) whoſe Cube 8 ſubtra&ed from 27 
the firſt member of the number propos'd leaves 1 5 , to which the ſecond member 156 being 
u annexed, 
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annexed, there ariſeth 15 156 for the next Reſo/vend: Or , to cauſe the ſame effect, ſuppoſe | 
© to be annexed to 2 the firſt figure of the Root and it makes 20, (that ts, 4,) whoſe | 
Cube 8000 (or aaa) ſubtracted from 23156 the two formoſt members of the number 
firſt propos'd, leaves ( as before ) the Reſo/vend 15156. : 
Then, the firſt figure of the Root being found 2, the value of 4 I5 20, and the Diviſy 
is 1260, ( by Note 2.) and then by dividing and making tryal as is direted in the fore. 
going fitth ſtep, the number e will be found 8 for the ſecond figure of the Root, and 
conſequently the numbers fignified by 3aae, 3 ace and eee, are 9600, 3840 and 512, 
theſe being ſer orderly and added together ( according to Note: 3. ) make the Ablatitinn 
139527, which ſubtrated from the Reſolvend 151 56 leaves 1204, to Which anneting | 
436 the third member of the number firſt propoſed, it makes 1204436 for a new Reſe. | 
vend. The reſt of the Operation in Example 2. being but a repetition of what hath been 
dire&ted for finding out the ſecond figure of the. Root, I (hall leave it to the Learners 
raCtice, 
: The precedent Rules and Notes in this SeZF. 2. for extraQting the cubick Root of a whole 
number having an exa& cubick Root are expreſt at large, that the Reaſon of the work 
might be apparent ; bur this merhod may be contraRed inro more praRical and compen. 
dious Rules, as I have ſhewn in the 3 3. Chapt. of Mr. Wizgate's common Arithmetick, 
7. But when a whole number hath not a cubick Root exa&tly expreſlible by any 
rational or true number , then to approach infinitely near the exa& Root , firſt, ternaries 
of cyphers, viz three , or lix, or nine, or twelve, &c. cyphers are to be annexed to the 
whole number given , then eſteeming the number given with the cyphers annexed to be one + 
whole number, let its cubick Roar be extrated by the precedent ( or other practical) 
Rules: that done, look how many points were fet over the number firſt given, for ſo-many 
of the formoſt places in the Quotient are to be taken for the Integers in the Root, and 
the reſt following thoſe Integers expreſs the fractional part of the Root in decimal parts; 
As, for example, if the cubick Root of 8302348 be defired, I annex fix cyphers to + 
$302348, thus, $302 348.000000, and then the cubick Root of 8302 348.000000 | 
being extraQted , ir will be found 202.48 , that is, 202742 , but becauſe after the ex * 
traction 1s finiſh'd there happens ro be a Remainder, I conclude that 202738 is leſs than © | 
the true cubick Roor ſaught, but 2027E2 1s greater than it, fo that by annexing lix | 
cyphers you will not mis 55% part of an Unit of the true Root , and by annexing nine 
cyphers you will not want 7552 part , and in that order you may approach as near as 
ou pleaſe when you cannot obtain the exaCt cubick Root of a whole number given. 1 
8. The cubick Root of a vulgar Fraftion is foand out thus, viz. Firſt , if the Fraion ©: 
be not in its leaſt terms, let it be reduced to the leaſt terms , then extra& the cubick +: 
Root of the Numerator tor a new Numerator, and the cubick Root of the Denomi- 
nator for a new Denominator, fo ſhall this new FraRion be the cubick Root of the 
—_— propoſed ; as, for example , the cubick Root of ;# is 4, and the cubick Root 
of 5 is +, | 
9. Bur when either the Numerator or Dznowinator of a vulgar FraQion hath not 
a perfe&t cubick Root, then to find the cubick .Root of that Fraftion very near , firlt 
reduce the FraQtion to a decimal Fraction whoſe Numerator may contiſt of ternaries- of | 
places, viz. either of three, (ix, nine, or twelve, &c.. places, and then extra& the cubick | 
Root of that decimal as if it were a whole number, and the Root that comes forth ſhall 
be a decimal Fraction expreſſing nearly the cubick Root of the vulgar Fraftion propoſed: 
As, for example , if the cubick Roos of 4 be delired, I firſt reduce it to this decimal 
Fra&tion, . 666666666666, and then; by extracting the cubick Root of the ſaid deci» © 
mal as it ir were a whole number, I find' . 8735, that its, 74235 . which is near the cw» ' 
bick Root of +, for it wants not 73555 part of an Unic of the exact cubick Root of 2. 
10. Laſtly, if the cubick Root of a mixt number, that &, of a whoke number with | 
a FraQtion in its leaſt terms, be defired , firſt reduce it to an improper FraRion , and then | 
extract the cubick Root of that improper Fractian in. like manner as before in the eighth | 
ſtep; but it ir hath not anexa@cubick Root, then reduce the fra&ional part of the mixt |} 
number. firſt propoſed to a decimal, Frattien- whoſe Numerator may conliſt of ternaries | 
of places, and after this decimal is annexed to the Integers of the mixt number, extra&t the * 
cubick Root out of the whole, then {6 many points as wene fer over the Integers , ſo mauy 
of the. tormoſd places in the Quatient are ia be taken tos the Integers in the Root y and 
the reſt expreſs.the. fractional. part; oh the Roa in, decimal parts: Aa, tar example , the 
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| cubick Root of 1252 , that is, of *#2, will be found 7 or 27; and the cubick Root 
| of 22, that is, of 3.375 000000, &c. will be found 1.334, &c. that is, 1543*, &c; 


Sect, III. Of the extraTtion of the Biquadratick, Root out of 
a number given, 


1. The bricteſt way to extract the Root of a Biquadratick number, that is, of a humber 
produced. by the multiplication of ſome number or Root four times into it ſelf, is firſt 
to extract the ſquare Root of the number propoſed , and then to extradt the ſquare Root of 
that Root; 2s, ſor example, 1t the Koot of the Biquadratick number, or fourth Power 
256 be delired ; Firit, the {quare Root of 256 being extracted is 16 - and 'then the 
ſquare Root of 16 is 44 Which is the Root of the fourth Power 256 ; for 4 X4X4X4 
produceth 256. But my purpoſe being to explain the general Method for the extrating 

of all kinds of Roots, | thall upon that Foundation ſhew how to extra the Root of 

: a Biquadratick number. nnd o---. IP 
2. For the more ready extraction of the biquadratick Root, the following Tabuler 

will be nfeful , which ſhews at firſt {light the Root of any Biquadratick whole number - 


under 190000, 


NE ta Sr EN, 


ns. + [x [| 4 fe [7 [3] 5] j 


4096 6561} 


Fourth Powers. | 1 [16|81 256 |625 24S] 2908 


y 


3. When a whole number is propoſed, and it is defired to extradt the Biquadratick 
Root of that number, ſet points over the given number in this manner , vsz. firſt fer a point 


| over the Units place , then paſling over the three next places towards the left hand ſer ano- 
i ther point over the fifth place, and in that order as many points are to be ſer as the given 
| number will admit, that there may be three places berween every rwo adjacent points. So 


if the biquadratick Root of 614656 be delired, after points 
are ſet as is above direted, the ſaid 614656 wil) be diſtributed RW 
into = members, to wit, 61 and 4656: 2 like — 614656 
number 6597500625 being pointed in. the ſame order will be . FP 
diſtributed Row theſe three Lerman 65, 9750, and 0625. 6597500625 
The points ſhew the number of places that will be found in the  _ IF 
Root, as alſo what member of the number propos'd belongs to the extration of every 
ſingle CharaQer of the Root ſought, | ENTS 
4+ The given number whoſe Biquadratick Root is deſired may be conceived to be pro. 

duced from the multiplication of the Binomial Root 4-+ e four times into it ſelf, and | 
then the ſaid number will be compoſed of theſe five members or numbers, viz. 44aa, 
4aace, Gantt, 4acee, eee, ( 2s is manifeſt by the fourth Power in the Table in Se, 4. 

Chapt. 1. of this Book.) Now becauſe the Reſolution of a Biquadratick number, -z. the 

| extration of the Biquadratick Root 1s deducible from the ſteps of the Compolition of - 

a Biquadratick number from its Root , ( for ſuch numbers as are added in the Compoſition 

are t@ be ſubtraRed in the Reſolution,) reſpeR muſt be had.to SetF, 3, Chap. 2. of this Book, 


Example, 


ACRE, OY RE TE AE wok 


5. Let it be required to extra the Biquadratick Root of 614656. After the num- 
; ber given is prepared by punRations as before is dire&ed, I ſeek in the Tabulet in the 
1 precedent ſecond ſtep of this Set. 3. for the greateſt Biqua- (58; 

; dratick whole number contained in 61 the firſt member ( to- 61]. 656 (z 
| wards the left hand) of the number propoſed, and finding , of? | 
| it to be 16, I ſubſcribe 16 under 61 , and write 2 the Root —— 
| of the ſaid fourth Power 16 in the Quotient, for the firſt figure 45 
of the Root ſought 5 then after a line is drawn under 16, — _, 2p 
I ſubtra& 16 from 61, or 1600900 from 61 4656, and there remains to be reſolved 


454656, ts 
US: The 
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4656 
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Book 1I, 


The Diviſor 


the fi:ſt Ggure of the Roor, is always 


for the finding ont of e, that is, every CharaRer which is to follow : 
p inthe extraction of the Biquadratick Root compoſed 


of theſe numbers, 
44, tor theſe are all the Powers ot 4 tha 


VI, 4aaa, 62A, and 


611465 , (28. Root, are drawn into the Powers of e in the fourth 
Subtra& 16] __ [4448 Power of aſe; ( as is evident by the 
4514556] __ Reſolvena. Table in Sett. 4. Chap. 1.) and becauſe the 
A = 20 3]2 000|4 44a firſt figure of the Root is found 2, and 
2 400|6aa conſequently (by Note 2. in Set. r. of this 

| 80/44 Chapt. ) the number ſignified by 4 is 20, | 

"—31a480| Druſor. therefore the ſumm of the numbers ſignified | 
> OE "I5lGooolaaene by 4444, 6aa and 44 Is 34480, which is 
15[3600|6acce the Diviſor ; then ſuppoling I were to di. 

alog6olqacee vide the Reſolvend 454656 by the Diviſy | 

4096| eere 34450, "__ —_ —_— 9, = 

—— | ——— ,, . Inregard e alwayes repreſents either a ſingle * 

Subtraſt—@& 45]4656|__ Ablatitiam. fa or 4 ami it ——_—_ exceed 9 , and , 
olo000| therefore I make trial ( in a waſte paper ) 


with g , to ſee whether it will conſtitute an 
'Ablatitiuys that doth not exceed the Reſolvend 454656, viz. I ſuppoſe e=9; then # 
becauſe a was before found 20, the eAblatitinm which in the extraRion of the Biquz- | 
dratick Root is alwayes compoſed of 4aaae, 6aace, 4acee and eeee, will exceed the Reſs/- 
vend , from which it ought to be ſubtrafted: But if e= 8, then the Ablatirinm will 
be equal to the Reſolvend , and conſequently that being ſubtraſted from this , there will 
remain o, Wherefore I ſer 8 in the Quotient, and conclude that the Biquadratick Root 
of the given number 614656 is 28; for 28x28 x 28 x 28 produceth 614656. 


Sec. IV. Of the extration of the Root of the fifih Power given in number. | 


x. For the more ready extraction of the Root of any fifth Power given in number, thi 
Tabulet will be uſeful, which ſhews at firſt ſight the fifth Powers ot every lingle figure, 
and conſequently any fifth Power in number under 100000 being given , its Root is 
hereby diſcovered, | 


Roots. | 5th Powers. 
I I I 
2 32 : 
3 243 ; 
4 1024 E : 
5 3I25 
6 7776 
7 16807 | 
8 |. .32768 
9 3 9049 


2. When a whole number is given for a fifth Power and its Root delired , that. is , ſuch 

4 number which being multiplied five times into it ſelf will produce the given number, it 
muſt be prepared for extraftion by punCations in this manner , wiz, Firſt let a point 
be ſet over the Units place of the given number , then paſſing over the four next places | 
rowards the left hand, ſet another point over the ſixth place ; and in that order as many F 
points are to be ſet as the given number will admit , that there may be four places between 
every two adjacent points, So if the Root of the fifth Power 


172 10368 17210368 be delired , after points are ſet as is above diret-d, the 
2 : . faid 17210368 will be diſtributed into two members, ro wit, 17: 
1080287678125 and 10368: in like manner this number 18802 87678125 Wil 


: be diſtributed into theſe three members, 188, 02876 and 7125: 

os points - _ __ ſaid) m the number of places that will be found in the 
oot , as alſo what meraber of the number given belongs to the extraRion of ſingle 
charaQter of the Root ſought, , , __— 


3. Evif) 


Chap. 3- the fifth Fower given in number. 157 
3, Every. number conlidered as a fifth Power may be conceived to be produced from 

the multiplication of the Binomlal Root a-|-e five times into ir felf., and then the ſaid 

number will be compoſed of theſe ſ1x members or numbers, viz aaaaa, 5 aca, 

1 04aaee, 10 aacee, 5atece and eecee ; (as is maniteſt by the fifth Power in the Table in Set. g. 

Chap. 1. of this Book.) Now becauſe the Refolution of the fifth Power, viz the ex- 

traction of 4/(5) out of a given number, is deducible from the ſteps of the Compolition 

of 2 fifih Power from its Root given in number , .{ for ſuch numbers as are added in the 

Compoſition are to be ſubtradted in the Reſolution, the Learner muſt be cxercis'd in 


Seft, 4. Chap. 2. of this Book, 


CE ce a EET 


Exaniple. 


Let it be required to extra 4/(5) out of 17210368, wiz. to find a Root or num- 
ber which being multiplied five times into it ſelf will produce 17210368 : Afeer the given 
| . number is prepared by punRartions as before is directed, I ſeek in the Tabulet in the firſt 
, ſtep of this SeRion 4. for the greateſt fifth Power contained 


{ in 172 the firſt member ( rowards the left hand ) of the given oral Cn 
number, and finding it to be 32, I ſubſcribe 32 under 172, 172[1036d 

"and write 2 the Root of the ſaid fifth Power 32 in the Quo- 29 " 9S 
| tient for the firſt figure of the Root ſought; then after having 14c[1036t 


drawn a line under 32, I ſubrra& 32 from 172, or, 3200000 

| from 17210368, and there remains to be reſolved 14010358. | 

. Then to diſcover the Diz3ſcr, which ſhews how to begin the tryal in the finding out of e, 
; that is, every CharaRer (whether it be a figure or cypher) which is to follow the firſt 6gure 
of the Root, I take ſuch Powers of 4 as are multiplied into the Powers of e in the fifth 
Power produced from 4-|-e , viz. 54444, 10444, 1Caa and 54, ſothe ſumm of theſe 
four numbers make the Diviſor - and becauſe the firſt figure of the Root is found 2, and 
conſequently ( by Note 2. in Se, 1. of this Chapt.) the number lignified by a is 20, 
therefore the ſumm of the numbers {ignified by 5 a4aa, 1 04aa, 10aa and 54 is 884100, 
which is the Diviſor ; then ſuppoling 1 were to divide the Reſo/vend 14010368 by the 
Diviſor $84100 , 1 find the Quotient exceeds 9g, but in regard e alwayes repreſents 
a fingle figure or a cypher it cannot exceed 9 , therefore I make tryal (in a void. place) 
wich g, to ſee whether it will conſtitute an Av/atitium that doth not exceed the Peſofvend 
14910368, viz. I] ſuppole e=9, ther becauſe 4 was found 20, the Ablatitinm 
5anane + I Oaaace -|- 10agece | 5 aceee exceeds the Reſolvend from which ir ought ro 
be ſubtracted ; But if e = 8, then the Ablatirium will be equal to the Reſolvend , and con- 
ſequently that being ſubtracted from this, there will remain o , wherefore I ſet $ in the 
Quotient ; ſo 28 is found to be the /(5) of the given number 17210368, for 28 x 
28 x28x28 x 28 produceth 17210368. Compare the following work with the pre- 
cedent Rules of Sett. 4. 
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Root. 
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Ablatitium, 


By the precedent Rules and Examples of this Chapt the ingenious Reader will eafily 


perceive how to extend this general method to the extraction of the Roots of all Kinds 


of 
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en, 


of Powers in numbers, viz. of the ſixth, ſeventh, eighth, &c. Powers; as alſo to find 
out the Roots infinitely near of ſuch Powers as have not Roots exactly expreſſible by 
any rational or true number. . 


CnavPr. IV. 


Concerning the extraGiion of Roots out of Powers 
expreſt by Letters. | 


I. F'N a ſeries or Stale of Powers produced from a Root, ſuppoſe from 4, as 1n this 

ſeries, 4, 44, aaa, A4AA, anaan, 4F, a", a®, cc. thoſe Powers only whoſe Indices 

are even numbers are Squares z as 4a, 44aa, 4*, 4*, &c. ( whoſe Indices are 2 4, 
6, 8, &'c.) are Squares: and thoſe Powers only whoſe Indices are diviſible by 3, are 
Cubes, as aaa, aaaaaa, 4?, &c. ( whole Indices are 3, 6,9, &c. ) are Cubes. There- 
fore every Power whoſe Index is a Prime number greater than 3, as aanaa, 4, 4", &c) 
(whoſe Indices are 5, 7, 11, Cc.) is neither a Square nor a Cube. But every Power 
whoſe Index is diviſible by 6, as 4*, 4*, 4**, &e. is both a Square and a Cube, becauſe 
the Index is diviſible both by 2 and by 3. GC 


IT. If a Simple quantity be expreſt by the ſame letter repeated an even number of 
times, the ſquare Root thereof is ealily extraſted ; for the Root muſt be ſach that its Jiudex 
may be the half of the Index of the Quantity propoſed : As, 4 az, (that is, the ſquare 
Root of aa,) is 2; for 1, the Index of the Root 4, is the half of 2 the Index ot the 
Square aa: in like manner 4/aaaa is a4, whoſe Index 2 is the half of 4 the Index of 
the Square 4444: again, 4/aaaaaa is aaa, Whoſe Index 3 1s the half of 6 the Index 
of the Square 4*. 


IIT. And with the like facility you may extra the Cubick Root of a Simple quantity 
which is expreſt by one and the ſame letter repeared ſuch a number of times as is divilidle 
by 3 ; for the Cubick Root muſt be fuch that its Index may be + of the Index of the Cube 
propoſed : as, 4/(3)aaa, ( that is, the cubick Root of the Quantity 444, ) is 4, whole 
Index 1 is 4 of 3 the Index of aaa: in like manner 4/(3)«* is 44, whole Index 2 is 
3 of 6 the Index of the Cube af. 


IV. If the Index of a ſimple Power expreſt by the ſame letter be ſome Prime numbe 
greater than 3, as 5,7, I1, &c. then neither 4/(z) , nor 4/(3), nor any other Roo: 
except that denoted by ſuch Index or Prime number can be exa&ly extracted out of th 
ſaid Power : ſo no Root can be exactly extracted out of aaaaa or a, but (5), whic 
is 4; nor any Root out of a7 but /(7) which is alſo 4. But when the Root cannc 
be exaaly extracted, the ſign of the Root is to be prefixt to the Quantity as to expre' 
the ſquare Root of aaaaa or 4, | write /aaaaa or y/4 : likewiſe I expreſs the cubick 
Root of 4', thus, 4/(3)a' ; and (4) of 4”, thus, y/{4)a” , and fo of others. 


V. When ſome Power of an unknown ſimple Root 4 is found equal to ſome known 


number, and the Index of that unknown Power is not a Prime number, then the value of 


the Root 4 in number may oftentimes be diſcovered by two or more extractions more 
eafily than by one ſingle extra&tion of a Root out of the ſaid unknown number. As, 
for Example; 


If there be propoſed or found out : 5: : 9.  ., 3 5 . aaaana = 729 
Then to find out the value of a, you need not extract the y/(5) 
of 729 by the general method before delivered in Chap. 3. but firſt 
by that merhod extra the ſquare Root of 729, and then by> | aaa =" 27 
SefF. 2. of this Chapt. rhe ſquare Root of aaaaaa, fo thole two 
Roots compared give this Equation, viz. , . . , . , , 
Laſtly , by cxrraRing the cubick Root of each part of the laſt? .. i 
Equation, the value of 4 the Roor ſought is diſcovered, v5z, E's EW 
=> my 


RI SF 
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er |. 


Or thus, 
Firſt , by extrating the cubick Root of each part of the E- 


: Aa — 
vation propoſed , there ariſeth bis. 0/6 14: 4 2 ans 9 
, And was by extraſting the ſquare Root of each parr of the laſt x 
Equation, the ſame value ot the Root 4 is found ont as before, to wit, F * TY 
In like manner, if .. . . + . + »| © + © ©» » © ® 6 20009 
Firſt, by extraCting the cubick Root, It gives  . . « « > « &# = 27 
And apain, by extraRing the Cubick root of that Root the FER. | 


Root 4 is made known, wiz. - —— 3 4 32> $6 


VI. When two or more Squares, Cubes, or bther Powers expreſt by different letters 
be multiplied one into another, then if the Root of each Power , vzz. the ſquare Root 
if they be Squares, or the cubick Root if they be Cubes, &c be extracted, the Produkt 
made by the multiplication of theſe Roors one into another ſhall be a like Root of the 
Power or Produdt firſt given : As, for example, 4/aabb is ab, which is the Produ& of the 
ſquare Roots of as aid $6; likewife, y/(3)4:nd46 Is ab, which # tht Prodii of the 
cubick Roots of 4s and bbb. | Ky 203-5 | | 

Again, y/aabbee is nbe , which is the Prodact 'of the ſquate Roots of #4, bþ ahd te; 
in like manner, 4/(3)27aaabbb is $ab, which is the Produtt of the evbick Roots of 2 7, 
aaa and bb ; and y 16 aabbce is 4abe, which is the ProdyR of the ſquare Roots, 6f 18, 
aa, bb and cc. The like is to be underſtood of 6thers . 03 

Burt if the ſquate Root of 544#b be delired , becauſe 4 is hot f Syitare ; tha THEURoGr 
is to be expreſt either thus, y/ 5 aabb 4 vr thus, 4/5 * ab ; of thus, 4bþ4y/5. In like tHthner, 
to denote the ſquare Root of aaabbb I write 4/a3b3: and to (ignifie the etbitk Rove 
of aabb, I write /(3)aabb, but the cubick Rout of 3aabbb thiy bs Writte\ her 
thus, /(3)34%3; or thus, /(3)3 x48; Of thus, aby/(3)3. | 


Concerning the extraiFion of Roots ont of Compound quantities 
expreſi by Letters. | 


VII. Before the Learner enters upon the Extration of Roots out of Compound 
Squares, Cubes or other Powers expreſt by letters, he ought to be well exercis'd in the 


eighth and ninth Chapters of my firft Book of A/gebyiical Zlthehrs , 25 all6 ih thi Fore- 


going firſt , ſecond and third*Chaprery of this Book , tid in the precedeft Rilles of chis 
Chapter; all which well underſtood will render the follewing Rules #f4 Examples of 
this Chapter very plain and eafe, 


VIII. Rules for the extraition of Square Roots ont of Colupound 
| Duantities expreit by Letters. 


Rule 1. Set the patticular members of the compound Algebraick quantity whoſe* 


ſquare Root is required, in ſuch order, that one of the (imple Squares may ſtand outermoſt 

towards the left hand , ahd next after the ſame ſuch'other member or mewbers wherein you 

find the ſame letter or letters as are in the faid fimpte Square ; then the ſquare Root of the 

ſaid ſimple Square is to be ſer in the Quotient for the firſt member of the compound Root 

ſought, and the Square it ſelf is the fixſt Quantity to beſubrrafted from the compound 

—_ propoſed. This is the firſt work, which is no more to be repeated in the whole 
Xtraction, 

Rule 2, Double the Root before (4 it thee Quotient for the firfl DIviſif, likewiſe, 
to find every following Divi/or , double every [maple Quamity char Nands in the Quotiehr, 
and take the ſamm of the Produts for the D5vifor. SD | 

Rule 3. When the Diviſor is found our,divide only the firſt ſimpleQuantity(rowards the 
lefthand ) in the Refotvend, by the firft fimgte Quantity in te D5viſors anid fer thar which 
comes forth next after the member or members of the Root ſought that was b&forEfound our. 

Rule 4. After the firſt frenple Square is fobrraGted ( acconding to Rale z. then every 
following Ablatitians, that is, the ſara of the Quantities r& be fubtracted Sy the reſpe- 
Qtive Reſolvend, muſt be compoſed of theſe two Pxodutts, viz. the Frodu& made by the 
multiplication of the whole D#zi/ar by thaf particular Quariticy which was laſt ſer in the' 
_ and the: Square of the ſame (imple Quantity. =. 


The praRtice of theſe Rules will be apparent in the following Examples. BY 
| XAms 
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Example 1. 


Let it be required to extraR the ſquare Root of aa-|- 2ab -- bb. : 
Firſt , I extract the ſquare Root of aa, and it is 4, which I ſer in the Quotient ; then 
multiplying 4 by it ſelf, 1 ſer the Produ& ag under, and ſubtract it from the quantity firſt | 
propoſed, and there remains 2ab-| bb. This is the firſt work which anſwers to Rule 1, | 


and is no more to be repeated, 


a9d-$684-66 


The Square , ( a + 6b. The Root, 
Subtract aa 
Remainder , A 2ab | bb 
Diviſor, -|-24) 
Subtra&t + 246 4-bb | 
Remainder , "—- f 


Secondly , the Diviſor ( according to Rule 2.) is 24, which I ſet under 246. 

Thirdly , I divide + 2ab by the Diviſor -- 24, and the Quotient is -þ- 6, which 
I ſer next after a, (the particular Root before found out,) accconding to Rule 3; 

Fourthly , I multiply the Diviſor + 24+by 1-6, ( that was laſt ſet in the Quotient,) # 
and the Produ& is + 246, to which adding + 6b, ( the _—_— of +6,) the ſummis | 
246 -|- bb, which (according to Rule 4.) I ſer under and ſubtra& from the Reſolvend Þ 
+ 2zab + bb, and there remains o: ſo the ExtraQtion being finiſh'd , the Root ſought 
is found 4b; for if it be multiplied by it ſelf it produceth a4 +|- 2 a& -{- bb the quantity © 

- firſt propoſed. | | 

Note. By what I have ſaid in the eighth and mnth Chapters of my firſt Book of Ale. 
braical Elements, 'tis ealie to diſcover at firſt ſight whether a Compound Algebraick 
Quantity conlitting of three Terms be a perfe& Square or not, and if a Square what its 
Root is. Nevertheleſs, in.this firſt Example I have expreft rhe work at large accord 
to the four Rules betore given , that the like Operation may the more ealily be perceiy 
in the following Examples. | 


E xample 2, 


If the ſquare Root of 44— 24b | 2ac— 2bc 4 bb cc be delired, it will be found 
4—b-|-&, by the precedent Rules, and the work ſtands as here you ſee underneat» | 


The Square, a4—2abþ2ac— 26bc-|- bb {ce | ( a- bc. TheRoot 
Subtract aa | 
Remainder, — 2ab -|-24c — 2bc + bb J-cc |; 
Diviſor , +24) 
Subtract — Lab4-th | 
Remainder, <—2ac—2bc cc | 
Diviſor , + 24 —2b) 
Subtract  Þraar—2bc+c 
Remainder oO S © | 
| Example 3. 
In like manner the ſquare Root of 6444bb-|- 32abe — 144ab + 4cc— 36c +81 
will be found 846 + 2c— 9 ; as is manifeſt by the following Operation. | 
' The Square, 64aabb + 324bc — 144ab-|-46c— 36c + 81 | ( 8b 2e—9 | 
Subtra& 64aabb | 
Remainder , + 32abc — 144ab |-4cc— 36c | 8 | 
Diviſr, tara tho 
Subtra& + 32abc + 4cc 
Remainder — 144ab — 36c | 81 
Diviſor,, | -|- 16ab |: 4c Job 
Subtra>t — 144ab — 36c -- $1 
Remainder, o 0 0 


Example + Þ 
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Example 4. 
Again , the ſquare Root of 44dd-|- 24ddb -- 3 ddbb | 24bbb -\- bbbb will be found 
dd -|- db -|- bb , and the Extraction ſtands thus ; 


The Square, | 24% |- 34%? | 2463 -|- b+- | ( ad -j- db -|- bb. 


py 
Subtract d* 


Remainder, +|- 2b 3##*+]- 2463 -|-b* 
Diviſor , 24" ) ; 
Subtract |< 246+ df 
Remainder , 2 fb* + 246) -þ- b* 
Diviſor 5 |-» 2 4* l 1 2 ab ) | 
Subtra&& |= 2 *6* -|-- 2463 -|- b* 
Remainder, © O o | 


IX. Rules for the exlra@&ion of Citbick Roots out of Compound 
Quantities expreſt by Letters, 

Rule 1, Set the particular members or parts of the Compound Algebraick Quantity 
whoſe cubick Root is required , in ſuch order , that one of the {imple Cubes may ſtand 
outermoſt towards the lett hand, and next after the ſame ſuch other members wherein you 
find the ſame letter or letters as are in the ſaid ſimple Cube ; then the cubick Root of the 
ſaid fimple Cube is to be ſer in the Quotient for the firſt member of the Root ſought , and 
the ſimple Cube it ſelf is the firſt Quantity to be ſubtra&ted from the compound Quan- 
tiry propoſed. This is the rſt work, and no more to be repeated in the whole ExtraQion, 

Rule 2. The firſt Diviſor muſt be compoſed of the triple of the Square of the Root 
before ſet in the Quotient, (which triple Square I call the firſt part of the Diviſor,) and the 
triple of the ſame Koot, ( which triple Root I call the Jatter part of the Divifor ;) likewiſe, 
every follbwing Diviſor muſt be compoſed of the triple of the Square of the ſum of al 
the ſimple Quantities or parts of tlie Root already found ont and ſet in the Quotient, an 
of the triple of the ſame ſum, | | DOR 

Ryle 3. When the Diviſor is found out, divide only the firſt ſimple Quantity ( to- 
wards the left hand )) in the Reſolvexd , by the firſt imple Quantity in the Diviſor, and ſer 
that which comes torth in the Quotient , next after the member or members of the Roor 
ſought before found our. | - 13 

Rule 4. After the firſt ſimple Cube is ſubtrafed, (according to Rule rt.) then every 
following Ab/atitinm,that is,the ſurom of the quantities to be ſubtracted from the Reſolverd, 
muſt be compoſed of theſe three Produts , viz. Firſt, the'P:oduft made by the multi- 


plication of the firſt part of the Diviſor, (to wit, the triple Square mentioned in Rule 2.) 


by the ſimple Quantity laſt ſer in the Quorient ; ſecondly, the Produ& mide by the 
multiplication of the latter part of the Diviſor ( to wit, the trip]e Root or ſumm mentioned 
in Rule 2.) by the Square of the ſame ſimple Quantity ; and thirdly , the Cube of the 
faid ſimple Quantity laſt ſet in the Quotient. ot. | 

Ihe praQtice of theſe Rules wili appear in the following Examples. 


Example 1. | | 

© Let it be required to extra&t the Gubick Root, out of a4a + 3aae -|- 3a4ce eee. = 
| Firſt, beginning at the left hand, 1 extract the cubick Root of aaa, and it is a, which 
I fet 1n the Quotient, then multiplyin the ſaid Root a cubically it makes aaa, which I 
ſubira from the Compound quantity En propoſed for ExtraRion , and there remains to be 
reſolved --|-. 3aae -|-» 3aee | eee. This is the firſt work, which anſwers to Rule 1. and is 

no more to be repeated in the whole Extraction. ' | "7 

The Cube 9 aaa -|— 3aae -|-- 3aee -|- eee ( A —_ # The Roor. 

Subtract aaa | 
Remainder, |-+ 3 aae 'a 34ee -|- eee 


Diviſor, -|- 344 -- 24) 
Subtract |= 3aae |— 3aee -|- eee 
Remainder , o "ET 2 


X Second! Y, 


—— 
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Secondly , I ſeek a Diviſor thus, 2zz. to -|- 3aa, which is the triple of 44 the Square 


of the Root 4, I add -|- 34 the triple of the ſaid Root a, and the ſumm 344+ 3a is 


the Diviſor , which 1 ſer underneath the remaining Reſo/vernd, according to Rule 2. 
Thirdly, according to Rule 3. I divide + 3aae by -|- 3aa, and It gives -|-e, which 
I ſet in the Quotient next aſter 4. | 
Fourthly , to find out the eAblaririum ( or quantity next to be ſubtratted ); I make 
a threefold Multiplication .. viz. Firſt, I multiply - 344 ( the firſt part of the Diviſor) 
by -|-e the Root laſt ſet in the Quotient, and the Product is -- 34ae, ſecondly, 1 multi. 
ply -|- 34 the latter part of the Diviſor by -|-ee the Square of the ſaid Root e , and the 
Produc is -|- 3aee; thirdly. I multiply the ſaid Root e cubically, and the Produ&t 1s eee; 
laſtly, I ſubtra& the ſumm of the ſaid three Produdts from the Kefs/vena, and there remains o, 
So the ExtraRion is finilh'd, and a-|- e is the true Cubick Root ſought ; for if it be myl- 


tiplied cubically , it will produce aaa + 3 aae + 3aee 4 ece firſt propoſed, 


Example 2. 


In like manner, the cubick Root extracted out of 12 54a4+|-22 544e-- 135aee +|- 27eet 
is 5a-{-3e, and the work ſtands thus : 


The Cube, I254aa- 22 5aae-|- 135g -27eee | (54-|- 3e. Root, 
Subtract 125aada 
Remainder , + 22 5aae -|- 135 ace -|- 27eee 
Diviſor , | 75aa-|-154) 
Subtract -|- 22 5aaen|- 1 3Face -|— 27eee 
Remainder , © o -O 


Example 3. 


So the cubick Root of 274* — 544 -|- 1714 — 18843 | 28544 — 1504 +|- 115 
will be tound 3aa— 2a-]- 5, and the Operation ſtands thus : | 
h | The Root, 
Cube, 274* — 544 + 171at — 18843+|- 28542 — I50a-|-125|(3aa— 2a; 
Subtr. 274® | 


Rem. — 548 + 1718) — 18843-|- 28544 —1504-[- 125 
Diviſor, | 274*+ 94a) | 

Subtr.- — 544) | 364* — 843 ” 
Rem. -|- 1354* — 18043 + 28544 —150a-|-125 
"EM | 274% — 3643 | 1244 | 

Diviſor, 3 Ws 6a 
-|- 1354* — 18043 + 60aa 7 

Add theſe | 22544 — 1504 

| IT 125 


Subtra& -|-1354a* — 1 8043+ 28544 — 1504+ I25 


O O O O O | 


If there be occaſion to extraRt the Root. of the fourth , 6{th, or other higher Compound 
Power , the Diviſors and Ablatitious quantities may be drawn out of the Table in Sel. 4: 
Chap. 1. of this Book, | 


X. Concerning the extration of Roots ont of Algebraical Fradions: 


1, Foraſmuch as in the extraRion of Roots out of Fractions, the Root of the Numerato! 
and Denominator being ſeverally extraRed gives the Root ſought , therefore if the ſquare 


Root of 44% 


be to be extracted, I write _ for the Root ſought; for the ſquare 


CC 
Root of the Numerator aabb is 4b, and the ſquare Root of the Denominator cc is c. 


fn 


COR gr, 


w 
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i; » . | aaaa—? aabb - \- bbbb 
In like manner if the ſquare Root of Fora be deſired ; by ex- 
tracing the ſquare Root our of the Numerator and Denominator, there ariſcth Sn - 
whe | a2 
for the Root ſought. | | 
And for the ſame reaſon the cubick Root of this Fraction, . , , . , , .. , 
274% — 544+ [714t— 18843 | 28544 —15o0a-|-1:5 will be 344 = 245-5 
aaa — 9aa + 274a— 27 = 


which is found by exrraRting the cubick Root out of the Numerator and Denominator 
of the FraRion propoſed. 


2. But if the Root ſought: cannot be extracted out of the Numerator and Denominator, 
then the radical ſign y/ with the Index of the Power, if it exceed a Square , is to be prefixt 


| . x COXx . 4 oy 
to the FraQion ; as, to denote the ſquare Root of 7A, that is, of ZZ - gabbc 
490% 4 


. EIS Cc bd » 
I write 409 , Or, ( becauſe the ſquare Root of the Dznominator is. 26,) 


abb | 
the ſquare Root of the quantity propoſed may be expreſt thus, Leon W - ; likewiſe A 


a3þ3 a3þ3 


aa_-bb aa -|-bb 


cauſe the Numerator is a Cube) thus, The like is to be underſtood 


may be deligned either thus , ,/ ( 3) 
ab 
v(3)aaJ- bb * 


in expreſſing the irrational Roots of higher Powers. 


the cubick Root of » or (be. 


+8 X Þ , 
Concerning Geometrical Proportion. 


l, HE Difference of two numbers is found out by Subtra&ion , but the Ratio, 
« Reaſon or Habitude of one number to another is diſcovered by dividing the 
Antecedent ( or firſt number) by the Conſequent , ( or ſecond number;) for the 


the Quotient denominates the Ratio, Reaſon, or '( as ſome call it) the Proportion , which 


the Antecedent hath ro the Conſequent : As if 6- be compared to 2, then *, that is 2, 
or 3, ſhews that 6 hath triple Reaſon ro 2 ; viz. 6 contains 2 thrice, or 6 is in pro- 
portion t0.2 as 3 to 1: but if 2 be compared to 6, then 2 or 7 ſhews that 2 hath 
lubtriple Reaſon to 6 ; wiz. 2 is + part of 6, or 2 is in proportion to 6 as t to 3. 
a 
= 


In like manner if the quantity « be compared to the quantity -b, then 


Katio or Reaſon of a to b, and > ſhews the Reaſon of 6 to a. 
.t 


expreſleth the 


Note, that the Reaſqn of two numbers or quantities ought to be expreſt by the ſmalleſt 
Terms or Quantities thag can poſſibly be found to expreſs thar Reaſon: So the Denomi- 
nator of the Reaſon of 16 to 12 is & Where 16 and 12 are firſt reduced to the ſmalleſt 
Terms 4 and 3, ( by dividing the ſaid 15 and 12 ſeverally by their greateſt common 
Diviſor 4 ,) and then dividing the Antecedent 4 by the Conſcquent 3 , the Quotient + 
expreſſcth the Reaſon or Proportion of 16 to 12 3 viz. 16 is to 12 as 4 to 3. In like 


manner the Reaſon of bb to ba , or of bbb to bba is -, 


1L Quantities which proceed by equal Differences are ſaid to be in a continued 
Arithmetica] Progrellion , q as hath been thewn in Chapt. 17. Book 1. of my Algebraical 
Elements 3 ) bur quantities which proceed by equal Reaſons, ( or Proportions ,) are ſaid 
to be in a Continued Geometrical Progreſſion or Proportion ; So theſe number 2, 6,18, 


þ 545 
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54, 16: are continually proportional , becauſe the Reaſon (or Proportion) of the firſt tg 
the ſecond 1s 4 to the Reaſon of the ſecond to the third , alſo of the third to the fourth, 


CE TE EE rr Koo AE I TE 


'# LS DOING E, Ws hes 
and ſo forward), viz. = (or 5 ) = 5$ = $3 = -:*- or. backward, £$2 — 145 =44 
—=£ (or 3.) 


: hb Te | 
"F681" ol or backwards, if = ” —_ TF = Sh then thoſe quantities are C0n- 


_— 

tinually proportional ; 2iz. as the firſt is in proportion to the ſecond , fo is the ſecond - 
to the third, the third to the fourth, &c, | 

But if there be four ſuch quantities that the Reaſon (or Proportion) of the firſt to the 
ſecond, is equal to the Reaſon of the third to the fourth ; but the Reaſon of the ſecond 
ro the third, is not equal tothe Reaſon of the firſt tothe ſecond, then- thoſe quantities are 
ſaid to be in Geometrical Proportion diſcontinued or interrupted ; ſach are theſe four 
_ numbers, 2 . 6 :: 12 . 36, for $ (or #) = 37, but 5*£ (or +) ts not equal to 
= or 4. In like manner if a, 6, c, d be ſuch quantities that T = yr. but _ Is not 


UI 


n like manner if theſe quantities a, 6, c, 4, e be ſuch, that == f 
LY 


GETS, 


equa] to FT ( or þ..A . ) then are 4, 4, c, d diſcontinual Proportionals. | - 

III, If three quantities be Proportionals, the Produtt made by the mutual multipli. | 
| . cation of the Extremes is equal to the Square of the Mean, as, = 
x If there be propoſed . «. . « . + « +» + o» X 3 ES, 6, 2-556 
Then this Equation enſueth,, . . . . . 0 © 5 «© Þ > a6 = bb = 36 ; 


For ſince by ſuppoſition . . . « « . . « «+ + « eP 4.bi:bc 
It follows ( by Sed. 1, and 2.) that . , . . + «+ 3 T _ 6 =} 
c 


Whence by multiplying each part by c, . . . + . . — Sim © 


And by multiplying each part of the laſt Equation by 6,it produceth > ac = bh = 36 
Which was to be proved. 

I'V. If four quantities be Proportionals , whether they be continual or diſcontinual, 

the Produ& made by the mutual multiplication of the extremes is equal to the Produt 

of the means; and conſequently if the ProduR of the means be divided by either of the 


, extremes , the Quotient is the other extreme. As, for example, 7 
Ler four difcontinual Proportionals be propoſed . . 3 : C uy = p | 
Then' by the foregoing Se. 2. «© . » - ' «© » 3 SZ ; 
| - - 
And by multiplying each part of that Equation by a, this > 4; 
is produced, viz. C _— # = bf 


And by multiplying each part of the laſt Equation by c, the F 
firſt part ot the Prepatibng is manifeſt, viz. . . *< da = © 60 


And, by dividing each part by 4, there ariſeth . . ,> a = _—_ 


Which laſt Equation being compared with the four Proportionals firſt propoſed, doth 
ſhew, that if three quantities 4, c, þ be given, to find ſuch a fourth as ſhall have che ſame 
proportion to þ as c hath to 4, then the Product of the ſecond and third terms, ro wil, 
cb, being divided by the firſt term 4 will give the fourth Proportional ſought, which is the * 
very Operation in the Rule of Three dire&. 3 

£ V. If three quantities a, b, c be Proportionals, and the firſt and ſecond, to.wit; |, 
a and 6b be given ſeverally, the third is alſo given, for by Sef+. 3. of this Chapt» | 


ac = bb, whence by dividing each part by a there ariſeth c — & which ſhews, that 


A 
if the Square of. the mean or ſecond term be divided by the firſt , the Quotient is the third 
bb 


Proportional ; hence 2, 6, and — are continual Proportionals. In like manner if three 
4 


OTROS 17 90a pony FENIEE £7 UNIT I AC err 


quantities in continual proportion be given ſeverally , and a fourth Proportional be deſire 


\ 


ho Be Et 
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the Square of the third term divided by the ſecond gives the fourth : as if there be given theſe 


three, 4, 6b, #b —=. then by dividing the Square of 2 to wit, 6006 by 6, the Quo- 
a aa 


bbb 


tient bbb ſhall be the fourth continual proportional : hence a, 6, bh == are conti- 
aa Aa aa 


nual proportionals. Likewiſe if the Square of the fourth concinual proportional be di- 
vided by the third, the Quotient will be the fifth ; ſo'to thoſe four continual proportionals, 
this fifth will be found , to wit, _—_ ; and ſo forwards infinitely. Therefore , 

VI. If numbers, how many ſoever, be continually proportionals, and the leaſt term 
be eſteemed the firſt , that next greater than the leaſt the ſecond ,, and fo forwards ; then 
the ſecond term is produced by the multiplication of the firſt intq the Reaſon of the ſecond 
term to the firſt , the third term is produced by the multiplication of the firſt into the 
Square of the ſame Reaſon , the fourth cerm is produced by the multiplication of the firſt 
into the Cube of the ſame Reaſon ; and in like manner every following term is produced 
by the multiplication of the firſt into ſuch a Power of the Reaſon of the ſecond term to 
the firſt as hath fewer dimenſions by one than rhe number of terms hath unities : as in 
theſe following ſix continual proportionals, to wit, | 


& I M aa 
A 5 b g  —_ g. —_—_—_ > 
A aA AAR AAA 


3 , 6 , 1 , $$ , wh , _—_ —_ 
Suppoſing 4 to be the firſt and leaſt term , the ſecond term 6 is eqal to the Produdt of 
the firſt term. 4 into —» to wit, the Reaſon of the ſecond term to the firſt ; alſo the 


third term £2. is produced by the multiplication of the firſt term 4 into the Square 
A | 


and the fourth term = is produced by the 


multiplication of the firſt term 4 into the Cube of the ſame Reaſon, that is, into LA 


| 444 
and the fifth term bbbb 
aaa 


of the ſame Reaſon, that ts into = 


is produced by the multiplication of the firſt rerm 4 into the fourth 


Power of the ſame Reaſon, that is into Po 


: and ſo forwards. - 


aaa 

But if the greateſt term be eſteemed the firſt , thatnext leſs than the greateſt the ſecond, 
and ſo downwards ; then the ſecond term is equal to the Quotient that ariſerh by dividing 
the firſt (or greateſt) term by the Reaſon of the firſt to the ſecond , the third is equal to 
the Quotient that ariſeth by dividing the firſt term by the Square of the ſame Reaſon ; the 
fourth term is equal to the Quotient that ariſeth [by dividing the firſt term by the Cube 
of the ſame Reaſon , and in like manner every term beneath the greateſt is equal to the 
Quotient that ariſeth by dividing the firſt ( or greateſt term) by ſuch a Power of the 
Reaſon of the greateſt to the greateſt bur one , ( or ſecond term ,) as hath fewer dimenſions 
by one than the number of terms : as in theſe following fix continual proportionals, to wit, 
bbbbb bbbb bbb bh N 


. *» 
| m—m——_— 


ans 7 an * oa oo” > 0 
- 066. ,. 16% ,_ $4 9 RS 
If we ſuppoſe 26bbb o be the firſt and greateſt term, then the ſecond term av ;, 
aaad aaa 


bbbbb 


AAAAR 
of the firſt term to the ſecond , alſo the third term Ls is equal to the Quotient of 


equal to the Quotient of the Grſt term 


divided by <-, to wit, by the Reaſon 


the firſt term £29 givided by =, that is, by the Square of the Reaſon Z, and the 


aaaa 
fourth 
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6bbbb divided by © the 
aaaa aaa 


fourth rerm bs is equal to the Quotient of the firſt term 
aA 


Cube of the ſame Reaſon : and ſo of the reſt. : 

V I 1. From the laſt preceding SeRion it follows, that gf in a Series or Rank of numbers 
which are in continual proportion , the firſt term , the ſecond rerm and the number of terms 
be given ſeverally , the laſt term ſhall be alſo given by this Rule; zz, Firſt, ( according 
to the Noe in SeZ. 1. of this Chapt. ) find out the ſmalleſt numbers that may ſhew the 
Reaſon of the greater of the two given terms to the leſs; then eſteeming the ſaid Reaſon 
as 2 Root, find ſuch a Power thereof whoſe Index may be equal to the given multitude 
of terms leſs by unity , which Power multiplied by the firſt rerm , when the firſt rerm 
is leſs than the ſecond, gives the laſt, ro wit , the greateſt term. But when the firſt rermis 
greater than the ſecond, then the firſt term divided by the ſaid Power gives the laſt term, 
as if there be given a and b the firſt and ſecond of {ix numbers in continual proportion, 


and that b is greater than a; then the Reaſon of 6 to 4 1s - , (by Set. 1. of this 


Chapt. ) and the fifth Power of LAY bbbbb 
Ll aaaada 


bbbbb 


aaaa 


, this multiplied by the firſt term 4 pro- 


ducerh which is the ſixth Proportional ſought , ( as is evident by SefF, 6. ) but if 


the firſt term @ be greater than the ſecond term 6, then the Reaſon of a to þ is To whoſe 


fifth Power is ITE , by which if you divide the firſt term 4, the Quotient is the 


ſixth term bbbbb 
; aa 


This Rule may be exemplified by theſe four following Ranks of numbers in continual 


proportion. . 
> , ee , TW” we + 
ws 659, TS 9 » #8 >, TRE. : 
.. » EY - % » 2. + 
. nn. 4 + - 3. + 


VIII. If there be given two Integers expreſfing a Reaſon .in the leaſt terms » and 


it be deſired ro find out a given multitude of continual Proportionals in the ſame Reaſon, | 
and that all the terms may be Integers , Firſt, ro thoſe rwo Integers , or firſt and ſecond || 


Proportionals given, find out ( by Set. 5. or 6. of this Chapt.) ſo many Proportionals 
as With thoſe given may make the deſired multitude ; then multiply every term by the De- 
nominator of the laft term , ſo ſhall the Products be continual Proportionals in Integers 


in the ſame Reaſon as the two terms firſt given. As, for example, if 4 and 6b be given, | 


and it be defired to find three Proportionals 13 Integers in the Reaſon of 4 to b; firſt, t04 | 
and b I find a third Proportional , which ( by Se&. 5.) is Li , then a, 6, Li being | 
p- | 


A 


multiplied ſeverally by the Denominator a, the ProduRts aa, ab, bb are Proportionak | 


exprelt by Integers, and in the Reaſon of 4 to b, as was deſired. 


Hence if 4 = 2, and 6—} , then aa, ab and bb will give 4, 6 and 9, whichate ; 


continual Proportionals i —_ in the given Reaſon of 2 to 3, 


SO if four continual Propdrtionals in the Reaſon of a to þ be deſired ; firſt ( by Set. F 


$. — 


5. Or 6.) theſe will be found continual Proportionals, to wit, a, 6, 3 3 all | 
- | 


Aa 


multiplied ſeverally by aa, ( the Denominator of the laſt term,) will produce a4, 44 | 


abb, bbb, which are tour continual Proportionals in Integers in the given Reaſon of 4 t0 b. 


Hence it 4 = 2, and b = 3; then aaa, aab, abb and bbb will give $, 12, 18 and 27: | 


which are continual Proportionals in Integers in the given Reaſon of 2 to 3 
In like manner theſe five quantities aa4a, aaab, aabb, abbb and bbbb will be found con 
. tinual Proportiorals in the Reaſon of atob,; ſo that if a =2, and þ— 3, then thok 
five Proportionals will give theſe five, to wit, 16, 24, 36, 54 and $1 = in the Reaſon 0 
2 F0 3; after the ſame manner you may proceed ipfinitely. co —_ 
IX. 


| 
. 


74 ue 
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£6 '= FEEDS; : 


I X. If there be quantities in continual .proportion , how many ſoeyer, the Product 
made by the multiplication of the extremes 1s equal to the Product of any two means 
equally diſtant from the extremes , and alſo to the Square of the mean term when the num- 
ber of terms is odd : as, for example , If 4, 6, c, a,e, f be continual Proportionals, I fay 
the Product of the extremes 4 and f, to wit, af is equal to the Product of any two 
' terms equally diſtant ftom the extremes , viz. to the Product cd and to the ProduR be ; 


For, Pl | 
1. By ſuppoſition, ( and by SefF.1,and 2.) . . . ST 


eQ 
l 


2. Therefore by multiplying each part by f, it produceth . . oo - 
. And by multiplying each part of the laſt Equation by 6, ir gives Þ y = 


ia 
O DTo[aD> * >|» 


; Again, by ſuppoſition .. .. « » + « -» « » > >> 


. Therefore (by multiplying in like manner as before,) , . .> cd 
. Therefore from the third and filth Equations ( per 1. Axim. of "i 
I. Elem. Euclid.) « +» ee GC a Sz © | 

Which. was to be proved. And it more continual Proportionals even in multitude were 
propoſed, the Demonſtration would nor be otherwile, | 

But if the multitude of terms be odd, as in theſe ſeven quantities which we may ſuppoſe 
to be continually proportional, a, b,c, 4, e, f, 8 == then the ProduRt made by the 
multiplication of the two extremes @ and g is equal to the Square of the middle term 4, 
viz, ag = dd, For, | 


a >> UL 
j 

| 

JR 

+. 


— 


1. By ſuppoſition, ( and by Se. 1,and 2.) . . . « TT =< 
(2 
2. Therefore by multiplying each part of that Equation by 4 '$ = 
t mals. « o co no 4b a ets ns. oz AY | 
3. And by multiplying each part of the laſt Equation by e, ? a =e bo ( 
Kt PROAEElD oe ooo nn ee Te Rs Ft” 
4+ And by what hath been already proved in the firſt part of this? ,,  , 
Propel, rn, nn Rs 
5. Therefore from the two laſt Equations (per 1. Ax.1.E lem Eucl.)> ag = ad 
Which was to be proved. Therefore the Propoſition is every way Manifeſt, Bur " 


for nes illuſtration , 
et there be propoſed theſe [ix continual | EIT 2 TV 
Proportionals in numbers, to wit, '£ 2 » & ; 18 , 54 5 100 Nees 
Then according to the firſt part of the 
Propelltiat, oo a4 6 6 wt $9 
Again, let there be propoſed theſe ſeven | | IE | 
continual Proportionals . gem #5. 8 2 2 » Gy If 5 $4.5 SC Onge 


Th , . | | 
os a. " = _ Py 2% 1458 = 54x 54 = 3916. 


X. If four quantities be Proportionals, 4 . 6 :: © . 4, they ſhall be alſo alternly} 
and inverſly, and compoſedly, and divided]y, and converſly , Proportionals , vz. 


If HTS e 


2 x 486 —6x162 = 18 X 54 = 972 


per 16. prop. 5. Elem. Eucl. 


a 
6 4 2:3 12 
Then alternly, Z : Ss . p 
315 c per 5 = of prop. 4+ Elem. 5 s 


And inverſly , 3 


nga F, 
And compoſedly, 3 pt per 18, Prop. 5. Elem. 


C 
: per 17+ prop. 5. Elem. 


(os) 
On] an ld SH on on 


And dividedly , 2 ** * 


NE SIT Tet OP Te ee RT Ree 7 oo EU ATPNN EN ET ens VS 


And converſly , 3 Be __ ahS feng mw c per Cor. of prp.19. Elem.s ; 
| | But 


/ | 
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But that the Learner may the better perceive the meaning and uſe of theſe ways of | 
arguing about Proportionals, I ſhall apply ſome of them to the Reſo]ution of this following | 


QUEST. 


The difference ( b ) between the greater extreme and mean of three quantities con. 
tinually proportional being given, as alſo the difference ( c ) berween the mean and leſſer 
extreme , to find the Proportionals ; bur the firſt difference mult be greater than the latter, 


RESOLUTION. 


1. For the mean Proportional ſought put CST” 20 

2, To which adding the given difference (5 ) the ſumm aide 
is the greater extreme, rOWit, « . . . « « » Sus 

. But it trom the mean { a, ) the given difference (c) we 


l ſubrrated , the Remainder _ —_—_ , 0 wit, _— TT ; 
; Then (according to the Queſtion) theſe three quantities "$ i 

: a-\-b, 4 and _ muſt be in continual proportion, _—_ EF 5 (417-4. amd | 

5.. Therefore by divifion of Reaſon, . , . . . .> b +4 ::6., a—g 

6. And alternately , ( or by permutation, ) «. «. «. «+> 6 . C :: 4. a= 

7. And by djviſion of Reaſon, . . .. . « « «© 5 b—C.,C ::6 , 4—6 

$, Wheretore by converſion of Reaſon, . Sb —c.Þb ::ce, 4 


CANOM. 


As the difference between the two given Ditferences is to either of them , ſo is the | 
other to the mean Proportional ſought, | | f 
Therefore it 36'=b, and 12 =c , the Canon will diſcover 18 for the mean Pro | 
portional ſought, ( to wit, 4 1n the Reſolution, ) which increaſed with 36 , and leſſened * 
by 12, gives 54 ands for the extremes. Therefore the three Proportionals ſought arc © 
manifeſtly 54, 18 and 6. : 
Nete. If the Analogy in the fourth ſtep of the Reſolution be converted into an Equation, | 
by compering the Product made by the mutual multiplication of the extremes to the Produt | 
of the means, that Equation after due Redu&tion will give the ſame Canon as above 6 | 
that the arguinentation in the four laſt ſteps of the Reſolution is not of neceſlicy, bu | 
only to ſhew how without the help of any Equation, the number ſought may ſometimes be 
mace the fourth Term of an Analogy whoſe three firſt Terms are known , whence by the 
Rule of Three the number ſought is alſo known. Which ways of inferring one Analogy © 
out of another are more proper when the nature of a Queſtion will admit the ſame, than * 
the common way of proceeding by Equations; eſpecially in the Reſolution of Geometricl 
Problems, where every ſtep ought to be expreſt in the moſt ſimple Terms, to the end 
the Compoſition of the Problem may the more eafily be formed by the ſteps of the Reſo- 
lution, bur in a retrograde or backward order, as I ſhall hereafter ſhew in the Fourth | 
Book of my eA lgebraical Elements. | 
X 1. If Proportionals be multiplied or divided by Proportionals, the Produdts alls | 

or Quotients ſhall be Proportionals , as, 


If theſe four proportional Anti T7 #15 _ me <<, 
to wit, . >. EF 1 ZX2 — 
be multiplied by theſe four ey > 7-1 gd . gf 
BESS. -- - - 6-5 
there will be produced theſe four pro-2 ad , bf :: cgad .  - ooo 
portiona] numbers, to wit, . . . 2X5 , 4X6 :: 3xX7x2X5 , 387 x4%6 
Whereby the firſt part of the Propoſition is manifeſt. 
And if theſe four proportional num- 
bers, to wit, . , : WT” C ad . of 
be divided by theſe four proportionals, 4 f 
BEERS... Rnz_zs : 
the Quotients will be theſe four Pro- ; 
SS. WW, . 5 » 
Whereby the latter part of the Propoſition is manifeſt, 


cgad « cof 
= - & 


OT” ca . c< 


Hence | 


4 
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Hence it may eaſily be proved / that the Squares, Cubes, fourth Powets, fifth 

Powers, &c. of proportional numbers (hall be alfo Proportionals ; as , 

THETA 22 
Then their Squares alſo ſhall be Proportionals, viz. > aa. bb :: ccaa . ccbb 


3 . | il | 
And the Cubes of the firſt four Proportionals oy 444 bb on bs 


alſo be Proportionals, viz. . . 5 6 «© © « 
And fo of higher Powers. | | 
X1l1.. 1nevery Series or Rank of Quantities continually proportional , all the mean 
Terms between the firſt and the Jaſt are both Antecedents and Conſequents of Reaſons * 4s : 
_—_ vvETT XAT IT. 
Thath,-- 5 « #« $:it#.c:r6, 4; d. +; | 
It is evident that evety Term except the laſt (f) is an Antecedent of a Reaſon, and 
every Term except the firſt (4) is a Conſequent ; wherefore if ( 5.) be put for the 
ſamm of all the Terms in the Series, then s — f ſhall be the ſamm of all the Antecedents; 
and 5 — 4 the ſumm of all the Conſequents, Therefore , 


' From the premiſes ( per 12. prop. 5. Elem. Euclid.) | 
this Analogy ariſeth , ve. a «. b :; $—f , $—4a 


| Whence by comparing the Product of the extremes 
to the Product of the _—_ Sa = 
Therefore, by due Tranſpolition in that Equation, 
when b is greater than 4, A OR EE LERN z bf — aa ="bs == 4s 
And by dividing each part of the laft Equation by & 5f — aa  _ ; 
þ— 4, ww * - <:of E ie ; 'E bc 
| But if 4 exceed 6, then there will arie . , ; .5 <= aw 
_ — HS 
Which two laſt Equations give a Canon to find the fumm of all the Terms of a Geo- 
metrical Progreſſion , the firſt, ſecond and laſt Terms being ſeverally given. 


\ CANON. 
Divide the difference between the Square of the firſt Term and the Produdt made by the. 
multiplication of the ſecond Term into the laſt, by the difference of the firſt and ſecond 


_ the Quotient ſhall be the ſumm of all the Terms of the Geometrical Progreſſion 
propoſed. 


AS — a4 = done tf 


Examples in numbers, | 

Let the values of theſe, .. . *® > b : cid, an f —=-. 
be expreſt by theſe numbers, . 32 , 48 , 72 , 108, 162 , 243 = 

Then by the Canon, . . . pJ= — 665 the Summ of all. 

But if the values of the ſame Pro- 4 b. 4:45 RES 


pontionale.,- ... -. oo ox » au 
be expounded by theſe numbers, . .> 243 ,, 162, 108, 72 , 48 , 32 == 


Then by the Canon, .  .. . p4z — 665 the Summ of all, 


A — 


XIFHI. If what hath been ſaid in the eighth Szf#. of this Chapt. be compared with the 


Table in Se, 4. Chap. rt. of this Book, it will be manifeſt that it we caſt away the num- 


bers of multitude which are prefix'd to all the mean Terms or Members belonging to any 
Compound Power produced | 2 Binomial Root, ſuppoſe from a -|-e, then all the 
Members or Simple quantities whereof the ſaid Compound Power is compoſed are in con- 
tinual proportion: As, for example, the Members whereof the Square of ae is 
compoſed are aa, 24e and ee; now if 2 which is prefix'd to ae be caſt away, then az; a# 
- og continual Proportionals, ( as is evident by the preceding eighth See, of this 

” bh | | RT WW 
Again , it appears by the ſaid Table, that the Members whereof the Cube of ae 
Is compoſed are a#4, 34ae, 3ace and eee; hereif 3 and 3 which are prefix'd to the mean 
Terms be caſt away, then theſe four quantities aaa, 4ae, ace and eee will be in continual 


proportion, Vs 
Y Like- 


_—_ 


— 
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Likewiſe, foraſmuch as the fourth Power of 4 e is compoſed of theſe Members, 
aana , 4aaar, Gaare, 4acee and eeee z by caſting away the numbers of multitude 4,6 


4 
ba 


and 4, theſe five quantities aaa, aaae, aaee, aree and ezee (hall be continual Proportionals; | 


and fo of higher Powers infinitely. 


XIV. Foraſmuch as by the laſt preceding Setz. theſe 
quantities are in continual proportion, to wit, . . . 


Therefore their ſquare Roots alſo ſhall be in continual aj Mea, oa 
portion, ( per 22. prop. 6. Elem. Euclid.) to wit, . . .X ©? , Fon 


Hence, if a mean Proportional between any two given numbers 4 and e be delired, 
it ſhall be /ae; as, if 4= 12, and e= 3, then ae= 36, and y/ae or 4/36, that is, 6, 
is a mean Proportional between 12 and 3 ; foras 12 isto 6, ſois 6 to 3. 


Again, foraſmuch as theſe quantities are in on 


. . aaa , aat , acre, Oe = 
proportion, to Wit, «. . . 


Therefore their cubick Roots alſo ſhall be continual a, (3) aw, (3) aee,e i 


Proportionals , ( per 37- prop. 1 1 « Elem. Euclid.) to wit, 


Hence, if two mean Proportiorals between any two given numbers 4 the greater and 


e the lefler be deſired, then 4/(3)aae ſhall be the greater mean, and 4/(3)aee the leſſer, | 
as if 4=54,ande—2 , then age=583:, and y/(3)aae= 4/(3)5832 ; therefore | 
y(3)5832, that is, 18 is the greater mean ſought, alſo ace=216, and therefore | 
y(3)216 , that is, 6, is the leſſer mean : ſo that 18 and 6 are the two delired men * 
Proportionals between 54 and 2, for 54,18 , 6 and 2 are in continual proportion; | 
But when one mean next to either of the extremes 1s found out, the other mean may be | 


found out by SetF. 5, of this Chapt. without\extraCting any Root. 


After the ſame manner, by the help of the ſaid Table in Se. 4. Chap. 1. of this Book | 
continued to higher Powers it need be, you may find out as many mean proportional num. | 
bers as ſhall be deſired between any two given numbers: As, if you would find fie 
mean proportional numbers between 1458 ( or 4,) and 2 (ore;) look into the fail |! 
Table for the fixth Power, ( to wit a Power whoſe Index exceeds by unity the number of * 
means ſought ,) and you will find aaa444, 6aaaaac, 15 aacdee, 2O0aaaree, 1 5 agceee, Cart | 


and eeceee ; then caſting away 6, 15 , 20, 15 and 6 which are prefix'd to the mean 


terms, and extrating /(6) out of every one of thoſe [ix terms after the ſaid numbers 
prefix'd are caſt away, there will ariſe 4, 4/(6)aaaaae, y/(6)aaacee, y(6)aar, | 


x(6)aacece, y/(6)areece and e ==; now to find the five mean proportional numbers 


anſwering to thoſe five proportional Roots expreſt by letters which fall between & and s, | 
it will be convenient to find the ſmalleſt mean firſt , viz. foraſmuch as a was put for | 
1458, and e for 2, therefore aecece = 46656, and /(6)areere = (6)466 56,that is, 6, | 
ſhall be the leaſt mean ſought : then 2 being the firſt Proportional , or leſſer extreme, and | 


6 the ſecond , the third will ( by Set. 5. of this Chape ) be found 18, the fourth 54, 
the fiith 162, the fixth 486, and the ſeventh, to wit, the greater extreme, was firſt given 
1458: ſo that between 2 and 1458, five mean Preportionals are found out as wis 
deſired ; and the ſeven continual Proportionals are theſe, ro wit, 2,6, 18, 54; 162, 
486 and 1458. 

Mavy other admirable properties adherent to numbers in Geometrical Proportion con- 


tinued , are deducible from the ſaid Table of Powers in Se&. 4. Chap. 1. of this Book, | 
will partly appear by the Theorems in the following ſixth Chapter , which 1 find diſperſed | 


in ſeveral Algebraical Treatiſes. 


CHAP, 
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CnuaePr. VI. 
Various Theorems about Quantities in Continnal proportion. 


Theorem 1. 


F three numbers be Proportionals, the Solid number made by the continual multi- 
plication of all the three is equal to the Cube of the mean. 


Let three Proportionals be expoſed in Integers, acccording 2 aa , ae', ce — 

tro Seft. $,0r 13. of the preceding Chap. 5. .  .$ 9, 6 , 4 == 
Thence it is evident , that aaaece the Product made by the multiplication of all the three 
Proportionals one into another , is qual to the Cube of the mean ae, asds affirmed by 
the Theorem, | 
| Theor. 2, 


If three numbers be Proportionals , the Produ& made by the multiplication of the Square 

of the firſt by the third, is equal to the Product of the Square of the ſecond by theficit : 
| as , 4 , 0 

9 3» 6 2 4 <—— 

It is evident that a.caa x &@ = aazex 4a = AAgatts 

Theor. 3: | 

If three numbers be Proportionals, the Square of the ſumm of the extremes is equal to 
both the Squares of the extremes, together with twice the Square of the mean : 
aa Ss a4 te = 


As in- thele the, o- oo ©. 0: © 


As in theſe thewe, - o © « » nn” —_. 


4 =: 
The Square of aa—j-ee 15 aaaa -| 2aace-|- ecee, Which is "maniſeſtly equal to the 
Squares of 44 and ee, together with twice the Square of ae. 


Theor. 4. 

If three numbers be Proportionals, the ProduRt of the leſſer extreme multiplied by the 
difference of the extremes , 1s equal ro the difference 0, the Squares of the mean and lefler 
extreme : & 

As in theſe three, RN et) 3 a + <0. 
. . — 9 3 6. '7q &< -  "FF® 
It 1s evident that ee x aa — eve = aare — ceee. 


Theor. 5. 


If three numbers be Proportionals, the Produ& of the greater extreme multiplied 
by the difference of the extremes, is equal to the difference of the Squares of the greater 
extreme and the mean : 

Aon RW, . oe © os 3 on p00 
9 + ©: 4208 
It is evident that az * aa — ee = aaga — Acte. 


Theor. 6. 


If three numbers be Proportionals, the difference of the Squares of the extremes is 
_ to the Square of the difference of the extremes, together with twice the difference 
of the Squares of the mean and lefſer extreme ; 


As in theſe three, . . 


48 , 4 , © 
; 9 x» 6 > «= 
I, L... difference of the Squares of the extremes is . > aaaa — ecee 
2, Ihe Square of a4—ee ( the difference of the ex- 

wenes)  .. . C aaaa — 2 aace -|- ecee 


3+ Ihe double of the difference of the Squares of the 
. ——- 2 AACeC — 2 CEE 
mean and eller enrene''s . . þ- - + +» » 


Now the ſumm of the two latter of thoſe three Quantities is manifeſtly equal to the firſt, 
as the Theorem affirms, 


Tg T heor. 
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"EX 


Theor. 7. 


If three numbers be Proportionals, the difference of the Squares of the greater extreme 
and the mean is equal to the Square of the difference of the extremes, and to the difference 
of the Squares of the mean and the leſſer extreme : | 
. | WY © ww == 
As in theſe three, - «> » +» * ER Pe OM 
1. The difference of the Squares of the greater} |, 

extreme and the mean is . « » » +» +» 

2, The Square of aa—ee ( the difference of 
we ee ) Ss ...- .' © » 
3. The difterence of the Squares of the mean 
and lefſer extreme is « » +» +» ++.» + | 

Now. the ſumm of the two latter of thoſe three Quantities is manifeſtly equal to the firſt, | 

as the Theoreng afhirms. | 4 
Theor. 8. , 


£ aaaa — 2 aace-|- ecce 


« +»|- aaee — eece 


If three numbers be Proportionals, then as the firſt js co the third , ſo is the Square 
of the firſt to the Square of the ſecond , and fo is the Square of the ſecond to the 5quare 
of the third: | 

f WD; <0 a, 0. 4 08 = 

ts in theſe three, » + #4 -- © B 24 2-H 

_aGeamw oa .oa ES oa” 0 T0 1: «As - 0s 

2. Therefore by drawing aa as a common Fa- 

Ror into the two latter terms of that Analogy, aa 3 4 3; aaad , agate 

LS. . oo oC Si» 

3. And by drawing ee as a common FaQtor 
into the two latter terms of the firſt Analogy, > aa . ec? :: aace , cect ; 
SS. a Sx +» | 

By which two laſt Analogies the truth of the Theorem, is manifeſt. 


Theor, 9. 


If three numbers be Proportionalsy then as the firſt is to the ſecond , ( or as the ſecond 
is to the third,) ſo is the differen(}; of the firſt and ſecond, to the difference of the ſecond 
and third : 


maeamwbdeo ET IHE Te... 77 } 

o . ; - 9 Y 6 » 4 | | 

1, It is evident ( as before hath been ſhewn in p 2 
JR ) thit . . » . _OOTTE  AT-——_ | 


2. And by Multiplication it will appear chat »Þ ae-ſ-ee x ae—ee = aace —Ottt 
3. Therefore from the two laſt Equations, ( per 


I. Ax. 1. Elem. Euclid.) . , £0X44 —06 = ae-meexar—tt | 
4. Therefore, by reſolving the laſt Equation into 2 41 
Proportionals, . . j _ I 0 7 ee. | 


5. Therefore by Diviſion of Reaſon, . : > dAA—Ae, ae—te :: Ae « et 
Which was to be demonſtrated. 
Theor. 10. 


If four numbers be continually proportional, the ſumm of the means is a mean Pro- 
portional between the ſumm of the firſt and ſecond and the ſumm of the third and fourth, 


Let four continual Proportionals be F aaa , aae , are , eve == 
expos'd in Integers, to wit, TS oa 44 dS 4a 51 <= 
Then according to the import of the Theorem, it muſt be proved that theſe three Quan- | 
ti.tes are Proportionals, viz. 
aaa + aze . ane |—ace , ace] ec 
But that they are Proportionals it will be evident by Multiplication, for the ProduR 0: 


the ro is equal to the Square of the mean : therefore the truth of the Theoren 
is manifeſt, 


ea 


Theor, 11 


_ 
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Theor. 1TI. 


If four numbers be continual Proportionals, the ſumm of all is to the ſumm of the means; 
as the ſumm of the firſt and third to the ſecond : 


; ana y age , act, eve —— 
As ns! theſe four 5 . » @ bd ad... 3 te . * 
$ 53 + 3 2 3 i . 


C 
' The ſumm of all four is ., ., - « «+ «p aan + aae + are | eee 
* The ſfumm of the means is .. - « +» «Pp » =þ+ age + ace 
>, The fumm of the firſt and third is « «PF aaa |-. ace 
4, And the (cond i. - - i + + + 0 | ace © 


1 ſay thoſe four quantities are Proportionals , in ſuch order as they are above written; 
for it will appear by multiplication , that the ProduCt of the extremes is equal to the 
Produ& of the means: therefore the Theorem 1s maniteſt. 


2 tg m4 


Theor. 12. 


If four numbers be in continual proportion ,] the ſumm of all is to the ſumm of the 
means, as the ſumm of the Squares of the means is to the ProduQt of the means or extremes : 


As in theſe four, © of © © 3 TW » Age , Are , Cee = 
; 5 4 3 2 "RW 
1. The fumm of allis . - . ©» . «© op. a3 + ae o- ae? | 83 
2. The ſumma of the means is , . . « ov. «1 = 4% + ac 
3. The ſumm of the Squares of the means is Þ . So» 4a" ae? 
4. The Product of the means or extremes is Þ « +|- 4363 


I ſay thoſe four quantities are Proportionals , in ſuch order as they are above written 
for it will appear by multiplication , that the Product of the extremes 15 equal ro the 
Produc of the means : therefore the Theorem js ' manifeſt, | 


Theor, 13. 


U . | 
If four numbers be continual Propotrionals, the ſummm of the Squares of the means is 
a mean Proportional berween the ſumm of the Squares of the firſt and ſecond, and the 
ſumm of the Squares of the third and fourth : | > a 
| aaa , ane , are, eco — 


The ſuram of TOI an 
1, Ihe ſumm ot the Squares ot the frſt and 6 . 
ONES : oak » = 3 i 
2. The ſumm of the Squares of the means is > ae -|- at 
3. The ſumma of the Squares of the third and At nec 
ford... EE EIS : 


As in-theſe four, .- «i. © + = 


I ſay thoſe three quantities are Proportionals, in ſuch order.-as they are above written ; 
for it will appear by multiplication that the Square of the mean (or ſecond quantity) is equal 
to the Product of the extremes : therefore the Theorem is manifeſt. 


| Theor. 14. 


If four numbers be continual Proportionals , the Square of the ſunim of the means is 
equa] to the Square of their difference, together with four times the Produ& of the extremes 
or means : ES | 

As in theſe far, 3: 53. 3 , oh ay, 
Ss , 4, 3 , $$ 


1. The Square of 4e-|- ae* ( the ſumm of : 2 
the —_ =. 7 . 6 OR. 8” 'F ati nets 
2. The Square of 4*%e— ae? ( the difference of 
the means ) is | . 's %. 


- The quadruple of the ProduR of the extremes 303 
Or means > 1s '$ * 7" 


Now ir is evident that the firſt of thoſe three Quantities is equal to the ſumm of the 
ſecond and third : therefore the Theorem is manifeſt, 


ft — 2433 + ef 


SS} 


Theor. I Fo 
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Theor. 15. 


If four numbers be continual Proportionals , the ſumm of their Squares ſhall be to the 
ſumm of the Produds of the firſt into the ſecond , and the third into the fourth , as the 
ſumm of all the four Proportionals ro the ſumm of the means : 

As re four, - : : . rr S” 4 pw : =” ug Bl 
1. The ſumm of the Squares ot the tour Pro- 6 4A Ne . 

portionals is : « « . + » +» © + » COTS A + 
2. The ſumm of the ProduQts of the firſt inog $f 

the ſecond , and the third into the fourth aC 
3. The ſfumm of all the four Proportionals is > 43 fe | ae | © 
4. The fumm of the means is . . , . > dep at 

1 ay thoſe four quantities are Proportionals in ſuch order as they are above ſeated, for 
it will appear by multiplication that the ProduR of the extremes is equal to the Prody& 
of the means : therefore the Theorem is manifeſt. 


Theor. 16. 


If from the Square of the ſumm of four numbers in continual proportion the ſumm of 
their Squares be ſubtraRed, and from half the Remainder there be alſo ſubrrafted the Square 
of the ſumm of the two means , this latter Remainder ſhall be the ſumm of the Produdts 
of the firſt Proportional into the ſecond , and of the third into the fourth, and ſhall be to the 
ſumm of the Squares of thoſe four Proportionals , as the ſumm of the two means is to the 
ſumm of all the Proportionals : 


As in theſe four, « « . + » Come 2; Dent2 
», 2, BS, 2. 
1. The Square of the ſumm of the four Proportionals will by multiplication be found 
a* |- 24%e | 34% + 44363 + 34%* | 248 + &. 

2. The ſurum of the Squares of the four Proportionals 1s 
| as afe* þ+ ae -|- &. 

3- Which ſumm of the Squares being ſubtraſted from the ſaid Square of the ſumm , the 
half of the Remainder will be | 

He + aff | 24363 | det | as. 
4+ The Square of the ſumm of the rwo means, to wit , of ae ae? is 
ae? | 24383 »|- aef, 

5. Which laſt mentioned Square being ſubtraed trom the half Remainder in the third ſtep, 
there will remain the ſumm of the Products of the firſt Proportional into the ſecond, and 
of the third into the fourth, ro wit, 

ae -|- ae. 

6. Now according to the import and meaning of the Theorem it remains to prove, that 
the Remainder in the laſt ſtep is to the ſumm of the Squares in the ſecond ſtep, as the 
ſumm of the two mean Proportionals is to the ſumm of all four , viz, that 

| a's | ae. 
| : : 2 
Theſe four quantities are Proportionals , Tj. yl T. = | &et | ef ::; 
| a3 + @e | af + 6. 
7. But that they are Proportionals will be evident by multiplication , for che Produ& 
of the extremes is equal to the ProduR of the means, each Produdt being 
&e + GE + ied Je + i + 086 | #0 + ad. 
Therefore the Theorem is maniteſt, 
Theor, 17. 


If four numbers be continual Proportionals , the ſumm of all their Squares ſhall be to 


. » 
—————_— 


the ſuram of the Squares of the means ; as the ſumm of the ProduRs of the firſt into the | 


ſecond and the third into the fourth, to the ProduR of the means or extremes. 
This is inferr'd from Theor. 12, and 15. by exchange of equal Reaſons. 


Theor, 18. 


If four numbers be continual Proportionals , the ſumm of the Squares of the extremes 
fhall be to the ſumm of the Squares of the means z as the exceſs whereby the ſumm » 
| rhe 
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the Produdts of the firſt into the ſecond and third into the fourth exceeds the Product of 
the means 15 to the Produdt of the means or extremes, = | 
This is inferr'd from Theor. 17. by Divilion of Reaſon. 


Theor. 19. 


If four numbers be continual Proportionals , the ſumm of the firſt and third ſhall be 
to the ſecond ; as the ſumm of the Squares of the means, is to the Produ& of the micans 
or extremes. | 
' This is deduced from Theor, 11, and 12. by exchange of equal Reaſons, 


Theor. 20. 


If four numbers be continual Proportionals, the ſum of all their Squares ſhall be to 
the ſumm of the ProduRts of the firſt into the ſecond, and the third into the fourth , as 
the ſurmm of the firſt and third is to the ſecond. | 

This is deduced from Theor. 17, and 19. by exchange of equal Reaſons. 


Theor, 21. 


If four numbers be continual Proportionals, the ſumm of the Cubes of the means js 
equal to the Produft made by the multiplication of the ſumm of the exttemes into the 
ProduR of the means or extremes : | 

: e OY aana., aae , ace , tre = 
As in theſe four, 5: «. xz 3 » 6, aa HY 
1. The ſumm of the Cubes of the means is > afe3 + 43* 
2. The fumm of the extremes is . «- ; op & + 6 
3. The Produ& of the means or extremes is Þ ae" 


Now it is evident that the firſt of thoſe three Quantities is equal to the ProduR of the - 
ſecond Quantity multiplied by the third ; as is affirmed by the Theorem. | 


Theor. 22. 


If four numbers be continual Proportionals, the Cube of the ſumm of the extremes 
ws to the Cubes of the extremes , together with the triple ſamm of the Cubes 
of the means : 


As in theſe foig, © © . +» p an 009 9 OY ra 
» $ » » , 


; The Cube of 43 -- e3 ( the ſu f the ex-P 6) 
; femes) i : = my gone OO "I #4 340" 3- JE 
2, The Cubes of the extremes is , . . « > 4a +&@ 
+ 90 triple ſumm of the Cubes of the — 140-3486 
Now it is manifeſt that the firſt,of thoſe three Quantities is equal to the ſattm of the 
other two , as the Theorem affirms. | 


Theor, 23; 


If four numbers be continual Pfoportionals, the difference of the Cubes of the exttemes 


is equal to the triple of the difference of the Cubes of the means , together with the Cube 
bf the diflerence of the extremes : 


, 8 » 4 s ® , F080 
7. Thedifference of the Cubes of the extremes is > 4a? — e? 


2. The triple of the difference of the Cubes of 
the means is _. | ; 


3- The Cube of a3 — 63 ( the difference of 
extremes) is , , , 


. 3446 — 349 
" A — 34+ 184 f— O 
5 9 


Now it is manifeſt that the firſt of thoſe three Quantities is 6qual to the ſumimi of the 
ather two, Which was to be proved, © | 


Thr: 243 
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Theor. 24. 


If four uumbers be continual Proportionals , the Cube of the\ſumm of the firſt anq | 
ſecond is equal to the Product made by the multiplication of the Square of the firſt by the 


Aggregate of the ſumm of the extremes and the triple ſumm of the means : 
. Aaa , aae , ace , eve —= 
As in theſe four, . =: LAEEETT 5+ 
1. The Cube of the ſumm of the firſt and ſecond,? , 4121 
to Wit 5 of a'_- aae 1s . . « a 'F P | a e-1 _ = 4 F. 
2. The Square of the firſt is . . ES as | 
3. The Aggregate of the extremes and the trip of EE , 
of the ſumm of the means is , . « . Sy ® OT 30 6oþ 346 
| Now it is evident that the firſt of thoſe three Quantities is equal to the ProduR made 
by the multiplication of the third by the ſecond. Which was to be proved. 


Theor. 25. 


If four numbers be continual Proportionals, the Cube of the ſumm of the means is equal 
to the Produ& made by the multiplication of the Produ&t of the extremes or means into 
the Aggregate of the extremes and the triple ſamm of the means : 

. CT A244 , aac , are EI 
| rok theſe four, , ; TER 2} 2: geo : | = b44 
I.  brapty y _—_ v4 = _ to a of [= 386% 360 196 
2. The Produ& of the extremes or means is > a'e? 
3» The Aggregate of the extremes and the triple ; E Þ q 

ſurmm of the means is , , . . . » .C © Þ+ &3+] 34% ++ 3ae 

Now it is evident that the firſt of thoſe three Quantities is equal ro the Product of the 
two latter. Which was to be proved. 7 


Theor, 26, 


If four numbers be contirval Proportionals,, the Produ&t made by the multiplication 
of the ſumm of the extremes by the ſumm of the Squares of the extremes, is equal to the 
Cubes of the four Proportionals ; 


he in thee fun 5 3 5.4 — OT 2 00 p42 
| : To a9 's 2 ES" 
I. The ſumm of the extremes is . . . . .> 4* | & 
2. The ſurnm of the Squares of the extremes is > 45-|- es 
3- The ProduQ of thoſe two ſumms is . . .> 4% -- 4% o- a6 | & 
4- The ſumm of the Cubes of the four Pro-p , , ... a 
portionals ES OO NWS SA " 4 4 7-4 E "6 


But the Produ& in the third ſtep is manifeſtly equal to the ſumm in the fourth ; as the | 


' Theorem affirms. 
Theor, 27, 


If five numbers be continual Proportionals, the Produdt of the mean (or third Proportio 
nal ) into the ſumm of the extremes, 1s equal to the Squares of the ſecond and fourth: 


As in theſe five, 7 . 3 po ; : , aace , acce , ecee 
| | 0, = 7 EW. 
1, The Produ& of the mean into the ſumm of be? Is 126 
me ene: i - oo © * © + a 
2, And the ſumm of the Squares of the ſecond ; 
mens nid .- 7 <5 ® af + de 


Therefore the Theorem is manifeſt. 


Theor, 25, | 


MESSE rin ITN Kon _ : F 
* 0 RA EIN BSA ORE I on AO FREY 


0 
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Theor. 28. | $ 


If Gve numbers be continual Proportionals , the ſumm of the firſt , third and 6fth, ſhall 
be to the third ; asthe ſumm of the Squares of the ſecond, third and fourth is to the Square 
of the third : =. Ss 
As in theſe five, . : b] — : + ' = ; =_ ou 
1; The ſumm of the firſt, third and fifth is . . Þ af + ae 
>, Te hind i. © + + ddd en TE 0 
3. The ſumm of the Squares of the ſecond, third} 7; , J- ate? | 926 

PS To MR Par Tees.” , 

4. The $quare of the third is . . . » . «Þ ae*. 

I ſay thoſe four quantities are Proportionals , in ſuch order as they are above ſeated ; 
for it wil) appear by multiplication , that the Product of the extremes. 15 equal ro the 
Product of the means.; each Product being a*%* -|- a*e* + a*e* : therefore the Theorem, 
is maniteſt, 


8 
; 
+ 
4 
5 
L 
F 


Theor, 29. 


| If five numbers be continual Proportionals , the ſumm of the extremes more by the 
Fs dquble of the mean, the ſumm of the ſecond and fourth, and the mean, are alſo con- 
; tinual Proportionals : | | 
As in theſe five, . . } _—_ : I : ns | ay . ou 

1. The ſumm of the extremes more by the double? , , , 

of the mean is «. +» +: © wy Hy I-28 
2, The ſumm of the ſecond and fourth is , . > a3e-|- ae? 
3- The mean is 0 © © oi &&s co #009 1: £5 

I fay thoſe three quantities are Proportionals , for it will be evident by multiplication 
that the Product - the firſt and third is equa] to the Square of the ſecond: therefore the 
Theorem is manifeſt. 


FOSHAN SOT 7700 2; 


Theor. 30. 


If five numbers be continual Proportionals , the ſumm of the extremes is tothe mean, 
as the difference of the Squares of the extremes, to the difference of the Squares ok the 
ſecond and fourth : : 5 

As in theſe five, . , 3 =C ? = : "os : apes x = 
7. The ſumm of the extremes is , . . + at+et. 
wn FF L__RAMPPFT 
3+ The difference of che Squares of the extremes is Þ 4* — e® . 
4 The difference of the Squares of the ſecond? ;, + + 
dt ld» , co wx x1) OY NOTE 


I fay thoſe four quantities are Proportionals in ſuch order as they are above placed; 
for it will be evident by multiplication, that the Produ& of the extremes is equal to the Pro- 
duct of the means, each Produ being 4**e*— a%** ; therefore the Theorem is manifeſt. 


Theor. 31. 


If five numbers be continual Proportionals, the fumm of the Squares of the ſecond and 
fourth, ſhall be to the Square of the mean ; as the difference of the Squares of the extremes, 
to the difference of the Squares of the ſecond and fourth : | 


a in thefe frm, , . of HO OR » <0” 
2 I bl 
x. The umm of the Squares of the ſecond and 2 
fourth is ITT ED x he + i , 

2. The Square of the mean is . . . » > +» « Oe: 
i 3. Thedifference of the Squares of the extremes is > a — e* . 
4+ The difference of the Squares of the ſecond and? ;_, 2.6 
| fourth is , Des. +4 
| 7 I ay 


IR 00; A aſs 5 
= 
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I ay thoſe four quantities are Proportionals in ſuch order as they are above ſeated, 
for it will be evident by multiplication , that the Product of the extremes 1s equal to the 
Produ& of the means: therefore the Theorem is maniteſt. 

| Theor, 31. 

If five numbers be continual Proportionals , the ſumm of the extremes ſhall be to the 
mean : as the ſurum of the Squares of the ſecond and fourth is to the Square of the mean, 

This is evident from the two laſt preceding Theorems, by exchange of equal Realons, 


| Theor. 33; 

If Gve numbers be continual Proportionals , the ſumm of the Squares of the ſecond 
and fourth ſhall be equal to the Product made by the mulriplication of the third into the 
ſurm of the firſt and fifth : | 

in theſe five, 5 «< 3 aaaa , aaae , aare , acee , eece 
foie ee RR Tg oa, 4 


1. The fumm of the Squares of the ſecond and? 7, 


AS .. . cc IE. 
2. The mean or third is . . « +. © +, © > 47%? 
3+ The ſamm of the firſt and fifth is , . > ae | 
-. But the Product of the ſecond and third of thoſe three Quantities above-written is equi | 
to the firſt : therefore the Theorem is manifeſt, | 


Cnuaer. VIL. 


Oueſtions about Quantities in Continual proportion, reſolved 
by Literal Algebra. 


DOVEST. 1. 


T= E ſurmm (5) of three proportional Quantities being given, as alſo (c) the ſun 
+ of their Squares; to find the Proportionals. 


RESOLUTION. 


1, For the mean Proportional ſought put ., . . . . : .> 4 
2, Then ſubtraing-the ſaid mean from ( b ) the given ſumm of, 
all the three Proportionals, there will remain. the ſumm of the > þ — 4 
SS. WH; - ca 6+ > 2 ER Y, 
3- Therefore the Square of the ſumm of the extremes is , . .> bb — 2ba-|- a 
4- From which Square , if there be ſubtrafted the double of the 
om the men; WIR a = + > 2» 5.A 
5- There will remain ( as is manifeſt by 7heoy. 3. of the preceding | 
Chap. 6.) the ſumm of the Squares of the extremes, to wie ck: 
6. To which ſumm of the Squares of the extremes if you add c 
bb — 2ba 


(4a) the Square of the mean , the aggregate ſhall be the ſumm 
of the Squares of the three Proportionals ſought , ro wit , 


7. Which ſumm in the laſt ſtep muſt be equal to (c) the given = 
ſumm of the Squares : Hence this Equation, viz. , . 'C iP — ws: 74 : 
E> 
8. Which Equation after due ReduRion gives . . . , BE —=4 | 
2 


And the laſt Equation in words is this 
; CANON. 

_ From the Square of the given fumm of the three Proportionals ſought ſubtraR the 
given ſumm of their Squares z then divide the Remainder by the double of the ſumm 0 
the three Proportionals, and the Quotient is the raean Proportional. 

Therefore if' 14 be given for the fumm of three numbers in continual proportion , ard 
84 for the ſumm of theic Squares, the mean Proportional will be found 4 by the fail | 
Canon. Then the mean being given 4, as alſo 10 the ſamin of the extremes ; the þ 

extremes | 


«© erat w vv 
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anno will be found 2 and $8, (by the Canon of [2zeſ?. 4. Chap. 1.5. of my Firſt Book 
of Alrebraical Elements -) and therefore the three Proportionals ſought are 2, 4 and 8. 


_ 


—_——_—— 


—— 


VDUEST. 5 


The ſumm (65 ) of thre? proportional Quantities being given, as alſo (e ) the 2 i 
of the Squares of the. extremes ; to find the Proportional, 


RESOLUTION. 


1. For the mean Proportional ſought pit ,. ., . .. . . 
2: Then ſubtracting. the faid mean from (5b) the given | 
ſumm of all the three Pcoportionals , there will remain ;> þ — 4 
the ſumm of the extremes, towt; , 4, « « « .ÞN ... | | 
2. Therefore the Square ot the ſum of the extremes is , > bþ — 2ba-{- aa 
4. From which Square if you ſubtract the double of the 
| Square of the mean, to wit, |... +. 4. « » + 
5. There will remain ( as is manifeſt by the third Theorem ., _.. 
of the preceding {ixth Chapter,) the ſumm of the Squares'> bb — 2ba — a4 
of the extremes, to wit, , 5 . ». « © 0; 6 » 
6. Which ſfumm of the Squares of the extremes muſt be equal 
to the given ſumm ( c,) hence this Equation, vzz. . 
7, From which Equation after due Redu&tion, this will ariſe, > bb —c = aa-| 2ba 
8, Therefore by reſolving the laſt Equation, ( according to ; | 
the Canon in Set. 6, Chap. 15. of my Firſt Book of ,4/-C .. Oba $6 
gebraica! Elements , ) the value gf ( 4) the mean Pro- V:20þ—6;—b.= 4. 
portional will be made known ,. viz. . « » «. «+ 
Which laſt Equation in words is this he 


CHNOM 


From the double of the Squate of the given ſumm of all the three Proportionals ſought 
ſabrraR the given ſumm of the Squares of the extremes ; rhen from the ſquare Root of the 
Remainder ſubtra& the ſumm ot the three Proportionals;, ſo ſhall this laſt Remainder be 
the mean Proportional ſought . : 7 od 

Therefore, if 1.4 be given for the ſur of three continual Proportionals, and 68 for 
the ſumm of the Squares of the extremes, the mean Proportional will be found 4 by the 
ſaid Canon: Then the mean being given 4, as alſo 10 the ſumm. of the extremes ;' the 
extremes will be found 2 and 8, (by the Canon of weft. 4. Chap. 15. of 'my Firſt 
Book _— Igebraical Elements; ) and therefore the three Proportionals ſought are 
2,4 and 8. 


A 


- 


bb — 2ba — 44 —=E 


| 3 DUEST.: 34 
The difference (b) of the extremes of three proportional Quantiries being given, as 
alſo ( c) the ſumm of the Squares of the three Proporrionals ; to tind the Proportionals, 
| RESOLUTION. 
1. For the ſumm of the extremes , (to wit ,' of the firſt and 
third Proportionals ſought,) put , . - - « + ' wg: 
2. Then, toraſmuch as the difference of the extremes is given 
( 5,) and their ſumm is aſſumed tobe ( a,) therefore (by( , ' 
the Theorem in ®2xef. 1. Chap..14- of my Firſt Book off” * 
Algebraical Elements, ) the greater extreme ſhall be | by 
3- And by the ſame Theorem the leſſer extreme & . . .> 4a — 26 
4- Then the ProduQ made, by the multiplication of the ex-P .  -<- 
tremes 1n the ſecond and third ſteps will give the Square > aa — 545 
| CG "— * + + .0-< +. + wa 
5. And Irom the ſe e Squa: ter El 3 Go ln ture 
— PESTS 
6. And from the third ſtep the Square of the leſſer extreme is > Zaa— fab -|- 2bb 
7- Therefore from the fourth, fitth and ſixth ſteps, the ſumm 2 ,  -: 1 163 
of the Squares of all the three Proportionals is  . 5 4481-4 Pp Sy 4, 
WOO os | $. Which 


_ - —O— 
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9. Which fomm in the laſt ſtep muſt be equal ro ( c) the 
ſumm of the Squares given in the Queſtion , hence this 


Fa 
j 


34a -|-ibb = c 
Equation ariſeth, to wit , EIS 4 » 2 
9. Which Equation after-due ReduCtion will give . . .p as = 
10. Therefore by extraing the ſquare Root our of each part NR mT 
of the laſt Equation the ſumm of the extreme Proportionals> . 4 = 
is diſcovered, to wit, « 5 + +» +» +» © 
Which Jaſt Equation gives this _ | 
CANON. 
From four times the given ſumm of the Squares of the three-Proportionals ſought, ſub; | 
tra& the Square of the given Cifference of the extremes ; then the ſquare Root of ons + 
third part of that Remainder ſhall be the ſumm of the extreme Proportionals. | 

Then half the fumm of the extremes increaſed with half their difference gives the greater | 
extreme, and half the ſaid ſumm leflened by half the ſaid difference leaves the leſſer extreme, | 

Laſtly, the ſquare Root of the Produ&t made by the mutual multiplication of the extremes | 
is the mean Proportional, nan ; 

Therefore if 16 be given for the difference of the extremes of three Proportionals 
and 364 for the ſumm of the Squares of all the three Proportionals , the Proportional 
are alſo given ſeverally,; ro wit, 2,6, 18 >. 

I LDUEST. 4. | 
One extreme ( 4 ) of three proportional Quantities being given, as alſo (c ) the ſun ! 
of the Squares of the other extreme and the mean; to find ont that other extreme and mean, ' 
RESOLUTION. | 
x. For the extreme Proportional 'fonght put .. .,., «. > &# 
: 2. Which multiplied by the given extreme (6) produceth N 
the Square of the tnean , to Wit, fo © oo) ” 
3;- But trom the firſt ſtep the Square: of the extreme Pro- 

portional ſoughti's -. . 3 ooo +» bo © 
4. Therefore from the ſecond and third ſteps the ſumm of _ 

the Squares of the two Proportionals ſought is . aa P 
5: Which ſumm in the laſt ſtep muſt be equal ro (c) thep WR 2 

ſumm given in the Queſtion;hence this Equation mitedte. © aaT-ba = C 
6. Which Equation being reſolved by the Canon 1n Se. 6. ; 

Chap. r 5. of my firſt Book of Algebraick Elements, will 4 = y:c+36b;-3, * 

diſcover the extreme Proportional ſought, to wit, .- .., bx Ing 

The laſt Equation in words is this 

Foo CANON. 

To the given ſumm add the Square of half the extreme Proportional given ; and out | 
of this ſumm extract the ſquare Root , then this ſquare Roo leſſened by half the giren ' 
extreme will give the other extreme. | 

Therefore if 18 be given for one of the extremes of three Proportionals, and 40 for 
the ſumm of the Squares of the other two Proportionals, the Canon will diſcoyer 2 for 

the extreme ſought. Laſtly, the ſquare Root of the ProduR& of the. extremes, ro Wit, | 
6 is the mean ſought. ' Therefore the three Proportionals are 18, 6 and 2. : 
LUEST. 5. | | 

The difference (5 ) between the extremes of three proportional Quantities being given, 
2s alſo the Proportion which the difference of the Squares of the extremes hath to the ſim 
of the Squares of all the three Proportionals , ſuppoſe the difference be to the ſumin s 
(-) to (s;) tohind the Proportionals. But (+) muſt be leſs than 4 + F 

RESOLUTION. 

. For the ſurnm of the extremes put , ; .  . , 5 a = 

- Then for as much as theit difference is given . -. . .5 þ 

. Therefore the difference of the Squares of the cxtremes) | 
thall be 42 ; ( for the ProduRt of the multiplication of the 

ſumm of any two numbers into their difference is equal to os 

: the difference of their Squaresz) 0 © 7G oy 


4c — bb 


—— — 
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4. Then from the firſt and ſecond ſteps , ( by the Theor, of bn 
Dueſt. 1, Chap. 1 4+ of my Firſt Book of _— Ea +2 
Elements., ) the greater extreme ſhall be . . : 

f And (by the ſame Theor. ) the lefler extreme ſhall be T_T 
. Therefore from the. fourth _ the Square of the Hm PET 
extreme 15 : "EC Lax + tha 
. And from the bfth ep the Square of the leſſer extreme is > tas t Lops "i 
. And becauſe the Product made by the mutual multiplication 
pw the extremes is equal to the Square of the mean, therefore 
the extremes in the fourth and fifth ſteps being multiplied 
one by the other, will give the Square of the mean,” ro wit, 

9. Therefore by adding rogether the Squares in the three laſt; 
” flops, the ſum of the w__ of the three TE RY 
ſhall be wy 

x0, Then according; to the Queſtion , x As þ is. to. s, ſo muſt the difference in the third 
"np be to rhe fornm-m = ninth ſtep 3 » hence this Analogy arifeth ;. viz. 

$ :: ba a 4 Ebb, 

17. W hence, by compating the Prodit made by the mutual multiplication of the exttemeg | 
rothe Produtt on the means , this Equarton comes forth, viz. 


"the = 2744 Ebb. SE 
12. From which Faquiation, after due RedaQtion, "there will atiſe © 

LAGO bb" 

"r ag = —_ ; 


\13- Therefore (3 per Canon n $2 16, C 'hap.15. Y I.) the two Roots or values of 2 4 


+ 1m the Jaft Equarion are theſe, to wit, 
| 26Ty: 4 = — 3rrbb : i great. 4 = a 23b of: FEES TUE * the tee 


6 =» 


ov 2s CES 


zr 
16. Then by muhipifing each part by 3r,2? » ,— P. 
it follows, that , £: 2h — v: a5obb —_ arte E* 3b. 


17. Ahd by adding / ER. *2 _ 
to each part in the xteenth ſtep, ; 25h > 3rb + wv: a5:bh - —Irrbh 


18. And by fubtrafting 376 from m_ 2h — 3b = fequetb = qrrbb: 


part in the ſeventeenth ſtep, 


19, And 'by ſquaring each part in the Tf 1 4 
eiphteerith ſtep, . * 49h 125bb 1 g9#rbb =-451bb yy 


"henna Ns oy to each part ro 4 7 a9 rb he r29þb = qrobb, 


And by adding 125rbb to each 

ths hs , bg pity 45334; I 277bb = 45bb _ 1 2.56b; 

22. And by ſubtraQin 'S 4ssbb from each 
part s - gory,” rſt ſep, 

23. Wherefore by dividing each part-\in 
the twenty- hens ſtep be _ . 'F 7 

24. Thus, from a ſuppoſition that the tefſer valve of s ) in the chiceeenth figs Is greater 
than ( b ) the given difference of the extremes, ir follows by juſt conſequence that ( -,) is _ 
greater than ('s,) whichis impoſſible; for in regard the difference of the Squares of 
the extremes is leſs than the ſamim'of the Squares of all three Proportionals , 2ndthat ac+ 
cording to the Queſtion the ſaid differences ro the ſaid ſarotn as (+ ) to (s,) therefore &) 
is leſs than (s;) and becauſe the ſeries of Inferences-drawn from the ſkid Suppolition ends. 
in an Impoſlibiliry, therefore thar which was ſuppoſed cannot be true ; wx, Mapper 

value 


5. Suppoſe $5 ac 40 


&= *; + 


"FP vowel —j 12576b, 
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value of ( 4) is not greaterthan (b) the given difference of the extremes, and con. 
ſequently it cannot be equal to the ſumm oz the excremes. Which was to be proyed, 

But by the like argumentation it may be proved that the greater value of ( 2) in the 
thirteenth ſtep exceeds ( 6 ) the given diffcrence of the extremes ; and if it be expreſt 
by Words, it will give the following Canon to find out the ſurm of the extreme Pro. 
portionals ſought ; whence by the help of the given diffcrence of the extremes , the 


extremes are ſeverally given. 
CANON. 


From four times the Square of the latter or greater term (5) of the given Reaſon ſub: 
traQt thrice the Square of the firſt term (7,) and multiply the Remainder by the Square of 
the given difference of the extreme Proportionals ſought z then add the ſquare Root of tha 
Produ& to the double.of the Product made by tlie multiplication of the Jatter term ( ;) 
into the difference of the extremes , and divide the ſumm of that addition by the triple 
of the firſt term (7;) ſo ſhall the Quotient be the ſuram of the extreme Proportionals; 
Jaftly , half the ſumm of the extremes increaſed with half their difference gives the greater 
extreme, but the ſaid halt ſumm leflened by the ſaid half difference leaves the leſſer extreme, 

As, for example, if 6 be given for the difference of the extremes of three continul 
Proportionals, and the difference of the Squares of the.extremes hath ſach proportion to 
the ſurm of the Squares of all the three Proportionals as 5 to 7, then by the Canon, 
the three Proportionals will be found 2, 4 and 8. Oe. | 

Again, if 2+ be given for the difference of the extremes, and the difference of the 
Squares of the extremes be to the ſumm of the Squares of all the three Proportionals as 
123 to 427, theProportionals will be found 4, 5 and 65. | 


CIT WER 


QUEST. 6. > 
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The ſutnm (4) of the extremes , and the ſumm (& ) ofthe means of four Quantities ; 
in continual proportion being given , to find out the Proportionats; but (b) muſt exceed(e,) | 


RESOLUTION, 


2. For one of the mag ot. 5 oe» i 2.4 

2. Then by ſubtraRting that mean from (c) the given ſumm of 'F 
the means , the Remainder is the other mean, ro wit, . . YT. | 

3. And by dividing the Square of the latter mean by the for-2 << —2c4-þ 44 
mer, the Quotient gives one of the extremes, to wit, . £ A 


4+ In like manner the Square of the firſt mean { 4 ) being &£ 44 
vided by the other mean(c—,) gives the other extreme,to wit,Y 6 — 4 


5. Therefore from the third and fourth ſteps the ſumm of the? cce — 3ceaþ 3644 
rwo extremes is 6 - - Fe. 0 0. A [ C4 — Ada 


6. Which ſamm muſt be equal to ( b) the given ſumm of _ eee—3eea-[-3eas | |; 


extremes z hence this Equation ariſeth, ro wit, .. . . CA—AR 


7. From which Equation after due ReduCtion this atiſeth, cec 


. _ | a (4 
to wit, «+ +J.. 3C+|-b ” 


8, Wherefore by reſolving the laſt Equation by the Canon in SeZ. 10. Chap. 1 5. Book : 
the two values of ( 4,) to wit, the mean Proportionals ſought will be made known, ty | 


s s. WÞ# : yl 


4 = tf —4/: — — ——>: the leſſer mean. 


Which values of ( 4) give this | 
CANOYXMN. 


Divide the Cube of the ſuram of the means by the aggregate of the triple ſumm of the | 
means and the ſumm of the extremes ; ſubtra& rhe Quotient from the Square of half the Þ 
ſumma of the means, and extra the ſquare Root of the Remainder ; then the ſaid ſquit | 
Root being added to and ſubtrafted from half the ſumm of the means , the Summ and Re: | 


Tho | 


maindcr ſhall be the means ſought. 


OTSOES *” 
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Then the Square of the lefler mean being divided by the greater will give the lefſer 
extreme ; and the Square of the greater mean divided by the leſſer gives the greater extreme, 
Therefore if 18 be given for the ſumm of the extremes , and 12 for the ſumm of the 
means of four continual Proportionals, the Proportionals are given ſeverally by the ſaid 


Canon, to wit, 2, 4, $ and 16, 


LUEST. > 

The difference ( 6 ) of the extremes, and the difference ( c ) of the means of four Quan- 

tities continually proportional being given , to find out the tour Proportionals. 
RESOLUTION. 

1. For the leſſer mean Proportional put . . . . . . 
2. Which added to (c) the given difference of the means 
gives the greater mean, to wit, . «© « « « « 
. Then the Square of the ſaid greater mean being divided > cc 2c4 -|- aa 
by the leſſer , gives tor the greater extreme. £S 's p 
4. Likewiſe by dividing ( 44) the Square of the leſſer mean aa 

by the greater, there ariſerh for the leſſer extreme : c +a 


5. Therefore the difference of the two extremes in the third? cc -|- 3cca | 3eaa 
and fourth ſteps B . - »- +< . TI ca + aa 


6. Which diffcrence muſt be equal to (4) the given dif- > ccc--3cca43cae __ ; 
ference of the extremes , hence this Equation arileth , viz. Car|-aa or 


7. From which Equation , after due ReduRtion , this — 08 
1A RR TY Tr RR, oO 
8. Wherefore by reſolving the laſt Equation by the Canon in Set. 6. Chap. 1 5. Book rt. 

the value of ( 4,) to wit, the Jeſſer mean Proportional ſought will be made known, 32, 


cc Pl : 
# = Ra Cn< a 


Which Equation in words 1s this 5 
CANOM. - | 

Divide the Cube of the given difference of the means by the exceſs of the given ditference 
of the extremes above the triple of the difference of the means , add the Quotient to the 
Square of half the difference of the means : then from the ſquare Root of that ſumm 
ſubtra& half the difference of the means, ſo ſhall this Remainder be the lefler mean. 

Then to the leſſer mean add the difference of the means, and the ſumm is the greater. 
Laſtly , the Square of the greater mean divided by the leſſer gives the greater extreme , and 
the Square of the leſſer mean divided by the greater gives the lefler extreme. 

Therefore if 52 be given for the difference of the extremes of four continual Proportio- 
nals, and 12 for the difference of the means, the Proportionals will be found 2, 6, 18, 5.4. 


LUEST. 8. 
The furmm (+) of four Quantities in continua] proportion being given, as alſo (c ) 
the ſumm of their Squares; to find the Proportionals. | 
RESOLUTION. 
I. For the ſumm of the means punt .” , - « «© +» > a 
2. Which ſubtraRed from ( 6 ) the given ſumm of all rhe four N 
Proportionals , leaves the ſurm of the extremes ; to wit, £ TOM 
3. The Square of (6) the given ſumm of all the four Pro-g ,, 
patch Bo 4 as eo Eu RR 
4. Now ( according to T heor. 16. of the preceding Chap. 6. ) 
from the ſaid Square (bb) 1 ſubtra& (c) the given ſuram of f -* 
the Squares of the four Propertionals, and from the half of > 366 — ic — 44 
the Remainder 1 alſo ſubtra&t (4a) the Square of the fumm 
of the means, ſo this Quantity remains, to wit, . . + 
5- Which Remainder, to wit, 5665 — 5c — a, ( by the ſaid T heoy. 16.) ſhall be to the 
given ſumm of the Squares of the four Proportionals, as the ſuram of the means is to 
the ſuram of all the four Proportionals , hence this Analogy ariſeth, vz. 
MS 0-46 o & 32' #0 


3 


p 
c|-4 


(OS) 


6. Which 
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—— a ogy , by comparing the ProduR made by the mutual multiplication of the 
extremes to the ProduR of the means, will be converted into this Equatton , v4z, 
Lbbb — Sbc — bag = ca 
7. Whence after due Redudtion this Equation ariſcth, to wit , 
bh — ic = aa + br 


b 


Which Equation being reſolved ( per Canon in Sett. 6, Chap. 15. Book 1.) gives this | 


following CANON. 


From the Square of the given ſumm of the four Proportionals ſubtra& the given ſumm | 


of their Squares, and to the half of the Remainder add the Square of half the Quotient that 
ariſeth by dividing the ſumm of the Squares of the four Proportionals by the {umm of the 


four Proportionals. Then extract the ſquare Root of the ſumm of that addition, and from ; 
the ſaid ſquare Root ſubtract half the Quotient aforeſaid , ſo (hall the Remainder be the ' 


ſumm of the two delired mean Proportionals, 


Then the ſumm of the means of fonr _— Proportionals being given , as alſo the : 
all be given ſeverally by the Canon of the | 


ſumm of the extremes, the Proportionals 
preceding 2we[t. 6. of this Chapt. 

So if 3o be given for the ſumm of four Proportionals, and 340 for the ſumm of their 
Squares ; firſt , by the Canon above expreſt, rhe ſumm of the means will be found 12, 


which ſubtracted from 3o the given ſun of the four Proportionals, leaves 18 for the | 
ſurnm of the extremes : then the ſumm of the means being given 12, and the ſumm of | 
the extremes 18, the four Proportionals ( by the Canon of the preceding lixth Queſtion, p 


will be found 2, 4, S, 16. 


——J 


2 UV EST. 9. 
The fumm (4) of four Quantities in continual proportion being given , as alſo (6) 
the ſuram of the Squares of the means, to find the Proportionals. | 


RESOLUTION, 
1. For the ſumm of the means put ... . . . . « : > 
2. Then, becauſe (by Theor. x 2. of the preceding Chap.6.) the ce 
e 


fi 


. o 4 
of tour Quantities continually proportional is to the ſurmm of the 
means, as the ſuram of the Squares of the means is to the Product 
made by the mutual multiplication of the means or extremes, ſay, 
by the Rule of Three, 

WFi.cct b 3 a6 5 =. 
Whence the Produ& of the means or extremes is found . .) 
3. And becauſe if from the Square of the ſuram of the means there 


be ſubtraed the ſumm of the Squares of the means, there will 
remain the double Produf of the means or extremes ; therefore 
if from (aa) you ſubtract ( c,) the half of the Remainder ſhall 
be the ProduCt of the means or extremes, towit, , ., . . . 


4 Which Produ&t , to wit, z44 — jc muſt be equal to T the 


Product in the ſecond ſtep ; hence this Equation ariſeth, to wir, 


5. From which Equation after due ReduRion there ariſeth . . . > 44 — = eÞ 
Which laſt Equation being reſolved ( by the Canon in Se. 8. Chap. 15. Bok 1) I 


gives this following | 
d CANON. 


To the given ſumm'of the Squares of the means add the Square of the Quorient thi ; 
ariſeth by dividing the ſaid ſumm by the given ſumm of the four Proportionals, and out'd Þ 
the ſumm made by that addition extraR the ſquare Root ; then this ſquare Root added to the 1 


aforeſaid Quotient gives the ſumm of the mean Proportionals ſought. 


Then the ſumm of the means being given, as alſo the ſumm of the extremes , (i 
the ſurm of the means found out being ſubtraed from the given ſamm of all the four Fro | 
portionals leaves the ſamm of the extremes) the four Proportionals will be diſcovered bj | 


the Canon of the fixth Queſtion of this Chapter, 


Therefor, | 


IS) I MN EY LPT RP Ie 4 4; Toe 
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2, 
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Therefore, If 3o be given for the ſumm of ſour continual Proportionals,. and $0 for 
the fumm of the Squares .of the means , the four Proportionals are alſo ſeverally given ; 
to wit, 2, 4, 8,16 ; by the Canon above-exprelt. 


_ TVUSSY im: ; - 
The ſumm ( 4) of four Quantities continually Proportional being given, as allo (c) 

the ſumm of the Squares of the extremes , to find out the Proportionals. 

| RESOLUTION. + 

7, For the ſumm of, the means pt . . , 5 oc» » of if 

2. Which ſubtrated from (b ) the given ſamm of the four Pro- > 
portionals leaves the ſumm of the extremes, to wit, -., , &c b —4 

3. Therefore the Square of the ſumm of the extremes is. . .> þþ — 2ba4- as 

4. From which Square, it ( c ) the given ſumm of the Squares of they, 
extremes be ſubtraſted , there will remain the double Produal, bb — 2ba-b-az—c 


made by the mutual multiplication of the extremes or means ;(C; 2 
therefore the ProduCt of the means is . , . 0. « 

5. And, becauſe if from 4a the Square of the ſumm of the means , | 
there be ſubtrafted bb—2 ba-{-44—c the double Produ&t of th a6gai$84-4 


means , there will remain the ſumm of the Squares of the means ; 
therefore the ſumm of the Squares of the means is « . . . | 
6. And becauſe by Theor. 12. in the preceding Chap. 6. the ſumm of the Squares of the 
means is to the Produ& of the means ,- as the ſurmm of all the four Proportionals is to the. 
ſumm of the means ; therefore from the premiſes this following Analogy ariſeth , 25z. 


2ba—bb-|-c . bb —2ba- 4a —c 2: 6 


7. From which Analogy , by compiring. the Produ& of the extremes to the ProduRt of 
the means, this Equation ariſeth , vzz. - 
| 2bas — bhad-ca = bbb — 2bba | baa — bc 
z 


8. Which Equation, aftet due ReduCtion , _ this following Equation, ' viz. 
2C b—c 
ag -|- Ss = . 
HY 3 
Whence ('per Canon in SefF. 6. Chap. 15. Book 1.) there ariſcth this following 
| CANONM. | E 

Divide the given ſumm. of the Squares of the extremes by the triple of the given ſumm 
of all the four Proportionals, and to the Square of the Quotient add one third part of the 
excels of the Square of the ſumm of the four Proportionals above the ſumm of the Squares 
of the extremes; then from the ſquare Root of the ſurpm made by that Addition ſubtra 
the Quotient firſt found out: ſo thall the Remainder be the deſired ſum of the mean 
Proportionals. | -; 54% : 

Then the ſumm of the means being given, as alſo the ſurm of the extremes, (for the ſumm 
of the means being ſubtracted from the given ſumm of the four Proportionals leaves the - 
ſumm of the extremes, the four Proportionals will be diſcovered by the Canon of the 
ſixth Queſtion of this Chapter. | | ' 

Therefore, If 80 be given for the ſumm of four continual Proportionals, and 2920 for 
the ſuram of the Squares of the extremes, the fonr Proportionals will be found 2, 6, 18,54. 


| | LUEST. 11, | 
The ſumm (6) of the Squares of the extremes of four Quantities in continual proportion 
being given, as alſo (c) the ſumm of the Squares of the means, to find out the Proportionals.” 


h ' RESOLUTION. 

1. Add the two given ſumms into one, that yon may have the ſum 57 
of the Squares of the four Proportionals ſought, for which laſt & d 
mentioned ſumm pit .. + © 6 $646.04 25a 4nd; 

2. Then for the ſumm of the Squares of the firſt and ſecond Pro- 4 I 
Porents put; I Ge nn 3 ns '$ 

3. Therefore the ſumm of the Squares of the third and fourth? 4:5 
Proportionals is , , . . . . yy EOS ho 

| Aa | 


4* Thih, 


—_— 7 
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4. Then, becauſe (by Theor.13. of the preceding Chap. 6.) the ſumm 

of the Squares of the two means is a mean Proportional between 4. 

the ſumm of the Squares of the firſt and ſecond, and the ſumm of * #- 

the Squares of the third and fourth, this Analogy is manifeft, 5x. 
5. Therefore by comparing the Produc made by the multiplication 

of the extremes of that Analogy to the Produtt of the means, this > da — 44 = © 

Equation arifad , viz. > - . » » ©» ». & » +» | 
6. Which Equation being reſolved by the Canon. in Self, x0. Chap. 16. Book, I. gives thiz | 

following | __- | 
CANOM. 

Add the given ſumm of the-Squares of the extremes to the given ſumm of the Squares 
of the means, and reſerve half of the ſumm-: from rhe Square of this half ſumm ſubtra&the 
Square of the ſumm of the Squares of the means and extract the ſquare Root of the Remain- 
der : add this ſquare Root to the half ſumm before reſerved, and al{o-ſubtraR it from the ſame 
half ſum ; ſo the Summ ſhall be the ſuram of the Squares of the firſt and ſecond Proporiic- 
nals, and the Remainder ſhall be the ſumm of the Squares of rhe-third and fourth, 

Then (according to Theoy. 3. of the preceding Chap. 6.) add itverally the fumm of the 
Squares. of the figit and ſecond Proportionals , and the ſurnm of the Squares of the third ad 
fourth, to the ſumm of the Squares o/the means , and out of each ſumm extra6t the ſqure | 
Root, ſo ſhall one of theſe Roots be the ſumm of the firſt and third Proportionals, and the | 
other ſhall be the ſumm of the ſecond and fourth : which two laſt mentioned ſfumms being | 
added together give the fumm of the four Proporrionals ſought. | 

Laſtly, the fumm of four Proportionals being given, as alſo the ſumm of the Square 
of the means, the Proportionals ſhall be given ſeverally by the ninth, Queſtion of this Chapt, | 

Therefore if 260 be given for the ſumm of the Squares of the extremes of tour cominul | 
Proportionals, and: 8o tor the ſumm of the Squares of the means , the Proportionals wilt | 
be found 16, 8, 4, 2. © 
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= TE iowa 
ms d 


DUEST. I2. 


The ſfumm (4) of the extremes of four Quantities in continual proportion being giren | 
as alſo (c) the ſumm of the Cubes of the means ; to find out the Proportionals, 


RESOLUTION. 


1. For one of the extreme Proportionals put . . . « . «oP 4* 

2, Then the other extreme, by ſubtracting ( 4 )) from (6) the given } 

ene the evo, MEM . . oc ooo: _ 

3» Therefore the Product made by the mutual multiplication of the N 
SS ES 2 > 0.» >. #7 

4. And becauſe ( per Theor. 21. of the preceding Chap. 6. ) the 
Produ@ made by the multiplication. of the means or extremes into 
the ſumm_ of the extremes, is equal to the ſumm of the Cubes of | 
the means; therefore if you multiply ba — as by 5, this Produ& ? bbha— bas = | 
ſhall be equal to ( ©) the given ſumm of the Cubes of the means; 
hence ariferh this Equation, viz. . . « © . «© . « «+ » 

5. And by dividing every term of that Equation by ( 6, ) there N 
—_—: EE ee 
Which laſt Equation being reſolved ( by the Canon in Se. ro. Chap. 15. Bok. 1.) | 

gives this following | ge 
| | CANON. ; 

6, From the Square' of. half the given ſumm of the extremes ſubtra& the Quotient that * 
ariſerh: by dividing the given ſuram of the Cubes of the means by the ſumm of the & | 
tremes , and extract the ſquare Root of the Remainder , then half the ſurm of the & * 
tremes being increaſed 6c alſo lefſened by the ſaid ſquare Root, gives the extremes ſeveral» | 

Then you may find ont the means by a new work, thus, 4 

7. Let the greater extreme- found out as above be . . . .. .> f 

ty ne eller SEN oY > o © & « 0 » oF 

9; Tan tor the grentr mann 2 5 > »> + + 4 0 6 6 > 4 1 

Io. Therefore by dividing (44) the ſquare of the greater mean by the? 4 
greater extreme ( f;)-the Quotient ſhall be the leſſer mean, ro wit, C f 
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leſſer extreme multiplied by the greater mean; therefore from the'> £444 


three laſt preceding ſteps this Equation ariſeth, viz. . , | 
12, Which Equation , after due Reduction, gives . |. . . -> as = ffe 
13. Therefore by extraCting the cabick Root out of each part of}, _ VG 

the laſt Equation the greater mean 1s made known ) Viz. 7 "mw_ 3 ite 

Which laſt Equation , together with that in the tenth ſtep , will give this 
| : CANON. | | b 

14, Multiply the Square of the greater extreme by the leſſer, then the cubick Root of the 

Produ& hall be the greater mean, Laſtly , the Square of the greater mean divided 

by the greater extreme gives the leſſer mean. 


Therefore if 1 8 be given for the ſumm of the extremes of four numbers in contiuual pro- 
portion, and 576 for the ſum of the Cubes of the means , then by the firſt Canon of this 
Queſtion the extremes will be found 16 and 2 ; and laſtly, by the latter Canon, the means 
will be fonnd 8 and 4 :- wherefore the four continual Proporrtionals ſought are 16, 8, 4, 2+ 


 DANOAIT | = | 
\ The ſumma (4) of the Cubes of the extremes of four Quantities in continual proportion 
bcing given, as alſo (c) the ſumm of the Cubes of the means; to find the four Proportionals. 


RESOLUTION. 

1. For the ſurm of the extremes put ,  « «© «» «» «© © o> & 
2. Theretore the Cube of that lumm is . . . . « . « . > aaa 
3. Then becauſe by Theoy. 2 2, of the preceding Chapr. 6. if foury 

Quantities be continually proportional, the ſurm of the Cubes | 

of the extremes more by the triple of the Cubes of the means is C Sb 60 

equal to the Cube of the ſuram of the extremes , therefore if to þ ee 

you add 3c, it gives the Cube of the ſurm of the extremes, which 

Cube muſt be equal to xa z hence this Equation; . . . . . | 
4. Therefore by extraQing the cubick Roor out of each part of that (3) :iTre: = 

Equation , the ſumm of the extremes is made known, viz, . » +l ihe 

Which laſt Equation in words is this following 
; CANON. SE - | 

AdA the triple of the given ſumm of the Cubes of the rneans to the given ſumm of the 
Cubes of the extremes, and out of the ſuram made by that Addition extra the cubick Root, 
which thall be the ſumm of the extremes ſought. | Ws 

Then the ſumm of the extremes being given, as alſo the ſuram of the Cubes of the means, 
the four Proportionals ſhall be given ſeverally by the Canon of the preceding twelfth Quee 
ſtion. As, for example, if 157472 be giver for the ſumm of the Cabes of the extremes 
of four numbers in continual proportion , and 6048 for the ſumm of rhe Cubes of the 
means ; firſt , by the Canon of this Queſtion the ſumm of the extremes will be found 56, 
and then by the Canon of the preceding twelfth Queſtion , the four Proportionals will be 
found 2, 6, 18, 54. | | | 


11. But the Square of the leſſer mean is equal to the Produ& of eb 


SUBSE. . 
The ſumm of the extremes (6b) of five Quantities in continual proportion being given» 
as alſo (c) the ſumm of the three means ; to find the five Proportionals. 
es RESOLUTION. 
7. For the third Proportional, that is, the middle term 
Aden, . + +» 
2, Then ſubtra& that middle term ( 4) from(c) the 
given ſumm of the three means, and there will remain > c — 4 
the ſumm of the ſecond and fourth, viz. . . . + 
3- And becauſe (by Theor.2 9. of the preceding Chap.6.)5 
- ſumm a the —_— - = continual Proportio- 
nals together with the double of the mean, the ſunim | 2 157% 
of the frond and fourth, and the mean, are alſo in? 5-9-2 CIOS 4 
continual proportion ; therefore this Analogy is | 
manifeſt , VIZ, * #.. & © ©... & &-16-o . 
| A@s | 4. From 
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4. From which Analogy , by comparing the ProduQt | 
made by the multiplication of the extremes to the Pro-p ba-]- 244 = © — 2044; 
duct of the means, this Equation 1s produced , v:z. 

5. Which Equation , after due ReduCtion , gives . . Þ aa+|ba-|-2ca = cc. 
Laſtly , by reſolving the laft Equation according to the Canon in Sete, 6, Chap, 15; 

Bock 1. there will ariſe this following 


CANONMN. 
Add the ſuram of the extremes to the double of the ſumm of the three means, and take 
| the half of the ſumm made by ſuch Addition ,, then ro the Square of the ſaid half ſamm add 
the Square of the ſumm of the three means , and out of this ſumm extraR the ſquare Root, 
from which Root ſubtract the half ſumm firſt taken , and the Remainder ſhall be the middle 
(or third) Proportional of the five ſought. 

Then by ſubiraRing the ſaid third Proportional from the ſumm of the three means , the 
Remainder is the ſumm of the ſecond and tourth;z by which Sumim and the third Proportio. 
na}, the ſecond and fourth ſhall be given ſeverally , ( by the Canon of Zeſt. 4. Chap. 16, 
Book 1.) Then the Square of the ſecond Proportional being divided by the third gives 
the firſt , and the Square of the fourth being divided by the third gives the fifth, 

Therefore, if 34 be given for the ſumm of the firſt and fifth of five continual Proportio- 
nals, and 28 for the ſumm of the three mieans, the five Proportionals thall be given ſeve. 


rally, viz. 2, 4, 8, 16, 32 = 


LUEST. 15. 
The ſumm (6b) of rhe firſt, third and fifth of five Quantities in continual proportion 
being given, as alſo (c.) the ſuram of the ſecond and fourth ; to find the five Proportional, 
| RESOLUTION. 
1. For the third Proportional, that is, the middle term of the five, put > a 
- 2, Then ſubtraRt that middle term ( 4) from the given ſumm ( b ) N 
and the Remainder is the ſurnm of the firſt and fitth, v:z. rg 
3. And becauſe ( by Theor. 27. of the preceding Chap.6.) the n of 


duct made by. the multiplication of the third or middle term of 
five continual Proportionals into the ſumm of the firſt and fifth | 
is equal to the Squares of the ſecond arid fourth; therefore ( from © 
the firſt and ſecond ſteps ) the ſuram of the Squares of the ſecond | 
ER Popes LE e222 0-0 
4« The Square of the third Proportional ( 4) is equal to the Product 
of the ſecond multiplied into the fourth, therefore rhe double> 2 az 
of > dmg a rn > "RAI © 5p 
» Therefore, from the two laſt ſteps, the Aggregate of the Squares 
; and the double Product of the ſechn and Nd Proportional is e 44--ba 
6, But the Agpregate of the Squares and the double Produt of the 
ſecond and fourth Proportionals is equal to the Square of their 
ſemm, therefore the Aggregate in the fifth ſtep muſt be equal ro 
the Square of the given ſumm (c,) viz. . . « . . . , 
' Which Equation being reſolved by the Canon in Set. 6, Chap. 15, Book 1. willgit | 
this following CANON. 3 
Add the Square of half rhe given ſumm of the firſt third , and fifth Proportionals to the | q 
Square of the given ſurm of the ſecond and fourth ; then from the ſquare Root of the ſumn 
made by that Addition ſabtra& the ſaid half ſumm , and the Remainder ſhall be the third 
Proportional. 
Then by ſubtrating the ſaid third Proportional from the given ſumm of the firſt, third | 
and fifth, the Remainder 1s the ſumm of 3ſt and fifth ; by which ſumm and the thifd | 
F (or mean) Proportional , the firſt and fifth, (to wir, the extremes ) ſhall be given ſeveraly | 
by the Canon of 2zeſt. 4. Chap. 16. Book 1, Then the third Proportional being muli- | 3 
plied into the firſt and fifth ſeverally , and the ſquare Root being extraRed out of each Pr s 
| duR, theſe Roots ſhall be the ſecond and fourth Proportionals. 
: Therefore, if 42 be given for the ſumm of the brſt, third and fifth of five numbers n 
continual Proportion, and 20 for the ſamm of the ſecond and fourth, the five Proportion | 4: 


Deſt, 16, [ 


ba — ac 


aa-|- ba = 


f Ce TI PRT 


Coe amy "** 


will be found theſe, to wit, 2, 4, $, 16, 32. 
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KVEST. ut 


The third Proportional (4) of five Quantities in continual proportion being given , 

25 alſo ( c) the ſumm of the other four ; to find out the five Proportionals, 

RESOLUTION. , 

7. For the ſumm of the ſecond and fourth Proportionals put ; .> # | 

2. Then fubtra& that fumm ( 4) from (c ) the given ſumm of the | 
firſt, ſecond, fourth and fifth Proportionals, and there will remain > c — & 
the ſumm of the firſt and fifth, tro wit, . , . . . 

3. The Square of the third {that is, of the mean) Proportional (þ ) 
is equal to the Produdt of the ſecond multiplied into the fourth , > 24h 
therefore the double of that Product 1s Re ol | 

4. Which double Product (266) ſubtracted from (4a) the ore 


of the ſumm of the ſecond and fourth Proportionals, leaves for theÞ aa — 266 
ſurm of the Squares of the ſecond and Rn. >< 
5. And becauſe ( by Theor, 33, of the preceding Chap. 6.) the 
ſumm of the Squares of the ſecond and fourth of five continual Pro- 
portionals is equa] to the Produt of the third (or mean) multiplied 
by the ſumm ot che firſt and fifth ; therefore, if (4a— 266) the 
ſumm of the Squares of the ſecond and fourth be divided by the 
mean ( b ) the Quotient ſhall be the ſumm of the firſt and fifth, v5.4 £ 
6. Which ſurmm found out in the-laſt ſtep, muſt be equal to the add , 
ſumm of the firſt and fifth Proportionals found out in the ſecond a C—& 
ſtep; hence this Equation ariſeth, viz. « , . . . . » ; 
- 7. Which Equation , after due Redution, gives . . «. . , > a&|-ba=2bb+ tc. 
Wherefore by reſolving the laſt Equation ( according to the Canon in Set. 6. Chap. I 5. 
Book 1.) there will come torth this following 
| | . vTaFOM--:. ————.-: 
To the Square of the half of the given third (or mean) Proportional add the double of the . 
Square of the ſaid mean, as alſo the Product of the ſaid mean multiplied into the given . 
ſumm 01 the other four Proportionals , and out of the fumm of that Addition extract the 
{quare Root ; this Root leflened by half the given mean, gives the ſumm of the ſecond and 
tourth Proportionals. PE | "EI 
Then from the given ſumm of the firſt, ſecond, fourth and fifth Proportionals ſubtract 
the ſumm of the ſecond and fourth ( found out as above,) and the Remainder is the ſumm 
of the firſt and fifth , by which ſurm and the third ( or mean ) Proportional, the ſaid firit 
and fitth ſhall be given ſeverally by the Canon of ®xeſt. 4. Chap. 16. Book i 
Laſtly, the ſquare Roots of the ProduR of the firſt mulriplied into the third , and of the 
Produtt of the third into the fifth, ſhall be the ſecond and fourth Proportionals. | 
Therefore, if 8 be given for the third of five numbers in continual proportion, and 54 
for the ſumm of the other four; the five Proportionals will be found theſe, to wit , 
> 234, 8, 16, 32. 


aa —_ 2bb . 


b 


2 V E S T. I'7. ; ; 
The ſumm (b)) of the extremes of five Quantities in continual proportion being given, as 
allo ( c ) the ſumm of the Squares of the three means , to find the five Propenions 
RESOLUTION. 
1, For the mean ( or third ) Proportional put . . ' þ ÞÞ 4 
2, Then ( by Theor, 33, of the preceding Chap. 6.) the mean (4) 
multiplied by ( 6 ) the given ſur of the extremes, produceth tes bs 
ſumm of the Squares of the ſecond and fourth Proportionals, viz. 
3. Therefore if to (4a) the Square of the mean, you add (ba) the* | 
. fumm of the Squares of the ſecond and fourth , there will come 54 +6 4 
forth the ſurnm of the Squares of the ſecond, third and fourr 
Propertiemils, viz: . «co > «<> +++ n= I 
4. Which ſumm found out in the laſt ſtep muſt be equal to the ging FF bi be = & 
| Wherefore, 


ſumm ( c,) hence this Equation ariſeth, viz, . +» 


, 
r 
[pit 


mm —_—_ —_ 
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Wherefore by reſolving that Equation ( according to the Canon in Set, 6. Chap, 15, 
Bock 1.) there will ariſe this following 
CANON. 
| Add the Square of half the given ſumm of the extremes to the givenſumm of the Squares | 
of the three means, and out of the ſumm of that Addition extract the ſquare Root , this 
Root leſſened by half the ſumm of the extremes, will give the mean (or third) Proportional, 
1 hen the mean (or third) Proportional being given, and the ſumm of the extrmes, ( 22, 
of the firſt and fifth ,) the ſaid extremes ſhall be given ſeverally by the Canon of ©neft, ,, 
Chap. 16. Book 1. ; 
Laſtly , the ſquare Roots of the ProduRs of the firſt into the third , and of the third 
into the fitth ſhall be the ſecond and fourth Proportionals. 
Therefore , if 34 be given for the ſumm of the extremes of five numbers in continuzl 
Proportion, and 336 for the ſumm of che Squares of the three means, the five Proportio- 
nals ſhall be alſo given, towit, 2,4, 8, 16, 32. 


 DUEST. 18. 


The ſumm'( 5) of the extremes ot five Quantities in continual proportion being given, | 
as alſo ( c ) the ſumm of the Squares of the ſecond and fourth, to find the five Proportioulls, 
RESOLUTION. 
2 For the mean Propel 2 o o + oo 4 
2, Then ( by Theor. 3 3. of the preceding Chap. 6. ) the mean ( a) 
multiplied by ( þ ) the ſumm of the extremes, produceth the ſurmmm > ba 
of the Squares of the ſecond and fourth , viz, © £586 
3. Which ſumm muſt be equal to the given ſumm ( c,) therefore > ba = c 
4. Wherefore , by dividing. each part of that Equation by (b,) c 
the mean Proportional will be. made known, viz. , : C _ b * 
Which laſt Equation, in words, is this following 
| CANON. 
Divide the given ſumm of the Squares of the ſecond and fourth Proportionals by the givn 
ſumm of the firſt and fifth, ſo ſhall the Quotient be the mean or third Proportional. 
Then the mean ( or third ) Proportional being given, as alſo the ſyumm of the firſt and 
fifth , theſe ſhall be given ſeverally by the Canon of ®ueſt. 4. Chap. 16. Book 1. 
Laftly , the ſquare Roots of the Products of the firit into the third, and of the thid | 
into the fifth ſhall be the ſecond and fourth Proportionals. j 
Therefore , if 34 be given for the ſumm of the extremes of five numbers in continul 
proportion, and-272 for the ſuram of the Squares of the ſecond and fourth , the Pro 
portionals will be diſcovered ſeverally, viz. 2,4, 8, 16, 32. | 


SUEST. 19. 


A Vintner having a veſſel full of Wine containing 16 ( or b) Gallons, draws oit 
4 (or c) Gallons , and then pours into the veſſel as much Water as he drew out Wine; 
then out of that mix'd quantity of Wine and Water he draws out the ſame number of Gal 
lons as before, and pours 1n the ſame quantity of Water; again he makes a third dravyh | 
of the ſame quantity as at firſt : The Queſtion is, to find how much pure Wine remained 
in the veſſel after the third draught. | 

RESOLUTION. 
Tt. The number of Gallons of Wine in the veſſel art firft was > b 
2. Out of which quantity, (c ) Gallons being drawn, there / 

remained of pure Wine in the veſſel , , . , . 
3. To which reraaining quantity of pure Wine, (c ) Gallonsy 

of Water being added, the veſſel is again full, and contains 

(5b) Gallons of Wine and Water together ; out of which 

drawing again ( c ) Gallons, we muſt ſeek how much pure 

Wine was in this ſecond draught, ſaying by the Rule of Three 

mixt, Wine , mixt , Wine. 
If 5 ,; G=w# 32-8 «&» (EE | 

Whence it is found , that the quantity of pure Wine in the | 

RW i. +0 + +. + 8 


A 


—————— 


b—c 


be — cc 


b] p—y_—_——_—_ 


b 


» 
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4, Which quantity Led being ſubtraed from 6 — c the 


quantiry of pure Wine 1n the veſſe] before the ſecond dravghtF, ' bb —2 be x7 
was made, there remains for the quantiry of pure Wine in - 

the veſſel atter the ſecond draught, .. «.. + « » |. 
5. To which remaining quantity of pure Wine add (c) Gallons; 

of Water, {o the veſlel is again full, and contains ( b ) Gallons |. 

of Wine and Water together ; out of which drawing agatn | 

(c) Gallons , we muſt ſeek how much pure Wine was in this 

third draught, ſaying, _ | | | 

| mixt , Wine, ' mixt, 


As " 2- SETS 2 PER us 


| bbe — 2 bee oe cc 
P bb 


Proportional or quantity of pure Wine in the third w—_ 
which will be found . . © oe. } 
6. Then by ſubtraRing the ſaid fourth Proportional or quantity 1. 
of pure Wine in the third draught, from 2 —36+<| 15:2. 
: TY 6 bbb -3bbe-l-3bec—ce 
the quantity of pure Wine in the veſſel when the third draught ? | 7 a 
was 'made , there remains for the delired quantity of pure,| 


Wine in the veſlz] after the third draught « . , « 


Which Quantity laſt found our is the: Anſwer of the Queſtion, and if it be reſolved 
into numbers it gives 67 for the number of Gallons of pure Wine that remained in the veſſel 
after the rhird draught. Moreover, it the firſt, ſecond, fourth and 1ixth ſteps of the 
Reſo/ution be well examined and compared with SetF. 2, 5, and 6. Chap. 5. of this Second 
Book, it will be manifeſt that the quantity of pure Wine in the veſſel at firſt , and the ſevera! 
quantities of Wine remaining in the veſſel after each draught are in Continual Proportion ; 


: 2 | bb — 2bc-|-cc E7 bbk — 3bbc -\-. bee — cee 
Y ; b , b—6& *: Z y | bh 
65 a 7 9 6, 64, 2 


Of which continual Proportionals the firft is the given quantity of Wine in the veſſel: 
at firſt , the ſecond is the exceſs. of the ſame quantity above the given quantity drawn out 
at each draught ; and then the fourth continual Proportional is the quantity of pure Wine 
remaining in the veſſel when three draughts have been made, according to the import of the 
Queſtion , but the fifth continual Proportional when four draughts ; the fixth when five 
draughts , the ſeventh when (ix draughts ſhal} be the- remaining quantity of pure Wine. 


fought by the Queſtion, Laſtly, rhe firſt and the ſecond Terms of a Rank of numbers 


in continual proportion being given, any of the following Terms ſhall be given by the Rule 
in SefF. 5, and 5. Chap. 5 of this Second Book, 


_— 


DPUEST. 20. 


A Vintner having a veſſel full of Wine containing 16 ( or 5) Gallons, draws'out 


a certain quantity , and then pours into the veſſel as much Water as he drew out Wine : 
again , out of that mixt quantity of Wine and Water he draws our the'ſame quantity 
as before, and poyrs in the ſame quantity of Water : then he makes a'third draughe of the. 


{ame quanticy as at firſt, and after this-third draught there remained 6% (or 4) Gallons. 


of pure Wine, The Queſtion is, to find what quantity of pure Wine was drawn out. 
at the firſt draught , or what quantity of Wine and Water together at the ſecond or third 
draught, ( for the three draughts were Equal quantities. ) 


x. The number of Gallons of Wine in the vefſel-at firſt was b 


draught pur Gre ue GE ES LL oG[aEſ]JSo 
3. Then the quantiry of Wine remaining in the veſſel after the firſt FSFE 
4. By proſecuting the ſearch as in the preceding ninetcenth Queſtion, faving that (a) is i 


—- 


Concerning Aliquot Parts. | Book 1L, 


be uſed here inſtead of (c there, you will find this quantity, viz. #60—30 See 


to be the number of Gallons of pure Wine remaining in the veſſel after the third draught, 
and therefore it muſt be equal to the given quantity 64, (or 4,) hence ariſeth this 
Equation , v2. 


bbb — 3bba-|-: 3044 — aaa __ | 
bb 4 


5. Therefore by mulriplying each part of that Equation by the Denominator 6b , there 
will cone forth this Equation in Integers, v:z. | 
| bbb — 3bba -|- 3baa — aaa = bbd, | 
6. And by extraAing the Cubick Root out of each part of the laſt Equation, there ariſeth 
b—a = v(3)b6d, , 
7, Wherefore from the laſt Equation after due Tranſpolition , the value of (4) will be 
made known, v4. a = b—f (3)bbd = 4. 


Whence it is manifeſt that four Gallons were drawn out at every one of the three | 


draughts. Bur if the Reſolution had been wrought out at large; as in the preceding nineteenth 
Queſtion, then it would appear , that if between (5) and (4,) v:z. the quantity of 
Wine firſt given and the quantity of Wine remaining after the Jaſt draught , there be found 


the greater of two mean Proportionals when three draughts are propoſed , or the greateſ : 
of three means when four draughts, and ſo forwards, then the mean ſo found out being | 
ſubtraed from the greater extreme ( 6 ) leaves the Quantity drawn out at each draught, | 


The manner of finding out mean Proportional numbers between any two numbers given 
for Extremes hath already been ſhewn in Se. 1 4. Chap. 5. of tis Second Book. | 


If the Reader deſires more variety of Queſtions about Quantities in continual Pro. © 


portion , he may conſult the __ of 7ac. de Billy , entituled Nova Geometrie Claw | 


and the Firſ} Part of our Learned Dr. Waltz his Mathematical Works, 


CnuapPr. VIIL 


The manner of finding out all the Aliquot parts both of Number . | 
and Algebraical Quantities , as alſo the ſmalleſt numbers thi 


ſhall bave given multitudes of Aliquot parts. 


LT N the Reſolution of knotty Queſtions about Quantity , there is oftentimes great ul , 


of finding out all the Aliquer parts, or juſt Diviſors , as well of Numbers, as 
Quanrities repreſented by Letters ; and therefore in this Chapter I ſhall ſhew hov 


' that work may be done; as alſo, how to find out the leaſt number that ſhall have a giv 
multitude of Aliquer parts , according to the method of Fran. van Schoeten in Selb, 2,1}, | 


and 4. of his 1fiſcellanies , and in his Principia Matheſ. univerſal. 


II. A Prime or Incompoſit number is that which can only be meaſured or divide | 


by it ſelf, or by Unity, and leave no Remainder: as, 2, 3, 5, 7, 11, 13, &c- Wt | 


Prime numbers. 

III. A Compoſit number is that which may be divided by ſome number leſs than tht 
Compoſit it ſelf, but greater than Unity : as, 4, 6, 8, 9, 10, &c. are Compoſits. 

[V. 7#ſt Diviſors are ſuch numbers or quantities as will divide a given number 0 
quantity and leave no Remainder ; every one ot which Diviſors, except that which is equi 
to the given Quantity, is ealled an liquor part, becauſe if it be taken ( Aliquories, that 5) 


certain times , it will preciſely conſtitute the given Quantity : As, if 6 be a numbi! | 
propoſed, its juſt Diviſors are 1, 2, 3, and 6 ; but the Aliquor parts of 6 are only 14% .} 
and 3: for 6 cannot be a part of 6, but it may be a Divilor co it ſelf, that is, 6 mi | 
be divided by 6, and the Quotient is Unity. Hence it is manifeſt, that the guſt Diviſo | 


of a number are more in multitude by one than the number of its Aliquot parts. 


V. The Aliquot parts of a whole number may be found out in this manner, ws | 


Firſt, if the number propoſed be even, divide it by 2 , and reſerve the Diviſor ; 2g" 
# the Quotient be even divide it by 2 and reſerve the Diviſor ; and continue the Diviſio0 
| | of ever? 
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of every following Quotient by 2 until the Quotient be an odd number : But if either 
the number firſt propoſed , or the Quotient reſulting from ſuch Diviſion by 2, be odd, 
divide it by 3, if it will give an Integer Quotient, and continue the Diviſion by 3 in like 
manner 4s before by 2 , ſo long as the Quotient is an Integer without any Fra&ion ; 
likewiſe, when the Divifion by 3 ceaſeth, divide by 5, 7, 11,13, 17, 19, &c. that's, by 
every Prime number, until you find a Quotient leſs than the Diviſor ; and if no ſuch Diviſor 
will give an Integer Quortent before the Quotient 1s leſs than the Diviſor , you may con- 
el1de the number Grſt propoſed to be Incompolit, ( 25z. ſuch as hath no Diviſor bur ir (lf 
or Unity.,) and. that Jaſt Diviſor to be greater than the ſquare, Root of the propoſed 
ryumber : then by the help of thoſe Prime Diviſors to the given number , all the reſt may 
be found qut by the Operation directed in the following Examples, 


Example 1. 


Suppoſe it be delired. to find out all .the Aliquor parts and Diviſors. of 360 : : Firſt, 
I divide 360 by 2, and the Quotient is 180, this divided by 2 gives 9o , which di- 
vided by 2 gives 45 , this being an odd number, the | 
Diviſion by 2 ceaſeth : then 1 divide the ſaid 45 by.-3 _3%0|180|go[45|15][F[r_ 
and the Quotient is 15, this divided by 3 gives ihe 2j  *| SEATS! 
uotient 5 , and ſo the Diviſion by 3 ceaſeth; then _ - | 
I divide 5 by it ſelf, and the Quotient is Unity. . Now by the help of thoſe Diviſors -or 
Prime numbers, which (as may ealily be proved,) are ſuch, that jf they be continually mul- 
tiplied will produce the given number 360, all the reſt of the juſt Diviſors of the ſaid 359 


may be found out thus : Wn Eh | 


Firſt, I ſet every one of the aid Prime Diviſors, 2, 2, 2, 2, 3 and 5 at the Head of 
a Columel , as you ſee in this Table z then I multiply the firſt Diviſor 2 by the ſecond 
Diviſor 2, and ſet the Product 4 under 2: in the ſe- | 


cond Columel ; again, I multiply the ſaid 4 by 2 , — | 
( which ſtands at- the Head of the third Columel,) and "= | 0 5 | 5 I | Ds 
ſet the Produ&t-8 under 2 1n the third Columel. Then $73 : ISy 
I I multiply every one of the numbers in the firſt, ſecond ” s bag 
- »- and third Columels, by 3 , which ſtands. at the Head | | 36367 2 
/ of the tourth Columel] , and write, the Products under 3 | | |. | "nd Bb 
in the ſaid fourth Columel; except ſuch ProduRs which {ft |}. | - | 
happen to be the ſame with any of thoſe before written, | M 
| ( for one and the ſame Produt muſt not be written | | Suh 
4 tiwice,) ſo multiplying-2 , 4 and $ by 3, | ſet the | | | 45 
/ Produtts 6, 12 and 24. under 3 in the fourth Columel. | | WB oy 
Apain, I multiply every one of the numbers in the brſt, | | 130 
ſecond, third and fourth Columels by 3, (.whick ſtands 260 


at the top of the fifth Columel , ) and fet the Products 


under the ſaid 3; except ( as before ) ſuch Prody&ts which happen to be the ſame- with 
any of thoſe before written in any of the precedent Columels: ſo the Products writren 
under 3 in the fifth Columel are 9, 18, 36 and 72. Laſtly, I multiply every one of 
the numbers in the firſt, ſecond, third, tourth and fifth Columels by 5 , ( which ſands, 
at the Head of the laſt Colume),) and write the ſeveral Products, ( except as is before ex- 
cepted, ) under the ſaid 5: So at length all the juſt Diviſors ro the, given number 360 
are found theſe, to wit, 1, 2, 3, 4, 5, 6, 8, 9, 19, 12, 15, 18, 20, 24, 30, 36, 40, 
45, 60, 72, 90,120,180 and 360, every one of which Diviſors except .the greateſt, 
: ( which is always equal to the number firſt propoſed, ) is an Aliquet pare of 360, 
which ( as you ſe ) hath 23 Aliquot parts, and 24 Diviſors. 


| Bb Example 2. 


- 
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Example 2. 


Again, if it be required to find out all the Aliquot parts and Diviſors of 2310, the 
Operation will be like that in Example I. For, beſt the Prime Diviſors will be found 
theſe, ro wit, 2, 3, 5,7, II; then after 

:310|1155]385 [77 [017 [1 the ſaid Prime Diviſors are ſet at the heads of 

v1 3] 51 Rn ſo many Columels, as you ſee in the Table 

in the Margin, the reſt of the Diviſors will be 

found out by Multiplication according to the foregoing dire&ions z which in ſumm amount 
ro this, viz, Each Prime Diviſor ſtanding at the head of every Columel following the 
firſt, is to be multiplied by every one of the number; 


—  "ETIEIE. in the foregoing Columels, ( except ſuch which make 
Cluno! 14} 2 the ſame Products as were before produced, ) and the 
vel B2£j: Products are to be fet under each Prime Diviſor te. 
30| 42| 66 ſpeQively by which they were produced : So all the 
$5 | Diviſors to the given number 2 310 are diſcovered ty 
70| 110 be theſe, to wit, 1,2, 3, 5,6,7,10,11,14,15, 21, 
105 | 165 22, Cc. as you ſee in this Table , every one of which 
210 | 330. Diviſors except the greateſt , ro wit, 2310, ( which is 
77 the ſame with the number propoſed ,) is an Aliquot par 
I54 of the ſaid 2310, Which hath 31 Aliquot parts, but | 
231 32 Divilors. 
462 Upon the ſame Foundation the Diviſors of Quantities 
385 expreſt by Letters may be found out z as will appecr 
770 by the following Examples. But this work requires 
[1155 that the Analyſt be well exercis'd in the Rules of Alge- 
| | 2310 | braical Multiplication, Diviſion, and the ExtraQtion of | 


| Roots , for the finding out of the Primitive or Incon- 
poſit Diviſors , when the given Quantity is composd of many large Members connetd 
by different Signs ; is oftentimes both difficult and laborious, 


Example 3. | 


Let it be required to find out all the Diviſors and Aliquot Parts of this Quantity add, 
Firſt , I divide the ſaid aaabbc by a, and the Quotient is aabbe , which divided by 4 
T5! gives abbc, this divided by 4 gives bs; . 
auabbc | aabbe | abbe | bbe |be || 1 and fo the Diviſion by 4 ceaſeth, Thi | 
A ls j«- © je] I divide bbc by b, and the Quotient is ks, 
this divided by b gives c , which being: * 
Primitive or Incompolſit quantity l divide by it ſelf , and the Quotient is x : So all thePti | 
mitive Diviſors of the propoſed Quantity aaabtc are found a, a, a, b, b and c; whichat 
manifeſtly ſuch as being multiplied continually will produce the given quantity aaabbe. | 
Now out of thoſe Diviſors, after they are ſet at the heads of ſo many Columels as yo! | 
ſee in this Table, I ſearch out the reſt of the Diviſors by Algebraical multiplication, it | 


like manner as in Example 1.) 9 | 


"Py a b b c all the different Diviſors to the gil! | 
aa | aaa ab bb ac quantity aaabbc are found theſe, '0 | 
aab abb aac wit, I, 4, 44, aaa, b, ab, aab, ah, 

aaab | aabh | aaac | bb, abb, aabb, aaabb, c, ac, aac, aut, | 

agabb bc be, abc, aabc, agaabc, bbc, abbc, gait, | 

abc aaabbc , every one of which Divils | 

aabc except the laſt and greateſt is an Al | 

aaabc quot part of the given Quanillf | 

bbc aaabbe , which hath 23 Parts , ad | 

abbc 24 Diviſors. ol 

aabbc Note , That this third Example dit- | 

| | aaabbc fers not from Example 1, ſavingil® | 


Lb R Algebraical Diviſion and Multiple | 
cation is uſed here, in ſtead of vulgar Diyiſton and Multiplication in numbers ni Þ 
i 


: 
YJ 
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Example 4. 
After the ſame manner , 31 Aliquot parts and 32 Diviſors will be found to this quaritity 
abcde, viz. 1, #4, b,ab,c, ac, be, wbc, d, ad, bd , &c. as you ſee them expreſt in 


he following Table. 
0 : abcde | bede | ode | dee | nt 
Primitive Divifors; a {6 [c [|d[e] 


yn 


| ai b c a e 
| ab | ac ad ae 
bc bd be 
abc | abd abe 
cd ce 
acd = | 
bed ce Compare this Example 
abcd _ with the precedent 
= Exainple 2. 
bae 
abae 
cae 
Acae 
bede 
abcae 
Example 5. 


Apain, to find all the Diviſors of this Compound quantity 4aabc — abbbc , Firſt ; 
1 ſearch out all its Prime Diviſors thus, v:z. I divide the ſaid Compound quantity by s, 
and the Quotient is 4abc — bbbc , this divided by 6 gives aac — bbc , which divided by c 
gives the Quotient a« — bb : This divided by 4 — 6 gives the Quotient 4-+ b, which 
being a Primitive quantity I divide it by it ſelf and the Quotient is x. So the prime Di- 
viſors are found a, b, c, 4—b and a-+6, which are to be reſerved, 
aaabec — abbbe | aabe —bbbe. | aa8 —bbe | aa—bb | a4+-6| 


OS |. #F [FF ec __ | am” Fen” 
Then ( as inthe foregoing Examples, I ſet the ſaid Primitive Diviſors at the heads 

of ſo many Columels, and from thoſe Diviſors, (according to the dire&ions in Example 1.) 

[ find our all the reſt by Multiplication : ſo at length it appears that aaabc — abbbc the 

Compound quantity propoſed hath 31 Aliquot parts and 32 Diviſors ; to wit, 1, 4, b, ab, 

- 2 bs, abc, a —b, aa — ab, ab — bb, 8c. as you ſee them expreſt in the following 
able. | 


A b C a—b. a-|-b EY 
ab ac | aa—ab aa . ab \ 
be ab — bb ab -|- bb 
| abc | aab —abb aab -\- abb 
ac—be | ac-|-be 
aat — abc aac | abc 


| abc — bbc abc -|- bbc 

aabec — abbe | aabs -|—abbt 
| aa — bb 

| aaa — abb 

| aab — bbb 
| Ee aniah — abbb 

| aac — bbc 
|  anaat — abbe 
HR aabe — bbbc 
| aaabc — abbbt | 
Bb 2 Example 6: - 


ww 
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Example 6. 


Again, to find out all the Diviſors of this Quantity aaabc — 24abbbc + abbbbc Firſt, 
(as before,) I ſearch ovt the Primitive Diviſors, 23z. I divide the Quantity propoſed by ,, 
and the Quotient is aabbc — 2 abbbc -|- bbbbe, which divided by 6 gives the. Quotien 
anbe — 2 abbc |= bbbc , this divided again by 6 gives aac—2abc-}-bbe, which divided by ; 
gives a4 — 24b-]-bb: this laſt Quotient being a Square whoſe fide is either 4— 6 or 
b —a, according as 4 is greater or leſs than b, I ſhall ſuppoſe & to be greater than 4, 
and then dividing the ſaid Square as — 24b -|-- bb by its fide 4 — 6 the Quotient is alfy 
a—b; and laſtly, by dividing a — 6 by it ſelf, ( becauſe 'tis a Primitive quantity, ) the 
Quotient is x. Thus the Primitive Diviſors of the quantity propoſed are found 4, b,b,c 
a—b and «—b. Then every one of them being ſer at the head of a Columel, and 
multiplication made according to the Operation in the precedent Examples, the reſt of 
the deſired [Diviſors to the quantity aaablc — 2 aabblc -|- abbbbe will be found out; and 
at length all the Diviſors to the ſaid quantity are diſcovered to be theſe, viz. 71, 4, b, &, 


bb, ahb, c, ac, bc, abc, bbc, abbc, a —b, aa — ab, ab — bb , &c; as you ſee them expre} | 


in the following Table. 


+ 13 Te Rs oy 
ab | bb | ac aa — ab aa — 2ab -|- bb © 
abb | tc ab — bb aaa — 2aab -\- abb 


abc | aab — abb aab — 2 abb -|- bbb 
bbe | abb — bbb aaab — 2 aabb -|-: akbb 
abbc | aabb — abbb aabb — 2 abbb -|-- bbbb 


ac — bc aaabb — 2 aabbb -|-: abbbb 
| aac — abc aas — 2 abc -|- bbc 
| abc — bbc aaac — 2 aabc -\- abbc 


aabc — albc | aabc — 2 abbc | bbbe © 

abbc — bbbc aaabc — 2 aabbc | abbbe 
aabbe — abbbs | aabbc — 2 abbbe + bbbbo © 
| Os aaabbe — 2 aabbbc -- abbbbc | 


— —_ 


Example 7. 


In like manner , if it be deſired to find out all the Diviſors of this Quantity aaaaae+ | 
2 aaaace -|- agccce, that is, a*-- 24%c + aac*, I divide it firſt by a and the Quotient © 
Is a --24*cc + act, this divided again by a gives a* + 2 aacc -þ- ct. Now tis evidett | 
that this laft Quotient cannot be divided by 4 or by c , or the like quantity ; bat beca | 
( by Set. 4. Chap. 8. Book, 1.) the ſaid a* -|-2aacc|-cf is a Square , whoſe: Roti | 
aa + cc, I divide the ſaid Square by its Root aa«!- cc, and the Quotient is alſo the fant | 
Root aa —|-cc ; which being a Primitive quantity , I divide it by it ſelf, and the,Quotien | 


is 1. $0 the Diviſors to be reſerved are a, a, aa-|- cc and aa} cc. 


a5 | 24*cc + anct | a 24% act | af + 2aacc[- of | aaa | 1 
a [ A | aarkcc | aa -|-c | 


Then after thoſe Diviſors are ſet at the heads of ſo many Columels, ( as you ſee in te | 
following Table,) I proceed to find out the reſt of the Diviſors by Multiplication accordiy | 


ro the dire&tions in Example 1. viz, I multiply each primitive Diviſor ſtanding at th 


head of every Columel following the firſt by every one of the Quantities in the preceding | 
Columels, and ſet the Products under the reſpeRive primitive Diviſor , with this Caution, ' 
that one and the ſame Product be not written down twice : So at length 1 find all tht } 
different Diviſors to be theſe, viz. 1; a; aa; an -|-cx ; 8 foacc; af fac; 


bl di 


a* -|- 2aacc + f , & Þ- 249*o|- act; and a* + 24% aac: all which Divitors & | 


cept the laſt are Aliquot parts of the propoſed Quantity 4* -|- 2a*cc -þ aact, 
ja | a | aac Aa + cc 


Aa | 43 acc a* + 2aacc + of |þ 


a* -|- aace | 4 Bs | act 


a* + 24*cc|- aact. 


—— 


vikf} 


oa -_ is 


— 
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VI. By this skill of finding out all the Diviſors of Quantities, we may reduce two 
or more given Quantities , when they are not Prime between themſelves , to others in the 
ſame Reaſon ( or Proportion ) with thoſe given, and tn the ſmalleſt Terms: As, to reduce 
theſe three quantities , - 444 — abb ; aab — bbb : and aaa | aab — abh — bbb to the 
ſmalleſt quantities in the ſame Proportion with thoſe propoſed, Firſt , I ſeek ( by the 
Method before delivered ) all the different Diviſors to every one of thoſe three given Quan- 
tities, ſo I find the Diviſors of the firſt quantity aa# — abb to be theſe, viz. x, a; 
ab; a—b, aa-|-ab; aa—ab; aa—bb; aaa— abb: and the Diviſors of the 
ſecond quantity 44b — bbb to be theſe, viz. 1; b; a—b; ab —bb, ab; ab--bb; 
«a --bb ; and aab — bbb : alſo the Diviſors of the third quantity aaa -|- aab — abb — bbb 
to be theſe, to wit, 1, a—b; 4-|-b; aa—bb,; aa+2ab | bb and aaa-þ+ aab 
— 4b — bbb, Now becauſe among thoſe three Companies of Diviſors, theſe three a—b, 
«-|b and 44 — 46 are found in each Company, we may by the help of any one of thoſe 
three Diviſors reduce the given Quantities , to others more ſimple and in the ſame Pro- 
portion with thoſe given; Bur to find out the ſmalleſt Terms, 1 divide the propoſed Quan- 
tities 444 — abb ; aab — bbb and aaa aab — abb — bbb ſeverally by aa — bb, (to 
wit, ) ſuch of the ſaid three Diviſors which hath moſt Dimenſions) and there ariſe 4, b 
and 4-6, which three Quantities are the ſmalleſt Terms that can be found in the ſame 
Proportion with the three Quantities f:{t propoſed. 

Note, The Quantities propos'd to be reduced are faid to be Prime the one to the other | 
when they have no common Divilor beſides 1 , (to wit, Unity,) in which caſe the Quan- 
tities propoſed are already in their ſmalleſt Terms. 


V II. The finding out of Diviſors may very fitly be applied to the reducing of Fra- 
ions to their ſmalleſt Terms: As, to abbreviace this Fraftion , 
aaa | aab — abb — bbb 
+ | aaa — abb | 
Firſt , the Diviſors of the Numerator-(by the precedent Method) are found 1; 4 — 5; 
ab; az—bb; aa 2ab-| bb, and aaa aab — abb — bbb: likewiſe , the Di- 
viſors of the Denominator are 1; 4; ab; 4—b; aa ab; aa—ab; aa— bb; 
and 444 — ab, Then becauſe among thoſe Diviſors, theſe three, to wit, a-|-b, a—6 
and aa — bb are common both to the Numerator and Denominator , 1 divide the Nu- 
merator and Denominator ſeverally by a4 — 66, ( to wit, that common Diviſor which 
hath moſt Dimenſions , ) ſo there ariſeth a -| b for a new Numerator, and @ for a new 


Denominator , which gives this Fra&tion = ny : » (or 1 4+ ) equal to thar propoſed, 


and in the ſmalleſt Tertns; as was deſired, 
ki like manner to abbrevine —<<= , becauſe the greateſt Diviſor common 
" aa--2ab4-bb* © 
to the Numerator and Denominator is 4 -|- 6, I divide the Numerator and Denominator 


ſeyerally by a6, and there ariſeth LE which is equal to the Fraction pro- 
aA 


poſed, and in the ſmalleſt Terms. 


VIII. Obſervations upon the Examples in the foregoing Se. V. 


Firſt, When two, three, or more of the formoſt Letters ( towards the left hand ) of 
a dimple quantity are equal to one another, (viz. expreſt by one and the ſame Letter,) then 
mark well how many equal Letters ſtand formoſt together, for ſo many Aliquor parts 
: they will give: As, in Example 3. in Set. 5. where the Quantity: propoſed is aaabbv, 
: the three firſt letters a, a, «, ( that is, aa ) give three Aliquot parts, to wit, 1,4, 44 z 
but four Diviſors, 1, a, 4a, aaa. In like manner , if four equal Letters ſtand formoſt 
together, as 4, 4, 4, 4, Or aaaa, they will afford theſe tour Parts, 1, 4, 4a, 444; bur 
| hve Diviſors, to wit, 1, 4, 44, 444, aa#a. The like property enſues, when five or more 
equal Letters ſtand formoſt together. | 
: Hence it ig evident that every Power hath ſo many Aliquot Parts as there be Dimenſions 
| in the Power , As, the Square «44 whoſe Index ( or number of Dimenſions ) 1s 2 , hath 
two Parts, towit, 1 and 4z likewiſe the Cube aaa, or 4?, hath three Parts ; the fourth 
Power aaa ( or 4*) hath four Parts , and fo forwards. 


Secondly, 
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Secondly , It is evident from all the precedent Examples in Se#. 5. that when amon 
the Primitive Diviſors, ( which are ſet ar the tops of the Columels, ) a following Diviſy 
differs from the next precedent Primitive Diviſor , then the multitude bf Diviſors in the 
Columel of che ſaid tollowing Diviſor is more by one than the multitude of all the different 
Diviſors in the precedent Columels : As, in Example 3. in Sec, 5, where the Quant 
propoſed is aaabbc, the letter (or Primitive Viviſor) & which follows and is different fron 
the next foregoing Primitive Diviſor 4, gives four Diviſors , to wit, b, ab, aab, and aaah, 
whichare more in multitude by one than all the foregoing different Diviſors 4, aa, and aaa, 
Again, in Example 4. in Se, 5. where the Quamity propoſed is abcae , the Diviſors 

b and ab in the ſecond Columel are more in number by one than 4 in the firſt , likewiſe 
the Diviſors c, ac, bc, and abc in the third Columel are more in multitude by one than a þ 
and ab, to wit, all the Diviſors in the fixſt and ſecond Columels : alſo 4, ad, bd, abd, ca, acd, 
bcd and abcd in the fourth Columel , are more in multitude by one than all the Diviſor; 
in the firſt, ſecond and third Columels, and ſo torward. The Reaſon is maniteſt , for every 
Primitive Diviſor which ſtands at the top of a following Columel is multiplied into all th 
different Diviſors ſeverally in all the foregoing Columels; and therefore if that multiplying 
Primitive Diviſor be added to the number of thoſe Products , the total multirude mult necel. | 
farily be more by one than the multitude of diftcrent Diviſors in all the foregoing Columek, 
Thirdly, It is alſo evident, that when the ſaid Primitive Diviſors are all different, then 
the numbers which expreſs the multitude of Diviſors in every Columel are in continul | 
Proportion increaſing from Unity in a Duple Reaſon : As, in the fourth Example in Se, 
where the Primitive Diviſors 4, b, c, 4, e areall different, there is one Diviſor in the fit * 
Columel, two in the ſecond ; four in the third ; eight in the fourth , and lixteen in the * 
fifth ; which numbers of multirude, ro wit, r,2,4, $ and 16 are manifeſtly in DuplePre 
ortion. Therefore when all the Primitive Diviſors of a Quantity propoſed are differen, | 
or unlike, then if ſo many of the formoſt Terms of the ſaid continual Proportionals 1, 2,4 | 
8, 16, &c. be added together , as there be Primitive Diviſors, ( to wit , thoſe Incompoi 
quantities , which being continually multiplied will produce the Quantity propoſed ,) te 
the ſumm ſhall be the number of Aliquot Parts contained in that Quantity 3 and the numbe 
of Diviſors ſhall be more by one than that ſumm. 
As, for Example, if the number of Aliquot Parts in the quantity. ab be defired, I al 

1 and 2 together, ( to wit, the two firſt Terms of the ſaid Geometrical Progreſſion 1,1, | 
4, 8,16, &c.) and the ſumm 3 ſhews that ab contains three Aliquot Parts, and 4 (that 
3+|-1) Diviſors. Likewiſe if there be propoſed the Quantity abc, ( which conlih 
of three different letters, ) the ſumm of 1,2, 4, (to wit, of the three firſt Terms of th 
ſaid Geometrical Progreſſion, ) is 7 ; which ſhews that abc contains ſeven Parts, but ciph 
( or 7-|-1 ) Divifors. Again, it abcd ( which conſiſts of four-different lettets ;) & 
propoſed , the ſumm of 1, 2, 4, 8, (the four formoſt Terms of the ſaid Progreſſion;) 
1s I5 ; which ſhews that the quantity abcd contains. fifreen Aliquot Parts, and fixten | 
(or 15-1) Diviſors, and fo forward, But becauſe the ſaid Proportionals proccedit 
a Duple Reaſon from Unity , the ſum of any number of Terms may be tound out by 
this brief Rule, viz. The third Term (or Proportional) lefſened by Unity, (the firſt Tem) 
gives the ſumm of the' firſt and ſecond Terms; likewiſe the fourth Term leſſened by 1, 
gives the ſumm of the firſt, ſecond and third Terms , and the fifth Term leſſened by 1, gits 
the ſumm of the firſt, ſecond, third and fourth Terms, and ſo forward, infinitely. Al | 
which may be further illuſtrated by the ten Quantities , and their reſpeRive multitudes d | 
Aliquot Parts, expreſt in the following Table. | 


Quantities | Multitude | Summs ot Terms 1n continnal Proportion , proceeding 


” 


abcdefg|. 127 =|1þ2-|-4 +81 6324-64 
abcaefgh|. 255 I-2-p4+8+16+32+64+128 
abcdefghil. 511 =|1-þ2-þ4+8þ16-+324-64-{-128+256 | 
abcaefghik|. 1023 =! 1-þ-2+-4--8-þ-1 64-3264+128-]-2 56-512 | 
| | | | _: 


given, | of Parts. from 1 in Duple Reaſon. IE: 
- aſhath 1 —=|r , 
abl.. 3 =[1+2 
abc]. . 73 =|I+wbq 
abcd\. . 15 =| 1þ:-þ-4-+8 
abcde\. . 31 =|1þ2-þ4--8-þ-16 
abcdefi. . 63 =|I-|2-j-4-{-8-þ1 64-32 a 


, vo £6 pw oy wh to ©. 
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Fourrhly , When two, three or more equal letters in a Simple quantity ſtand rogether, 
and follow ſome different foregoing letter or letters , then as many Aliquot Parts as. the 
firſt of thoſe following equal letters produceth , ( according to Obſervar. 2.) ſo many 
Parts every one of the reſt of the faid following letters will produce. As, in Example 3. 
in Se. 5, where this quantity aaabbc is propoſed, the three firſt letters, 4, 4, 4, ( or 
aaa) give three Parts ;, ( by Obſervat. 1.) and the- firſt following letter þ, in regard it 
differs trom the next preceding letter 4, gives four Parts, (by Obſervar. 2.) now 1 fay 
the ſecond b thall alſo give four Parts, and if there had been a third 5, or a fourth 6, &c; 
every one of them would give four parts, ro wit, as many as the firſt þ produced. 

In like manner , if this quantity a#bbbb or ab be propoſed, the firſt letter a gives one 
Part; then ( by Ob/ervat. 2.) the next following letter b ( in regard .it differs | a) 

ives two Parts : now I ſay every 6 following the firſt þ will alſo give two Parts , and 
fo bbbbb will give ten ( to wit, five times two )) Parts, which added to one Part noted 
for « makes 11 Parts; Whence I conclude that the quantity abbbbb contains 1 1 Aliquor 
Parts, and 12 Diviſors. All which may be produced particularly by the Rule in the 
foregoing Sett. 5. | = "SI7M 

Again , if this quantity abcdad be propoſed , firſt » ( by Obſerrat. 3.) abc will give 
ſeven Parts , and ( by O#/ervar. 2.) the next following letter d gives eight Parts; there- 
fore ( by this fourth Ob/ervat.) every 4d following the firſt 4 gives alſo eight Parts, and 
conſequently 4da gives 24 Parts, which added to the ſeven Parts before noted for abs, 
makes 31 Parts. So that the quantity ahcadd hath 31 Aliquot Parts; and.z2 Diviſors ; 
and the ſame number of Parts and Diviſors will be found in the number produced by the 
continual Multiplication of theſe five Prime numbers, .2, 3,5,7, 7, 7: I 

Fifthly , From what hath been ſaid in the precedent Obſervations 'tis ealie to diſcover 
how many Aliquot Parts are contained in any Simple quantity delign'd by letters, without 
producing the particular Parts: As, if aaabbc be propoſed, firſt, three Parts are ro be 
noted for aaa, (according to Obſervat. 1.) and eight Parts more for bb, (by Ob/ervat. 4.) 
which eight Parts added to the three Parts before noted make eleven Parts, then for c, 
twelve Parts are to be noted, ( to wit, 11-1, according to Ob/ervat. 2.) which added 
r0 the ſaid eleven Parts makes 23 Parts : whence I conclude that the quantity aaabbe hath 
23 Aliquor Parts, and 24 Diviſors ; which are particularly expreſt in Example 3. Se. 5. 

In like manner, we may diſcover that this quantity aaaaabbbbceedd or #b*c*d* hath 
359 Aliquot Parts, and 360 Diviſors , for firſt, I note 5 Parts for a', ( according to Ob- 
ſervat. 1.) then (by Obſervat. 4.) bbbb or b* gives 24 Parts, which added to the five 
Parts before noted makes 2 9 Parts ; and becauſe one lingle c gives 3o Parts, to wit 2 g-þ-1, 
(by Ob/ervar. 2.) cc or c will give go, to wit, 3 times 30 Parts, ( by Obſervar. 4.) 
Which added to 29 Parts-before noted makes 119 Parts, laſtly, becauſe the letter d 
is written twice, and one ſingle d gives 120, to wit, 119+|-- 1 Parts, ( by Obſervar. 2.) 
dd will give 240 Parts; (by Obſervat. 4.) which added to 1 19 Parts betore noced, makes 
359 Parts ; which is the muititude of Aliquot Parts the propoſed Quantity hath, bur its 
number of Diviſors is 360. SLIT TE 

And with the like facility we may diſcover the multitude of Parts and Diviſors of 
a given number, after its Primitive Diviſors are found our; As, for example, to find 
how many Parts and Diviſors 15 876000 hath, .1 ſearch out by Diviſion (in like mannet 
as in the Examples in Se, 5.) all the Primitive Diviſors which being continually multiplied 
will produce the ſaid given number, and find them to be theſe, to wit, 2, 2,2, 2, 2, 4, 3, 3, 3. 
$, 5, 5, 7 7, Which may be noted by 4&b*cdd, bur this Quantity ( as before hath been 
ſhewn ) hath 359 Aliquot Parts and 360 Diviſors, and therefore the ſaid r 5876000 
hath the ſame number of Parts and Diviſors , which may be particularly found out by 
the method in the precedent Examples in Sef# 5. <>| en _ 

Sixth'y, If a Quantity be compoſed of different letters or Powers, and Unity be added 
feverally ro the Indices of thoſe Powers, that is, to the numbers expect how ofr.cach 
letter is found in that Quantity , then the numbers reſulting by thoſe, Additions being' 
multiplied one into the other continually, will produce a number greater by Unity than 
the number of Aliquot Parts that Quantity hath : As, for example, it aaaabbb or ab 
be propoſed, I add t to 4 and 3 ſeverally , ( becauſe the Indices of a4aa and bbb are 
4 and 3,) and it makes 5 and 4 , theſe multiplied one into the other make 20, which 1s 
greater by 1 than 19 the number of Aliquor Parts that the propoſed ey a*b3 bath. 


The reaſon of this property is not difficult to be conceived ; for lince ( by Obſervar. 1.), 
AaAna 
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aaan hath four Parts, that is, five Parts wanting one Part z and bbb following aaaa hah 
thrice five Parts, (by Obſervat. 4-) therefore the whole quantity aa4aabbb (or ab) hyh 

x Parts wanting one Part, 24z. 19 Parts; Which numbers 4 and 5 exceed 3 and 4 
the Indices of bbb and aaaa, ſeverally by Unny. 

Again, it aaazbbbce be propoſed , the Indices of aaaa, bbb and cc are. 4, 3 andy; | 
which increaſed ſeverally by 1, make 5,4 and 3 , theſe multiplied continually produce 60, 
which is greater by Unity than 59, the number of Altquot Parts which the propoſed 
quantity aaaabbbee hath, For fince (tor the reaſon 10 the Jaſt preceding Example) agaablþ 
hath 4 x 5 Parts wanting one Part, ard cc following aaaabbb hath ( by Obſeru. 4) 
2x 4x5 Parts, the propoſed quantity aaa4bbbee hath conſequently 3 x 4 x 5 Puts 
wanting one Part, that is, 59 Parts ; Which numbers 2, 4 and 5 do ſeverally exceed 
the Indices of cc, bbb and aaaa by Unity. | | 

Seventh!y, From the preceding Obſervat 6. it follows , That if a Compoſit number 
be reſolved into any two or more of ſuch of its Factors, the leaſt of which exceeds Uni 
and if from every one of thoſe Factors Unity be ſubtrafted , the Remainders ſhall be Indice; 
of ſo many ſeveral Powers expreſible by different letters that being joyned together, (thx 
is z multiplied one into the other ,) will give a Quantity having a- number of Altquot Pan; | 
leſs by Unity than the Compolit number propoſed : As, for example, if 20 be propoſed; 
for as much as 5 and 4 multiplied one by the other produce-20, I ſubtra& 1 from 5 and, 
ſeverally ; ſo the Remainders 4 and 3 do fhew , that if the fourth Power of ſome quy- 
tity 4, as aaaa, be multiplied into the third Power of ſome other quantity 6 , as into bj, 
the Quantity produced, to Wit, a4aabbb hath 19 Aliquor Parts, which 1g is lek by - 
Unity than 2o the number propoſed, Again, becauſe the Produ& of 10 into 2 doth alþ 
make 20, 1 ſubtract x from 10 and 2 ſeverally ; ſo the Remainders 9 and 1 do ſhey, 
that if the ninth Power of ſome quantity 4, as 4?, be multiplied by ſome other differen 
quantity 6, the Quantity produced, to wit, 4'6 hathalſo 19 Aliquot Parts. Hence it i 
manifeſt , that often times many Quantities may be found out, every one of which (hl | 
have a given multitude of Aliquot Parts ; as will appear in the next following Section, 


IX. The manner of finding out all ſuch Quantities as ſhall have 
a given multitude of Aliquot Parts, 
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If the multitude of Aliquot Parts deſired be any of the numbers of the ſecond Colund 
of the Table in Obſervat. 3+ Set. 8, the Quantity there ſtanding on the left hand of thi 
number, and on the ſame line with it ; hath che ninaber of Parts deſired. As, if it e 
defired to find a Quantity that hath 63 Aliquort Parts , that Table ſhews that abcdef hat 
63 Parts; and therefore if (ix Prime numbers, ſuppoſe 2, 3,5,7,11,13 be taken for th 
valites of thoſe (ix letters, 4, b, 6, 4,e,f, the Product made by the continual multiplication 
of the ſaid Prime numbers, to wit, 30030, ſhall have 63 Aliquot Parts, and 64 Diviſors. 

But without reſpe& to that Table, by the help of the Obſervations in the foregoing 
Seft. 8. many Quantities for the moſt part, and alwayes one Quantity may ealily be ford 
oat that ſhall have a given multitude of Aliquot Parts ; as will be made manifeſt by ih 
following Examples, | | | 
Example 1, 


Let it be required to find ont all ſuch ſimple Quantities expreſſible by letters, thi | 
may every one of thera have 15 Aliquot Parts, and 16 Diviſors. : 
TI. To the ſaid 15 I add 1 and it makes 16, this I divide by 2 and the Quotient is 8, © 
Which divided by it ſelf gives x ; then from each of the Diviſors 2 and 8 , (the Produt | 

of whoſe multiplication makes the firſt Dividend 16,) I ſub- | 


> ..O65 KS tra 1 ; ſo the Remainders 1 and 7 do ſhew thar if fone | 

a|S| letter, as 4, be written once, and next after it another differen | 

| letter b ſeven times, the Quantity ſo compoſed, to wit, abbbbblv | 

or ab” ſhall have 15 Aliquot Parts, and 16 Diviſors ; as was deſired, 

' 2. Again, I divide the ſaid 16 (towit, 15 -|- 1,) by 2, and the Quotient is $; ths | ſ 
divided again by.2 gives 4, which divided again by 2 gives 2, which divided by it ſelf gives!; | 0 
| then from every one of the Diviſors 2, 2, 2,2 I \W- | V 
16|8]4ſ2]1_ trat 7 , ſo the Remainders 1,1, 1,1 do-ſhew il | 3 
2j2-jfa |3] if 4 different ſingle letters be ſer together, as abcd, thi | + 
quantity ſhall have 1 5 Parts, and 16 Diviſors; as before. | f 


3. Agul, | 
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3. Again, I divide 16 by 2, and the Quotient is 8 ; this divided by 2 gives 4, which 
divided by it ſelf gives 1 ; then from every one of the Diviſors 2, 2, 4 1 ſubtra& 1, and 
the Remainders 1, 1,and 3 do ſhew, that if two different 
letters 4 and 6 be joyned together , and next after them 16|8] 4 | x 
4 third ditferent from each of them, as c be written thrice, 2 |3[4| 
the Quantity ſo co:npoſed, to wit abcee, ſhall have 15 
Aliquot Parts, and 16 Diviſors ; as before. | - 

4. Again , 1 divide 16 by 4, and the Quotient is 4, this divided by ir ſelf giyes 1 ; 
then from each of the Diviſors 4 and 4, I ſubtra@ 7, and the 
Remainders 3 and 3 do ſhew, that it ſome letter 4 be written 16 | 4 | 1 
thrice, as 444 y and next after the ſame another letter different 4|4| 
from a, as b, be likewiſe written thrice, the Quantity ſo | 
compoſed, to-wit, aaabbb, or 4363 ſhall have 1 5 Aliquot Parts, and 16 Diviſors ; as before, 

5. Laſtly, I divide 16 by it ſelf and the Quotient is x , then from 16 I ſubtract 1, 
and the Remainder 1 5 ſhews that if ſome letter 4 be written 1 5 times, 

35 anaanananananaa, Of 45 , this Quantity. ſhall have 15 Parts, 16 |x 
and 16 Diviſors ; as before. IG | 


Hence , becauſe 16 cannot be divided by any other ways than thoſe five before expreſt, 
we may conclude thar the five Quantities found out, and thoſe only , to wit, ab?, abcd, abe?, 
a3h3 and 45, have each of them 1 5 Aliquot Parts, and 16 Diviſors. All which Operations 
do clearly reſult from O6/ervar. 6, and 7, 1n the precedent Se, 8, -* 


Example 2, 


Let it be required to find out all ſuch Quantities expreſlible by letters, which may every 
one of them have 23 Aliquor Parts, and 24 Diviſors, 7 ; 

Firſt, (as before) I addd 1 to 23, and it makes 24; this may be divided by its 
Factors in a ſeven-fold manner before the Quotient be Unity, as here you fee. 


24|8]4ſzſr , _24[6|2]r _24[4\2([1_ 
- 3 [2|2|2| £ 4|3]2| EE. 
_24]ajr_ |, - 3413Jr. _ aj} 

Sig} Þ $| 3| 12|2| 24| 


CC n—— 


Whence 1 conclude that ſeven different Quantities may be produced, every one of which 
ſhall have 2 3 Aliquot Parts, and 24 Diviſors ; now to find our the faid Quantities, I ſub- 
tract 7, (to wit Unity,) trom every one of the Diviſors of the foregoing ſeven-fold Di- 
viſion, ſo the Diviſors, 3, 2, z, 2 of the firſt Diviſion being ſeverally lefſened by Unity 
give 2, 1, 1, 1; whence, according to the precedent direfions in Example 1. of this 
Sect. 9. this Quantity may be compoſed, to. wit, aabcd , and by proceeding in like manner 
with the reſt of the Diviſors, ſeven different Quantities, every one of which hath 23 Aliquot 
Parts and 24 Diviſors, are diſcovered ; and may be expreſt either 


aabcd ; ES a*bca. 
[ aaabbc ; \ ſ a3b*ce 

- aaaaabc ; | abc. 
Thus, < aaaaabbb ; > Or thus, e< 463. 
aaagaaabb ; | {| &Þ, 

| aaaaaaaauaaab ; | |]. &.Þe 

\ aanaannaanannanaraannanan ; £4433, 

Example 3, | 


Let it be required to find out a Quantity which hath 42 Aliquot Parts. 

Firſt, (as before) 1 add 1 to 42 and it makes 43, which being a Prime number, (that is, 
ſuch as cannot be divided by any number but by it ſelf or Unity ,) doth ſhew , thar-there is 
only one Quantity can be found that hath 42 Aliquot Parts z 443, ſome letter, as & being 
Written 42 times one after another, or .a ſingle 4 with its Index 42, as &*, doth 
expreſs a Quantity (to wit, the forty-ſecond Power of 4) which hath 42 Aliquot Parts, and 
43 Diviſors. The like is to be underſtood of other Quantities , when the multicude of 


Aliquor Parts delired being increaſed with Unity makes a Prinie nurnber, n 
| C c FOr 
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For further illuſtration of the premiſes , the Learner may view the following Table 
which ſtews all the various Quantities expreſt by Letters, that have a given multirads 
of Aliquor Parts not exceeding 50; and upon the grounds before explained, the Tab: 
may be continued as far as you pleaſe. 


Quantities. |  Aliquot Parts 
A hath = 
aa hath . 
ab, a have each : 
a* | &c. 4 
aab, a 5 
a® - 
a3b, abc, a? to 
aabb, a* g 
a*b, a* , 
=. _— 10 
bc, a3%b?, ab, a" — 
Fn . | | T2 
a*b, a® | 13 
a*bb, a'* 14 
a'be, abed, 4303, ab, a" 2s 15 
a I6 
abc, a6?, a%, a7 17 
as | 18 
a*bc, a*b3, a%, a? | - 
{ a*b?, ” a | | 20} 
": R oO y 
AZ | - 22 
a%bt;, a*bed, a'be, &Þ3, a'b*, ab, a3 23 
a*b*, a** 24t 
ab, af I by ; 
a*b* 2, a*h2, a** T _— 
a*bc, a*b3, ab, a” 27 
a* 28 
abc, a'b*, 6, ab, a®? "ue 
a”? | = ag 30 
a*bca, a3b3c, abc, abcae, a'b3, ab, a** 31 
a, 43z : | 32 
a*b, 433 | 32 
: a*b?, a+ 34 . ( 
@&b*cd, a'b'e, Bb, be, i, ib, ab, a"b, a 35 | 
=36 : | 
> Hf | kN 37 | 1 
ab, a® + 38] | 0 
abed, a*b*c, be, ab, oÞ, ab, a 39] | , 
. | ES 40] | v 
abc, ab), a*b*, ab, a*. 41] | 4 
af | O42 ti 
abc, ab, a"b, a® | 43 a 
ab*ef, abt, ab, att 44] © þ 
ab, FL | : 45 | 
a*© DON 46 ; 2 
aca, aba, bi, @ beat, wh. abc, a"'bc , a'b,, a't, FR 63, ab, aff 47 ; Vs 
a*b*, a** ; 48 ; ſec 
e&b*c, ab, af*b, a? 49 / an 
la* 6b", a'® 50 | M 
: m_—_— th; 
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X, How to find out the ſmalleſt number that ſhall have a given 
multitude of Alzquot Parts, 


Firſt , by the foregoing Sz&. 9. ſearch out all the Quantities expreſſible by letters, 
every one of. which may have the number of Aliquor Parts delired ; then to the different 
Jetters by which every one of thoſe Quantiues 1s expreſt, aſlign the ſmalleſt Prime numbers, 
and find ont by continual Multiplication the Produtts of thoſe Prime numbers cotreſpon- 
dent to the ſaid Quantities. Again , ler the values of thoſe letters be expreſt by the fame 
Prime numbers varied as many wayes as is poſſible, and find out their reſpeQive Products, 
as before, Laſtly , all thoſe Products being compared one to another, the leaſt of them 
1121l be the ſmalleſt cumber that hath the preſcribed multitude of Aliquor Parts. 


Example 1. 


Let it be required to find the ſmalleſt number that hath 1 5 Aliquot Parts. | 

Firſt, all the different Quantities that can be found to have ſeverally 15 Aliquot Parts, | 
( as appears by the precedent Seff. g.) are theſe, to wit, abcd, abc, a3b3, a'b, 47 ;, then 
by aſſigning to az 6, c, 4, the ſmalleſt Prime numbers, 2, 3, 5, 7, for abcd there will be 
found 210, ( by multiplying 2, 3, 5, 7 one Into the other continually; for 43bc, 120; 
for 4343, 216; for a'b, 384; and for 47, 32768, the leaſt of-which ProduRts is 120. 
But before we can determine whether 120 be the leaſt number or not that hath 1 5 Aliquor 
Parts , enquiry muſt be made by exchanging the valtes of thbſe letters with the ſaid Prime 
numbers all manner of ways, viz. we may ſtippoſe a=3;z b=2; c=5; and d=7: 
or, a=5; b=2; 8=3; and d=7: oragain, a=7; b=2; e=3; d=5; 
and many other wayes the values of a, b, c, 4 may be expreſt by the ſaid Prime numbers 2,3 
5, 7: and conſequently from thoſe variations , the quantities abcd, a3be, ab3b3, ab, a” 
will be expounded by various numbers, which muſt be compared: rogerher , and then the 
leaſt among them all is the number ſought. So after all variations are made, it will 
appear thar a3bc is that Quantity by which 1 2.5, the ſmalleſt number having 15 Aliquor 
Parts and 16 Diviſors will be found our, SEE ; 

__ Examyple 2. | 

Again, if the leaſt number that hath 23 Aliquot Parts , of 2» Diviſors, be deſired. 

Firſt, by Sect. g. all the Quantities which have ſeverally 2 3 Parts will be tound theſe, 
to wit, a*bcd ; a3bbe; abc ; a\b3; a"b*; ab; and a**; Then, by aſſuming tor the 
values of 4, 6, c, d the leaſt Prime numbers 2, 3,5,73; for a*bcd there will be found 43 on 
for 436%, 360; for 4'bc, 480, for 463, 864; for a'b", 1152; for a'b, 6144; and 
for a*3, 83 88608 : and after all other poſlible variations made with the ſaid letters and 
Prime numbers , by taking-ſomerimes one, ſometimes another ot. the ſaid numbers tor the 
value of a, b, &c. it will at length appear that 4*b* finds our 360, the leaſt number that | 
hath the deſired multitude of 23 Aliquor Parts, and 24 Diviſors. | 

If there be not occaſion to find the leaſt , but any number. that hath a given mnlticnde 
of Aliquot Parts, ſuppoſe 1 5, then you may indiffcrently ufe any one of theſe hive quantitizs, 
abcd, abc, a*b*, a'b, a , by afligning to 4,6, c, d Prime numbers art pleaſure , and taking 
ſometimes one , ſometimes another of thoſe numbers; or alwayes new Prime numbers for 
the values of a, b, c, 4; whence innumerable numbers may be found out, every one of 
which ſhall have 15 Aliquot Parts. As, if we ſuppoſe. a =2; b=3; and e=5, 
there will be found for 4'&c, 120: but by putting 4=3, 6=2, and c=5S,, there 
will be found for a3bc, 270, Or allo by aſſuming a =7; 6=11 ; and e=13, there 
will be produced; for abc, 49049 : or if we put 4=1x7; 6=19; and e = 23, then 
a*c=2146981. And in like manner you may uſe every one_of*the other four quan- 
tities abcd, a3b3, a'b, and a, The like alſo is to be. underſtood of every one of theſe, 
abid; ab*c; abc; ab; ab, ab; and 43, for the finding out innumerable num- 
bers which have ſeverally 2-3 Aliquot Parts, and 24 Diviſors. | Ws 

Laſtly, to find the leaſt number that hath 42 Parts, and 43 Diviſors , for as much as 
a Quantity having this multitude of Parts and Diviſors can be deſigned only in onc manner, 
viz, by writing a** ; let the leaſt Prime number 2 be raken for the value of 4, and then 
ſeek the forty. ſecond Power of the Root 2, by writing down 2 forty-two times ſeperately, 
and multiplying thoſe numbers one into another , according to the Rule of Continuat 
Multiplication , ſo the laſt Produ& will be 4398046511104 ; Which is the leaſt number 
that hath the deſired multitude of 42 Aliquor _ And fo of others. "w 
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For further illuſtration , the Learner may view the following Table , which ſhews th | 
leaſt number that harh any given multitude of Aliquot Parts under 51. Note, Thar the | 
number of Diviſors to any number is alwayes more by one than irs number of Aliquy | 
Parts; for albeit a number cannot properly be called a Parr of it ſelf, yer 'tis contang & 
in it ſelf once, and therefore may be ſaid to be a Diviſor to it elf. | 

Each number in the firſt of theſe Columels is the ſmalleſt that can be found to hay © 
ſuch a multitude of Aliquor Parts as is expreſt in the latter Columel. 1 


”Y 


zZ . hath I Aliquot Parr. 
4 hath 2 Aliquot Party, 
6 -—-* 
16 4 
I2 i 
64 3 6 
24 -d 
36 8 
48 9 
., 2024 VE £2 oi 
60 7 Wo 
4096 Iz 
192 I3 
144 14 
120 I5 
65536 16 
x 80 420 
262144 18 
240 19 
576 > ap 
3072 21 
4194304 22 
. 360 23 
L296 24 
| 12288 Be - 8 SM 
goo . wy 26 
960 27 
268435456 28 
720 | 29 
ogg $0: 
840 31 - 
9216 LLY | : 
196608. 33 | 
$1384 34 
S_ MEE 35 
68719476736 36 
786432 37 
36864 38 
1680 | 39 
tog99511627776 40__ 
2880 | 41 
4393046511104 | 43 
15360 43 
3600 44 
125$2912 = 
70368744177664 46 
2520, 47 
46656 48 
6480 49 
. 589824 p Fo 
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CHna?. IX 


The Arithmetich, both of Surd Numbers, and Surd Quantities expreſt 
by Letters. The ConStitmtion and Invention of ſix Binomials 
in numbers , agreeable to thoſe expounded in Prop. 49, 50, « 1, 
52,5 3,54- Elem, 10. Euclid. with Rules to extraG the Square 
Koot out of every one of them ; as alſa, what Root you pleaſe 
out of any Binomial in numbers , baving ſuch a Binoprial Root 
6s is deſured. | | 


Sed. 1. Definitions concerning Surd Roots , and their 
=, Fundamentel Operations. Fi "3 
| very Abſolute (or Ordinary) ti8mber , whether it be a whole number, or a FraRion; 
or a whole number with a FraCtion annext to it, is called Rational: As, 1,2,3,4; &c. 
alſo, z, 4» +, 34» Oc. and 23, (or 5) $35 ( or *5,) 2023, Sc. are called 


Rational numbers ; ſo allo a, ab, =, a+ —, &c, repreſent Rational Quantities. 


But when the Square Root, Cubick Root, or any other Root cannot be perfeRly extraQed 
ut of a Rational number , that Root 15 called rratzonal of Surd; and becauſe it cannot 
be exactly expreſt by any Rational-niimber, it is uſual ro ſer ſome Charater ( which is 
called the Radical Sign ) before-the Rational number; out of which the Root ought to be 
extracted, to deſign or lignifie the ſame Root : As," y/ ror (2) prefix before any Ratio- 
nal number, ſignifies the Square OO number ; 4/(3) the Cubick Root, (4) the 
the Biquadratick Root ; y/( 5) the Root-of the fifth Power, &c, Ca NA TEE is? 

Hence 4/12, or /(2)12 denotes or repreſents the ſquare Root of 12, which Root is: 
called Irrational or Surd, becauſe it cannot be perfeRtly expreſt by any Rational *nvtnber , 
for 3 multiplied by ir ſelf produceth 9, which'is lefs than re ; aifd 4 multiplied by it felt 

eth 16, which is greater thah 12: and ajthough there be innumerable mixc numbers: 
conliſting of 3 and ſome FraQion, which fall between/z and 4, yet none of them multiplied 


, 


into it ſelf quadratickly can produce the whole number iz. 4 

In like manner, /(3)5 ; which repreſents the cubick Root of 5, is.called an Irrational 
or Surd number, becauſe no number can be found, which.being myltjplied into it ſelf cubi- 
clly will produce 5 exa&tly : fo alſo 4/a, bc, /(3;bb, &c.; repreſent Surd quantities. 

There are two ſorts of Irrational or Surd numbers, Simple and Compound : a Simple: 
Surd number is expreſt by one fingle term; ſuch ate 4/5, / 10, /(3)16, /(4)$, &c. 
bur a Compound Surd number conſiſts: of many fimple or lingle teung,\ and is, tormed-by 
the Addition or Subtration of Simple terms; ſuch are 4/5 j- V2; /5 — v2; 
4/8+4JS6—vV2; #(3):i7F v3 : which laſt is called an Univerſal Rgor, and (ig ifies, 
the cubick Root of the ſumm of 7, and the ſquare Root of 2. {( See Se&#. 28, Chap. 1. 
Book, 1. concerning thedeligning of Surd numbers.) - TIE ISNY TERED 
' The Arichmetick of, Surd Numbers , and Surd. Quantities defign'd by Letters, depends 
Chiefly upon theſe ſix Primary or Fundamental Operations.in ſimple Surds, 942. , ,. 

I. The ReduQion of Rational numbers and Rational quantities expre{(} by letters, to the 
form of ſurd Roots ; which ſhallhavea given radieal Sign. + _ 77 
; 2. The Redution of ſimple ſurd Roots having different radical Signs, to other Surds 
Which ſhall have one common radical Sign, and be equal in value to the given Surds, 

3- Multiplication in ſimple Surds. 7 F221 

4- Diviſion in ſimple Surds, . ;.. co ev 6 94 gu + 
mo hy ReduRion of a given Surd number or quantjy to another more imple ,. when it 
may de done. ph} e1go3h \ ow "LES 

6. How to diſcover whether two _ Surd numbers or quantities be Commenſyrable; 
or not , viz., whether their Reaſon or Proportion can be expreſt by Rational numbers or 
quantities z or not, Theſe {ix Operations 11hall handle in order, 


= 


. - 


- 
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Set; II. How to Reduce Rational numbers and quantities deſigned by Letters, | 
to the form of Surd Roots, which ſhall have the ſame Radical Sign with ay Þ 


Snrd Koot preſcribed, 


Multiply the giver Rational number or quantity into it ſelf, ſo often as is requilite ig 4 
roduce a Power of the ſame Degree with that Power which is denoted by the radical Sign F 
of the preſcribed Surd, and then ſer the ſaid radital Sign before the Power produced by the | 


ſaid multiplication. 


As, to reduce 6 to the form of a ſurd Root wliich ſhall have the ſame radical Sign with 7 
412 (or /(2)12,) 1 multiply 6 into it ſelf quadratickly , and it makes 36 ; then ws | 
£ 


(that is 6,) and 4/12 have the ſame radical Sign, to wit, y/ or (2). 
Again, to reduce 5 to the fame radical Sign with 4/(3)12 , I multiply 5 into it ef 


4% 
$7 


cubically, ( viz. 5 into 5 , and the Produ&t into 5 ,) and it produceth x25, the , 


4/(3)125 (thatis, 5,) and +(3)12 have the ſame radical Sign, to wit, /(3). 


Likewiſe, to reduce 3 to the ſame radical Sign with 4/(4)1 2, 1 ſeek the fourthPower | 
of 3, which (by multiplying the Square of 3 into ir ſelf ) will be found 81 ; theny(4)z; J 


and /(4)12 are of the ſame kind. And ſo of others.” 


By the help of this Rule, when the radical Sign of a ſimple Surd Fraction hath reference : 
only to one of its Terms, we may reduce the FraQtion ro-another whoſe radical Sign (hill | 


refer both to the Numerator and Denominator : As if _ be propoſed , which fignifs 


that /2 is divided or to be divided by 5, we may take 4/25 ifiſtead of 5, and thenth | 


Fraction will be reduced to this 4/74 , whoſe radical Sign refers as well ro the Denominz 
| tor as the Numerator ;, viz. 47+ lignifies that y/2 is divided by y/2 5. - 


Likewiſe —— may be reduced to #(3)*5* » by ſetting x25 the Cube of 5 fot 


/(3)4 
a Numerator inſtead of 5, and the radical Sign 4/{ 3) againſt the middle of the Fraftion; 


ſo that /(3 Y=+ (which ſignifies that /(3.)125 1s divided by /(3)4 ) imports: as much 


as 7 yn ( that is, 5 divided by 4/(3)4- 


Nor will the Operation be otherwiſe in reducing Rational quantities defigned by letters 
ro the form of Surd quantities ; -( reſpe& being had to the Rules of Algebraical Multigli 
cation before delivered.) As to reduce the quantity 2, ſo as is may have the ſame radial 
Sign with 4/6, I multiply & into it ſelf quadratickly,, and it makes aa ; then v« 
(that is, «) and 4/6 have the ſame radical Sign. Jes 


Again, to reduce_-|-b to the ſame radical Sign with 4/bc, I ſquare aJ-b andt ; 
makes aa 2ab {bb ; then 4: aa 2ab--bb: (that is, ab) and ybc have the ; 


ſame radical Sign. 


Likewiſe , to reduce 6 to the ſame radical Sign with. y/( 3)ab, I multiply 6 into it | 
cobically, and it makes bbb , then 4/(3}6bb (that is, 6) and (3 )ab have the ſamerads I 


cal Sign, to wit, /(3). 


A 


| ht dif P b 
Hence alſo 9772 may be reduced to 4/ T3 and "Ln to w( 3) 


$1156." 


27CC + © 
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Sect. III. How to reduce two ſimple Surd numbers or quantities having uifferal || 


radical Signs , to two others that may have a common radical Sign. 


This Reduction is like that of reducing Vulgar Fra&jons to a common Denominator ; 
but how 'cis wrought , I ſhall ſhew by Examples, firſt in Surd numbers, and then ind Þ 


quantities expreſt by letters, 
Example 1. 


Let it be required to reduce /(4)1 0 and 4/(6)7 into two other Roots that may hut q 


a common radical Sign , and be equal 1n value to thoſe given, 


Firſt divide the given Indices (4) and (6) by their greateſt common Diviſor (2), 


ſer the _— (2) and (3) under their reſpedi: 
(2) ): x -4 Wh X vow Dividends \as here you ſee , 2h multiply crols-wik, 
3) - vis. the firſt Dividend or Index (4), by the ſeconl 


+(12)ro00 Y(12)49 Quotient (3); { or the ſecond Dividend OL | 


WS 
Ne 
©: 


i] 
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the firſt Quotient (2), ) andthe Product is (12) , before which ferting v/ it gives /(12), 
which is to be reſerved tor the common radical Sign ſought, Then multiply the Powers 
of the given Roots according to the altern Quotients, zz. multiply the firſt Power 10 
cubically , becauſe the ſecond Quotient is (3) ; and latter Power 7 quadratickly , becauſe 

| the firſt Quotient is (2): ſo the Produdts will be r000 and 49, before each of which 

| prefixing v(12) the common radical vign before found , there ariſe y/(12)1oco and | 
v(12)49 the two ſard Roots ſought , which are equal in value to the given Surds re- 
ſpeRively; viz. 4/(12)1900 15 equal to /(4)to, and /(12)49 is equalto /(5)7 ; 
and the Surds found out have a common Radical Sign, as was required. 


Example 2. 


In like manner, 4/(2)5 and /(3)6 will be reduced to 4/(6)125 and 4/(6)36 ; and 
the work will ſtand as here you ſee underneath. 
G6) ) +/()s5 EM 
) (2) X (3) 
#(6)125 4(6)36« 


Example 3, 


firſt by the Rule in the preceding SetF, 2. I reduce them to 4/3 (or /(2)3) and v(3)==5, 
| which according to the Rule in the firſt Example of this Section will be reduced to theſe, 
to wit, 4/(6)2 and 4/(6)* 35+ ; and the work will ſtand as here you ſee. 


() ) VE) v(3)*24 
} y x 
B MO HO ETES 
| The like work is to be done in reducing two Surd quantities expreſt by letters, which 
have different radical Signs , to two others which thall have a common radical Sign, as will 
appear in the following Examples. 

Example 4. 


Suppoſe it be defired to reduce y/(2)a and 4/(6)az to a common radicil Sigri. 

| Firſt, I divide the given Indices (2) and (6) ſeverally by their greateſt common Diviſor 

3 (2) _—_ ſet the Quotients (1) and (3) under 
their reſpeRive Dividends as here yon fee; | | 
then I multiply croſs-wiſe , vsz. the Eirſ DE. 09 ) (2a d /( 6)aa 
vidend {2) by the ſecond Quotient (3), ( or (1) (3) 
the Jatter Dividend (6) by the firſt Quotient y(6)aaa y(6)aa 
(1), and the Product is (6); before which | 

 fetting // it gives y/(6) for the Common Radical ſign ſought. Then IT multiply the 
Powers of the given Roots according to the alternate Quotltents, v:z. the firſt Power 4 
cubically, becauſe the latter Quotierit is (3), but the ſecond Power aa, becauſe the firſt 
Quotient (1) is a Tateral Index, is not to be multiplied into it ſelf at all, So the ProduRs 
are aaa and aa, before each of which prefixing 4/{6), (the common radical Sign be- 
tore found, ) there ariſe -/(6)aaa and y/(6)aa the two ſurd Roots ſought ; which are 
equal in valye to the given Surds reſpe&ively, iz. 4/(6)aaa is equal to y/(2)a, and + 
4/(6)aa is equal to /(6)aa ; and the ſurd Roots found out have a common radical Sign, 
to wit, 4/(6). Theretore that is done which was required, h 


Again, if At and —_— be propoſed to be reduced to a common Radical Sign, 
3 v(3)4 | 

| 

| 


| Example 5. 
| Aﬀer the ſame manner 4/(4)3b and /(10)5 ac will be reduced to /(20)24 ;#bbbb 
and y/(20)z5 aacc,, and the work will ſtand as here you ſee. 


G) ) 4(433b a(10)5as 
) (2) XxX (5) 
#/(20)24 36bbbb /(20)2 5aAcee 
Set. IV, 
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Set. IV. Multiplication in ſimple Surd Quantities. 


Before Addition and SubtraRtion can be perform'd in Surd Quantities, the manner gf 2 
their Multiplication and Divition muſt firſt be learnt, I ſhall rheretore begin with Mylj. : 


plication , which requires that the ſurd Roots propoied ro be multiplied be of the (ane 


kind ; and therefore if they be of diffcrent kinds , they muſt firſt of all be reduced tothe 


ſame Radical lign, ( by the Rule in the foregoing Set?. 3.) Then, 

1. Multiply the numbers or quantities ſtanding next after their common Radica| 
one into another , without any regard had to the {aid Sign ; and ro the Produtt of thy 
multiplication prefix the common Radical ſign : ſo this new Root ſhall be the Produ ſough, 


As, for example, to multiply 4/5 by 4/3, I multiply 5 by 3 and it makes 15 ; to which , 
I prefix 4/, ( the Radical lign of each of the Surds given to be multiplied,) and there ariſah Þ 


y 15 for the Product ſought. 

\ Likewiſe if 4/6 be multiplied by y/5 , it produceth y 30. 
Alſo, +/+ multiplied by 4/4, makes 4/$. 
And y/2% (or j5) into 4/24 (or 4 ) gives 4/*E. | 
Again, y/(3)4 multiplied by y/(:)s , produceth 4/(3)20. 
Likewiſe 4/(4)% into y/(4): , produceth 4/(4)s. : 


And if. /(2)5 be to be multiplied into y/(3)6 , the ProduR will be y/(6)45 00 ; for | 
firſt, the given Roots being of different kinds are reduced to theſe , to wit, y/(6)125 ad 


y/(6)36 , which mulriplied one into another make y/(6)4500. 


Atter the ſame manner , Multiplication in ſimple Surd quantities expreſt by Letter | 
performed: as, if 4/4 be to be multiplied by 4/6, the Product will be y/ab. Fur 


( according to the Rule of Algebraical Multiplication ) the quantity 4 multiplied by the 


quantity b, produceth ab; to which I prefix the given Radical ſign y/, and it gives yd 


the Product ſought. 
Likewiſe 4/ab into y/cd, produceth y/abca. 


And VE multiplied by EE , maketh y/ 


34ad 


| : 
Again, to multiply 4/(2)d by y/(3)ab, firſt (by the Rule in the foregoing Se8.z,) Þ 
] reduce them ro y/(6)dad and 4y/(6)aabb, which multiplied one into another, gie ; 


y (6)a4ddaabb for the Produtt required. 


2, When any Surd Root is to be multiplied into it ſelf according to the Index of is 1 
own Power, viz. it a furd Square Root be to be ſquared, or a ſurd Cubick Root be toe 
cubed , caſt away the Radical ſign, and take the number or guantity remaining tor th Þ 


Product ſought, which in this caſe is alwayes Rational : as, to multiply ,/5 into it 


I caſt away the Radical ({ign ,/, and take 5 for the Produ&, or Square of ,/5 ; (fot v5 © 
into 4/5 makes 1/25 that is, 5.) Likewiſe, the Square of 4/8 is 8, andthe Square of 4/44 F 

In like manner, co multiply 4/(3)s5 into it ſelf cubically, I take 5 for the Produtt, Þ 
ro wit, the Cube of /(3)s5 : (for y/(3)5 into /(3)5 makes y/(3)z5, and this agw Þ 


into y/(3)5 produceth y/(3)125, that is, 5.) 


Again, y/(4)12 multiplied into it ſelf biquadratickly , produceth 12 ; for (4) J 
into y/(4)12 maketh y/(4)1 44, (which is the Square of y/(4 )12 ;) then y/(4)1 44 ag 
thto y/(4)12 makes y/(4)1728, ( which is the Cube of y/(4)12;) laſtly, v(4)178 3 


again into 4/(4)12 produceth y/(4)20736, that is 12 , which: is the fourth Power 
y/(4)1 2, the Root propoſed. 


The like is to be done in Surd quantities expreſt by Letters; as , if /ab be to « 


multiplied into it ſelf, or ſquared, I caſt away the Radical ſign, and write ab for the Prod 


or Square of /ab. Likewiſe, if y/(3)bc4 be to be multiplied into ir ſelf cubically, i F 


| Produ&t or Cube thereof will be bcd. 


, SeCtion; as, to multiply 4/8 by 2, I firſt reduce 2:to 4/q, then 4/$ into 4/4 gives / 32,1 ] 


3. Wherra Surd quantity is given to be multiplied by a Rational quantity , redi 4 
the Rational into the form of a Surd of the ſame kind with the given Surd, ( by the for 


going Rule in Se&. 2.) and then multiply according to the firſt Rule of this fourt 
Produdt deſired : likewiſe 4/7 multiplied by 5, that is, by 25, gives the Product y/17: 


Again, if y/(3)5 be to be multiplied by 2, I reduce 2 to y/(3 )8, ( by multiply 


2 into it ſelf cubically ;) then y/(3)s multiplied by y/(3)8 , gives y(3)48 for 
Product delired. + | | | 


Like 
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Likewiſe y/(4)8$ multiplied by 5, that is, by y/(4)62 5, gives 4/(4)5 000 for the Produk 
ught, | ; | 
ſo , a the ſame manner , to multiply the Surd quantity 4/a by. the Rational quantity b; 
1 firſt reduce b to-y/bb , then 4/a 1nto y/bb makes 4/abb the: ProduR ſought; likewiſe; 
y/(3)« into 6 makes y/(3 Jabbb, (6 being firſt reduced to y/(3 )bbb. ) 
Again, y/3 into 44 gives the Product 4/4844. | EY 
| 4. Bur when a Surd quantity is given to be multiplied by a Rational quantity, it will 
oftentimes be very convenient to omit their multiplication, and only to conne& them ſo 
a5 that the Rational quantity - may ſtand on the left hand of the given Surd, ro fignifie 


»the Produ of their multiplication ; as, to mnltiply 4/8 by 2, I write 24/8 for the Produat 


which ſignifies twice the ſquare Root of 8, Likewiſe 204/3 repreſents the Product of 
the multiplication of 4/3 by zo, iz. it imports 4/3 to betaken 20 times ; which amounts 
to as much as 4/1200, found out by the preceding third Rule of this Seion. EY ON, 

Again,. 2/7 ſignifies the Produt of y/7 multiplied by 4, (or # by 4/7 ;) and 3y/Z 
denotes the Producb of + multiplied into 4/7, (or v7 into 4;) alſo, 4 into 204/3 makes 
803, that is, 20/3 taken four times, Likewiſe 2,/(3)6 lignifies twice the Cubick Root 
of 6, and is of equal value with /(3)48 ; likewiſe 3/(3)80 denotes the Produ of the 
Cubick Root of 8o multiplied by +, or + of 4/(3)80,” which is equivalent to y/(3)*=222 ; 
and 3y/(3)5 multiplied by 6 makes 1 84/(3)5, that is, y(3)291 60; | 

The like may be done in Surd quantities expreſt by Letters. As, if ,/a be to be 
multiplied by 6, I write b4/a to lignthe the Product ; alſo, 5 intob,/a makes 5by/a, and 
c into by/a, gives the Produtt c6y/a ; likewiſe, 44 into 4/3 makes 4443. 

Again, if /ab be to be multiplied by 6 — 4, the- Produ&t may be expreſt thus , 
6—dx yab , orthus, b —dy/ab. | 


Allo, if (3 = be to be multiplied by d, the Produtt may be expreſt thus, dy/(3 


and 4/(3)a into b , makes by(3)a , Which is equivalent to y/(3)abbs. 


5. When two Rational quantities, whether they be equal or unequal, are' multiplied 
ſeverally into one common ſnrd ſquare Root , according to the method in the preceding 
fourth Rule, and it is deſired to multiply thoſe Produtts one into the other, ( which Products 
are called Commenſurable quantities , for the reaſon hereafter given in Se, 7. ) multiply 
the Rational by the Rational , and that which is produced mulciply by the ſaid common 
Surd , omitting its Radical ſign , ſo the laſt Product is that which is ſought , and will be 
entirely Rational, 

As, for example, to multiply 34/5 by 24/5, I multiply 3 by 2, and the Produ 6 by 5, 
ſo it makes 30, which is the Product of 34/5 multiplied by 24/5, ( or of yay imo 20.) 
Likewiſe, 24/3 multiplied by 24/3, ( viz. the Square of 24/3,) makes 12; and 


2ab 
3 
c 


' 204/3 into 84/3 makes 480, ( by multiplying 20, 8 and 3 one into another continually ;) 


again, 2/12 into 512, produceth 160. 

After the ſame manner, to multiply a/c by by/c, I multiply 4 by 6, and the Produ& 
ab by c; fo there ariſeth abc ſor the Produft ſought. The Reaſon of this Rule is evident, 
lor v/aar, (that is, ay/c) multiplied into y/&bc, (that is, &y/c) makes y/aabbce, that is abc ; 
as before. 

In like manner, 5yb into 54/b produceth 256 , to wit, the Square of 5y/b; and 24y/b 
= —S gives the Product Ioaab: alſo, 5ay 124 multiplied by Zay124, produceth 
I 604ad. | 

But here is to be noted, that this fifth Rule of multiplication takes place only when the 

common ſurd Roat into which Rational numbers are multiplied is a furd ſquare Root , ſo that 
if 4/(3)5 be to be multiplied by 24/( 3)5, the ſaid fifth Rule will be ineffeRive, and the 
Produt 15 ro be found out by the following ſixth Rule. 
6, When two Rational quantities, whether they be equal or unequal, are multiplied 
mto two unequal ſard Roots of the ſame kind , or into one common Surd above the quadra- 
uck kind , according to the method in the foregoing fourth Rule of this Section, and it is 
delired to multiply thoſe Produts one into another ; multiply the Rational by the Rationat, 
and the Surd by the Surd, and joyn theſe Products together, ſo as the m_— Product may 
ſtand on the left hand ; then thoſe two Produdts ſo conneRed (hall be the Prodn& ſought. 

As, for example, to multiply 54/8 by 24/3 , I multiply 5 by 2, and the Produt i 10 , 
alſo, 4/8 into yy 3 make 4 24 : then thoſe two Produts conneRed make 1 94/24, ( that is; 

Be y 2400,) 
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4/2 400,) the Produtt ſought. In like manner, 24/3 into 24/3 makes 44/24, that is, 384, 
Again, 204/5 multiplied by 184/3 produceth 2604/15 , and 54/27 into 24/3 make 
164/81 , that is, 144; allo, 5y/(3)4 into 34/(3)s5 produceth 154/(3)20, thai, | 
#(3)3375; likewiſe, 44/(3)5 into 24/(3)5 maketh 84/(3)25; and 34/(4)5 ing © 
24/(4)6, makes 64/(4)30. | 
After the ſame manner , to multiply a4/bc into g/ad; firſt , I multiply 2 by yg, ang 
it makes ag z then, /bc into y/ad produceth y/bcad, laſtly, ag into y/bcad gives agy brad, 


the Product ſought. 


y ab. 
7 2b 


Alſo, 2*< ddd multi 


A 


or yd. 


Likewiſe, 24/ab multiplied by 3cy/bc, produceth 6c abbc , and 24/4 into 24/b make 


plied by <£ ac, gives the Produd ab/acddd ; and by/(3)y | 


into cy/(3)f makes bey/(3 )ddf ; again, ay/(3)c into by(3)c makes aby(3\cc. 
7. When a ſimple Surd quantity whoſe Radical ſign hath for its Index ſome ev © 
number greater than 2 is to be ſquared , prefix a Radical ſign whoſe Index is half the giva | 
Index, before the Power of the given Surd , ſo ſhall this new Surd be the Square of thy | 
given, AS, if (4) beto be ſquared or multiplied into it ſelf, rake /(2)5, or 4/5, fir © 
the Square or Product ſought : likewiſe, the Square of 4/(6)10o is /(3)10: andy(8)n * 
into /(8)10 makes y/(4)1o. | | 7 
After the ſame manner , ro multiply 4/(4)be into it ſelf quadratickly, I write /(:)k, - 
or v/bs, for the Produ, or Square of /(4)bc : likewite , the Square of 4/(8)i | 
iS /(4)Lobc: and y/(10)4 into /(10)a, makes 4/(5)a: moreover, 2aby(4)d ino & 
34/(4)d makes 6aby/d; for 24h into 3 makes 6ab, and y/(4)d being ſquared makes y/(:)l. 


But when a ſimple Surd quantity whoſe Radical (ign hath for its Index ſome teruy 7 
number greater than 3, a5 6, 9, &c. is to be multiplied into it felf cubically , preix & 
a Radical ſign with an Index that may be a third part of the given Index before the Pome F 
of the given ſurd Root, fo ſhall this new Surd be the Cube of that given : As, if y/(6)6 
be to be multiplied into it ſelf cubically , then y/ 
likewiſe, the Cube of /(g9)51z is /(3)51 2. 

' More Examples to exerciſe the precedent Rules of Multiplication 
in imple Surd Numbers. 


Multiply 45 /(3)4 
by ws. NG) = 
Produt .- 4/40 y/(3)28 y/(4)16, that is , 2. 
| Multiply 432 | Multiply theſe three continually, 3 
by 432 | | 
Produt” 32 | 
Multiply 427 - | 
by 6 
Product 64/27 , or, 4/972 | I24/(3)sS » or, y/(3)8640 2 
Maltiply 121845 | 244/653 
by 4ys 5a/6F 
Produſt — 360 765 
Multiply 8 /(6)512 
by +/G)4  /(6)16 
Produ& LE y/(6)8192 
 - Multiply 54/8 124/(3)4 
by #4 2z 


 30/(3)4 


"y 


Product 204/8 =S 


Yo a121 Hoes —_ > 
Ee eo diet a LA 
- « Z y 


I. 200" 
. 


(2)64 or 4/64 ſhall be the Cube ſought; ; 


| 
Y 
1 
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More Examples to exerciſe the precedent Rules of Multiplication in ſimple 
Surd Duaniities expreſt by Letters, | 


Multiply 124 I fab 
= -— | IM 
Product y/36aa, Or, 6a y4aabc, or, 2ay/bc. © 


. by  v(6)anaa 
UTP RR T_T 


Multiply WL RY y/(6)aaa 
v/(3)a4 [ that 15, 


— 
—_— —— 


DS | REF © (za 
Multiply = 4/2744 Multiply theſe three continually, 4 y/(3 a4 
by wv27ae | /(3)a4 
Product — 2744 Se | | aa 
Multiply «4/36c | ': 
by 2 ES LT. > 4. [968 7:2 
 - Produt 24/3bc,or, /12bc | 5by(3)24, or, /(3)250abbb. + 
Multiply 3ay/5 7y/bc [ ' 2aybe 
by - 2645 J 4y/bc | 2bybc 
Product z3oab 286c 2 abbc. 
Multiply 5y/ab | 3ay/5 LW 
| a 
by 3yac 26/6 = a 
Produ& 154/aabc ; Gaby 3 hs | abd. 


The certainty of the firſt Rule of this fourth'SeRion, (upon which all the reſt depend) 
for the multiplication of two ſimple Surd numbers of the ſame kind, may be Demonſtrared 
in manner following. Firſt , let there be two ſquare Roots given to be multiplied, ſappoſe 
y/5 and y/3, then ( by the ſaid Rule ) the Produ&t of their Multiplication is 4/15 3 now 
we muſt prove that 4/15 is the true Produ& of 4/5 mhultiplicd by y3. 


Demonſtration. 


By the Definition of Multiplication BN i , 
- theſe are Proportionals, zz. '$ vs i: 4/3 «+ þ Product, 
gy their Squares ſhall be alſo Square of che 
roportionals, ( per 22. pry. +4 0 8 4 3 | 
6. Elem, Euclid.) viz. « , ProduR. 


19. prop. 7. Elem. Euclid.) | | "ny 8 
| Therefore, from the two laſt Analogies, 1 5 is equal to the Square of the Produdt ; and 
conſequently ,/1 5 is the Produ&t of 4/5 into 4/3 : which was to be proved. | 
| Likewiſe in Cubick Roots, if /(3)5 be to be multiplied by 4/(3)4 -/ the Produ& 
(by the ſame Rule) is /(3)zo. For, 

By the Definition of Multiplication, ILIT "4 "oh 
theſe are Proportionals, viz. © : - (Js 4 NR FOR 
Therefore their Cubes are alſo Pro- . _ ec Cubeofthe 
5p an Prope3 7» Elem.1 I F T a 5 *+ + . bs ProduR. 


uc | ) VIZ, . 6M " ; » 
But, AS = ” py » Oo » * > I . F ; Bn 4 & "I" a 
Dd 3 ere- 


—__ 


212 1be Arnhmetick, of Sdurd Quamittes. Book i. 


Therefore 20 is equal to the Cube of the Product ; and conſequently the cubick Root 
of 20; to wit ; /(3)20o is the Product of 4/(3)s5 multiplied by y/(3)4: which was to 


be proved. , : | 
Moreover , becauſe ( by Set. 11. Chap. 5.) if four numbers be Proportionals, their 


fourch Powers , fifth Powers, &c. are alſo Proportionals, this Demonſtration may be 
extended to prove the certaitity of the ſaid Rule for multiplying any wo limple. Surd F 
numbers of the ſame kind. LS 2 | 


wo 


Sect. V. | Diviſion 71 ſeriple Surd Quantities, 


As before in Multiplication , ſo here in Diviſion , if- the given Surd Roots, to wit , the 
Dividend and Diviſor be not of the ſame kind, they ruſt be reduced to a common Radic; 
fign by the preceding Se. 3. Then, EE 

1. Divide the Number or Quantity following the Radical fign of the Dividend , by the 
Number or Quantity following the ſame Radical {ign of the Diviſor ; withour any regard 
to the Sign, and to the Quotient prefix the ſaid comtnon Radical lign , ſo this new Root 
ſhall be the Quoticar ſought. FN 

As, forexample, to divide\/15 byy/3 1 divide 15 by 3, and'there atiſeth 5 ; before | 
which I prefix 4/, ( the Radical ſign common to the given Surds,) ſo 4/5 is the Quotient 
ſought. 4 
| Likewiſe, if 4/30 be divided by 4/5 , the Quotient is 4/6. 

Alſo, y# divided by y/Z& gives the Quotient ,/£, 

And 4/54, or y/*;, divided by 23, or. 7 , gives the Quotient 25. _ + 

| | Again, 4/(3)29 civided by y/(3)5, gives the Quotient y/(3); ; for 26 divided by 5 
' gives 4, betore which ſenting 4/(3) the Radical ſign belonging ro each of the given Surds, 
there ariſeth 4/( 3 )4 for the Quotient ſought. 

Likewiſe y/(4)5 divided by 4y/(4)+, gives the Quotient y/(4)2. - 

Moreover, if 4/(6)4500 be given to be divided by y/(2)5 , the Quotient will be 
4/(:)s ; for firſt , the given Roots being of difterent kinds are reduced to theſe, ro wi, | 
y/(6)4500 and y/(65)125; then by dividing y/(6)4500 by y/(6)125 there ariſcth 
y/(5)36 , whoſe ſquare Root being extrafted , ( becauſe 36 1s a ſquare number, and the 
Index (5) an even number, ) it gives 4/(3)6 for the Quotient ſought 

After the ſame manner, Diviſion is perform'd in ſimple Surd Quantities expreſt by Letters. | 
As , todivide 4/ab by ,/a ; I divide ab by a and there ariſeth 6, then ſetting ,/ beforeh, | 
it gives 4/b for the* Quotient ſought ; ro wit, the Quotient that ariſeth by dividing y/ab by y/a | 

Alſo,” 4/6 divided by 4/a, gives the Quotient = 

Likewiſe, 4/abcd divided by y/ab gives the Quotient 4/ca. 

Alſo , V3 divided by —_ gives the Quotient y/ 24. 

2 
. Again, to divide 4/(6)dadaabb by y/(3)ab, I firſt reduce them to 4/(6)dddaabs and 
a/(6)aadb, then I divide /(6)dddaabb by iA(5)aabb, and there ariſeth y/(6)ddd, thatis, 
y/ (24, for the Quotient ſought, | 

2. When a Rationa] number or quantity is to be divided by its ſquare Root , that 
Root is the Quotient; as, it 5 be divided by its ſquare Root, ro wit by ,y/5, the Quotient 
willbe 4/5 : alſo, 8 divided by 4/> gives y/$ for the Quotient. | 

In like manner if the quantity' bc be divided by irs ſquare Root, to wit, by y/bc, the 
Quotient will be 4/bc ; and 5 4 divided by 4/52, gives the Quotient y/5 a. 

3: When a Sord number or quantity is to be divided by a Rational number or quantity, 
or a Rational number or quantity by a Sard ; reduce the Rational into the form of a Surd, 
(bY Seft. 2. of this Chape. )) and then divide according to the firſt Rule of this Sed. 5. 

As, todivide 4/32 by 2, 1 firſt reduce 2 to 4/4; then by dividing 4/32 by y/4, thr 
ariſeth 4/8 for the Quotient. 

Likewiſe 4/175 divided by &, that is, 4/25 , gives the Quotient /7. 

Alſo 12, that 1s, /144, divided by ,/; gives the Quotient 4/48. 

, Again, if /(3)48 be tobe dividedby 2 , I firſt reduce2 ro/(3)S, then by dividing 
\(3)48 by (3), thereariſeth /(3)6 for the Quotient ſought : alſo, /(4)5 000 divided 
by 5, (thatis, by /(4)62z5 ) gives the Quotient 4/(4)8, ; : 

| | After 
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* 


After the ſame manner , tv divide the quantity '4/abb by 4, I. firſt reduce þ to /bb , 
and then by dividing 4/abb by , bb , there ariferh 4/4 the Quotient ſought. Again, 
\/4 844 divided by 44, thatls by V1 Ga, gives the Quotient /3. Alſo 4/(3)abbb divided 
by 4, that 1s by y/(3)46b, gives the Quotient (3): : | 

c 


/ 
A 


Likewiſe , to divide the Rational quantity LA by y/(3)bbce ; I 6rſt reduce 
bbbcee WT” Wa .: 
6 by 4/(3)3bce, and there ariſeth y/(;)-, 


Aaa aaa 


to 


OLA then 1 divide 4/(3) 
* «ad 


ot DAE. the Quotient ſought. 


pe TE ba | —__ : : 
4s When the Produ& of a Rational number or quanitity multiplied into a Surd riumber 
or quamity is to be divided by the ſame Surd , the Quotient will be the ſaid mulciplying 
Rational number or quantity. As, 54 3 divided by 4/3 gives the Quotient 5 : alſo, 
 - 20y(3)4 divided by /(3)4 gives the Quotient 20. *_ | 
| In like manner , 54y/b divided by y/b gives the Quotient 5x; and 4by/(3):i2 divided 
7 by /(3) 12 gives the Quotient 4b. Ds FS. | Ss | 
| 5. When the Dividend and Diviſor are the ProduQts of two Rational numbers or 
; quantities multiplied feverally into one common Surd, according to the fourth Rule of 
| Multiplication in Se. 4. ( which Products are called Commenfurable Surd Roots , as 
hereafter will appear in Sef. 7. of this Chape. ) divide the Rational part of the Dividend 
by the Rational part of the Diviſor, and that which ariſeth ſhall be the Quotient ſoughr, 
As, forexample, to divide 64/3 by 24/3, Idivide 6 by 2, and there ariſeth z the Quotient 
{ought ; ( for 24/3 mulitpiied by 3, produceth 64/3.) 2” 

Again, 54/6 divided by 24/6 gives the Quotient 7, or 22. 

Aiſo, 246 divided by 56 gives the Quotient 4 ; and 24/5 divided by 24/5, gives the 

uotient I. 

* So alſo 8/(3)7 divided by 44/(3)7, gives the Quotient 2; and 34y/(4)s5 divided 
b 5, gives = for the Quotient. | h 

] Py SNL ang to divide _ by 24/7, 1 divide 4a by 24, and there arifeth 2, 
the Quotient ſought ;. ( for 24/7 into. 2 producerh 44y/7 : ) alſo, 34/6 divided by 5/6 
aives the Quotient 5; and 2/b divided by 2/b, gives the Quotient 1, 

Apain, 544/36 divided by 3ay/3b gives the Quotient &. | ., 

Ard 7aby (3)ad divided by 3b4/(3)ad, gives the Quotient 24. | 
| 6. When the Dividend and Diviſor are the Produts of two Rational numbers or 
| quantities multiplied into two uhequal Surd numbers or quantities , according to the fourth 
Kule of Multiplication in the preceding Set. 4. ({ which Produtts are called Incommenſurable 
| Surd Roots, as hereafter wiil appear ; ) divide the Rational part of the Dividend by the 
Rational part of the Diviſor, and the Surd part by the Surd parr, then connect the 
Quatienrs ſo as the Rational quotient may ſtand on the left hand , and this new quantity 
thall be the Quotient ſought. fe Ns \ EY "TI 

As, for example, it 4/15 be to be divided by 24s, firſt I divide 4 by 2, and there 
ariſeth 2 ; -alfo 1 divide y/15 by 4/5, and there ariſeth 4/3 : then thoſe rwo Quotients 
joyned together make 24/3 / or /1 2) the Quotient ſought, 

In like manner 4y/1& divided by 34/2 gives the Quotient $4/6; for 4 divided by 3, 
(to Wit, the Rational by the Rational, ) gives F; and /12 divided by ,/2, (to wit, the 
Surd by the Surd,) gives 4/6 : then by joyning together thoſe two Quotients there ariſech 
£//6, or 1546, ( or y/*3) for the Quotient ſought, | 2 | 

Again, 24/7 divided by 34/5 gives the Quotient 4/3; and 24/3 divided by. 2/5 
gives the Quotient 14/4, or 4/7. —_ 

Likewiſe to divide 44/(3 )64 by 24/(3)8, 1 divide 4 by 2; and it gives 2; alſo, y/(3)54 
divided by 4/(3 )8 gives 38 - then thoſe two Quotients joyned together make 24/(3)$, 
that is 4, the Quotient ſought. Moreover, 54y/(3):o divided by 34/(3)4 gives the 
Quotient £/(3)z. | | : 

' Aﬀer the ſame manner , 44yſb divided by 244/f gives the Quotient 24/þ, for 44 
divided by 24 gives 2 3 afid y/fb divided by yf gives y/b ; then connefting thoſe two 
Quotients there ariſerh 24/b for the Quotient ſought, | 


So alſo , 6aby/cd divided by 64y/df gives the Quotient Wo 
- And 
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And av/(3)ce divided by b,/(3)dd, gives the Quotient /(3)7- | 


The Demonſtration of the aforeſaid firſt Rule'sf Diviſion ( which is the Riſe of all the | 
reſt) may be formed like that of Multiplication 1n the preceding Set. 4. if there be laid, | 
as a ground-work , this Analogy ; Ut, As the Diviſor is ro 1 ( or Uniry z) ſo is the q 
Dividend to the Quotient, But waving the Demonſtration, I ſhall give more Example F 
of Diviſion in ſimple Surds, both in Numbers and quantities expreſt by Letters. | 


More Examples to exerciſe Diviſion in ſimple Surd Numbers, 


Dividend 117 v(3)164, or, /(?)*; v(4):56 : 
Diviſor a 6% 4G) 3» 9 (3) 2 /(4)16, | 
Quotient vn © (3) 43, vG Y4 —o ; 
Dividend 4/(12)S12 5 . Sy/(12)S125 y(6)3192 
Divifor 4/(4)5 that 5, 5 /(12)125 (28 

Quotient CIR —__} v(3)4 

Dividend 12 | 54/8 164/(3)25 

Diviſor 4/12 48 (35. 

Quotient 4/12 : 5 | 16 | 
Dividend 4/245 - | a/(3)586 4(5)23328 

Diviſor JE | 33 6 

Quotient 4/20 (316 | \(5)3 

Dividend 204/14 24/20 54/(3) 3 

Diviſor 24/14 ; 734/20 24/(3)3 

Quotient 10 EY 2b 4 or, 2z 

Dividend 154/18 34/8 | 64/(3)24 

Divilor 34/6 | 34/3 9G) __ 

Quite ""30/ EF” | "Ip 


More Examples to exerciſe Diviſion in ſixple Surd quantities 
expres? by Letters. + 


Dividend 4/156c y(3)46badd y/(4)3244 
Diviſor 4/34 v/(3)46b /(4)zas 
Quotient = | vy/ (3 )aad, or,d | | a(4)16, or, 2 ; 

6 Dividend 4/(6)67 544aaabbbbb , y/(6)6754'b 
Diviſor y/(2)3ab ; ms, ; v(6):74'6 0 oo i 
ba. ET +. on )z 54abb, or, 4(3)5 a 
Dividend y8044abbb | | gbcad ( or, y/81bbred?) | 
Diviſor &4ab, (or, /16aabb) | y/27bcd 
OP” Rs w/3beddd as 
Dividend be by df I 24,/(3)bb | 
Diviſor wc vaf  v/(366 
Quotient bc ES 1 2d 


"_ 


þ memes 


- — — ” Pg 
. 
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Dividend 124/dc yd | abv(3)f 

Diviſor  3v/as | v4 GY 

Quotient 4 | | W-- - | I 2 
© Dividend 2bcy/d byof —— — 

Divilor cv/4 ef | _2a4/(3)4 

Quotient 2b/< | L ya | 3ab. 


—_—_—— 


Nete. By the help of Diviſion, Surd quantities may oftentimes be reduced into others 
more ſimple , which being a very uſeful work, I ſhall explain it in the next Seton. 


en 


Set. VI. How to reduce a Surd quantity to another more ſimple, 
| when it may be done, 


When the Power of a Surd quantity , the Radical ſign being omitted, can be divided 
juſt without any Remainder , by. a Power which hath a Rational Root of the ſame kind 
with that which is denoted by the ſaid Radical ({ign ; then divide the Surd quantity pro- - 
poſed by that Rational Root, and prefix this Root before the Quotient : ſo you have 
a new Surd quantity equal to that propoſed, and in more ſimple Terms. 

As, if 53 be propoſed, becauſe 63 may be divided by the ſquare number 9 without 
any Remainder, I divide /53 by 4/9, ( that is, by 3,) and it gives the Quotient 4/7, 
before which | ſet the Rational Divifor 3, and it makes 34/7, ( that is 3 into the ſquare Root 
of 7, or thrice the ſquare Root of 7,) which is equal to 4/53 firſt propoſed, ( for 
the Quotient 4/7 multiplied by the Diviſor 3 makes the Dividend 4/63 : ) ſo that inſtead 
of 4/63 1 write 34/7- 

Likewiſe, inſtead of 4/50 we may write 54/2, ( which ſignifies five times the ſquare 
Root of 2 ;) for in regard 5 o divided by, the Square 25 gives 2, I divide 4/50 by y/2 5, 
that is, by F , and the Quotient is 4/2; and becauſe every Quotient multiplied by the 
Diviſor produceth the Dividend : Therefore 54/2 ſhall be equal to the Dividend 4/50, 


After the ſame manner, inſtead of EA , or /*3, we may write 54/3; for *£ 


divided by the ſquare number =£ gives the Quotient 3 , and conſequently, /*+ divided 
by /*+, that is by +, gives the Quotient 4/3: Therefore {4/3 ſhall be equal ro 
we or 4/*+, ; 

Again, inſtead of /(3)40, we may write 24/(3)5, (which ſignifies twice the cubick Root 
of 5 ,) for 40 divided by the Cube 8 gives the Quotient 5 ; and conſequently, 4/(3)4o 
divided by 4/(3)$, that is by 2, gives /(3 5 : Therefore 24/(3); ſhall be equal ro /(3)40. 


| Likewiſe for /(3)*3, ( or 43 22 ;) we may write 2y/(3)2 ; for *# divided 


by the Cube 27 gives 2 ; and conſequently /(3)*# divided by /(3)*Z, that is by +, 
will give y/(3)z: Wherefore 2/(:)z thall be equal to 4/(3)*F. 
. Thelike Operation is to be done, in reducing Surd quantities expreſt by Letters to others 
more Simple : as, if 4/7544 be propoſed , For as much as 7 54a divided by the Square 
2 54a gives the Quotient 3, and conſequently 4/75 aa divided by 4/2 54a, that is, by 5 will 
give 4/3; Therefore the Diviſor 54 multiphted into the Quotfent 4/3 , produceth 5ay3, 
equal to the Dividend 4/7544 ; and therefore inſtead of 4/7 54a, we may write 5443. 
_ Aﬀter the ſame manner /10446bb may be reduced to aby/10 , alfo /5awtoayy ; and 
#(3)444d to dV/(3)4. | | : 
Again, for as much as aaab-{- aabb may be divided by the Square 44 and there ariſeth 
ab bb, and conſequently y/; aaab + aabb: divided by y/aa , that is by a, gives the 
Quotient 4/: ab _- bb: therefore a into 4/: ab += 66: thall be e equal tO 4/: anab | aabb : 


So that inftead of y/; aaab j- aatb : we may write 4 into y/: ab|bb : or ay; ab+t6: 


Likwilc, 


————_— 
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Likewiſe, for y : aabbe -|- 2afbbe + ffobc : we may write af into ybbc, vo 
af bbc; for aabbe-\=2afbbc-4-ffbbe divided by the Square aa-|-2af-\-ff gives bbc, any 
conſequently 4/ : aabbe + 2afbbe 4- ffbbe : divided by y/ : aa + 2af ++ ff: that is by 
4 -|- f, gives the Quo: ent y/ bbc: Thercfore a-|- fy/bbc imports as much as v/: aabbe\). 
2 afbbe 4 fftbc : | 


Atter the ſame manner, inſtead of ,/(3 


\2 Taaaalbb ab 


” i ome Bt. 


or 30 Op; for ſince the Power of the Surd propoſed is produced by the muli. | 
2 —& 


plication of - © into the Cube 


27aaabbb 
b—a bo) 


\.27aaaabbb 1;:1.4 by y/( EY emo that is by Wo gives the Quotient /(3)—=; , 
—i | 


/G,F= 84 g 


Therefore 3 3) 7 _ ſhall be equal to y/(3) 


27aagabbb 
8b — 8a © 


So alſo, for /;: + fe : we may Write — ; 60 -|- 4m : for, if the | 


pp 
Power of the Surd propoſed be divided by the Square —_ 


pp=& 


aamm 


ppan 
Quotient will be ,/: 00-þ- 4p: Therefore the Diviſor =7 multiplied” into the Quotient 


and conſequentiy, if the Surd propoſed be divided by /: 


anoomm |= 4 aammmy} 


PpuY 


v/:00-|- amp: ( viz, = w-4mp:) denotes as much as We 


the Surd propoſed. 


Likewiſe , for /; << au <2 ; we may write =: co -|- 4mP : 
A : A * 


But when a Square, or Cube, &c. by which the Diviſion neceſſary to ſuch ContraQion 
Is to be performed , cannot be readily diſcerned, firſt , ( by the Rules of the preceding 
eighth Chapter ) ſearch out all the Divifors of the Power of the Surd quantity propoſed, 
and then ſce whether any of them be a Square or Cube, &c. to wit, ſuch a Power as the 
Radical ſign denotes, which if you find, you may uſe in the aforeſaid manner to free the 
ourd quantity, in part, from the Radical (ſign. 

As, if 4/288 be propoſed, becauſe among the Diviſors of 288 there are found 
the Square numbers 4, 9, 16, 36 and 144, which dividing 288 will give the Quotients 
72,32,18,8and 2, inſtead of 4/288 we may write 24/72, or 34/32, 0r 44/18, or 6/8; 
or laſtly, 12/2. 

In like manner, if y/: aaab 4- aabb: be propoſed, becauſe among the Diviſors of the 
quantity aaab 4- aabb, there is found the Square 44, the ſaid y/: aaab | aabb : may be 
reduced to ay: aa bb * as before. | 

Again, for as much as 43% — aabb + 2aabe -j- abec — ab3 + bbce — 263-6? 
is produced by the multiplication of ab -+- bb into the Square aa-|- 2ac co — 24b — 
2bc-|- bb , whoſe Root is 4-6 — b ; we may inſtead of y/: 436 — aabb + 24abc-+ 
abcc — ab3 -|- bbce — 26*c {+ b*: write ac -- b into y/;ab4+bb: or a-j-c—b y/:ab-+ 66: 

Likewiſe , becauſe among the Diviſors of 12004abb there are found the Squares 4aabb, 
1 6aabb, 2 5aabb, tocaabb and 400aabb, which dividing the ſaid 1 2004abb, will give the 


Quotients 300, 75,48, 12 and 3 , we may for /12004abb write 2aby/300, or 4aby/75; 
or 5aby/48, or 10aby12 , or laſtly , zoaby3. 


Se. VII, Two Surd Roots being given , to find whether they be 
| Commenſurable or Incommenſurable. 


Commenfurable Surd Roots are ſuch whoſe Reaſon or Proportion td one another 
may be expreſt by Rational Numbers, or Quantities ; and thoſe Surd Roots whoſe Pro- 


portion cannot be expreſt by Rational Numbers or Quantities areccalled Incommenſurable. 
£ | The 


we may write 3 into y/( 3); 
2 —& 3 


whoſe cubick Root is 2, and conſequenly 


the Quotient will be 00+4ny, 


: that 1s, = ,the | 


—_ —_— n L 
bk 
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The Rule ro try whether two Surd Roots of the ſame kind » (that is, gſuch as have a 
common Radical 6gn,).be Commenſurable or. not , is this that follows, zz. 
Divide the given Roots 'ſeverally 'by their greateſt Common Diviſor , then if the 
Quorients be Rational Numbers 'or Quantities , thz Roots propoſed are Commenlurable , 
but if the Quotients be Irrational or Surd, the given Roots are Incommenſurable. - 
As, for example ,'to-try whether /12 and 4/3 be Commenſurable or not, I divide 
them ſeverally by their greateſt common Diviſor 4/3, and find the Quotients 4/4 and 
1, thatis, 2 and 1 to be Rational numbers, whence.I conclude that: 4/12, that is 24/3, 
hath ſuch Proportion to- 4/3, that is. 14/3, as 2 to 1, v#z. as2 Rational number to 
2 Rational number ; andconſequently 4/12 and 4/3 ( according to the Definition above 
given )- are Commenſurable. But that 4/12 is to-4/3 as 2 to 1, may bedemonſtrated 
thus-, 42, - It is evident ( by. reaſon of the common Faftor y/3,) that 24/3 . 14/3 
:::2 . TI, and ( by Diviſion as above,) y/1z = 24/3, and /3 = 143; there- 
fore 4/12 . 4/3 ::-2'; 1. Otherwiſe thus, | | 
For as much as 12 and 3 divided ſeverally by their common? _.-, : 
Diviſor 3 give the Quotients 4 and 1 , therefore, As ITE be + p b9. 
Wherefore the ſquite Roots of theſe Proportionals ſhall be is Fi 58 ny 
Proportional alfo, ( per 22. Prop. 6. Elem, Euclid) vie, $v/12 «4/3 53 2,0.:h4 
Which was to be demonſtrated,” 7 0 a on | 
After the ſame manner, 4/18 and y/$ will be found Commenſfarable, for the formes, 


is ro the latter as..3'to 2 , to wit, as a Rational number to a' Rational number; for 
if /1$ and y/$ be ſeverally divided by their greateſt common Diviſor 4/2, the Quotients 
will be 4/9 and 4/4 ,. that is , 3-and.2. Therefore 4/18 is to 8, as 3 to 2; and 
inſtead of 4/18 and 4/8 we may write .34/2 and 24/2, to Wit, the Produdts of the 
Rational Quotients 3 and 2 muluplied into the common Diviſor '/3. =: "xl 
Again, 4/48 and y/75 ( that i5,,44/3 and 5/3) are Commenfarable,” for the former 
is to the Jatter as 4 to 5, (to wit, as a Rational number to a Rational number ; ) 'tor 
48 and y/75 being ſeverally divided by their greateſt common Diviſor 4/3 , give the 
Quotients 4/16 and 4/25, to wit , 4 and 5, Therefore "4/48 . 4/75 i: 4 . 
F 33 44/3 »_ 54/3s WET 3. : 
Moreover, /(3)3:o and /(3)r35 (thatis, 4y/(3)5 and 34/(3)5 ,) having ſuch 
proportion one to the other as 4 to 3/ are Commenſurable, for'y/(3)320 and y/(3)1 35 
being ſeverally divided by their greateſt common Diviſor 4/(3);5, will give the Quorients 
v/(3)54 and y/(3)z7, rowit, 4 and 3. Therefore, y/(3)3zo . y/(3)i35 +: 


4 + 3 tr 4v/(3)5 » 34/(3)5- Ss | | 

So alſo y/(4)3888 and y/(4)243 (that is, 24/(4)243 and 14/(4)243 are Com- 
menſurable , the former having ſuch proportion to the latter as 2 to 1 ; for if they be 
ſeverally divided by their greateſt common Diviſor' /(4)243 , the Quotients will be 
v/(4)16 and y/(4)1, to wit, 2 and 1: Therefore, y/(4)3888 . y/(4):43 
2's I :: 24/(4)243 . 14/(4)243- : FE LN 

It two Surd Fractions, or mixt numbers ſtanding fraRion-wiſe, be propoſed , and have 
not a common Denominator, reduce; them ro their ſmalleſt common.Denominator , and 
then try ( in like manner as before) whether the new Surd Numerators be Commenſurable 
or not, for if theſe be Commenſurable , the Surd Frattions farſt propoſed ſhall be alfo 
Commenfurable. As, if y/* and y/*# be propoſed; I reduce them ro /4/## and 4/23, 
then_l divide the new Numerators only , 'to wit, 4/50 and 4/72 by their greateſt common 
Diviſer 4/2 , and the Quotients 4/25 and ,/36, that is, 5 and 6, areRational numbers. 
Therefore 4/+ and y/=* firſt propoſed are Commenſurable , and the former hath ſuch 
proportion to the latter as 5 to 6. | Fo, | | 

he "-..& 1: yo 3 Ss 


, 
4 


: —_— - 

Therefore,: y/5% . fi, 3: 4/59 oiialJh 35: $114 G6 
And becauſe 4+ = vV735o dd AF = v351 
Therotire,” Eo OY $7 0-0 


But if either the Numerators or Denominators' of two Surd FraR&ions .or nuxt numbers 
ſtanding fraQtion-wile, ( the Radical ſign being negleRed,) be Squares or Cubes , &c. viz. 
Powers of that kind. which is denoted by the Radical ſign, then you need notireduce the 
ſurd Fraftions to a common Denominator, but try whether their. Numerators or Denoming-, 


tors be Commenſurable or not ; for if theſe be Commenſurable, the ſurd Fraftions progghed 
FEY BEES .. | tall 
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ſhall be alſo Commenſurable. As, if 4/£3 and ,/*+ be ptopoſed ; becauſe the Deng. 
minators (the Radical (ign being neglecbed) are Squares, (to wit, Powers of that kind which 
the Radical ſign denotes, ) and the Numerators 4/5 o and 4/72 are Commenſurable ; ( fo 
if theſe be divided by rheir common Diviſor 4/ z,the Quotients are Rational, to wit,s and 6.) 
Therefore the Surd Frations propoſed are alſo Commenſurable , and have ſuch proportion 
as £ to £, ( whoſe Denominators 4 and 5, to wit, /16 and 4/25 are the given Denominz. 
* tors,) or a5 25 to 24; and, ( according to the preceding Set, 6.) the Surd Fractions pro- 
poſed may be expreſt thus, £/z2 and $/2. _ 

When two Surd Roots propoſed be ot different kinds, raey muſt firſt of all be reduce 
to a common Radical ſign, ( by the preceding SetF. 3. of this Chapt.) before the Rules afore. 
ſaid be uſed, totry whether they be Commenſurable or not. As, if 4/(6)64 and (3); 
be given ; they may be reduced to 4/(6)64 and /(6 )729, which divided by their greaef 

-common Diviſor y/(6)1, the Quotients will be the ſame with the Dividends. Now if /(6)s, 
and y/(6)729 be Rational, then the Surds firſt given are Commenſurable , but /(6)64 ;, 
and 4/(6)739 is 3. Therefore. the Surd Roots, propoſed are Commenſurable, 2nd 


have ſuch Proportion as 2 to 3. W | | 
But if the _ ariſing by the diviſion of two ſurd Roots by their greateſt comma 


Diviſor as aforeſaid, happen to be Irrational or Surd, they the Roots propoſed are Incommer. | 


ſurable; ſuch are 4/48 and 4/8, for if they be divided ſeverally by their greateſt commonD. 


viſor y/8, the Quotients are 4/6 and 1, but 4/6 is Irrationa], therefore the Proportion which | 
4/48 hath to 4/8 is not as a Rational number co a Rational number , and conſequently 43 | 
and 48 are Incommenſuralyle , and ſo are all other Surd Roots whoſe Proportion cannatk | 


expreſt by Rational numbers. 


| I ſhall now ſhew how by the. help of the preceding Rules we may diſcover whether mo © 
Surd quantities expreſt by letters be Commenſurable or not. As,if /2744 and y/1 244 bepts | 
poſed, they will be found Commenſurable , for if they be ſeverally divided by their great | 
common Diviſor 4/ 34s, the Quotients 4/9 and 4/4, that is, 3 and 2, are Rational number, | 
and ſhew that ,/2744 1$t04/1244 a5 3to2, to Wit, as a Rational number to a Rationl | 
number; wherefore 4/2744 and y/ 1244 are Commenſurable,and may be expreſt thus, 34/;u | 


and 24/3 4a. 


-Note, It two Surd quantities be divided by ſome common Diviſor , though it be note | 
greateſt, yer if there come forth Rational Quotients,we may thence conclude thoſe Surd qui Þ 
ritizs to be Commenſurable, and oftentimes expreſs them various wayes. As, if 4/2744 all 
+ 12 4a be again propoſed , by dividing them ſeverally by their common Diviſor 4/3, that F 
will come forth the Quotients 4/g44 and 4/4as, that is, 34 and 24; whence it is cid Þ 
that 4/2744 ist0 4/1244 45 34to 24, tO Wit , as a Rational quantity ro a Rational quantiy, | 
and conſequently 4/2 744 and 4/1248 are Commenſurable. Moreover, according tits | 


latter Divilion, we may write 34y/3 for /274a, and 244/3 for 1244. 


Again, 4: aaa4-|-aabb : and y/: aabb-bbbb: are Commenturable ; for each of tha | 
being divided by 4/: 44+bb: there ariſe /a@ and y/bb, that is, a and b, which are Ration! 
quantities , each of which being multiplied into the common Diviſor 4/aa-{-bb: willgin, 
inſtead of the Surds propoſed , 44/aa-{-bb: and by/aa-+bb, which have the ſame Þv 


portion.to one another as there is berwcen 4 and 6. 


Likewiſe , EIT = and E244 MP « Commenſurable, fore | 


pp<< 


of them being divided by their common Diviſor ,/ ; 9-=4mp : there will ariſe =o 


| =, that is, _ and = ( to wit, Rational quantities, ) each of which mulriplied® ; 


the common Diviſor y/:00-l-4mp : will produce - y: 00+ 4mp: and 4” Via-rank 
& ; 
which are equal to, but more ſimply expreſt than the Surd Quantities propoſed, and ' 


that Proportion to one another as is between - and SZ | 
S { 

So alſo \/:aa44-|-6aaa-|-2 144-724-108: & y/:aaaa—10a44-3744—1204+3%} 
are Commenſurable , for if they be ſeverally divided by their common Divior y/;a«T"F 


there will ariſe 4/:aa-[-ca-]-9: and y/;aa—10aÞ2 5: that is, 443 and 4 5 , cad} 
| wil 


F 


ge 
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which multiplied into the common Diviſor 4/aa-j-12 will produce a-|-; y/:aa-|-12 and 
a7 5 v/1aa-;-123 which have the ſame Proportion between themſelves as that of 2-3 
to 4-2 5, andare of the ſame value with the Surd Quantiries firſt propoſed. | 
Again, y/(3)81abbb and y/( 3)24abbb ate Commenſurable , tor if each of them be 
divided by their common Diviſor 4/(3)34 there will ariſe /(3)276bb and ,/(3)86bb, 
that is, 36 and 2b, therefore the Surds propoſed gnay be reduced to 36by/(3)38 and 

' 26\(3)3a, the former of which 1s to the latter as 36 t0,26 : and ſo of others, 


© Set. VIII. Addition and Subtra&ion in ſimple Surd quantities, 


When two or more equal Surd Roots are to be added together, multiply one of them 
by the number which expreſſeth the multicude of the Roors propoſed, and the Produ thall 
be their Samm : as , the ſumra of 4/6 and 4/6 is 4/24 ; for /6 multiplied by 2, that is, 
by 4/4, produceth 4/24: alſo y( 3)6, /(3)6 and y/( 3)6 added into one, make y/(3)162; | 
for /(3)6 multiplied'by 3, that is, by 4/(3)27, makes y/(3)162. —_ 
' But when two unequal Surd Roots of the ſame kind, thar is, ſuch as have the fame 
Radical ſign prefixt before each of them, be to be added together ; alſo when the leſfler 
is to be ſubtracted from the greater, obſerve this Rule iz, Firſt (bythe preceding Set. >. 
of this Chapt.) you muſt try whether. they ,be'Commenſurable or not, then if they 
be Commenſurable , that is, if after they have been. ſeverally divided by their greateſt 
common Divifor the Qiidtiehts be Rational quantities ,' multiply the ſumm' of thoſe Rational 
| quantities , by the ſaid common Diviſor , and the ProdaE ſhall be the ſum of the ſurd 
Roats propoſed , but if the Difference of thoſe Rational Quotients be multiplied by the 

ſaid common Diviſor, the Product ſhall be the Difference of the Roots propoſed. 
: As; for c:ample, if the Surmm and Difference of 4/50 and ,/8 be delired; firſt , 
? T divide each of them by thelr greateſt common Diviſor 4/2, and the Quotients are ,/2 5 
and 4/4, that is, 5 and 2, ( Which are Rational numbers, expreſſing the Proportion of the 
; fiven Roots one to the other ;) whoſe famm 7 multiplied by the common Diviſor /2, 

produceth 74/2, or if you pleaſe, 4/98, (for 7, to wit, 4/49 into /2 makes 4/9'8;) which 

1s the defired Summ of the given Roots 4/50 and 4/8. Andif 5 —2, thatis 3, (the 

Difference of the Rational Quotients before found ) be multiplied by the ſaid common 

Diviſor /2 , the Produ& will be 34/2 , that is, 4/18 ; which is the delired Difference 

of 4/50 and 4/8, the Roots firſt propoſed. ; PIES, MEE 

Likewiſe, the Summ of y/(3)zo0o and 4/(3)108 will be fotind .8/(3); , that is, 

4(3):048; and their Diffzrence 24/(3)4 , that is, 4/(3)32, as will appear by the fol- 

lowing Work : viz. Firſt, 1 divide each of the given Roots 4/(;3)500 and y/(3)108 
by their greateſt common Diviſor y/(3)4 , and the Quotients are y/(3)125 and y/(3 )2 7, . 
| that is, 5 and 3 ; then by multiplying 8 (to wit, 5 | 5 the ſumm of the Rational - 

| Quotients,) by the common Diviſor y/( 3)4, the ProduR is 84/(3)4, that is, /(3)2048; 
(for 8, to wit, y/(3)512 into 4y/(3)4, makes y/(3)2048, ) which is the Summ of 
| 4(3)500 and y/(3 108, the Roots propoſed. : - 

© And by multiplying 2 , ( that is, 5 — 3, the Difference of the Rational Quotients ) 
'Þ by the ſaid common Diviſor y/(3 )4, the ProduR is 24/(3)4, that is, y/(3)3z ; (fot 2, 
to wit, /(3)8 into y/(3)4, makes y/(3)32,) Which is the Difference of y/(3Y5o0 and 
+(3)108, the Roots propoſed. | | 


i Here follow Contrafions of the Work, in the tro lat preceding Exdniples; 

| with others of like nature , to illuitrate the Rule before given for the 
; Addition and SubtraFion of ſuch ſimple Surd Roots as are Commenſurable, 
oþ _ Example 1, 


What is the Summ and Difference of .. . ; ! 5. y/50 and y/8 ? 


þ The Operation. 
] v2) Y5o(y25, thatis, 5, Therefore 54/2, = 4/50. 
"l ] v2)4/ 8 (4 4, thaths, 2, Therefore 24/2 = 4 8. | 
| The Summ, 72 = y5o- 4/8; 
Or.,-: 98 = y50+y8. 
The Diffzrence, 34/2 = 450 —y8; 
Or, 18 = y/50—y8. 


Be2 Example 2; 


The Arnhmetick, of Surd Quantities, 


ll. 


What is the Summ and Difference of . . 


Example 2. 


The Operation. 


Book 11. 


/(3)500 and y/(3)108 ? 


-, 


I. 4/(3)4 ) /G)so0 ( y(3)1z5, that is, 5. 
I. yG)4) vG)08 ( (3) 27, thatis, 3. 
From Diviſion I. 54/(3)4 = y(3)500- 
From Divifion 11. 34/(3)4 . = y(3)108. 
The Summ, B8y/(3)4 = v(3)500 + y/(3)ro8; 
Or, x/(3)2048 = 4(3)500 | y(3)108. 
The Difference, 2/(3)4 = 4(3)500 — w/(3)to8; | 
Or , v(3)32 = &(3)500 — y(3)108. 
Example 3, 


What is the Summ and Difference of . . ; . +147 and y/12?' 


13) 147 (y49, that is, 7; 


The Operation. 


Therefore. 74/3 =- 147: 
/3)y/ 12(y 4, thatis, 2; Therefore 2/3 = 12, 
The Summ , 94/3 = 147 + y/12; 
Or, 243 = 147 +y1. 
The Difference, 54/3 = y147—ynR; 
Or, 7s = 147 — 41% 
Example 4. 


What is the Summ and Difference of . . 


The Operation. 


I, y/(3)s ) v/(3)1715 ( /(3)343 , that is, 7. 
IL 4/(3)s) (3) 40 (4G) 8, thatls, 2. 


y(3)t715 and y/(3)407 


From Diviſion I. 74/(3)sS = F(3)1715. 
From Diviſion LI. 24/(3)5 = (3) 4% _ i 
The Summ , 9/G3)s = w/GY715 + 4/(3)49; 
Or, Y(G)3645_= vO)i7ts + G40. _ 
The Difference; 54y/(3)5 =" y/(3)t715 — /(3)40 z 
Or, «y(3)625 = w(3)1715 — v(3)49- 


Note. Whien two Commenfurable Surd Roots propoſed to be added or fubtrafted 
are FraQtions, or mixt numbers reduced into the form of FraQions, if they have not 4 
Common Denominator reduce them inro others which may have a Common Denominar 
in the leaſt Terms , then to find out the Rational Quotients, divide only the two ne 
Numerators ſeyerally by their greateſt Common Diviſor, and continue the proceſs as before 
The PraRtice of this Note will be evident in the two following Examples. 


Example 5, 


What is the Summ and Difference of . . 3 Or "vt =_ - Jo 
753 $ ® 
The Operation, ; 
v4 ) 35 4/36, that is, 6; Therefore 64/54 = 4/22, 
v3 ) 4/35 (vy2s5, thatis, 5, Therefore 5/54 = 4/8. 
The Surm, i554 = v/## + 733 
Or, 3 = vir wrr 
The Difference , {xy = + nd AS 
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Example 6. w- .: 
What is the Summ and Difference of . . + 3 a vat 
The Operation. | 
SE) 4/4 (w16, thatis, 4; Therefore 44/7 = v/*2, 
/E) 4/*2 (v9, thatis; 3; Therefore 34/4 = y*2. | 


The Summ, 74/4 = 
Or, Cr = 4/4 + yz. 


The Difference , "J = y/48 — 4/2, 


tl —y 


When two ſimple 'Surd Roots given to be added or ſubtrafted be Incotamenſurable, 
heicher their Summ nor their Difference can be expreſt by any ſimple Root, but they 
are to be added by +; and to be ſubtraſted by —, As, to add 4/5 andy; ,:I write 
5 + 4/3 for the Summ , bur to ſubtract 4/3 from 4/5, I write /5— 3 for the 
Remainder : So alſo, the Summ of 4/(3Yqo and /(3)1z is /(3)49 + #/(3):12, and 
their Difference is: 4/(3)40 — 4/(3)1 2+ ng 2 

But Incommenſurable ſquare Roots may. be added or ſubtraRted by this following Rule; _ 
( which is deduced from Prop. 4, & 7.145. 2. Euclid.) = 
| To the ſumm of the Squares of the given Sard ſquare Roots, add the double Product 
of the multiplication of thoſe Roots one intro afiother ; ſo ſhall the —_— Root of the 
ſumm be the Summ of the Roots propoſed ro be added : Bur if the ſaid double Produk 
| be ſubtracted from the ſaid famm of rhe Squares , the ſquare Root of the Remainder hall 
| bethe Difference of the given Surd ſquare Roots. As, it the Summ and Difference of ,/5 
and y/3 be deſired, their Sutnrh ſhall be-4/: 9 4 4/72 : and their Difference y/: 9 —4/ 72 : 
for the ſumm of the Squares of the given ſquare Roots /6 and 3 is 9, and the double 
Produt of their multiplication is 4/72, which 1 add to and ſubrra& from 9 ; ſo the ſquare 
Root of the ſumm, to wit; y/: 9 472 : 1s the Summ delired ; ' and the ſquare Root 
of the Remainder , to wit, 4/:9 — 72: is the Difference; _ . EEE 

After the ſame manner the Addition and SubtraQion of ſimple Sur4 Quantities expreſt 
by Letrers may be performed : As, toadd 4/7544 and/27a4, firſt, ( by the preceding 
Se. 7.) 1 find them to be Commenſurable , for, if /754a and 4/27ax be ſeverally 
divided by their greateſt common Diviſor 4 3 aa, the Quotients are 4/25 and 49, thar is, 
5 and 3, whoſe ſumim 8 multiplied into the common Diviſor 4/344 makes 84/;aa/ 
(that is, /19244) for the Summ of 4/7544 and 4/2744. Burit the Difference of the 
ſame Rational Quotients 5 and 3 , to Wit, 2, be multiplied into the ſaid common Di- 
viſor 4/ 34a, it makes 24/344 (that is, v/124a) for the Difference of 75 44 and V2 744, 
the Roots firſt propoſed. £2 

Or, we may write 84/3 ( inſtead of 8/3aa) for the Samm, and 24/3 ( inſtead 
of 24/344) for the Difference of 7544 and 4/2744 before propoſed # for theſe di- 
vided ſeverally by their common Diviſor /3, give Rational Quatients, to wit, 4/2 544 
and 4/944, that is, 54 and 3d , whoſe ſuracm 84 multiplied into the common Diviſor 4/3, 
gives 84/3 for the Summ of 4/7544 and 4/2744; but if the Difference of the ſaid 
Rational Quotients 54 and 34, to wit , 24 , be multiplied into the ſaid common Diyifor.. 
4/3 , the Product 2ay3 is the Difference of the ſaid 4/7544 and /27a4 ,. 

Again, to add y/(3)2564a4 and y(3)324aa; firſt, ( by Se. 7. ) 1 find them 
to be Commenſurable, for if each of them be divided by their common Diviſor (3 )4,/ 
the Quotients ate Rational, to wit, 4/{(3)64444 and 4/(3)84aa, that Is, 44 and 247 
theſe added together make 64, which multiplied into the common Diviſor /(3)4, 
makes 6ay/(3)4 (that is, y/(3)$644aa) for the defired Summ of 4/(3)2 56444 and 
(3)324aa; but if 2a, the Difference of the ſame Rational Quotients 44 and 24, be 
multiplied into the ſaid common Diviſor /(3 )4 , the Produt 244/(3)4 (that is, 
v(3)3244a) hall be the Difference of y/( 3): 56448 and y/(3)324a4 firſt propofed. 
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More Examples of the Addition and Subtration of Commenſurable 
ſimple Surd Quantities expreſt by Letters, 


Example 1. 

What is the Surmm and Difference of . . + « w/2%aa and y/7aa? 
The Operation. 

I. v7 ) 4/28aa ( 4/4aa, that 1s, 24- 
11. y7 ) wv7aa ( waa, that is, 4: 


From Diviſion I. 24/7 = 284d 
| From Diviſion II. an] = a/Jan | 
The Summ, 34/7 = w28aa | 4/7aa, 
The Difference , anſy = I28a8 — 4/7aa. 


— L — 
HR —— 


Example 2. 
What is the Summ and Difference of , .. . y45aabc and y/20aabc? 
The Operatur. 4 
TIT. \y5be  4/45aabc ( 4gaa, that is, 34. | 
; II. y5bc ) 4/20aabc ( 4/4aa, that is, 24. 
| From Diviſion I. 3ay/5bc 
| From Diviſion 11, 244/5bc 


The Summ, $av5bc 
The Difference , ay/5bc 


x 45 aabc. 
v 20aabc. © 


y/ 45 aabc + y/ z0aake. | 
y/4.5aabe — 4/2 0aabc, 


= 


[1 I] 


w—_—S_—_ moons 


Example 3. 
What is the Summ and Difference of . .. y/(3)$1abbb and y/(3)24abbb? 
The Operation, 


I. y(3)34 ) x(3)S1abbb ( y/(3):76bb, that is, 36. 
I. y(3)34 ) y(3)24abbb (-+(3)84bb, that is, 26. 


From Divilion I. 36by/(3);za = v(3)$1abbb. 
From *Diviſion 11,  2b4/(3);4 = /(3)24abbb. TOs : 
The Summ , 564/(3)34 y(3)81abbb + (3): 446th. 


[} 


The Difference , b4(3)34a-. y(3)S1abbb — (3 )24abb. 


Example 4. | | 

. "__ y*iaad and y/*;3aad , 
What is the Summ and Difference of *2 Or, /*#*aad and y/*2Zaad? 
The Operation. | 

I. 435d ) y*33aad ( y36aa, that is, 64. 
IL yJ3#d ) y/**jaad ( y/25aa, that is, 54. 
From Divifion I. 6ay/5Hd 


132 74d. 
From Diviſion 11. 5ay/q5d 


544d — 


y/* ES and -|- wy Land. 
[334d — o/*igARA. 


Ml 


The Summ, 1144554 
The Difference, ar/75d 


| I] 


+4 


If two Surd Quantities expreſt by letters be Incommenſurable , their Summ is given 
by +, and their Difference by —1; as, tO add /5a and 4/34, I write y/54-5-434 


for the Summ : and to ſubtrat 4/3a tromy/5a, I write 45a —v/3a forthe Remainder 
or Difference. | 


mr 
4 


Set. I X. Addition and SubtraFion in Compound Surd Quantities. 


The Arithmetick of Compound Surds depends upon the Rules of the Simple , and the 
Rules of -|- and — in HR_ Addition , Subtra&ion , Multiplication and Diviſion 
but how thoſe Rules are applied to the Arichmetick of Compound Surds, I ſhall ſhew in this 
and the following tenth and eleventh Setians, by Examples both in Surd Numbers and 
Surd Quantities expreſt by Letters, | 


Examp/es 


\_ 
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Examples of Addition and Subtr@ aion in Commenſurable ſimple Surd mimbers 
couneFed to Rational numbers by «| or —,, #s alſo in compound Surd 
numbers compoſed of Commenſurable ſimple Surds, 


Toand from 6 | V18 (3v2) | yig2 Cys ) + 3 

Add and Subtr, 4 + 4/8 (24/2) ov 75 i*/- $a 
Summ, 10 + 50 (5/32) | v507 (B43) Þo 
Difants TAE | 27 (343) +6 


—_— 


—_ ———  ——— 


To and from . | 4/242 (114/2) — 12 


| IF — 24/2 48 % 
Add and Subtr. — 4 Fo (54/2 ) -- 8 ou vu 4 


<—__—_ -»- 


De, © 10169535 32 | a 
ad nd Sr. Y $0 tv 75 Fe 4 Gao 599 
Rn, - Sr + 2s ©, Sow I 0 On. 
Md vb = a7 | an 4 
DESAHMS FE 7 
Rs Yo 099 þ inn | 
- za, SEL | ek 
" Toand from y(3)2058 { v(3) 54 2 1/306 + 3/392 


Add and Subtr. 4/(3) 162 + 4/(3) 16 


that is , ; 


34/(3)6 + 24/(3)2. 


__ MA 


— 


Summ , /(3)6000 + y(3)z50 . F 10/(3)6 + 5G): 
Difference VG) 384 — (3) 2 & tha s, 2 4/(3)6 — &/(3)2 
To and from =y/(4)1875 4 4/(3)250 5v/(4)3 + 54/G)2 


[ that is, 3 


24/(4)3 — 24/(3)2 


Add and Subtr. y/(4) 48 — v3) 16 
Summ , (4)7203 + 4/(3) $4 ZT aries 


OY + 3/G)> 


2 


_ 34/(4)3 474/06)! 


Difference, y(4) 243 + 4/(3)686 hae 


 EXPLICATION. 


In the firſt Example, the Rational numbers 6 and 4 added together make 10, and their 
Difference is 2 ; then foraſmuch as 4/18 and y/8 ( that is, 3/2 and 24/2 ) are Commen- 
ſurable, ( for the former is to the latter as 3 to 2 ,) their Summ is 50, (thatis, 54/2,) 
and their Difference y/2, ( by Sef#.8.) Wherefore 10 | 4/50(54/2) is the Summ, 
and 2 — 4/2 the Difference of the wo Binomials 6 - 4/18 and 4-|-y8 , propoſed in 
the firſt Example. I | | | ; 

' Likewiſe in the ſecond Example , the two Commenſurable ſard Roots 4/192 and 4/75, 
(that is, 84/3 and 5/3) added into one {imple Surd make y/5 07, (that is, 1 34/3 ,) but their 
Difference is 4/27), that is, 34/3 ;:) alſo, +- 3 and — 3 added together make ©, bue 
— 3 ſubtraQed from 4-3 makes -|- 6, Wherefore 4/507 (that is, 1 34/3) is the Summa, 
and-4/27 (that is, 34/3) +5 is the Difference of the Binomial / i 92 +> 3, and the 

Relidual 4/75 — 3 propoſed in the ſecond Example. 

' - Again, in the third Example, where — 50 -|-8 is propoſed to be added to 4/242 

— 13, and alſo to be ſubtraſted from the ſame; firſt, — 4/50 added ro + 4/ 242z 

(thatis,— 54/2 to-+ 11/2) makes + 4/72 (that is, 6/2 ;) but — 4/50 ſubtracted 
; om 


Ce aye ea $a 
. 
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from +|- /2.42 ( that is, — 54/2 from + 1142 ) Jeaves the Remainder or Difference 
t- 4/512, (that is, 164/2;) alſo, -|-8 added to — 12 makes — 4, but +|- > ſubtracted 
from — 12, leaves the Remainder or Difference — 20. Wherefore 4/72 (that is 642) 
— 4 is the Summ, and 4/512 (tharis, 164/2) — 20 1s the Difference of+«the two Re. 
{duals propoſed in the third Example. The Operation 1n the reſt of the preceding 
Examples is after the ſame manner. | 


Examples of Addition and Subtration in compound Surd numbers, 
partly Commenſurable , and partly Incommenſurable. 


Toand from 4/27 (34/3) + 4/8 wio-þv/8(2y2) 
Add and Subtr. 4/42 (3/3) -- 5 [& 3—v2 
The Summ, 4/75 5/3) vSofws jb vio wart v2 
Or, _v75Gv3)-vi13J- 160: | _wigtwirorbws 
The Difference, 3 FA8—=4/5___ | v1i9—w3, +v18(3v2) 
Or, | | . Ae. |= 4:1; —4/160 » wil 3—+120;+-y/18(3v:) 


Add and Subtr. 4y/(3) 7 — (42 » | (4) %o + #(3)s5 


Sum, 34G) 7--v/GN16—vG)12 | 54/04) 5 +4/G); =O 
Difference , G3) 7|-/(3)16+w/(3)12. | wa) 5 —=v3)5 = v/(3)2 


EXPLICATION. | 


In the firſt of the four laſt preceding Examples, the Summ of the two. Commenturable 
fard Roots 4/27 2nd 4/12 (that is, 34/3 and 24/3) is V75, (thatrs, 54/3 ; ) burtheir 
Difference is 4/3 ;- an&the Summ of. the two Incommenſurable Roots y/8 and yy is 
8-4/5, or, /: 134/160: but their Difference is 4/8 — y/S, Of, /:13—y/160: 
( according, rg the Rule before given in SefF. 8. for adding and ſubtracting rwo Incommer- 
ſurable ſquare Roots. ) . Therefore 54/3 | 4/8 4/5, or, 54/2 - 4: 13 | 4/160; 
is the Summ,, and 4/3 y/8—45, of, 4/3 -j-y:13—y160: is the Difference f 
the two Binomials 4/27 -|- 4/3 and 4/12 -}- 4/5, propoſed in the ſaid firſt Example. 

Again', in the third of the ſaid four Examples, where y/(3)56 | y/(3)16' and 
y(3)7 — 4(3)12 are propoſed to be added and ſubtracted ; the Summ of the two Com- 
megſurable ſurd Cubick Roots y/(3)56 and y/(3)7 is 34/(3)7 , and their Difference is 
v(3)7 : alſo, the Summ of the two-Incommenſurable cubick Roots 4/; 3 )16 and —y(3)12 
is 4/(3):i16 — y/(3)t2 z but —y/(3):2 ſubtrated from 4/(3)16 leaves y/(3)16F 
4/(3)12. Wherefore '3/03)7 -|-y/(3)16 —y/(3)12 is the Summ , and y/(3)7+-| 
v/(3):6-|-y/(3)12 Is the Differeence .of the ſaid Binomial and Refidual propoſed in the 
third Example. : ; | 


Examples of Addition and SubtraFion in Compound Surd quantities 
expreſt by Letters. 


p 
Toand from y/(3)56+1-v/(5)16 | 495 —v(3)n | 
| 


—_— ——— 


E xample 1. 


To and from 4/7544 »|- 4/86b 5a $a ab þ 
Add and Subtr. 4/1244 »|- 4/266 > H_ T mon 


The oummn's oe of Gs 74/2 ob 2/2 
The Dilbentiy '» © > +» »-»- + » 6/2 : 1 — 


" EXPLICATION, 


_ © Firft, { by Se. 7.) I find that 4/7544 and /1244 are Commenſurable, and may 
be reduced to 54y/3 and 24/3 ; likewiſe 4/86bb and ,/2bb are Commenſurable, and may be 
reduced to 2þ,/2 andby/2 : then the Summ of 544/3 and 24a4/3 is 74/3; alſo, the Summ 
of 2b4/2 and by: is 36/2 : therefore the Summ of the two Binomials propoſed in the 
Example is 74/3 36/2. But by ſubtracting 24/3 from 5443 , the Remainder 
Is 3443; and by ſubtrafting 54/2 from 24,/2, the Remainder is by/2, Therefore the 
the- Difference ,of the two Binomials '/propoſed cis 2744/3 -|- by'2, 


Example + 
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ME — 


E xample 4, 


What is the Surm and _— of this OY > #(3)171 =— | (3)bed, 
and Reſidual, . ® #® . ( (31408363, — = 4/(3)bcd? 


| : ty « «of 74/05 I Get, 
Thoſe reduced give theſe, to wit, . 'F 2aby/( 3)s5. .— 4/G)bcd. 


The Summ, . . . +» +» . gab/(3)s | 
The Difference, .. . _. . cab/03)s + 24/GVecd. | 


— 


I _—w. 


Examples of Addition and SubtraFion in compound Surd mbers 
| altogether Incommenſur able, 


| To and from v1o | 4/7 
| Add and Subtr, + 3 x3 


Somm , Jo + 7 + 3 + v2 


ms. 


| Or,  w«v:17 +y280: + y/i5Þ+y24: 
| Difference , 4/10 + /7_— 43 — y2 | 
| + Or, 17 + 4/380; — y/i5 o+ 4/24: : - 


To and from . xF(3)ro + y(3)7 
Add and Subtr. (3) 3 —= VG)2 


Summ, — «/(3)10 FG) + YG) — OW 
Difference z 4/(3)19 + /G)7 — /G)3 + G2 


Set. X. Of Multiplication in Compound Surds. 


Example 1. 


Multiplicand, 4/180 + 4/48 that is, 3 &v5 + 43 
Multiplicator , 4/125 + 4/12 * C55 + 243 


150 2015 * 
+ 124/15 + 24 


Produd , 150 -þ 324/15 + 24 
That IS, 174 + 324/15. 


Example 2, 
| Multiplicand, 6 — 4/20 : that bs 6 — 24/5 
L E , 


Multiplicator , 8 — af 45 8 — 3vs 
| 48 —16y5. 
| — 18/5 530. 
= Produ&, 78 — 34/5» A 
OT Example 3. F 
Multiplicand, 4/18 — 32 ,s..: 3 34/2 — 3 
Multiplieator, 4/ 8 {- 2 © P92 202 + 2 
I2 — 64/1 
= 6/2 — 6 
ProduR, I2 — 6 
EE ws 52D | — That 1s, +. E. 


Example 4. 


Multiplicand, 44/5 + 34/5 145 
Multiplicator 44/5 + 345 _ WE] X..4 208 5 


ProduR, 2 "2 IPL 
vmm_—— en EXPEE 
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: Ws EXPLICATIO N. 


In the firſt Example , the two Compound Surd numbers propos'd to be multiplied are 

o/ 188 1-4/48 and 1254/12 , Which ate reduced to 64/54=-44/3 and 5/5-þ2;, 

'» (by Se. 6, of this Chapt.) then 4 5 multiplied by 54/5 (according to Rule 5. in Se.,, 
'» of this Chapt.) producerh 1 5o ; al 0, 44/3 multiplied by 54/5 C according to Rule 6. in 
Seb. 4.) produceth 204/15 z again, 64/5 into 24/3 makes 124/15 ; andqy/3 intozy;, 
produceth-24 ; .laſtly, thoſe Produ&ts added rogether make 174 + 324/15 , theProdug | 
ſought. The reſt of rhe Examples are wrought in, like manner. TY | 
When the Multiplicand hath not_the ſame Radical fign with the Multiplier, they muſt 
firſt be reduced to the fame Radical ſign, ( by Sett. 3. of this Chapr. ) and then the Muti. 
plication is to be made by ſome of the Rules in Set, 4. as will be manifeſt in the following 


Example. 
F Mukiplicand, /(5)6 + #(3)7 +5 
Multiplicator, 3 ap | | 
Produtt , /(10)8748 + y/(6)1323 + 5w/3- 
EXPLICATION. 


r; y/(5)6 and /3 afe reduced to theſe having a common Radica! ſign; to wit, y/(10);6 
and y/(10)243 , which multiplied one into the other, produce 4/(10)8748. 

2. y/(3)7 and 44 = reduced to y/(6)49 arid y/(6)z7 , which multiplied one by 
the other, produce 4/(6)1 3243+ | Hh ſe 

Jo Th Rational number 5 multiplied ihto 4/3 makes'54/3, or, /75- 

Laſtly, thoſe three ſimple Products added together. give the Product fought, to yi, | 

 4/(10)8748++ 4#/(6)t 323 +543 (V75): EN oC Afifrit; 
Three compendious Rules , very uſeful in the Maltiplication 
of Binomials and Reſiduals. | 

1. Becauſe a e multiplied by 4 -f-e produceth' ax -}- 24e -|-ee x it is evident tha 
the ſumm of the Squares of the parts ( or Names ) of any Binomial , cogether with twice 
the Produ&t of the parts multiplied one into the other, is equal to.the Square of the Sunn 
of the parts. Therefore, to multiply any Binomial by ir ſelf,” (or ro ſquate it, ) take | 
the Squares of the parts, and twice the Produt of the parts for the Square ſought. | 

2. Becauſe a—e multiplied by 4 — e produceth aa — 24e-|- ee; it is manifeſt that 
the ſurnm- of the Squares of. the parts of any Reſidual , leſs by the double Produd of the 
parts , ts equal to zhe Square of the difference of the parts. Therefore , co ſquare any 
Reſidual, trom the fumm of the Squares of the parts ſubtra& twice the ProduR of the 
parts, and take the Remainder for the Square ſought, == BD | 

3- Becauſe 4-| e multiplied by a — e produceth a4 — ee it is evident that the dif 
ference of the Squares of the parts of any, Binomial , ,is equal ro the ProduR made by the 
mulriplication of the ſumim of the parts. into. theie difference. Therefore, if a Binomiil 
be to be multiplied by its correſpondent. Reſidual , that is , by the difffrence of the parts 
of the Binomial , take the difference- of the Squares of the parts for the Product ſought, 
Theſe three-Rules wilt be exefcisd by the ſix Examples next following , and by divers 
other Examples in this and the following SeCtions of this Chapter. | 


Motiplicand, © 3 + of | © 3 = ws 
Multiplicator, 3 + ys 1464 "7; gr 
er: redrts 
” | That is, ——=- Þ -> Ah | E 3 R. _ = Is bR 
Multiplicand, 3 + 4/5 +(3) 27 + (3) 8 
Multiplicator, 3 — 45 (3) 27 —4/3)8 
Produt a J = 5 
[2 — | Omg — /)64 
Multiplicand, 4M/(6)7 — y/(6 5 | a(t toW 
Muiplcaor, _ (6) + /@J_ | _ Je) Nt 


Product, y(3)7 — /(3)5 - | 4 G6» Oy. 


W 


PLI 


%”þ]D. 


"- 
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EXPLICATION. _. 

In the firſt of the fix laſt Examples, the Binomial 3 -|- 4/5 multiplied into it ſelf or 
ſquared , produceth 14 + 6/5. For the Squares of the parts 3 and /5 are 9 and 5, 
and twice the Produ of 3 into 4/5 makes 64/5, to wit, /180 ;; therefore ( by the ſecond £ jet 
of the three preceding Rules,) 9g + 5-6/5 ; that is, 14465 is the Square of the 
given Binomial 3 |- 4/5. EIN F | 

In the ſecond Example, the Reſidual 3 — 4/5 ſquared or multiplied by it ſelf produceth 
14 — 64/5, ( by the ſecond of the faid three Rules.) - ; 

In the third Example , the Binomial 3 | 4/5 multiplied by its correſpondent Reſidual 
2— 4/5, produceth 4 ; which ( by the laſt of the ſaid three Rules ) is equal to the dif- 
ference of the Squares of the parts 3 and 4/. | | M 

Likewiſe in the fourth Example , the Binomial /(3)27 | 4/(3)$, multiplied by its 
correſpondent Reſidual 4/(3)z7 — /(3)8, produceth y/(3)729 — /(3)64; to wit, the 
difference of the Squares of the parts of the given Binomial or Reſidual. 

And in the fifth Example, the Reſidual 4/(6)7 — y/(6)5 multiplied by its correſpondent 
Binomial 4/(6)7 + 4/(6)5, produceth 4/(3)7 — 4/(3)s ; which is equal to the difference 
of the Squares of the parts of the given Reſidoal or Binomial, For ( by the ſeventh Rule 
in SefF. 4. of this Chapt. ) the Square of y/(6)7 is y/(3)7 , and the Square of #(6)5 


5 /(3)5- | 
Examples of Multiplication in Compound Surd quantities 


expreſt by Letters. 
Multiplicand, 4/abb + f/f 2. : ba fye | 
Matliae, " Yall I Yeu $ 9 4 da fe 
| bda | fdyca 


|. bay/ca Þ+ fac 
NE Es Produ&, bda + fd-ba x ca, + fat. 
Multiplitand, 24 -{- 34v/d | vhbc + a 


_—_— 


Multiplicator, 3c — 2c/d | WOO ho 271 
6as -|- gacyd ” be + aybe | 
= qgae/d—bacd |  — ay/be — aa 
Produ& , 64c + 5aryd — 6acd |. be — 44 
Multiplicand, = {+ 4/6 [= fab 
Multiplicator, &@ + 4/6 1 vac + od JS 
| Produit, as + 24/b + b | aybe + c/a+ /abd-+vd 


Multiplicand, 3bby/d + dy/d 3bb + d x fd 
Multiplicator, 36by/d + 4dyd 3 a 3 36b +- dx od 


Product,  gbbbbd4-+- 6bbdd-ddd; or, gbbbb þ- 6bbd-1- dd * d. 


The Operation in theſe ſix laſt Examples will be familiar to him that underſtands the 
Rules and Examples before delivered concerning the Multiplication of Surd numbers , 
and Surd quantities expreſt by Letters. | 


Set. XI. Diviſion in Compound Surds. 


Examples of Diviſun, where the Dividend is 4 Compound qrantit) , and ' 
the Diviſor a Simple quantity. | 
Dividend, 21 + ws /(3)14 — v/(3)z8 
Diviſor , y 3 | M4 + te as L 
__ Quotient, y/7+v 5 | 42 —=v0)4 
$2 þ Pf z © Dividens, 
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i Dividend, .124/6 þ- 64/18 — 24/12 | 20 y/(3)10 

Diviſor , 34/6 : OO = 
. Quotiem, 4 + 24/3 — v2 v5 — (3) 

Dividend, y/(4)8 + 4/(5)3 | w(4):3328 — y/(4)10368 

Divilor, v2 | 0” 0 EE ER” 
© Quotient, y/(4)z + /(19)57 NB — a 

EXPLICATION. 

The 6rſt Example is wrought according to Rule 1. in SetF, 5. of this Chapt. For frſt, 
4/21 divided by 4/3-gives the Quotient 47, then 4/15 divided by y/ 3 gives the Quotien 
5. —_— f/ i +415 divided by v3, gives /7 + 4/5 » the Quotient ſought 
in the fir{t Example, en 


le, oy % | ; 
The fecond Packs is wroughr-like the firſt ; for 4/(3)14 divided by /(3)7 gies 
4/{(3)z , and — y/(3)28 divided by 4/(3)7 gives — /(3)4- Therefore, /(3)14+-. 
v3 )2 8 divided by /(3)7, gives 4/(3)z — /(3)4, the Quotient ſought in the fecond 
xample. | | 
The third Example is wrought according to the fifth and ſixth Rules of Se. 5, of this 
Chapt. For. firſt, 12 y/6 divided by 34/6 gives the Quotient 4 , ( by the ſaid fifth Rule) 
then 64/18 divided by 34/6 gives 24/3 , ( by the-ſaid (ixth Rule; ) likewiſe, — 241: 
divided by 34/6 gives —+/2 ; ( for 2 divided by 3 gives 4, and y/12 divided by 4/6 giies 
4/2.) Therefore, 124/6 | 64/18 — 24/12 divided by 346, gives 4 + 24/3—+y;, 
the Quotient ſought in the third Exatmple. | e4- 
In the fourth"Example , 4/2o divided by 3, (that is, by 4/9,) gives 4/*5, or 4/23; and 
— (310 divided by 3, (that is, by /(3)z7, ) gives —4/(3):7- | 
_ In the fifth Example, 4/(4)8 and./2 are fir{t reduced tro y/(4)8 and /(4)4; then 
+#(4)s divided by /(4)4,gives /(4)2 ; likewiſe, //(5)3 and y/2 are reduced ro y(10)g 
and y/(t0)32; theft x/{10)g divided by .4/(10)32 gives the Quotient 4/(10);. 
Therefore, y/(4)8 + 4/(5)3- divided by 2, gives /(4)z + 4(10);3, the Quotient 
ſought in the fifth Example. The ſixth Example is wrought in like manner , and the Prodt 
in theſe or the like Examples of Diyifion may be made by Multiplication. 


Propoſitions concerning Diviſion in Surd Quantities , when the Diviſor 
is a Binomial or Trinomial , &c. | 


When the Diviſor is a Binomial or Reſidual confiſting of two ſquare Roots or biquz 
dratick Roots, or of one ſquare Root or biquadratick Root ; and of a Rational number; 
as alfo when the Nivifor is a Trinomial ,, or Quadrinomial , and none of its Radical ſigns 
exceeds that of the ſquare Root, the work of Diviſion in thoſe caſes is grounded uponthe 
five following Propoſitions, viz. | | 

1. If a Binomial conſiſting of ewo fimple ſquare Roots connected by -{-, be multiplied 
by its correſpondent Reſidual, that is, by the difference of thoſe Roots; or if a Relidul 
conſiſting of two ſimple ſquare Roots conneRed by — , be multiplied by its correſpondent 
Binomial, that is, by the ſumm of the ſame Roots, the Produdt will be entirely Rations. 
So:the Binomial, / 5 + 4/3 multiplied by 4/5 — 4/3, Cor, the Reſidual 4/5 —= 43 0) 

. 5 +433) gives the Rational ProduR 2 , ( by the laſt of the three Rules before delivered 
in SefF. 10, of this Chape. ) 4 | | 

Likewiſe , 4/4 y/b multiplied by /a — /b, gives the Rational ProduRt a — 6. 

2, If a Binomial conliſting- of two Biquadratick ſimple Roots conneRed by +, dt 

. multiplied by its correſpondent Reſidual, ro wit, by the ditterence of thoſe Roots , the Pro- 
du& will be alſo a Reſidual. conſiſting of rwo fquate Roots connefed by — , and if thi 
oh multiplied by the ſumm of irs Names, (or Parts,) it will give a Produdt entirely 
Rational. 

As, for example, the Binomial y/(4)s5 -|- /(4)3 multiplied by /(4)s —+&(4)3 
makes 4/5 — 4/3, Which multiplied by 4/5 -|- 4/3 gives the Rational Produdt 2, 

Likewiſe y/(4)$1 — 2, or /(4)81 — y/(4)16, multiplied by /(4)$1 + 4/(4)!8 
Makes 4/vt — 4/16, which multiplied by $4 4/16 gives the Rational Produt 7 ; 

3 
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If a Trinomial conſiſting of three {imple ſquare Roots conneked by -]|-, or by 
-+- 3nd —» be multiplied by the ſame Trinomial, after any one Sign + is changed into — ; 
or any one Sign — into -|-, the Produt will conſiſt of two Names, ( or Parts; ) and 
then it this Produ& be multiplied by its correſpondent Binomial-or Reſidual , ( according 
ro the preceding Prop. 1, ) the laſt Product will be entirely Rational, 
As, for example , the Trinomial 4/5 -j- 4/3 4/2 multiplied by y/5 -|- /3 — 4/2 
gives 24/15 5, and this multiplied by 24/15 — 6 gives the Rational Product 24. 
Likewiſe, 4/30 —4/5 — 4/3 multiplied by 4/30 4/5 — 4/3 produceth 28 — 2/90, 
and this multiplied by 28 + 24/90 gives the Rational Produft 424. | 
After the ſame manner, 4/a+|- 4/b — 4/6 multiplied by 4/a + 4/b+ y/c gives the Pro- 
du 24/ab -|-a 4-6 —c , whoſe Rational Part 4 jb —c we may ſuppoſe to be equal” 
zo ſome lingle Quantity 4, and then the ſaid Product will be a Binomial 24/4b+ d, which 
multiplied by irs correſpondent Reſidual 24/ab nd gives a ProduRt entirely Rational, 
towit, 44b > dd. And ſo of other Trinomials that are qualified as before is ſuppoſed. 
' 4+ If a Quadrinomial conſiſting of four ſimple ſquare Roots connected by --, or 
by + and —, be multiplied by the ſame Quadrinomial after two Signs -- are changed 
into —, or two Signs — into +|-, the Produ&t will conſiſt of three Names, ( or Parts, ) 
then if this Produ be multiplied by irs correſpondent Trinomial ( according ro Prop, 3.) 
there will come forth a Binomial or Reſidual and laſtly , this Binomial or Reſidual multi- 
plied by its correſpondent Reſidual or Binomial will give a Rational Produt. | 
As, for example, the Quadrinomial 4/6 + 4/5 + 4/3 + y/2 multiplied by 4/6 4- 
4/5 —43—yv2 produceth the Trinomial 6 4- 24/30— 24/6; which multiplied by 
ts correſpondent Trinomial 6 -- 24/30 + 24/6, ( according to the precedent Prop. 3.) 
gives the Binomial: 132 | 244/30; and this multiplied by its correſpondent Retidual 
132 — 244/30, gives the Rational Product 144. | 
* Afﬀeer the ſame manner, the Quadrinomial 4/a + 4/6 + 4/c — 4/d multiplied by 4/4 — 
ab — /c — y/d gives the Produt a= d —b— c—24/ad — 2y/bc, whoſe Rational 
part ad —b— c we may ſuppoſe to be equal to ſome (ingle Quantity f, and then 
the ſaid Produ& will be a Trinomial , to wit, f—24/ad— 2ybc ; this multiplied by 
it ſelf after one of its ſigns — is changed into --, ( according to Prop. 3.) will produce 
a Reſidual of two Names ( or Parts, ) and this Reſidual multiplied by its correſpondent 
Binomial will give a Rational ProduQ, | | 
5. If two numbers. be given for a Dividend and Diviſor, and each be multiplied by 
ſome number, the firſt ProduR divided by the latter will give the ſame Quotient that ariſeth 
by dividing the given Dividend by the given Diviſor. As, it 6 be to be divided by 2, 
i you multiply each by. 4 , and divide the firſt ProduR 24 by the latter 8, the Quotient 3 
5 the ſame that ariſeth by dividing 6 by 2. For (by 17 Prop. 7. Elem. Euclid.) it a num- 
ber 4 multiplying two numbers þ, c, produce. two other numbers ab and a+, the numbers 


produced ſhall be in- the ſame Proportion that the numbers multiplied are, v5z. as , 


b.6:: ab . a, and therefore £ = = alſo, — = m- From the foregoing . 


five Propofttions the following Rule 1s deduced , VIg, 


6. 4 Rule for Diviſion in Surd Dnantities when the Diviſor is 4 Binomial, 
Trinotttial or Quadrinomial of ſuch kind as before is declared. 


; Reduce the given Diviſor to a new Diviſar that may be a ſimple Rational quantity , 
reduce alſo the given Dividend to a new Dividend , by multiplying the former by the ſame 
quantity or quantities that were Mulriplicators in reducing the given Diviſor to a Rational 
quantity , then divide the new Dividend by the new Divilor , (according to the method 
in the Examples at the beginnipg of this SetZ. T1. Y ſo the Quotient ſhall be the fame with 
that which would ariſe by dividing the given Dividend by the given Divifor. _ 2 
As, for example, to divide ,4/$-|- 4/6 by /4-|-+/2 4 I firſt multiply the Diviſor 
/4-|- 4/2 by its correſpondent Refidual 4/4 — 4/2, and it produceth 2 for a new Diviſor ; 
alſo ] multiply the Dividend /$ -|- 4/6, by the ſaid /4 — v2; and tt gives the Prodntt 
Y 32/24 —y16—y412 for a new Dwidend, this divided by 2 ( the Diviſor before, 
ound ,) gives 4/8 | 4/6 — 2 — /3 the Quotient ſought, being equal to that which 
Weld ariſe by dividing 4/8 -]-.y/6 by 4 y/2 ,' as will be evident by the __ ; 
or 


wn 


= 
_— 
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for if the ſaid Quotient 4/8 -|-4/6 — 2 — 4/3 be multiplied by the given Diviſor va 
-|- 4/2 , it will produce the given Dividend 4/8 -þ- 4/6. | 

Likewiſe, to divide ab + by/bc by a + bc, 1 multiply eath by a — y/be, ( the Reſj 
dual correſpondent to the Diviſor ,) and k produceth a4 — bc for a new Diviſor, and a 
— bbc for a new Dividend, this divided by that gives 6 for the Quotient ſought; for þ 
multiplied into the givenDiviſor 4+ 4/bc makes the given Dividend ab -j- 64/bc. Another 
way of finding out the Quotient in this laſt Example , is ſhewn in the firſt of the (x 
Examples at the latter end of this SefF. 11. : | 

Again, to divide 10 by 4/(4)5 -y/(4)3 , 1 multiply each by 4/(4)5 — (4); 
and there comes forth a new Dividend /(4)50000 — /(4)30000, and a new Diviſgr 
x/5 — 4/3 ; but this Diviſor not being a Rational number, I multiply again both the 
ſaid new Dividend and Diviſor by /5 4/3 , and it produceth another.new Dividend 
v (4)12 50000 — y/(4)750000-+- y/(4)450000 — 4/(4)z70000, and another new 
Diviſor 2 ; by this I divide the laſt Dividend and there ariſeth 4/{4)78125.— 4/(4)46875 
+ 4/(4)2 $125 — 4/(4)16875 the Quotient ſought , for if it be multiplied by the pro- 
poſed Diviſor 4/(4)5 + /(4)3 it will produce the given Dividend 10. by 

Again, todivide 4/8 by 4/3 4/2 + 1, 1 firſt multiply the Diviſor by /3 + yz —i 
and it makes 4/24-]-4, this multiplied by its correſpondent Reſidual 4/24 — 4 gives 
the Product 8 tor a new Diviſor : Now becauſe the given Diviſor was firſt multiplied by 
4/3 +4/2 — 1 and the Produt by 4/24 — 4, the given Dividend mult likewiſe be mul. 
tiplied firſt by 4/3+|-4/2 — 1, and the ProduRt 4/24 4—48 by 4/24 — 4, and 
there will be produced 8 4/128 — 4/192 ru a new Dividend; ſo inſtead of the 
given- Dividend and Diviſor we have other numbers in the ſame Proportion , viz, 8+ 
4/128 — 4/192 and 8. Therefore ( by Prop. 5.) the fortner divided by the latter will 
give the Quotient ſought, to wit, 1-4/2 — +3; but thar this is the true Quotient 


_ 


will appear\by Multiplication, for if 1 + 4/2 — 3 be multiplied by the propoſed Divi 
for 4/3 + 4/2 -+ 1, it will produce the given Dividend y/8, ; 

Note. Although the new Diviſor and Dividend found out as aforeſaid , may ſometime 
happen to be Negative quantities, (that is, ſuch whoſe values are leſs than vothing, ) ye 
Divifion being made by them with reſpe& to the Rules of -- and — , they will gve 
the true Quotient ſought, As, for example, ſuppoſe 30 be to be divided by 2 -þ yg, 
( that is, 3o by 5;) firſt, the Diviſor 2 -- 4/g being multiplied by 2—4/9 gives 4-9, 
that is, — 5 for anew Diviſor, and the Dividend 3o multiplied by the ſaid 2 — 4/9 gies 
60— 4/8100 fora new Dividend, which divided by — 5 gives + 6 ; which is the ſame 
with the Quotient that ariſeth by dividing 3o by 2 - 4/9, that is, by 5. ; 

Again , let 4 +|- 4/25 betobedivided by 1-4/9, (that is, 9 by 4, where the Quotrent 
is manifeſtly 24 ;) firſt , the Diviſor 1 - 4/g multiplied by x — 4/g produceth 1 —9, 
that is, —8 for a new Diviſor ; and the Dividend 4 -|- y/2 5 multiplied by the faid 1-49 
makes 4 -|- 4/25 — 44/9 —y/225 for a new Dividend, which divided by —8, (according to 
the Examples at the beginning of this SefF, 11.) gives — * — /2£ + £y/g 4+ 3: the 
Quotient ſought, which after due contraRion makes 24. For 24/9, that is, y/*£ is equi 
to ++, and y/#2+ is *£, which added to the ſaid £4 makes £3 ; alſo —y/ZZ is —#» 
which added to — 5, (or — F,) makes — #, this added to #2 gives #4 (or 24 ,) ihe 
Quotient before found. 

7- When the Diviſor is a Binomial , or a Reſidual conſiſting of two ſimple Cubick 
or Biquadratick, &c. Roots, it may be reduced to a Rational Diviſor by this following 
Propolition, viz. OD. | 

-It in the Proportion of the Names (or Parts) of a Binomial or Reſidual , there be found 
ſo many continual Proportionals in multitude as there be Units in the Index of the Radical 
ſign, and that the Radical ſigns of the Parts of the Binomial or Reſidual, and alſo of the 
Proportionals be the ſame, but conneRed in the Binomial by -þ , and in the Proportionals 
by -]- and — alternately ; or contrarily, in the Proportionals by --; and inthe Reſiduil 
by + and — , the Produ& made by the multiplication of the Proportionals by the Bino- 
mial or Reſidual ſhall be Rational, | | 

As, for example, if there be propoſed the Binomial ,/(3)- | y/(3)s5 ; find three 


(3)7 to4/(3)5 , which may be done by the help of Se#. 8. Chap. 5. of this Book; 
where it hath been ſhewn, that aa, ae and ee are continual Proportionals in the Reaſon 
of 4to e. Thereforc if we ſuppoſe /(3)7 tobe a, and y/(3)5 50 be e, then the ”—_ 

| of 4/(3)7 


continual Proporrtionals, that the firſt may be to the ſecond, and the fecond to the third, 3 | 
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of /(3)7, t0 Wit, /(3)49, ſhall be the firſt Proportional (44) , the ProduR of 4/(3)7 
ur Gy )5, towit, /(3)35, ſhall be the ſecond Proportional (ae); and the KAY 7 
(3)5, £0 wit, (3 )z5 » ſhall be the third Proportional (ee) : ſo that theſe three Cubick 
Roots, to wit, /(3)49, /(3)35 andy/(3)25 are continual Proportionals in the Reaſon 
of y/(3)7 and y/( 3)5- Now 1 fay — to the Propolition,) If y/(3)49 — 4/(3)35 
+ y/(3)z 5 be multiplied by /(3)7 I +/(3)5 > -the Produ&t ſhall be Rational ; - alſo, 
it 4(3)494-4/(3)35 +4/3)25 be multiplied by /(3)7 —y/(3)s the Produdt fall 


be Rational , as will appear by the following Operation. 


Multiplicand, 4(3)49 —= 4/3) 35 + 4/3) 25 
Multiplicator, /( 3) 7 + (3) $5 BY 


— 


7 — (3245 + G75 . 
_+vGN45—+O)175 +5: 


The Producb 12 .1s Rational, 


+ Multiplicand, © /(3)49 + 4/() 35 + G3) 25 
Muttiplicator, 4/(3) 7 — /G) +5 

7 + 4/(3)245 + +/(3)175 

en HON En (3007S — S; 

The Product 2 is Rational, _ TI 

But for the greater evidence of the- certainty - of this Propoſition in a Binomial and Re- 

ſidual conliſting of any rwwo ample Cubick Roots whatever, let there be- propoſed this 

Binomial VGS- +/(3)4, and ſuppoſe 5 greater than' 4; tlien three continual Proportio- 

nals in the proportion of 4/(3)b to VM will be found /(3)#b,, /(3)5d and y/(3)dd; 

then multiply as before , 952, E TEE AE | TEXT 

Multiplicand, =4/(3)bb; — y/(3Jbd 4 /(3)4d 

Multiplicator , AGy +vY0MW | 


b — GWE bad 
2 +4 —wGNad +4. 
The Product 6 þ- 4 is Rational. 
Multiplicand, «/(3)% + +3)bd + y/(3 )dd 
Mae lee? WY * v/(3)4 | LS 
6b + (3d v/(3Ybdd 
—AYIR— OW —d 


The Produ& b — d is Rational. 

Whetice you ttiay obſerve , that che fe Rational Produ& is the Tama of the Names 
(or [ab yomittlo rhe Radical ſigns, of the cubick Bigami propoſed and the latter Ratio 
nel Produ@ is the diffetence of the Parts, omitting the Radical ſigns, of the Cabick i a 
propoſed : fo that the Rational Produ made by the multiplication of the {xid Proportio- 
nals and Binomial or Reſidual may be diſcoveted withbut any moltiplication. 

8, Now, thatthe Uſe of che lt Prague Propolitign way , let it be required 
to divide 10 by 4/(3)7 — y/(3)s ; Firſt, becauſe the Index of the Radical lign is 3, 
I ſeek three continual Proportionals in.the proportion-of /(3)7 to /(3)5 z which Pro- 
portionals (as before hath been ſhewn) are /(3)49,+/(3)35 and /(3)25 ; theſe I con- 
het by -j—, becauſe the Parts of rhe-piven Diviſor are connected by — , and there ariſethi 
4(3)49 -4/(3)35 + #G3):5 + then by this common Muaſtiplicatot I multiply as well 
the Dividend 10, as the Divifor y/(3)7— /(3)5 "and ir produceth y/(3)49000 
4(3)35000<þ- y/(3): 5000, for anew Dividend , and 2 for a new Diviſor : laſtly , by 
dividing the ſaid new Dividend by the new.Diviſor, there ariſeth /(3)6125 + y/(3)4375 
+ 4(3)3125 the Quotient ſoupht;, for if it be multiplied by the given Diviſor y/(3)7 
— 4(3)5, it will produce the given-Dividend 16, ; " 


__— —— 


4 


| 


——— 
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In like manner , to divide 16 by this Binomial y/(3)5 + y/(3)3 ; firſt I ſeek thres- 
continual Proportionals in the Reaſon. of /(3)5 toy/(3)3., which Proportionals will be 
found y/(3)25, /{3)15 and y/(3)9; theſe I conneQt by -|- and — alternately , becauſe. 
the Parts: ot the given Diviſor are connected by -|-, viz. to the firſt Proportional I prefix 
-}-. ,. to the ſecond —; and to the third -þ-, ſe they make y/(3)25 — y/(3)15 + v(3)s; 
by. this, . as: a common Wanna [ _—y © «po rg _ the Diviſor 

tl Jz, and there .ariſeth. a new Dividen 3)25000 — y/(3)15000 
Loy +> new Diviſor 8 , by which I divide the ſaid new Dingeed, and wo 
comes forth /(3)**54+ —4/(3Y £34 + (3345 » the Quotient ſought. 

The ſame method is to be obſerved: when the Diviſor is a Binomial or a Reſidual con- 
ſiſting of two ſimple Biquadratick Roots, ' 

As, for examplz, todivide 10 by y/(4)5 + y/(4)3, ( which hath already been done 
after another manner in the third Example of che. Rule in the ſixth ſtep of this Se&ion , ) 
Firſt , becauſe the Index of the Radical ſign is 4, 1 ſearch out four continual Proportionals 
in the Reaſon of 4/(4)5 to 4/(4)3 in: this manner, viz. For as much as ( by Se, 8, 
Chapt. 5. of this Book, ) theſe are continual Proportionals, to wit, aaa, aac, ace and ere, 
I ſuppoſe y/(4)5 to be a, and y/(4)3'to be e; then I multiply y/(4)5 ' into it (elf cubically, 
and it gives the firſt Proportional /(4)125, { to wit, aaa; ) allo. T multiply the Square 
of /(4);5 into y/(4)3, and it gives the ſecond Proportional 4/(4)75, (to wit, aae;) 
again, I multiply y/(4)s into the Square of 4/(4)3 , and it gives the third Proportional 
y/(4)45» (to wit, ace; ) laftly, I multiply y/(4)3 into it ſelf cubically, and it gives the 
fourth Proportional y/(4)27 » ( to wit, eee -) Then becauſe the two Parts of the given 
Diviſor are conneted by -\-, I connect thoſe four Proportionals by'-|- and — alternately; 
ſo there atiſeth this Compound number 4/(4):i 25 —4/(4)75 +4/(4)45 — (4), 
by:which, as a common Multiplicator ,, I multiply as-well the given Dividend 10 , as the 
the given Diviſor y/(4)5 -+/(4)3 » and there ariſeth a new Dividend 4/(4)1 2 50000< 
y/(4)7 50000 J- 4/(4)45 0000 — 4y/(4)z70000, and a new: Diviſor 2 5 which ar 


-the ſame in every reſpe&t with thoſe found in the place before cited. 


After the ſame manner, when the Diviſor is a Binomial or a Reſidual-having 5 or 6, &c, 
for the Index of the common Radical ſign of the Roots; it may be reduced to a new Diviſer 
that ſhall be Rationat, Bur it muſt be remembred, that when the Roots are of different 
kinds they muſt firſt be reduced to a common Radical ſign. 

But when the Diviſor cannot be'reduced to a ſimple Rationa] number by any of the 
ſoregoing Rules , ( which are all that I haye met with in Algebraical Authors , the Divi 
dend may be ſet as a Numerator over the Diviſor as a Denominator, and the FraQtion ſo 


eonſtiruted ſhall be equal to the Quotient. As, for example, if 4/484- /(3)3 betobe 


divided by 4/15 -}- 4/(3)6 — 4/3, the Quotient may. berepreſented by this Fraction, to wi, 
__n48 + /G)3 X 
y/1IF A(3J6 — 4/3» | 


Examples of Diviſion in.Compound Surd quantities expreſs by Letters. 


Diviſion in Compouud Surd quantities expreſt by Letters depends upon the Rules of 
Simple Surds before delivered , as alſo upon the General method of Diviſion in Se, 9. 
Chapt. 5. Book, 1. as will appear by -the following Examples, ſome of which I' (hal 


afterwards explain, wp 
| Diviſor. Dividend. 
« -|- ybc Y ab + bbc ( 6, Quotient. 
Ms .-*- 4... 
| 2D o 
« + bc ) as — bc C. += wo 
as + ay/bc___ 
— be — ay/bc 
_ —_ 


NIE CS Fr —_— . % ” x 4 . c 4 
L T 


_—_ ec 
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4 Jab — fed ) ah — >a E yab = yea 
i ab — a/abcd 
Oomeld þ yahed © 
—_ cd | yabcd 
— p 
NEE a. a + ybc ) as | bey/be f ads be — aytc 
aaa -|- aay/bc 
beybe — aaybc 
bcybe + abc 
F — aay/bc — abc 
: — aay/bc — abc | 
O O 


_— 
=P 


aa | aybc ) aaah — abbc ( ab — bykb 
| aaab -\- aaby/bc 


— abbr — aaby/be 
EF Rd E 
a — bs ) aab — bbe — abybe + ZE Jhe ( ab — = 
aab — aby/bc | 
— bbc TY LY TY 
OPM - 
Fa = . Sh 
EXPEICATION. 


| Inthefirſt Example; firſt, ab divided by 4 gives the Quotient b, by which 1 multiply 
the whole Diviſor a -[--4/bc, and it makes debodutes this ſubtracted from the given 
Dividend ab 1-- by/bc, there remains o 3 ſo-the Quotient ſought is 6. 


In the third Example ; firſt , ab divided by. y/ab gives the Quotient 4/ab, by which 
I multiply the whole Diviſor 4/ab — y/cd and the-ProduRt is ab — y/abcd, this ſubtrafted 
from the given Dividend ab— c4, there remains to be yeg divided, — cd -j- 4/abcd ; then I 


divide —c4 by —4/cd and it gives the Quiotient = y/c4, by which | multiply the whole 


Diviſor /ab —4/cd and it makes —cd-|-4/ abcd, this ſubtrafted from the remaining Dividend 
— cd + y/abcd leaves o ; ſo the Divilion is finiſkt,- and the Quotient u_y_ Is /ab4-= yd. 
_ In the ſixth and laſt Example; firſt, ab divided by 4 gives the Quotient 'ab , this 
multiplyiig the whole Divifor 4 — y/bc produceth aab — abybc , which ſubtracted from 


the given Dividend leaves to be yet divided — bbc + EE ye - then I divide | LAW 
by — /Ec and it gives the Quotient — =, by which 1 multiply the whole Diviſor 
a—ybc and it produceth — he -|- Ye bc ; which ſubtrated from the remaining 
Dividend — bbc + Ld /be leaves nothing ; ſo the Quotient ſought is 4b _ =, 


Gg = 
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The Arithmetick, of Univerſal Surd Roots , both in Numbers and 
| Duantities expreſt by Letters. 


Set, NII Adultiplication in Umverſal Sards. 


Univerſal Roots are the Roots of Compound Numbers or Quantities ; how to expreſ 
Univerſal Roots, and to find out their values, hath already been thewn in Se&, 28, Chay.1, 
Book 1. 1 ſhall therefore proceed to their Muitiplication. , =. | 

1. If the ſquare Root of any Compound number be to be ſquared , or multiplied into 
it ſel, caſt away the univerſal Radical lign y/ or y/(2),as alſo the Line that is drawn over the 
Compound number , and the Compound number .it ſelf ſhall be the Square of the Univerſi| | 
Root propoſed. Alſo , the Cube of the cubick Root of any Compound number is the Com. | 
pound number ic ſelf, the Line drawn over it and the univerſal Radical ſign y/(3) being caf 
away ; and ſo of others. | | | 

As, for example, the Square of this univerſal ſquare Root, y/: 125]-4/3 : 1s 12-|-/3" 
likewiſe, the Square of 4/:12—4/3: is 12—4/3 ; alſo, the Square of y/:1 544/33; 
is 15-|-4/3-|-y23; and the Square of y/:15 —y/3 —v2:18 15 —y3 —v2. _ 

Aﬀer the ſame manner, the Cube of this univerſal cubick Root, 4/(3): y/25 +9: 
is /25 -|- 4/9, that is, 8. — 

Likewiſe, the Square of 4/: aa -+- bb : is aa bb, and the Cube of y/(3): 6bb-b-ar: 
is bbb-|-ccc;, alſo, the Square of y/: $6 y/jce —n: Is 26-|-y/4co — #1; and ſo 0i 
others. 

2. When an univerſal Root isto be multiplied by a rational Quantity , or by a fimpk 
of compound Surd , or by an univerſal Root , multiply the Square of the Multiplicand by 
the Square of the Multiplier , when the univerſal Radical [ign is Quadratick ; or, the Cube 
of the one by the Cube of the other, when the univerſal Radical 11gn is Cubick, &. then 
betore that Produt prefix the given univerſal Radical ſign ; ſo ihall this new univerlil 
Koot be the Produc tought. ; | 

As, for example, it it be deſired to double or multiply by 2, this univerſal ſquare Root, 

v/:1c+4/4c: I take the Square of 2, which is 4, and the Square of y/: 10 -|- 4/40: which 
( by the foregoing firſt Rule of this Se.) is 10 + 4/40; then 1 multiply 10 4-440 
by 4, and it makes 40 +|- 44/40, or, 40 -|-4/640 ; whole univerſal ſquare Root, to WI, 
4: 40-|-44/40: or, y/: 40-4640 : istheProdud of yy: 10-þ4/40 : multiplied by 3; 
or the ſaid Produ may be expreſt thus, 24/: 10-þ- y/qo: 

Likewiſe, if (3): 4/(3)64+|- 4/(3)27 : be to be doubled, or multiplied by 2, I firlt 
multiply each of thoſe numbers cubically , becauſe the Radical ſign of the given univerla 
Root is /(3), and their Cubes will be 4/(3)64 + y/(3)z7 and 8; - which multiplied 
one into the other make. 84/(3)64 + 8/(3)27 , to which Product 1 prefix the univerſal 
Radical ſign y/(3), and it gives y/(3) : 8y/(3)64-þ 84/(3)7 : thatis, y/(3): 32-24: 
or 4/(3)56 ; which is the Produ& ſought, ro wit, the double of y/(3):4/(3)64++(3)87: 

 Aﬀter the ſame manner, if 4/(3): 4/(3)64-y/(2)361-3: be to be multiplied by 5, 
or y/(3)125 , the Produ&t will be (3): 1254/(3)64 + 125y/(2)36+ 375 : that 
4(3)1625 —_ | 

Again, to multiply 4/: /10+þ,y/3 : by 4/5 , their Squares are 4/1o-}-y/3 and 55 Þ 
which multiplied one into another make 54/ 10 -þ 54/3, (that is, 4/2 50-| 4/75; ) whole 
oniverſal ſquare Root, to wit, Y/:54/10-þ+ 543: (or, /: /250-|-4/75 :) is the 
Product of /: 4/10-þ+ 4/3: multiplied by 4/c. - | 

Likewiſe, ro multiply /? 13 -|-4/g: by /: 5-j- yo : (that is, 4 by 3, where 
the Product is manifeſtly x 2 ;) the Squares of the univerſal Roots propoſed are 13-49 
and 5 -j- 4/16, which multiplied one into another make 65-1-54/ g-|-1 34/ 16-{-v/ 144; 
whoſe univerſal ſquare Root, to wit, 4/: 65 | 54/9-134/16 4/144: that b, 
4/144, Or 12 is the Product ſought. 

Again ; to multiply 4/:Zþv #4: into /:Z— y/ ZZ: 1 multiply their Squares 3 4 
45 and 4 — y/#2 one into another according to the laſt of the three compendious Rules 


in Jet?. 10. of this Chaps, and there comes forth £2 -— 22, that is, 5; (to wit, the 
E  differenee 


. It WES] ATA 
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difference berween the Squares of 3 and 4/ 22.) laſtly; the ſquare Root of the ſaid 5 is y'5 


2rodut ſought, FREb = | | SI Ns 

_ TY to bole v/: 5 j- 4/2: by /5 | v2; their _ s-|- 4/2: and 7-|- 
24/ 10 multiplied one into another give 35 -|-104/10 In 1 24-220; whoſe aniverſal 
ſquare Root, tO wit, 4 : 35! OV/ 191-74 2-2 v20; is the PcoduR ſought. ; 
Moreover, to multiply 4/ : v144|-4:—v:i 4:2: by 4: yYioo—rr 
(that is, 2 by 3, which will produce 6 ; ) | -_ _ Square of ET 
re of /: /i00—1: Vit 144 | 4 rc0—1 and it makes 4/14400 

Y plc ws \ before which oetethe univerſal Radical ſign 97 {55 we 


yi 14400 +4 


:2yio0—4/144—4: which is one of the members of the Product 
fought ; then I multiply in like manner —/: y/4-|-2: by /:4/100—1: andit makes 
— y/ : goo 24/100 —+/4—23 for the latter member of the Produt ſought ; 
Jaſtly, both thoſe members being joyned together give 4/: 4/14400--44/100—4/144—4 : 
—1/:4/q00 + 24/100 —y/4—2: thatis, /144—4/36; thatis, 12—6, or 6,. 
for the Produ@ required. | 
3- Sometimes the fourth, fifth and ſixth Rules in SetF. 4. of this Chapr. will be nſeful - 

in the Multiplication of univerſal Surds: As, if it be deſired ro multiply 34/: 2 + 4/5 by 
4v/:2 +45: (which are commenſurable Roots , for they are in proportion one to the 
other as 3 t0 4,) 1 multiply 3 by 4, and the ProduR 12 into 2-[-,/x5 ; fo there is pro- 
duced 24-|-124/5 (that is, 24+ 4/720) for the ProduR ſought... + | 
. Likewiſe, 54/:6 +49 : multiplied by 24/: 6 4/9: ( that is, 15 by 6,) produceth 
60 + 1049, ( that is, go.) _ bl oy x 

Moreover, if 54/:6-j-/9: be to bemultiplied by 34/:1 9—4/9: (thats, 15 by 12) 
I firſt mulciply 5 by 3 and it makes 15 , then I multiply y/: 6 4/9: by y/:19 —y9: 
and it produceth y/: 105 -|-134/9 : Which latter Produ@ multiplied into the fortner Pro- 
dut 15 makes 154: 105 +1349: (that is, 180 ,) the Produ& ſought. 


4: Sometimes alſo the three Rules before delivered in Set. 10. of this Chapt; con- 


 Eerning the multiplying of Binomials and Refiduals will be uſeful in the Multiplication of 


Univerſal ſurd, Roots: As, if this Binomial Root y/: 12 + 4/6: 4+ y/: i2 — 6: be 
to be ſquared, or multiplied into it ſelf , the Squares of the Parts are 12 -j- 4/5 and 12 — 
46, whoſe ſumm js 24 : then the Produ& made by the multiplication ot the Parts one into 
the other, viz. 4/:12 + y/6: intoy/:12 — 46: is 138, ( forthe difference of the 
Squares of 12 and 4/6 is 13S, Whoſe ſquare Rootis 4/138 ;) and the double ot the (aid 
ProduR is 24/13 8, which added to 24 (the ſumm of the Squares of the Parts) makes 24+ 
24/138, which is the Square of /:1z | y/6: + 4:12 — 4/5. Moreover, the ſquare 
Root of the ſaid 24 | 24/138, t0 wit, 4/: 24 24/135: is the ſumm of the two Parts 
i112 +y6: and /:12 —y/6: For when the ſumm of two numbers is multiplied into 
it ſelf; the ſquare Root of the-Product is equal ro the ſame ſutm. 
. Likewiſe if y/: 10 | 4/36: —y/:10—436, thatis, 2; betobe ſquared, or multi- 
plied into it ſelf, the Produt will be found 20 — 24/64, that.is, 4 ; and the ſquare Root 
of this 4; to wit, 2 is the difference of the two Roots or Parts 4/: 104-4/36 : and 
/:1d—yY36. For when the difference of twonumbers is multiplied into ir ſelf, rhe 
ſquare Root of the Produtt is equal to the ſaid difference. 

Again, if 6+4/:20 — 16: be to be multiplied ito 6 —4/:20—/y16: the 
Produ&t will be found 29. For ( accotding to Rule 3: in Set#. ro. of this Chapter, } 
if 20-—/16, Which is the Square of 4/:20 — y/16 : be ſabtrated from 36 the Square 
of 6, there will reniain' 16 + 4/16, that is, 20, the Product ſought. 6, 

Likewiſe, if /20J-#/:20 — 5 : be to be multiplied intro 20 — /:20 — v5 * 
the ProduRt will be 45. coats 

So alſo, if 4/: 5 4:20 — 4/16: be to be multiplied by / : 5 —4/20— v6: 
(that is, 3 by 1%;) firſt, the Squares of the univerſal Roots propoſed are 54-v: 20-41 6; 
and 5 — /:20— 416: theſe multiplied one by he orher , by taking the difference 


of the Squares of 5 and 4: 20 — 16: give the Produt 5 + 4/16 y whoſe univerſal 
| Gg 2 ; ' fguare 


EEE == 


= 
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ſquare Roor, to wit, 4/: 5-|-4/16 :-that is, 3 , is the Product of the two univerſal ſquare 


Koots propos'd to be multiplied, wy 
5. The four preceding Rules of this Se&ion are alſo to be obſerved in the multiplication 


of univerſal ſurd Roots expreſt by Letters : As, if it be delired to miultiply y/:aa4-t6: by, 
I multiply their Squares aa -|- bb and aa one into the other, and there comes forth azas 


-|- aabb, whoſe univerſal ſquare Root ,/: aaan -|— aabb : is the Product ſought ; which 
may more compendiouſly be expreſt thus , ay/: a4 J- #6: ; 
Likewiſe, to multiply 4/:00 + 4mp: into —, I write {0h + 4mPRR wa 


VU 
, Or —/00 + 4M}: 
for the ProduR, | 

Again, if /: aa] 12: be to be multiplied by a> 3 , the ProduR may be ſignified 
by a-|- 3 into y/: 42-12: Or, after the Squares of the quantities propoſed are mul. 
tiplied one into the other , and the univerſal Radical ſign prefixed , the product may be 
expreſt thus, 4/: 44aa -+ 6a4a-|- 2144 724-108: 

So alſo, 4/bc multiplied into /:aa-|-bb ; produceth y/: aabe-+-bbbe: and y/:y/be-yn; 
muliplied by 4/ : 444 — y/bc: produceth y/ : by/ca + 4ay/b —be — yabe: that 6 
x: ybbca-|- 4/aab — bc — abc: 

Again, after the manner of the preceding third Rule of this SeRion, a4y/: #6 — cc; multi. 
plied by dy: bb — cc : produceth adbb — adcc. 

And ay: bc: into dy/:b—6: produceth ady/: bb — cc: . 

Moreover, if this Binomial Root 4/: y/a -}- 4/bc : -|- 4/: 4/4 — ybc : be to be ſquated 
or multiplied into it ſelf; firſt, the Squares of rhe Names or Parts of the Binomial xe 
ya ybc and ya — be, Which added together make 24/4 ; then the double Produt 
of the Parts is 24/: 4 — bc; ( for the difference of the Squares of 4/4 and y/bc is a—k, 
whoſe univerſal ſquare Root doubled is 24/:4— be: ) which double Produt added to 
24/a, (to wit, the ſumm of the Squares of the Parts firſt found,) makes 24/a-|- 24: a -t: 
which is the Square or ProduRt delired ; and it the ſquare Rvot of this Product be extrafted, 
it gives y/: 24y/a-|-24/:4— bc: which is equal to the ſumm of the Parts of the Binomil 
Roots firſt propoled to be ſquared. | 


_— 


Sect. XIII. Diviſion in Univerſal Surd:. 


7. Divide the Square of the Dividend by the Square of the Diviſor, when the univerſal 
Radical ({ign is quadratick z or the Cube of the one by the Cube of the orher, when the 
univerſal Radical ſign is cubick, &c. then prefix the given univerſal Sign to the Quotien, 
ſo ſhall this new Root be the Quotient ſought. 

As, for example, if it be deſired to divide y/: 40 -|- 44/40: by 2 , I divide 40+ 
44/40, which is the Square of the Dividend, by 4, the Square of the Diviſor ; ( according 
to Sett. 11. of this Chaps.) and there ariſeth 10+|- 4/40, whoſe ſquare Root univerla, 
to Wit, 4/: 10 + 4/40 : is the Quotient ſought. 

Again, if it be deſired to divide 4/: 40 + 44/40: by y/:1o-- 4/4: firſt, I take 
thetr Squares, to Wit, 4o -- 44/40 and 10-þ+ 4/4o as a Dividend and Diviſor , then 
becauſe the Diviſor is a Compound number , a new Dividend and Diviſor muſt be found 
our, ſuch that the new Diviſor may be a Rational number ; ſo ( according to the Rule inthe 
lixth. branch of Self, 11. of this Chapt.) there will be produced 240 and 60 fora new 
Dividend and Diviſor , which give the Quotient 4 , whoſe ſquare Root is 2 the Quotient 
ſought , to wit, the Quotient of y/: 40 + 44/40 : divided by 4: 10+ 4/40: 

Likewiſe, to divide 20 by y/;z10 — 4/5 : firſt, I reduce their Squares 400 and 10-4) 
to a new Dividend and Divitor, to wit, 4000 -|- 4004/5 and 95 ; then I divide 4000+ 
4004/5 by gs, and there ariſeth 4273 | *3/5 , whoſe univerſal ſquare Root, to Wi, 
4: 4273+ £545 : is the Quotient ſought. 

Another Example ( in Rational numbers expreſt Surd-wiſe ) may be this, v3z. ſuppoſe 
It be deſired to divide y/: 4 -|- 4/25 : by y/: 1 +49: ( that is, 3 by 2 , which givesthe 
Quotient 1+, firſt, I reduce 4+ 4/25 and 1-9 the Squares of the given Divider 

' a 
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and Diviſor, to a new Dividend and Diviſor, to wit, 4 -|-4/25 —=44/9 = 4/225 and — 8 'F 
theſe give the Quotient 2, ( as hath been proved in thelatter Example of the Note in the 
preceding Sett. 11.) the ſquare Root whereof, to wit, +, is the Quotient ſought, for 
if the given Diviſor y/: 1 -|- 4/9 : be mutiplied by the Quotient + it will produce 3 , 
which is equal to the given Dividend 4/: 4 + 4/25 : K+ 

Again , to divide 4/(3): 8/(3)64-|- $/(2z)z7 : by 2 , 1 divide the Cube of the 
one by the Cube of the other, viz. 84/(3)64 + 84/(2)27 by 8, and there atiſeth 
/(3)54+]-v(2)z7 ; whoſe univerſal cubick Root, to wit, (3): /(3)54 += yz J)z7 + 
is the Quotient ſought, to wit, the half of the Dividend propoſed. \ 

2. If the given univerſal Roots, to wit, the Dividend and Diviſor be commenſurible; 
then ( according to the fifth Rule of Sel?. 5, of this Chapr.) divide the Rational part 
of the Dividend by the Rational part of the Diviſor, and what ariſeth is the Quotient 
ſought: As, todivide 214/:6 +49 3 by 34/:84+ 9g: I divide 2t by 3, and there 
ariſeth > for the Quotient ſonghr. I 

Likewiſe, 1834/:4/3 —/2 : divided by *z /:4/3 — yz : gives the Quotient 24. 

3. Diviſion in univerſal Surds expreſt by Letters depends upon the Rules before given : 
As, to divide 1/: 4444 + aabb: by 4, T divide the Square of the Dividend by the Square 
of the Diviſor, viz. 4444 -þ- aabb by as, and there ariſeth a4-|- bb, whoſe ſquare Root 
univerſal, to wit, 4/: 44 -|- 66 : is the Quotient ſonghe. 1 

Again, if ir be deſired to divide 4/ : v bbca + y/aab — be — abc; by yi bra: 
| I divide ghe Square of the Dividend by the $quare of the Diviſor , viz. y/bbca- y aab — 
I be — y/abc by ybc-- 4a, ( according to the method in the Examples at the latter end 
ot Set, 11.0f this Chapt.) and there ariſeth 4/44 — y/bc , whoſe univerſal ſquare Root, 
to wit, 4/: ba — ybc- is the Quotient ſought. 

Moreover, to divide dy/: bb 4 cc: by 344: bb - ce ; becauſe they are commwnſurable, 


1 divide only the Rational part by the Rational , and there ariſeth LY for the Quotient. 


| 4- Laſtly , when the work of Diviſion in univerſal Surds according to the for oing 
| Rules and Examples in this Seton, happens to be inericate, or will not work off ju 
without a Remainder , you may ſet the Power of the Dividend ( the univerſal Radical fign 
being omitted) as a Numerator, over the Power of the Diviſor as a Denominator, and prefix 
| the univerſal Kadical lign before the -line that ſeperates the Numerator from the Denomina- 
| tor ; then ſhall the univerſal Root ſo denored (ignifie the Quotient ſought. | 


. As, if it be delfired to divide /: /5 4/8 — 31 by WET PIEEST the 


Quotient may be repreſented by this Fraction, ,/ : Li} _ > : 
Likewiſe, if /: y/abb 1 bed: be to bedivided by y/: y/ac — 4d: you may write 
. Jabb + bed , h ns” 75 

x: ——_ ro lignifie the po 


— 


S&. XIV. Addition and Subtrafion in Univerſal Surds, 


I, When two univerſa] Surds propoſed to be added or ſubtrated are Commenſurable, 
they may be added or fubtrated like fimple Surds , -( according ro the Rule in $2. 8. of 
this Chapt.) As, for example, if the Summ and Difference .of , y/: g-1-44/3: and 
4:2 J-y3 : be delired ; becauſe each of them divided by their. common Divilor 
y:2--4/3: gives-4/4 and 4/1, that.is, 2 and 1, which are Rational nnmbers expreſſing ; 
the Proportion of the Surds propoſed; Theretore-the ſymm ot 2 and 1, to wit, 3 multi- 
plied into the ſaid common Diviſor gives 34/: 2 -y/3 : for the Sum required, - ( which 
may alfo be expreſt thus, 4/: 1» -þ- 4/243 : and the difference of the faid 2 and r, to wit, 

7 multiplied into the faid common Diviſor y/: 2-4/3 : makes 4: 2 +43 : for the 
Difference of the two Roots firſt propoſed. | [57 
Another Example in Rational numbers expreft Surd-wiſe , iz. let, ir be required to 
find out the Summ and Difference of y/: 99 -[<9y/25 : and 4/: 44 +4v/25 : (that is, 
12 and 8,;) Firſt ; thoſe univerſal Roots being ſeverally divided by the common Diviſor 
4014-4257 
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Book |], 
14:11 -j-4/25 3 give the Quotients 4/g and 4/4, to wit, 3 and 2, whick are Rations 
numbers expreſſing the Proportion Which the given Roots have one to another. Therefore 
2-2, towit, 5, multiplied into the common Diviſor 4:1 1-4/2 5: gives $4/i1 Joya: 
that is, 4/: 275 4-4/15625 : (to wit, 20,) which is the Summ of the Roots propoſed 
and 3— 2, that is, r, multiplied into the ſaid y/:1t -y/2y 7 gives 4/: 11 +25; Þ 
(that is, 4,) for the Difference of the given Roots. | 
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Here follow Comtra@ions of the work, of Addition and Snbtration in the 
two laſt Examples, with others of like nature in Surd quantities expreit 
by Letters. 


Example 1. 


What is the Summ and Difference of . . y:8-{-4y3 : and 4:2 ky3;? 
C The Operation. 
L Eg: ) V8: ( v4 thats, 2. 
I. y:24+43: ) iz +y3: ( v1, thatis, r. 
Therefore from I, 24:2 +y/3: = y:8+44y3: 
And from I . wWi2h4y/3: = it y3: ; 


The Summ, 34:2 +vz: = v:8+4v3: + MEPIt | 
The Difterence, 1y/:24-y3: = y/:8-b4yz: — y:2+y;: 


$ 


\_» _ 
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| Example 2. 
What is the Summ and Difference of 4/: 99 -1- 9y/25: and 4:44 |4v25: ? 
The Operation. 

1. yin Þ-v25: ) 4:gggy:5:( vv, thatis, 3. 
I. 4/:r1 44/25: ) 4:44 +4v25: ( v4, thatis, 2. 


Therefore from Go 3y/:11-|-4y25: = 4: 99 Þ9y:s5 : 
And from IT. . 24/:11-þ-y/25: =: 44+4v25: 


v/: 99 9/25: + v/i44tqvrr 


he Summ , 5: 11 4/25: 
vi 99 94/25: — /144+44/5 


' The Difference, 14/:11-+ 4/25: 


——— 


<— _ ns. 
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| Example 3, 
What is the Summ and Difference of y/: aa«a + aabb : and 4: aabb  - bibb: ? 
Thoſe reduced (by Se&.6, of this Chapr.) give av: aa-1-bb : and by: aa 1-6: 
Therefore their Summ is . , , . 4—þ+0Þ into y/: aa-}-bb: 
And their Differenceis . . . ., . 4 © 6b imo 4/:aa4Þ-bb; 


— —— 


hmmm 
| >> —— — _ 


Example 4, | 
What is the Sumnrand Difference of } / _———— 1 eoanonte coor 
4T 
By dividing each of them by their oe 
- common Diviſor 4/ : 00-|- 4p: z am 
| there will atiſe Rational DE 4 _ Fr 
rowit, . . | 


Therefore the Surds propoſed are2 RR hh | 
Commmenfurable, and inſtead 0 Fa 2 =. ; 
them we may write , , e a Mat p< v:m0-7- 409 

z am 


Therefore their Summ ſhall be i 3 _—_— into y/:0-|þqmp: 


A 


That ts 9 *» - . . S -» 2 p] iN bio _ into w 5 60 —- amps 


ape 


And 


ſhewn in Rule 4. Sef. 12. of this Chapt. 
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PER A 44am «5 - = pray 
P — into v/: 00+ 4mp: 
| Example 5, 
What is the Summ and Difference of theſe two Univerſal Roots ? 
a/ : aaaa | Gaaa + 2144 ——- 724 | 108 ; and , 
4/ : aaan | 1044 -|- 3744 — 1208 -|- 300 :; 
The Operation, | 
The given Roots are Commenſurable , ( as hath been ſhewn in the laſt Example but one 
in Set, 7. of this Chapt.) and may be expreſt thus, | 
| aJ-34:aa12: and a5 y/ianh1: 
Therefore their Summ , ſuppoſing 4 to be greater than 5 , ſhall be 
| 24—2 into V: aa-12: 
And their Difference ſhall be, 84/: a4 + 12: 
But if we ſuppoſe 4to be leſs than 5, then the Surnm of the given.Surds will be 


And the Difference of the given Surds ſhall bes 


PE ee ns 


$8y: aa+12 : and their Difference 24 © 2 4/:.44-12 : that is, 2a 2 into y: aa-j-12 : 


2. When the Root of a Reſidual is to be added unto or ſubtraRed from the Root 
of its correſpondent Binomial, thoſe Roots may be conneRted together by «þ or —.; and 
then the whole being mulriplicd into it ſelf , the univerſal Root of the Produ& ſhall be the 
Summ or Difference of the Roots given to be added or ſubtrafted, as before hath been 


As, if theſe two Roots be propoſed to be added, to wit, /: 1244/6: and y/: 1246: 
we may multiply this compoſed number y/: 12 4-4/6: + y: 12,46: into it ſelf, and 
there will be produced 24-}- 24/138 , whoſe univerſal ſquare Root, to wit, 4: 24 
-|-24/138 : ſhall be the ſumm of the two Roots propoſed to be added. 

Likewiſe, if /:12 4/6: — y/:12 — y/6: be multiplied into it ſelf, the Product 
will be 24 —24/138, whoſe univerſal ſquare Root, to wit, y/: 34 — 24/138: is the. 
difference of the two Roots propoſed. | = it 

After the ſame manner, the ſumm of theſe two Roots, y/: 10-]-y/36 : and y/: 10—y/36 : 
will be found ,/:zc-j-24/64: (that is, 4/3 6,0 Wit, 6;) but their difference y/:20—2y/ 64: 
(that is, 4/4, to wit, 2.) X 2 

Likewiſe the ſumm of theſe Binomial Roots, 4/: ya vbc: and /; Ya—ybc: will 
be found y/: 24/a{-24/: 4 — bc: and their difference y: 24/a— 24/: a—be: 

3- But if the univerſal Roots propoſed be not commenſurable , nor ſuch Binomials 
and Reſiduals as are mentioned in the laſt preceding Rule; thei they are to be added by -|-, 
and ſubtrated by —. | 

AS, if /:5-+y2: and y: 5—y3,: beto be added; I write 4/:534/3: | y/: ©=4/3: . 
fot the Suram ; and to ſubtra& y/:5—4/ 3: from y/t5 +4/2: I write y/:5-þy/23 —y/i5=v37 
tor the Remainder. oe ; 

Likewiſe the Summ of y/: aa + bb: and y/: 44 — £6: is v/: 44|-bb x. vy/: a4—cc : 
and their Difference is 4/: aa Jbb: — x: aa —Cc: 4 bt 


——— 


Set. XV. Concerning the Conititution and Invention of ſix Binomials in 
Numbers , agreeable to thoſe expounded in Prop. 49, 50, 51, 52, 53 54s 
Elem. 10. Euclid: I L 

By way of preparation to the ConftruRion of the fix Binomials in Numbers, I ſhall 
premiſe this rt atty £219 

P2VESTION. 

To find two Square numbers whoſe differente mzy be equaltoa given Rational nurtiber ? 

CANON. - 

Take my two numbers, which mulciplied- one by the other will produce the —_ 

number ; 


" _—_— 


__— 


' 1. By the Canon of the preceding Queſtion at the beginning of this x cb 
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number ; then half the ſuram of thoſe two numbers and halt their difference ſhall be the Sides 
or Roots of the rwo Squares ſorfpht. 

As, if 5 be given for the difference of two Squares ſought, I rake 5 and 1 ; for thePrg. 
du& of their multiplication is 5 ; then the halt of their ſumm 1s 3, and the half of thei 
difference is 2 ; laſtly , the Squares of the ſaid 3 and 2 are g and 4 , the Squares ſought; 
tor their difference 15 5 , as was preſcribed, : 

Again, the fame number 5 being given for the difference of two Squares, take a number 
at pleaſure, as 2, by this divide the given number 5, the Quotient is =, therefore the Pro. 
duct of the multiplication of the Diviſor 2 by the Quotient + is 5; then according to the 
Canon, half the ſumm and halt the difference of the ſaid 2 and +, to wir, 5 and 5 thall be 
the {ides of the Squares ſought ; and conſequently the Squares themſelves are £+ and >, 
whoſe difference is 5 , as was delired. 

After the ſame manner innumerable pairs of Squares may be found out in Rational 


| numbers, and the difference of each pair ſhall be equal to one and the ſame given number, 


The reaſon of the Canon may. be made manifeſt by this 
Theorem. 


The Produ&t made by the multiplication of any two unequal numbers is equal to thedif. 
ference of two Squares, to wit, of the Square of half the ſumm, and the Square of half 
the difference of the ſame two unequal numbers. 

As, if c be'thegreater , and 6 the leſſer of two numbers, then 

' The Square of 3c+|-36 is « . , , Zeerſmicb - £bb, 
The Square of $6 — $6 is « ', , , $co— Lb + ibb, 
The ditference of thoſe two Squares is ., .' . . ©. 


Which difference is manifeſtly the ProduR of the muttiplication of the two propdſel | 


numbers c and 6. Wherefore the Theorem, and conſequently the Canon firſt given 
1s manifeſt, | | | 
| The Definition of Binomial 1. : 


When the greater Name'( or part ) of a Binomial is a Rational nuraber , and theleſſer 
part is a Surd ſquare Root of ſome Rational number, and the ſquare Root of the difference 
of the Squares of the parts is a Rational number, the ſumm of the two parts is calcd 
a Firſt Binomial. 

| E xplication, 


Let this Binomial be propoſed, . . « : « © 3 ys 
The Squares of the Narnes, or parts, are , . . .2 2? 


The diflcrence of thoſe Squares is , . .. , . . «© 4 
The ſquare-Root of thar'difference is . .. . , , . 2 


Becauſe the greater part 3 is a Rational number , and the lefſer part 4/5 is a Surd ſquare 
Root of a Rational number 5 , and'the difference of the Squares of the parts, vis. 46 
a. Square whoſe Root 2 1s a Rational number ; the Binomial propoſed, to wit, 3 +4 
is called a Firſt Binomial, 3s | | 


How to find out two fach mgubers as may conititute a Firit Binomial, 


Self, find out two Square numbers whoſe difference may be ſome 
* Rational number not a Square, ſuch are theſe Squares, . . . . 

2+: Ebeir- difference 38 © :.<jt>ihb > 0.5 + 4 06 Þ 
3: Take ſome Rational number at pleaſure for the greater part of the 
Rm rot. EE Ee a 45:5... c 
4+ Then ſay , by the Rule of Three, If 9g the greater of the two 
Squares tound out in the firſt ſtep, give 5 the difterence in the ſecond, 

what ſhall 36 the Square of the- number-raken in the third give? > 4/20 

whence the tourth Proportional will be found 20, the ſquare Root, 

Rs RET EE. :. oo > io ood 

5+ 1 fay, the ſurm of the two numbers found out in the third and fourth | 

C 6 -þ 4/10 

rol Ti 


Q 4 © 


Reps, is a fiſt Binomial, rowit, . . , . . . 


— 


BY 5 
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| 7he Definition of Binomial Il, © 
When the leſſer part of a Binornial is a Rational number , and the greater part is a Surd 
ſquare Root of a Rational number , and the ſquare Root of the Difference of the Squares 
of the parts is Commenſurable to the greater part ; the ſumm of the two Parts is called 
2 Second Binomial. _ | 
| Explication. | 
Let this Binomial be propoſed, . . . 5 5 5 . yi8 þ 4 
The Squares of the Parts are » Þ » OY es 3 - | 


The Difference of thoſe Squares is  « , 4 5 ©  Þ& 

The ſquare Root of that Difference is . . . , . y 2 | 

Becauſe the lefſer Part 4 is a Rational number, and the greater Part y/1 8 is the Surd ſquare 

Root of a Rational cumber 18, and the ſquare Root of the Difference of che Squares 

of the Parts, viz. 4/2 , is Commenſarable to'the'greater Part /i8 ( for according 

to the Definition in Se. 7. of this Chapt. 4/2 .4/18:: 1 . 3, that is, as a Rational number 
co a Rational number , ) the propoſed number 4/18 4+ 4 is a Second Binomial. 


How to find out iwo ſuch numbers as may conflitute a Second Binomial. 


1+ By the foregoing Canon find out two ſquare timbers whoſe Diffe-2 
rence may be ſome Rational number not a Square:; ſuch are tee 

— ©@->-0:.- I-S 'S..0 TEM . 0 @.-0n# WV S:2 
2. Their Difference is  ' 0 fo 6 + 0 oo o oo 
3+ Take ſome Rational number at pleaſure for the lefſer Patt of the 

Binomial ſo ht, aSz * ©@® 3m” s" > Ry PL, EI MY F 
4. Then Gy, If 5 the Difference in the third ſtep; gives g the greater 

of the two Squares in the firſt , what ſhall 100 the Square of the( 180 

number taken in the third give ? whence you will find 1 80 , whoſe 

_ Root ſhall be the greater Part , viz. . . v 
5. 1 fay the ſumm of the two numbers found out in the third and fourth 2 02> 

ſteps is a Second Binomial , vit. & &© 6. 0 ga 08 % ' be 

The Definition of Binomial 11%. __ 

When each of the two Parts of a Binomial is a Siird'ſhuire Root of a Rational nuniber; 
and the ſquare Root of the Difference of the Squares of the Parts is Commenſurable to the 
greater Part ; the ſumm of the two Parts is called a Third Binomial. © 

i Explication. "YE 
Let this Binomial be propoſed, « « + [3 5 50 Þ 32 
The Squares of the Parts ate . 5 5 3 +» « « "I 
The Difference of thoſe Squares is FREY 
The ſquare Root of that Difference is :  . 418 I 

Becauſe the two Parts /5o and 4/32 pre. ord ſquare Roots of two Rational numbers 
50 and 32, and the ſquare Root of the Ditterence ot the Squares of the Parts, viz. 4/18, 
is Commenſurable to the greater Part /5o 3. (for 4/18. . 50:3. 3 . 5; thatis; 

: —_—_ number is a Rational number ; ) the propoſed number 4/50 | 4/32 is a Thir! 
Binomial, So. 
How to find ont two ſuch numbers as may conſtitute « Third Binomial. 
1: Find out two Square numbers whoſe Difference may be ſome? 9 
4 
5 


IO 


Rational niirnber not a Square , ſuch art theſe 'Squares, . . + 
2, Their Differences . . 6 6 © « + 344 Vs I 
3. Take ſome Rational number not a Square , which-may exceed the 
faid Difference 5 by an Unit or two, viz. by 1; when the faidf”' . 
Difference increaſed with x makes not a Square ; bur/by. 2 , when 6 
the Difference increaſed with 2 makes a Square : ſo in this Exam- 
ple, I take 6, becauſe 5 -|- 1 makes nota Square, . . « »F . 
4+ Again, take ſome Rational number at ___ oh 6. < > «08 


5. The 


LO 
wo 
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5. The Square thercof 15 LIED» « 
6. Then'ſay, If 6 the number taken in the third ſtep , pives 9 the 
greater of .the 4wo-Squares In the firſt , what ſhall 1 44 the ſqquare(_ FE 
number in the fifth give ? whence the fourth Proportional 1s 216; v 
whoſe ſquareRoor , to wit 4/216 ſhall berhe greater Part, . . 
>, Say again, If the ſaid Square 9 gives 5 the Difference in the' 
ſecond ſtep, what ſhall 216 the fourth-Proportional found out -in 


the ſixth give ? ' whence you will find 129 , ,whole ſquare .Root,f 4120 
to wit , 4/120 ſhall þe the lefler Part; LILIES. 2 | 
8. I fay, the ſumm of the two numbers found out in the ſixth and? 
| © v/216-+-/wþ 


ſeventh ſteps is & third ,Binomial, to wit, . . . . + @ +: 


The Definition of Binomial! IV. We 
When the greater Par .of .a Binomial 18a Rational number ,: and the lefſer Part isavud 
fquare Rqot af a Ratiana) mumhee , and the: ſquare Root .of the Difference of theSqun || 
of the Parts-is Jocommenſurable toche greater Party the fumm pfahe rwo Parts is cle if 
2 Fourth Binamial. '  - 7-1-1. 4 hee os (om motos 
Knplbetion.\ 


Let this-Bigomial be, progaſed, . Þ.... 5-3 5 FF Ss viz 
The Squates of ahe Parts are ' {| « . o- » 4-43 "= 
The Difference of thoſe Squares is . . , Þ . 13 
The ſquare-Root of. phat ſojiierence 15 «4 «, « of 13, 11 >48 
Becauſe the grexer Part 5 is a Ratjonal npmber, and the lefſer Part 4/ 1 2 is a Surdqur 
Root of a Rational gymber 12 ;, and the (quare Roor of the Difkarence of the Square df 
the Parts , iz. 4/13 , jS Incomramgſurable &@ che greater Part 5;.( for 1.3: bub Þ 
ſuch proportion ro'5 &5'6Rationalgamber 80 4 Rational namber;,): the aumber. 5 + qi Þ 
above propoſed is a Fourth Binomyal. | ; 97 
How 16 find out two ſuch numbers as may conflitute a Fourth Binowid, 
1. Take any ſquare numher, ay . . . : . . "0. + «> 9 | 
2. Divide that ſquare number 9 into two numbers not Squares , as into {4 6 and 3 
73 Chi = at pleaſure for che greater Pare of _. p 
ma 2 [ a AS - 2 a e 9 9/'4 4 # Fr: »*| #9 
4. Then ſay, If g the ſavhre number in the firſt ſtep , give 6 the 
greater of the two numbers in the ſecond ; what ſþall 36 the Square( - , 
of the number taken in the third give ? fo the fourth Proportional will v2.4 
—_—_ : 4,008 _ Root; 4 wag © Pork bethe ex Part, 
5. I ſay, the ſumm ot the two numbers found out in the third and > ,. 
fourth ſteps, is a Fourth Binomial, viz. . . , . . . . + 0 414 


The Definition of Bitionid N. 
When the lefſer Part of a Binomial is a Ratianal number , and the greater Part is a ul 
ſquare Root of ſome Rational ple, and the fquare Rogr of the Difference of the Syuus 


of the Parts is Incommenſuraþle to the greater Parr, the fiynm of the rwo Parts. is call 
a Fifth Binomial. - ad} Ras mi 


Explication 
Let this Binomial be propoſed, . . 77 55 2 V6 +a 
The Squares of the Parts are... , . . « 5; 94 © 
The Difference of thoſe = oe. p- 
The ſquare Root, of thap Qiterence is , , , . . va 
Becauſe the lefler Part 2 is a Rational number, andthe greater Part 4/6 is a Surdſquit | 
Root of a Rational- number. 6, and: the ſquare- Root of the Difference of the 
of the Parts, viz y/2., is Incommenſurable 30 the greater Part-4/6', (for /2 + 6 *: 
I. 4/3, not as a Rational number ro a Rational number ; ) che- propoſed number 
+6 -|-2 1s a Fifth Binomial. ., | | F 
0 


— 
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How to find out two ſuch numbers as may conititute a Fifth Binomial. 
1. Take any ſquare number, 8 . . « . . « « © o one S g - 
2, Divide that ſquare number 9 into rwo numbers not Squares, as into'> 6 atid — 
3. Take a Rational number at pleaſure for the leſſer Part of the Binomial 2 y | 


fght, 25 owe eo #6 «4 8.0 
4. Then ſay, If 6 the greater of the two numbers in the ſecond ftep,7 


gives 9 the ſquare number in the firft , what ſhall 4 the Square of the | 

Rational number taken in the third give ? whence you will find the v6 

fourth Proportional 6 , whoſe ſquare Root, to wit, 4/6, ſhall be the 

greater Part Ray” oe 2h 4. OE 
Iſay, the ſuram of the two numbers found out in the third and fourth a 4-4/6 

5 2 Fifth: Binomial, Tit. © o'' 5 o oo 3 OY RES 

= The Definition of Binomial V 1. 
' When each of the two Parts of a Binomial is a Surd ſquare Root of ſome Rational 
number, and the ſquare Root of the Difference of theSquares of the Parts is Incommen- 
ſurable to the greater Part ; the ſumm of the two Parts is called a Sixth Binomial, © 


Explication. 
Let this Binomial be propoſed, , . 5 57 . y5 + y3 
The Squares of the Parts are . . . | : 


The Difference of the Squares of the Parts is , . . 2 
The ſquare Root of that Difference is. .. . « 2 
Becauſe the two Parts 4/5 and 4/3 are Surd ſquare Roots of two Rational numbers 
rand 3 ; and the ſquare Root of the Difference of the Squarcs of the Parts, viz. 1/2, 
15 Incommenſurable to the greater Part ,/5.; (fot 4/2 hath not ſuch proportion to. 4/5 ;as 
a Rational number to a Rational number; ) the namber 4/5 4-4/3 above propoſed is 
a Sixth Binomial, | LY 
How to find out two ſuch numbers as may conſtitute a Sixth Binomial. 


1, Take two ſuch Prime numbers that their ſurmm may hot be aSquarezas > 7 and F © 
2; Things: 5 7 ets + oven eu eo ES noRmoRmne 
3. Take alſo any ſquare number, as . ', . +» ” 9 
4+ Take again ſome Rational number at pleaſure, as ', » . . -7 6 
5--The Square theredf tb: 2 ot ft nn ts 5 RES 
6, Then fay , If 9 the ſquare number taken in the third ſtep , gives r 2 

the ſumm of the two Prime numbers in the firſt 3; what ſhall 36 the g 

Square in the fifth ſtep give ? whence you will find 48 , whoſe ſquare v4 

Root; to wit, 4/48, ſhall be the greater Partz . « . . . .. 
7. Say again, If 12 the ſumm of the two Prime numbers in the firſt 

ſtep, gives 7 the greater of thoſe Prime numbers; - what ſhall 48: the ; ; 

fourth Proportional found out in the ſixth ſtep give ? whence you will v2 

find 28, whoſe ſquare Root, viz. 4/28 ſhall be the lefler. Part z . ©, I: "MJ 
Ifay, the ſum of the two numbers found out in the ſixth and ſeventh £ Va8 4-42 i 


o . . 


» = . » 


o 


lieps is « Sinih Binowlal, vin. fo ob oo © 5 60 


If of every one of thoſe {ix Binomials the leſſer Part be ſubtrated from the greater, 
by interpoſing the ſign —, the ſix Remainders anſwer. to the fix Lines which Euclid 
in Prop. 86, $7, 88, $9, 90, 91.0f his Tenth Elem. calls Apotemes or Reſidual lires ; as, 


LE: 34.1 Ele Konig 
| IL y18-|-4 | a h I. y18 —4:-. 
Out of Binomial < IE. 4/50 F432 > By changing -j- into — , , IN. 50 —4{32 


IV: $5 +412 { & made Refidual . IV. $—y1z 
V.. 4/62. | V. y6—2 
WL y5+y3 4 WV. v5 —w3 


. The precedent ConſtruRians of the ſaid ſix Binornials are demonſtrated in Prop. 49,59; 


7 


SI,52,53, 54. of 10. Flem, Euclid, 


fs No 


—_— 
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Now if any Binomial or Reſidual be given, we nay eaſily find out another of the ſame 
kind in this manner , viz, For the firſt and fourth Binomrls , it it be made as the greater 
Name or Part to the lefſer, ſo any Rational number aſſumed for the greater Part of anew 
firſt or fourth Binomial, to a fourth Proportional number , this number ſhall be the leſſer 
Part of the new firſt or fourth Binomial. But for the fecond and fifth , if it be made x; 
the lefſer Part to the greater , ſo any Rational number taken for the leſſer Part of a new 
ſecond or fiith Binomial to a fourth Proportional , the number ſo produced ſhall be the 
greater Part of the new ſecond or fifth Binomial. And laſtly , for the third and ſixth $j. 
nomials, if it be made as the greater Part to the leſſer, (each of which is a Surd {quare 
Root, ) ſo any Surd ſquare Root aſſumed for the greater Part of a new third or ſixh 
Binomial, to a fourth Propeniotal , there will come forth the lefler Part of a new thirg 
or Gxth Binowial. ( The reaſon of this Operation is manifeſt , per Prop. x 5. Elem. 10, 
Euclid.) , And , after a new Binomial is found out , its correſpondent Reſidual is allg 
made, by changing the ſign + into — , as before hath been ſaid. | 

As, Go example, if a firſt Binomial 3 4 y/5 be propoſed, to find another like to it; [ 
take a Rational number at pleaſure,as. 8,for the frracer Part of the Binomial ſought ; thenby 
the Rule of Three, as 3 is{to 4/5, fo $ toa fourth Proportional, to wir, +22, forthe 
lefler Part ſought , therefore 8 -|- 4/245 ſhall be a new firſt Binomial, and 8s — #4 
a new firſt Reſidual ; and ſo of the relt. 


—__ 


Set. XVI. Concerning the extraFion of the Square Root ont of Binomial 
and Refiduals conſtituted in ſuch manner as hath been ſhewn in the pre 
ceding Sect. 15. | 


Every one of the Binomials and Reſiduals whoſe Conſtru&ion hath been ſhewn in the 
preceding SefF, 1 5. hath a ſquare Root, that is, ſuch a Binomial or Relidual that if it be 
multiplied into it elf will produce the given Binomial or Reſidual ; as may be evidently 
colle&ed' out of Prop. 55, 56, 57, 53, 59, and -60. Alſo out of Prop. 92, 93,9495 
96, and 97, of the Tenth Book of Enclid's Elements. 

As, for example, a Binomial of the firſt kind, ſuppoſe 7 4. 4/48 hath a ſquare Roo, 
towit, 2 -|-4/3 ; for this being ſquared (or multiplied into it ſelf ) produceth that Binomial 
7 +- 48; whole greater Part 7 1s compoſed of 4 and 3 the Squares of the Parts of the 
Root 2-|,/3 ; and the leſſer Part 4/48 is the double of the ProduQt made by the multi 
plication of 2 into 4/3, the Parts of the Root 2 + /3 : all which is evident by themul- 
tiplication of 2 -}- 4/3 into it ſelf, The like effe&R will be found in every one of the ret 
of the Binomials conſtituted in the preceding SelF, 1 5, Therefore if a Binomial be propoſed, 
and its {quare Root deſired, there ts given the ſumm of the Squares of the Parts of the Koot, 
( which ſumm is the greater Part of the Binomial propoſed; ) and the double of the Pro- 
duR of the Parts of the Root , ( which double Produtt is the leſſer Part of the Binomial 
propoſed, ) to find out the two Parts of the Root feverally. And therefore in order 
to the Extraftion of the ſquare Root of a Binomial, it will be requiſite to ſearch out 
a Canon for the ſolving, of this following 


LUEST. | 
The fumm (b) of the Squares of two numbers being given ; as alſo ( c ) the double 
Produ&t of the multiplication of the ſame two numbers, to find the numbers ſeverally. 
E | RESOLUTION. 


x; Foy one of the two numbers ſought put ; , , . . {> 

2. Then for as much as the double of the Produ&t of their mul- 
tiplication is given c, therefore the Produc it ſelf is . $ 

3. Which Produ divided by the firſt number @ gives the other 
number . &@& , « C 


; | 4; Therefore the Square of the firſt numberis . . . . .v , , as 
5, And the Square of the other number is . . . .., ,, , 


® 5 
. 


6; Therefore the-ſumm of the Squares of the two numbers is . 3 : a4 +=. 
| CO 4 
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| — 
— Jy. 


444, 


o 
+ 


hence.this Equation;  . « © of © © © : 57% Fa 
9. From which Equiti6h , after due Redition, there will ariſe. > POR | 

. mT = x Aa Aa —— 8AAA = 2@& 

g. And from the laſt Equation ( per Canon in Se. x0. Chap. r5. Bok ©.) there wil! 
ariſe this following Canon, to find out the two nambers ſooght; viz. 

| CANON oh Wo 

3 i: 2b | y. 3b —tcc. ; = the greater nunber 
Ox: % —y. 3b —TI: ; = the lefſer number. 

That is, in words ; ls bt | IT; 

From a quarter of the Square of rhe given ſutfifm of the Squares ; ſubtrift a quarter 

of the Square of the double Produdt given z then add and ſubtract the ſquare Root, of that 

Rebainder tro ati £r0þ) Half the ge ſine of 5h Squat; fs lh We Ts BSors 
of the Giittich and Renikftider of that Addiridn and SubtraRtion be the twomurabers ſGught: 

hc = = 3 oy: 3Þþ —} 1 


11, Thnfores vi LE Se, = abs og: 


7. Which Jumfn muſt be equal to'b, the given ſimtn'of the Squares £ ry cc 


* Ls - = 


| 10. Moreover, becauſe 


12, Likewiſe becauſe birth =. 2s th — /:2bþ —2ec: 


13: Therefore, 3 v/* = ho : = o/$b—V: 4b — cc: F 
14. Therefore from the eleventh and thirteenth ſteps inothet Canon ariſetli to Tolye the 
Queſtion ; viz. 24 5p »:-07 
CANON | 


y: £42 ab. ©, = the greater tonaber; 
2 Frotot » 


| — — 


i $=N=@ |; = the leſſer nimber 
 Thatis, in words, | Og _- 
From the Square of the given ſumin of the Squares ſubtj48 the Squite of the double 
Produ given ; then add and ſubtra& the ſquare Ryor of the Remainder to and from the: 
given ſumm of the Squares : fo ſhall che ſquare Root of half the Summ and Remainder 
of that Addition ahd SubtraRion be tie twb numbers ſought, © penal? 
_ By the helþ of cithet of thoſe Canbns we inay extract the ſquare Root of a Binomial 
or Reſidual ; bar I ſhall ſe the latter only , whence ariſeth | 
A General Rule for the Extraition of the $qitte Root vitt of Binomials 
| | ahd Refſdwalt, 
- From thi Scjuare of” the greater part of -a given Binontial of Refidoat , ſiBrrat? the Shlars 
01 the leſſet; then. add the ſquat& Root 6f par Frinra patt , ah(Nobtcact 
it alſo from tlie fant , Jaſfly,, conne& the ſquare Roots of the half of rhiar Sorniti afie Re- 
mainder by the Gign--j-- if. & Binoraal- be ptopoſt@y but by — if # Reſidual: fo yolr have 
the delired ſquare Root of the-givtr Binomial 6t Refaduat:;: 
The pradtice of this Rule will be thewn at large in the following Examples, 
Let it be required to Extradt the ſquare Root of rfiis firſt Binomital, >» 27 | v 704 
| = = | The Operation. , _— 
7. From the Square of the greater part 27 , viz. from Þ* . + + +» 729 
+ Subtra& the Square of the leſſer part 4/704, towit, « - +» +» @ 704 
3- The Rentaindie is 0, oO Go, <0; + +.54,5, oO o# IF 
4. The ſquare Root of that Remainder is . « «+. + » +» » oe eB on 5 ; i ; 


R b- 
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emo 


To which {quare Root _—_ the greater part'. « «+ < +. + oo» 
ns -. ES ©» 4 #- 6 0 


e 
P 
Ks -P 
» The ſquare Root of the (aid half fam is the grearer par of the Roor 
e 
a 


4 The halt of that ſum i is 16 
ſought ya, . 6 ' 4 
9. Then from the greater part of the given Binomial, viz. from . . 27 


ay SubtraR the ſquare Root betore __ in the fourth ſtep, ro _ . 5 
. The Remainder 15s . ». ER Ti T oh 
. The half of which Remainder i — waa 
Le The ſquare Root of the ſaid half Remainder is the leſler | part of "ep Vis 
Root ſought, to wit, . » To 
14. 1 ay, thetwo Names or parts in the eighth and thirteenth ſteps m_ - 
connected by + ſhall be the Square Root ſought, towit, . 4 / i. 


But if — inſtead of -þ be prefixt to the leſſer part of the ſaid Root , it will gin 
— 4/11 , Which is the ſquare Root of the firſt Reſidual or Apotome 27 — 704. | 
The former of thoſe two Roots anſwers to the Irrational line called ( in prop. 37, and (5, 
lib. 10. Elem Euclid.) a Binomial lineg and the latter anſwers to the {rrational ling 
called (in prop. 7 4, and 52. ) an Apotome or Reſidnal line. 


The Proof of the Root above extralted out of the firſt Binomial , * 3 waae 
by multiplying the Root into it ſelf ; thus, 


The ſumm of the Squares of the "wm of +-v/ I1, 

the —_ tound out is +» » has 
multiplied on | IE 

- --oaeak= ot the ſame parts uki - ein "ap \ 4/11, that is; /146 

The double of the (aid Produtis .. . « -> « 8/11, that is, 4704 

The ſumm of the ſaid ſumm of the Squares - the parts 'u 
and the double Produt is . « = 37 I v/70g 

Whence it is manifeſt that 27 + 704 i is the Square of 4 +411, therefore thisis 
the true ſquare Root of that firſt Binomial : which was to be proved, Moreover, if the ſaid 
double Produ be ſubtraRted from 'the ſaid ſumm of the Squares of the Parts, the Remains 
der 27 — 4/704 is the Square of =o 11; therefore this is the ſquare Rook of tha 
firſt Reſidual, 


I6-|-11, that is, 27 


Example 2, 


Let it be required to extra&t the ſquare Root out of this ſecond Binomial y/*£z +'6. 
The Operation. 


1. From the Square of the greater part x/**Z, viz, from ', ,> , 4a: 
2. Subtra the Square of the leſſer part 6, — - - - - J6 
2, The Remainder is , . | EE ne»... - © 
| 4- The ſquare Root of that Remainder is . oe os of* 
5. To which ſquare Root add the pany part , (by the Rule in 167 
Set. 8.of this Chapt.) . . PR Rm. . 'F 4 
6. The Summ is , LESS +> >> « o/i8 
7. The half of which Summ is , | CESS cos 
3, The ſquare Root of that half Summ is the greater = of the 


Root ſought, to wit, . . © . « : © v/(4)12 
9. Again, from the greater part of the given Binomial, me. from >, gat 
10. Subtra& the ſquare Root before found in the fourth ſep, (by 6 

mehgdRuc inSot. 3) Wk + ip io » oc» » -Þ «us 


11. The Remainder is . . LG SD + 4.+. 4 « of #9 

12. The half of which Reniainder i is, PO : of 

13. The ſquare Root of the faid half” Remainder i is the leffer x part < 
of the Root ſought, ro wit, . . 2 (47 


14. I fay, the wwo parts in the eighth and thirteenth ſteps, bein 22 
conne&ted by the ſign + ſhall be the Root ſought, towit, . By v/(4)12 +445 


. And if — inſtead of + be prefixt to the leſſer part af the ſaid Root, it will git 
v(4)12 —y/(4)=2 ; which is the ſquare Root of the fecond Reſidual y/3*2,— 6. 6h 


hl 


_ 


(| 


So wan% mA in q. f.s> + wi 


+4 © 


CY 
= 
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_————— 


The former of thoſe two Roots aniwers to the irrational line called ( in Prop. 38, =_ 56. 
jb, 10. Elem. Euclid.) a firſt Bimedial , and the latter arfwers to the irrational line called 


(in Prop. 75, & 93.) a firſt Medial Reſidual. 
The Proof of the Root above extratted out of the ſecond Binomial, 


The Squares of the Parts of y/(4)12 -|-4/(4)*Z rhe Root 
found out , are »« 
o this Chope. i er en nous Seb. FE 7/4, thatls, 4: 
SER ae mevig2s <p OG 
Tock defns lake a f he Gefen 


Whence it is manifeſt that y/**2 -|- 6 is the 8quare of /(4)12 + 4/(4)*®2; therefore 
this is the true ſquare Root of that ſecond Binoraial; Which was to be proved. Moreover, 
if the ſaid double Produtt be ſubtrafted from the ſaid ſiirith of BY ares of the Parts, 


'O 12 and y/*: 


the Remainder y/**2Z — 6 is the re 'of 12 erefore this is the 
ſquare Root of that ſecond Reli ra /) v09's 
Example 3. 
Let it be required to extraR the ſquare Root of this third Binomial . y/*£% ++ 4/$0; 
The —_— 

1, From the Square of the greatet part y/*35, v5z. from 5} .> | , 44 
2. Subtra#t the $quare of the lefler patt , to wit, Mo 'E * «- 80 
3- The Remainder is . ; a ©. «a4 
4+ The ſquare Root of that Remalnder ww. Pe: 
5. To which ſquare Root add the __ 7: + +. £ . Es: 
6, The ſumm 15 , 6-4 Sd. » of 23S 
7. The half of which. fumm is EP = ; T: T8 
8, The ſquare Root of that half ſumm is the greater part D 

of the Root ſought, to wit, . . » >... Co 
9. Again, from the _ part of the gre Binomial, 952, "c TY 

from +. » ; v 3 
10, Subtract the ſquare Root before found inthe fourth ep,2 I 

to wit, POS Un eo on Ivy 6, a4 I ry 8 | 3 
n. Th BT 3. no as «> « y/60 
12, The half of which Remainder is . + 4, "ab 
13. The ſquare Root of the ſaid half Remainder is the ey (a) 

part of the Root ſought, toOWit, «  « v , 


14. I ſay, the two parts in the eighth and:hirteenth: ſteps, wk ZLITI 
coaneted by --, fhall be the ſquare Root ſought; to wit /(4)%5 + ts 


And if — inſtead of + be prefixt to the leſſer part of the faid Root, it gives 4/(4)** 
—y/(4)t5, which is the fquareRodt of the third Reſidual ,/**% — 4/80 

The former of thoſe ewo Roots anfwers to the irrational line called (in Prop. 39»& 57. 
lib, 10. Elem. Eactid;'Y a ſecond Bimedial , and thie Iatter anſwers to the ircational line 


called ( in Prop. 76, & 94. ) a ſecond Medial Reſidual. 
The Proof of the Root above extraited out of the third Binomial. 


The Squares of the parts of wOY3 + vOr5s , the 26 
Root found out, are . « . | '$ v3 a | 
Which Squares added rogerſier , aw, ; «> 74/4, thatis, 4/ 265 
The Produ of the parts, viz. /(4)*$i inro (Js, i is > v(4)400 ; that i is , — 
The double of the {aid Produ is f 
Therefore the ſumm of the ſumm of the Squares 0 the = ? 
parts and the ſaid double Produt is þ « 'N w7 Ih v/$6. 


Whence it is manifeſt , that \/**+ -þ- FR is ah Square of (435 + V(4)rs ; 
therefore” this is the ſquare Roor- of that third Binomial : which was to be proved, 
Moreover, 


: Extradtion of V(a) out of Binomials. Book 1]. 


Moreover, if the ſaid double ProduRk be ſubtracted from the ſaid ſumm of the Squares 
of the parts , the Remainder 4/**+ — 4/80 is the Square of 4/(4)*5 — y/(4)t5 ; there. | 
fore this is the ſquare Root of that third Reſidual. 1 


Example 4. 
Let it be required to extract the ſquare Root of this fourth Binomial 9 | 426; 
The Operation. 
. From the Square of the greater part 7 , viz. fromÞ . 49 


| b 7 RE 


I 
2, Subtract the Square of the leſſer part 4/20, towit, p . 20 ; 
% Tae Remainder is 6 + 5 - < »# + BO | 
4. The ſquare Root of that Remainder is . . .> y29 

5. To which (quare Root add the greater part , . > . 7 

6. The Summ oe SS > 2's 0 > < 7-429 

7. The half of which Summ 1s . © oP o Zo y/A2 

8. 


The ſquare Root of that half Summ is the greater - I 

part The Root ſought, to wit, . . on » Via w4: 

9. Again, from the greater part of the given _—_ _ 

UViY, ILOM . LES ES. - 2X 3 WE a AT 9% © 

10. Subira& the ſquare Root before found in the mo_y 29 
Row, . . + - ++ 6 


11, The Remainder is . : 0 0 . @® 2 > g 7 —4/29 
12, The half of which Remainder is . . « « «> « Z—+*Z 
13. The ſquare Root of the ſaid half Remainder is at fo EST 

leſſer part of the Root ſought, to wit, . . . + - a 


14. I ſay, __— parts in the eighth and thirteenth 
ſteps, (the former of which is a Binomial, and theK - —T—x5. - ,—- 
hone a Reſidual ) being connected by --, hall bethef VET Ii; 
ſquare Root ſought, 'to wit, . SS +2 _ | 
Which Root anſwers to the irrational line called ( in Prop. 40, & 58. 5b. 10. Elm, | 
- Fuclid ) a Major line. | | 
And if the lefſer Name of the ſaid Root be ſubtra&ed from the greater , by interpoſing 
the ſign — , it gives /: #-þ-4/*$: — 4/:Z — y/*2 : which is the Root of the founh 
Reſidual > — 4/20 , and anſwers to the irrational line called ( in Prop. 77, & 95. lib. 16 
Elem, Euclid. ) a nor lime. | Y | 


| The Proof of the Root above extratted wit of the fourth Binomial. I 


' The Squares of the parts of the Root found out are . .> 2-4/2 and 2-/® 
Theretore the on of wn m_ of the partsis . . .> 22, that is, 7 
The Product of the parts will be found (by Rule 2. Se&.12., = Je 

of this Chapr. ) . "-. "RE XG al. x oF” 23 . . 8 v: = _— : that vj 
The double of the ſaid Produtis . , . .', . > y20 
Therefore the ſumm of the ſaid ſumm of the Squares of the 

parts and y lee PR . of oo vw +» 1 xo 7 I v/20. 

Whence it is manifeſt that 5 + 4/20 is the Square of y/:2 4-22; -þ y:1—4%: 
therefore this is the ſquare Root of that fourth Binomial : Tal was to be proved, 


Moreover, if the ſaid double Produ be ſubtratted from the ſaid fumm of the Squares 
of the Parts, the Remainder 7 — 4/20 is the Square of y/: Z4-y/3Z; = y/;3= v4 


therefore this is the ſquare Root of that fourth Reſidual Prod 


Example 5. 
Let it be required to extraQt the ſquare Root out of this fifth Binomial , 4/20 + 4 
The Operation. | 


1. From the Square of the greater part 4/20, viz. from G , 20 1 
2, Subtra&t the <£quare of the Jeſſer part 4, towit, > , 16 


3» The Remainder is . . . . s .* . . ® 0& > oy ; 
4. The ſquare Root of that Remainder is , , . . 4 
5s To which ſquare Root add the greater part . , .> y20 


6. The | 


Chap. 9. ExtradTion of (2) out of Binomials. "= 


6. The ſumm is , . «+ +» +» >, /$0 +9 

'7, The halt of that fumm is ; - . © © oÞ , yg +1 

8, The ſquare Root of the ſaid half ſumm is the m— Woe 7 ora; 
part of the Root ſought , to wit , : wS—+ 1: 


9. Again, from the greater part of the given Binomial, va 
VIRs from . . . . 8 "244 I = MY 
1c, Subtract the ſquare Root before found in the fourth 2 . 
ep, (OWN. <0 o + 04 eh om NT: | 
11. The Remainder is . . « © % «. © + +5 « 4/20 — 2 
12. The half of which Remainder is . .'*, «, #1/6Þ os — ® 
t 3. The ſquare Root of the ſaid half Remainder is the FFT 
lefler part of the Root ſought, co wit, . . . . EF . 
14. 1 ſay, the two parts in the eighth and thirteenth | 
ſteps, ( the former of which parts is a Binomial, ahd —  — 
the later a Reſidual, being conneed by | * ſhall v* v5 +l: +y:y/5—1:; 
be the Square Roor ſought; towit, . , +. 


Which Root anſwers to the irrational line called (in Prop.41, & 59. 4b.r0. Elem Eucl.) 
a line containing in Power a Ratiozal and a Medial Reitangle: And if the leſſer Name 
of the ſaid Koot be ſubtraRed from the greater, by the interpolution of the ſign — it gives 
viuS 413 — 4/i4/5—1: which is the ſquare Root of the fifth Reſidual 4/20 — 4; 
and anſwers to.the irrational line which (in Prop, 78, & 96. 16. 0.) is called a line making 
with a Rational Space the whole Space Afedial. 

The Proof of the Root above extratted ont of the fifth Binoinial, 

The Squares of the parts of y/: y/ 5-1: -|- yi y/5—1 'c _ 
is thee teaned om, UE 5:6, 4. + + ©. +. 2 v/$-T> 3 ani vs : | 

Therefore the ſumm of the ſaid Squares of the parts is > 4/5 +|- 4/5 z that is, 4/29 

The ProduCt of the parts multiplied one into the other : W —} | 

; 6, te - :5 —1; thatis, 2 

( according to Rule 2. Set. 12. of this Chapt.) is . , : 

The double of the faid Produftiis . . . ; 5 ob © © © © «© 4 

Therefore the ſumm of the ſaid ſiimm of the "—— Tate 
of the parts and double Produt is ; . . . . £4 * ++ 

Whence it is manifeft that 4/20 +|- 4 is the Square of y/: y/5 -|-1 : |- /:y/5 —1 : 
therefore this is the ſquare Root of that fifth Binomial : which was to be proved. Moreover, 
it the ſaid double Product be ſubtraRed frotn the ſaid ſurarii of the <quares of the parts, the 
Remainder 4/20 — 4 is the- Square of y/:4/5 +1: — 4/:y/5 —1: Therefote this 
is the ſquare Root of the ſaid fifth Reſidual 4/20 — 4; 


Example 6: 
Let it be required to extract the ſquare Root of this ſixth Binomial, 4/20 + 4/8: 
The Operation. 


1, From the Square of the greater part /20, viz. ; 


from En . 20 


2; SubtraR the Square of the lefler part y/8; to wit; > , 8 
3. Ihe Remgjadir is <« +» + +» - 5 5 3% » if 
4+ The ſquare Root of that Remainder is , . .S> ytz 
5; To which ſquare Root add the greatet part . .> 20 
6& nk 7 7 6: * «F y/20 »|- 12 
7. The half of which ſumm is . . . . «© .> #5 + 43 
8. The (quare Root of the ſaid half ſumm is my err 
greater part of the Root ſought, to wit, ei CET 
9. Again ;, from the greater part of the giver Bino- 
mn, we. WW 7 - + » i 2d 4/20 
10. Subtra& the ſquare Root before forind in the? _ 
neth fp, WD, ©: 4 fo 4 "2 
1; The NED fe >» > 20 — 12 
12, The half of that Remainder's , . . , > y5 — v3 


ti 13, The 


__ 
_ —— 
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- The ſquare Root of the (aid half Remainder is 
| Ye her poor of rhe Root ſought, towit, .. . vViws —w3: | 
14. | ſay, _ rwo pu _ - ejghth - _— 

ſteps, (the former of Which parts is a Binomial; an -- "PT OP Say moans > 

_ a Reſidual ) being Conbettes by -+, hall Win t+wY3E I Ny 

be the (quare Root ſolight, to wit, . . + + 

Which Root anſwers to the irrational line which ( in Prop. 42, & 60. /zþ.10.Elem Eucl,) 
js called, a line containing in Power two Ardial Reitangles: And, if the leſſer part 
of the (aid Root be ſubtracted from the greater by the interpolition of the ſign — , it gives 
Jia5 +4/3: — 4/5 —+/3: Which 1s the Root bf the {ixth Reſidual y/20 — 3, 
and anſwers to the irrational line which { in Prop. 79, & 97. 1b. 10. Euclid. ) is called 
a line making with a Adedial Reftangle a whole Spact Medial. | 


The Proof of the Root above extratied out of the ſixth Binomial, ; 
The Squares of the parts of y/:y/5 +4/3: -þ 4/:/5=4/3 2 V3+/3 and golf ; 


the Root ſought, are . «- » » +» »« » . 
Therefore the ſimm of the ſaid Squares of the parts is Þ 4/5 |- 4/5, thatis, 20 
The Produ& of the parts multiplied one into the other is Þ ,y/: 5 — 3: that is, y: 
The double of the ſaid Produft is . . , , « « HEE 

\ Therefore the ſurnm of the ſaid ſum of the Squares oe g 

the parts and double Product is ,  . , , . . 4/20 + 4/8. _ 
Whence it is manifeſt that /2o | 4/> is the Square of /:/5+y 3: + y/:y/5-v3: 

therefore this is that ſquare Root of the (ixth Binomial : which was to be proved, More- 

over, if the ſaid double Produ&t be ſubrrated from the (aid ſurnm of the Squares of g« 

parts, the Remainder 4/20 — /$ is the Square of /ty/5 +4/33 = y/:4/5 — 4}: there 

tore this is the ſquare Root of that bxth Relidual. | 
Noxe, * In every Binomial and Refidual conſtituted according to the preceding Set,15, | 
the ſquare Rout of the difference of the Squares of the Names or parts is equal to the di 

| ference of the Squares of the parts of the Root of the Binomial or Reſidual. 
As in the ficſt Binomial 27 + 4/704, whoſe ſquare Root hath before been found 

4-11; the Square of 27, to wit, 729, exceeds 704, the Square of 4/704, by 25, 

! whoſe ſquare Root 5 is equal to the difference of the Squares of the parts of the Root 
the Binomial propoſed, to wit, the difference between 16 and 17. 
This property may be demonſtrated thus, let b + ,/d repreſent a Binomial Root whoſe 
greater part is bz then the _ of that Root is 4b -|-2by/d-|- 4, this divided int it 
Names or parts makes the Binomial 6b+|-d more 264/d, then the Squares of the ans 
of this Binomial are bbbb -j- 2bbd-- ad and 4bbd, and the difference of theſe Squat 
is bbbb — 2bba- dd, whoſe ſquare Root bb — d is manifeſtly the difference of the 
Squares of the parts of the Root b6--,/d firſt propoſed : which was to be ſhewn. The 
like property may be demonſtrated in a Refidual, 
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How to extra@ the Square Root ont of a Binomial deſign'd by Letters, 
if it hath a Binomial Root, 


By the ſame general Rule which hath before been exercis'd in extraRing the ſquare Root 
out of Binomials expreſt by Numbers , we may extract the ſquare Root out of a Binomial 
delign'd by Letters, when it hath a binomial Root, as will be evident by the following 
Examples; where for the more apparent diſtin&ion of the parts of the given Binomii), 
inſtead of +=. I ſet the word [ore] between the parts , and inſtead of — | ſet the word 
[eſs ] between the parts of a given Reſidual, 


Example 1, 
Let it be required to extrat the ſquare Root out of? ;, , | 
hs Binomial, co po a> = +» --» 'd bb + d more 26/4 
The Operation, | 
1, From the Square of the greater part, (which ſuppoſe to "me Lobb +2 dbb +4 | 


bb-\-d,) viz. from . . ” x» 


2s Subtra& rhe Square of the leſſer part 2b/d, to Wit, 4 « «> s « »|-44bb The | 
Jo 


Chap. 9. ExtraGiion of y/(2) out of Binomial. 25 | ; 


| 3. The Remainder is . * © +» « +» o > bbbh —2dbb-1- ad 
| 4. The ſquare Root of that Remainder i is | - - >. _— 
| 5. To which ſquare Root add the greater part, to wit, - 5 o» ©» 2 dbobd 

6, The Summ is « © + 0:4» ww: Rs 26h 

7. The half of that Summ is oy . +» ;-_ 

3. The ſquare Root of that half Summ is the greater par of the þ 


Root ſought, to wit , 
9, Then from the oreater part of the given Binomial, Vit, from > . « bb-ſ-d 


on Subtract the ſquare Root before _ in the fourth ſtep,to wit, > . . bb—&d 


The Remainder is «. +» 0 *' 0 + 6 o o# « ns 
- The half of which Remainder is . . > ,. 
: 13. The ſquare Root of the ſaid half Reinainder is the lefſer | 7 
| of the Root ſought, to wit, . = 
| 14. I ſay , the two parts in the eighth and thiricenth ſteps being F 
connected by the ſign -|- ſhall be the ſquare Root ſought, to wir, _—_ 


Which Root being {quared , or multiplied into it ſelf, will evidently produce the given 
Binomial bb -|- 4 more 26/d, 


«UI 


Example 2. 
Let it be required to extraR the ſquare Root out of | xx | 
this Biriomial; a” « © he Oe ee.” mm | 1 more xy/4pm. 
The Operation. 


1. From the Square of the greater part mm T = 
m 


\ VEN”. NCGRTPY OE Ge 


mmmm -|- 2mpxx »|- _—_ 
viz. from . _ 
| 2, Subtract the Square of the leſſer part xV/4 2”, to wit, a * « =þ ampax 


ppxxxx 


3. The rm + 6: 6: 6 fie io wb mmmmn — 2mpxx\- _ 


4. The ſquare Root of that Remainder is . + . P . mm — Le 


5. To which ſquare Root add the greater part, towit, 5 , mm. pre 
| m 

6. The Sumni is . . + + 6 + » of. aan 

7: The half of which Summ is Fmt PF. mm 


8. The ſquare Root of the ſaid half Summ is the: greater 2 
part ot the Root ſought, to wit, , 
9. Again, from the _ ou of the given Binomial, 
VIg, from — 
10. Subtract the ſquare Roor before found i in \the foarth2 = pxx 
EG mm 


Mo. well... . 44 + +. ' _ oo 
Tl. The Remainder is . d . 5 . G4 . . > & m | 2pxX 
> ro Np ” 

32. The half of which Remainder is . ; 5 . > , + = 


13. The ſquare Root of the ſaid half Remainder is ahi | xx &, 
lefler vhs. of the Root ſought, to wit, _. . 5 5 ON of TED -_ ky 
14. I ſay, the two parts in the eighth. and thirteenth” 
ſteps, being conneRed by T ſhall be the __ Roo! . m-[-xy/L 
ſought; towit, . , + 6+, © 


A Which Binomial Root being ſquared or mokiplicd into it ſelf ; will produce the gen 
inomial. 


Exaniple 3. 


| Let it be required to extrat the T_ Root ont of : 


this Binomial , a --j- by ab more 2a. 


Ii 2 The 


OO ——————— 
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J—_ 


8. And from the ſeventh and ſecond {teps the fumm? ,, 45 _ | 

of the extremes will be alſo made at , DIR, z —+*, = ſumm of the extremes, 
g. Then, ( as is manifeſt by Qzcft. 4. Chip. 16, Book, 1.) the ſumm of the extremes of 

three numovers continually proportional being given, as alſo the mean, the extremes ſhall 

be given (e&verally by this following 

CANON. 

From the Square of half the ſumm of the extremes ſubtraR the Square of the mean, and 
extract the ſquare Root of the Remainder ; then this ſquare Root being added to, ang 
ſubtracted trom the ſaid half ſumm, will give the extremes ſeverally. Theretore, 


10. From the Square of the half of *2 + y/Z, that is, from . . 
11, Subtra& the Square of y/*Z — 2, ſviz.  . , +» + » 
OE ENTS i o « jo» of © © 6 « 
1 3. Then the ſquare Root of that Remafnder being extrated , ( by 
the General Rule before delivered in Set. 16. of this Chapr. for 
- extradting the ſquare Root out of Binomials,) will be found . . 
14+ Which ſquare Root added to the half of *£ — 5 , gives the 
greater extreme ſought, towit, « « . + +» «© »© + « 
15. But the ſaid ſquare Root ſubtrated from the half oi *5*212 4s ea 
leaves the lefſer extreme, towit, '. « « - » ©» » + o$ *. OV 
16, Wherefore, ( in the ſeventh, fourteenth and fifteenth ſteps, ) three numbers continually 
proportional are found out, viz. 3, y/*i\—+, and  — y/;, whoſe ſummis 6, 
and the ſum of the Squares of the extremes is. equal to the triple of the Square of the 


mean, as will appear by 
The Proof. 


Firſt , the Product made by the multiplication of the firſt and third numbers ore into 
the uther, that is, of 3 into 2 — EZ, 1s #2 — 24/*4, which is alſo the Square of the 
{ccond number y*£— 7}, ( as will calily appear by Multiplication ; ) therefore the faid 
three numbers are Proportionals. < 

Secondly , the ſumm of the ſaid three proportional numbers is 6; for the mean y/** —* 
added to 3 — y/*+ the lefler extreme, makes 3, to which adding the greater extreme 3, 
the ſumm 1s 6. 

Third!y , the ſumm of the Squares of the extremes 3 and Z — 4/*Z, is equal to the triple 
of the Square of the mean y/*5 — + , for the ſaid ſumm , as alſo the ſaid triple Square will 
by Multiplication be found #2 — gy/*5. Therefore all the conditions in the Queſtion 
are ſatisfied. | 

But that the neceſſity of the Determination annexed to the Queſtion may be made rhanifeſt, 
it remains to prove , Thar if three unequal numbers be in continual proportion , the ſum 
of the Squares of the extremes is greater than the double of the Square of the mean: 
Therefore, s , _ 

Let three unequal numbers in continual proportion be expoled, 2", 
foppolchbile  *. PET: 19.4; aha " : v8 2 65 
| Then their Squares ſhall be alſo Proportionals, ( per 22. Prop 
ELTEEETY) v9. - «- » » + +» ©» 
Therefore (by 25. Prop. 5. Elem. Euclid.) « . . . .Þ aa-l-ee © 246 

But aa 5 ee is the ſurmm of the Squares of the extremes of the three Proportionals ex- 
poſed, and 24e is equal to the double Square of the mean Proportional z wherefore the 
Theorem is proved ; and conſequently the Determination is manifeſtly neceſſary to be 
annexed to the Queſtion propoled , that there may be a poſſibility of finding out whats 
thereby delired. The Determination may alſo be eaſily inferr'd from the Canon in tht 
foregoing ninth ſtep. 
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DUEST. 3 


Þ. 1013 — 
What is the Product made by the continual multiplication q L z : _ 


of theſe four numbers one into another , which differ by = 


an equal exceſs, ro wit, Unity? . . , . , , , Jv*3 oF v191 


| 


RJ» be Nis » js t 
AX 


; {- 


Vi EITr: 


Chap. = Queſizons about Sird Quantities. 255 


| Anſw, The deſired Produt is exaftly , NE = 
For, ( by the laſt of the three compendious Rules WAS delivered in "Ri 
oy» 


Fei. 10. of this Chapt. for the multiplication of Binomials and CEE begins | 
the Produdt of the ficlt and fourth numbers is . . | 
Likewiſe, the Produ& of the ſecond and third number 3 bs "Ro Ion Hh I 


Liſtly, the two laſt preceding Produtts —y —— one into 
another ( by the ſame Rule ) Mkt 4 & +,.:4% = 


___ .0un33 s 
1. If a, b,c, be ſuch Quantities fe” . +» + 5 oo anda = $ 
What is the value of a ? 
2, Anſw. By the Canon i in SeRk.6. Ch. T7 7% ee. =: b+ cc: = Ec 
By which value of # , the Equation propos'd may be expounded , as is manifeſt by 


the following Ho 
emonſtration. 


SM «+4 " . s 6 of © «0 '& » © =/:b4*;—Þ# 
Fr Then conſequently by th i+ to each part, > , . a-|-% = =o: bcc: 
5, And by multiplying each part of the aſt > b 

Equation inro it ſelf , ai | ca +7 acc = b+|- ace 


6, Wherefore, by ſubtracting * 1; frort each pat ia ih _”-— 
there remains « +» OD q aa -j-C — 
Which was to be proved. 


Nete. This Demonſtration is formed in the way of Compal cn by the ſteps of the 
Reſolution of the ſame Queſtion in SeZt. 5. Chep. 1 5. Book, 1. but in a retrograde Or 
backward order ; for the firſt ſtep ih the Compotaion, ('6r Demonſtration ) is the laſt 
in the Reſolution ; the ſecond ſtep in the Compolition is the laſt but one in the Reſolution ; 
and ſo by returning backwards by the ſteps of the Reſolution ; the Demonſtration ends 
io the Equation propos'd to be reſolved. Biit this is largely handled in ty fourth Book 


of Algebraical Elenents, 


um 


4 


| KE.- OUEST. 5; | 
1, If a,b, k , be ſuch Quantities that . . , .S « ; #a—ba=k 
What is the value of @ ? | As 
2, Anſw. By the Canon in Seft.8. Ch.15. Bokr.S . 0. « 4 = *b4-y/h+2db: 


By which value of 4, tlie Ro propos'd may be expotitided ; as appears by the 


ollowing 

Demonſtration. 
2 PR 0+ oo» 6 > 5 4 = So 
$4: Then by ſubrrating zh from each alt;- « oS, © d—=2b= ik + 5b: 


5. And by multiplying each part of the laſt E. _ 
, yon into ir oo y F '$ as —ba-j-2b = k4-46 
6, Wherefore by ſubrraRing +þh from each part, > Fun —=k 

Which was tO be proved, 


pn INT 


VEST. 6. 


C1 Ao " be put for ſuch known Quantities, 2 Oo = 266; 
2. } And if abe put for a Quantity unkfown, and >. . (4 —#4 = »*; 


prog is the value of a? 

3. Anſw., By the Canon in Se. 10. Chapt. 15: ap 

Book 1. theſe two values of a will be tound > 1106 HT IM = 5; wy Fg 
out, Viz, « « + « - * = . ba I vi 


By each of whichi values of 4, the Equation propoſed i in the ſecond ſtep nay be exponn- 


ded, viz, if either xp vic —"; or, 1 —y: £76 — jj : be put equal to 4, then 
Dethoti- .. 


(4 — AR —= #, 


CE  m— 
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| | Demonſtration. 
+ Firſt z if . © ©» =® BE SE 29T Ng... . * OO OM om: 2b: aCC—1: 
5; Then by ſubtrafting Zc from each part, . > «  a—z7 = Vi CC; 
6. And by multiplying each part of the laſt E- aa — ca fc = tee —n 


quxion into it ſelt, . » « » . '+ « 


7. And by adding ra to each part, . . » «> - Aa 40 = lean 
©, And by ſubtracting Zcc from each part , 00 2D 3-8 
9, And by adding, » to each part, . . . .. a> « + aan = ca 
10. Wherefore by ſubtraing aa from each part, > yy = CA— 48 
LO. 2 +». » + + +. + » dÞ.x. - 6 = 
Which was to be proved. 

Again , It . ER oa Vw 4 ES + 44 + = iv: cen 
12. Then by adding 4/; co —#: tocach part, Þ ay: 3c—2: = 4c 
13. And by ſubtraRting a from each part, . .> . y:4cc—n: = f1c—8 


14. And by multiplying each part of the laſt 
- Equation into it ſell, . .  Þ. « + » 


| ' 


M | 
* «© A60—#u = Zce—cada 


15. And by adding cs to each part, . . «. .5> Ca++ Ji6—#n = jccfoas 
16. And ſubtracting cc from each patt,  .» . . c4—n = 4a 

17. And by adding » to each part, + + = 4aaþn 
18, Wherefore by ſubtracting as trom each part,> , , ca—aa = »n 


Which was to be proved: : 


"= — BPUEST. 7. 
1. { If & and & be put for ſuch known Quantities, that c is greater than Z, but leſs than 24; 
and if a be put for a Quantity unknown , 


Pandit ©. oo Ent = ye, 
b Rs O - ag 
What 15 the value of a ? 
RESOLUTION. 
3. Becauſe the Squares of equal Quantities are alſo equal, by multiplying each pat 


of the Equation in the ſecond ſtep into it ſelf , this is produced , v2. 
| = i ESE. 


2 4 Fa 
4: Then to the end the Surd Quantity in the Equation inthe third ſtep may ſolely make 
one parr of an Equation, let _ be ſubtraCted from each part of that Equation, and this 


will remain, v5z. 
A — baa __ aa __ 2baa—caa 
| 4 NN, C 2 2C 
5. And to the end the Radical ſign in the firſt part of the laſt Equation may vahilh, le 
each part be multiplied by it ſelf,ſo an Equation in Rational quantities will be produed,tiz. 
4* — g6b* Be 4bba* — qbca* -l- cca* 
"Im 4 4c 675 
6. And by reducing the laſt Equation to a common Denominator 4cc, and then by muſti- 
plying each part by the ſame 4cc, this Equation in Integers will be produced, viz. - 
cca* — gb*co —= 4bba* — qbca* + cat. 
7. And from the Equation in the laſt preceding ſtep, after due reduQion is made to make 
thoſe Quantities wherein 4 is found to poſlels one part, this following Equation ariſeth, 
Viz. qbca* — qbba* = gbice. 


'8, Then by dividing each part of the laſt Equation by 4bs - 4bb, to the end that « 


may ſtand alone , this Equation ariſeth ; v3z. 


a = __ 9b*cc hs — _9b3ce 
gbe— 4bb qe—4qb. 
oo Bt þ þ -« obbce into —£ _ _g9bc__ 
4 6E—b 40 — 4b 


10, Theres 
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10. Therefore from. the -1w0. laſt preceding Equations, by exchanging equal Quantities, 


this Equation ariſeth , v3z. | 
? ; gbbce &5 
4 ” Por | 


af — 
:7, And by extraRing the ſquare Root out of each part of the Equation in the tenth ſtep, 
this ariſeth ; | | 


into 


Ag = —_—_— into vet % | 
12, Wherefore by extraRing the ſquare Root out of each part of the Equation in the 
eleventh ſtep, the delired value of @ is diſcovered , Vice 


a = 2 into = : 
An Example of Queſt. 7. in Numbers. 


13. if . . d BI, . b —_ I6 $ 
14, And . " o o o P . C = 25 Z | | y 
15. And ——< . > . " .- & 2 number unknown ; } 


ALS ie nit yaao 3bb + a/aa—3bb = WILL a 
EE 4 4 c 
Whar is the number @ ? 


17. Anſw. From the thirteenth, foirteenth, and twelfth ſteps, 4 = $00, or 204/25 
By which value of 4 the Equation propos'd may be expounded, as will appear by 


The Proof. ns So: 
18, If b= 6, £25395; and 4 = 800 J Then it will follow , that 
SELEIE + AE = i (= 898, or, /512-) 


— 


Note: The numbers to expreſs the values" of & and ' muſt not be taken at pleaſure 
but ſuch, that the number © may excee#the number. &, and be lefs than 26, as is preſcribed 
inthe Queſtion ; the former part bf which Determination is diſcovered by the Denomina- 
tor c— b of the furd Fraction-in'the twelfth ſtep, and the latter part of the Determinatton 
is manifeſt by the 'latter'part of the Equation in the fotirth ſtep ; where cas is ro be fab- 
iratted from 2þ44 ; which cannot belone {6 as to leave a Remainder greater than nothing, 
unleſs c be leſs than 26. * + | a | | 


—————— 


T p- 1 4 -+» #*I> » + "8 : ' 
Set. XVIII. Ar Explication of Fran. van Schooten's Gezeral Rule, ts 
extra# what Root you pleaſe out of any Binomial in numbers , having ſuch 
a Binomial Root as is deſired. 
| ' Preparation. © | R 
Firſt, if the given Binomial hath FraRtions in it; it muſt be freed from them , by malti- 
plying the: Binomial by their Denominatar. As:, for example; to-extraft y/(3), that is, 
the cubick Root, out of 4/242 = 122, I multiply the Binomial by 3, and'it makes 4/968 
+25 ; for 4/242 multiplied by 4/4, (thatis, by 23) prodyceth /g68 ; and. r24 into 2, 
makes 25. Likewiſe, it there be propoſed y/**3 + y/**Z, I firſt multiply it by 4/5, 
and it makes 4/242 | #4 , then this Binomial miiltiplied by 2 produceth (as before) 
4968.4. 25; and ſo of others, EE ey ps 
Secondly , if neither of the two parts of the given Binomial be Rational, it muſtbe 
reduced by Multiplication or Diviſion to another Binomial rhat ſhall have one of its parts 
Rational ; which ReduRion may alwayes be done by the multiplication of etther part, 
but often tintes more briefly by the multiplication o# diviſion of the leſfer number. As; 
for exattple, y/242 -þ« y/ 243 may be muluptied by / +42, andiv makes 242 + 458806; 
but more compendioufly by y/2 , and there comes forth '22 | 4/486, Afrer the ſame 
manner; y/(3)3993 + 4/(6)175 78125 may be firſt multiplied by 4/(3)3993, and, 
the Product again by y/(3)3993 » ſ@ there will be produced another Binomial whoſe 
Rational part is the abſolute number 2993 z but _—_ briefly by y(3)9, and there = 


Extraftion of (3) (5), &- Book If, 


be produced another Binomial whoſe Rational part 1s 33; and yet more compendiouſly, 


if the Binomial propoſed be divided by y/(3)3, there will arife 11 125. | 
But here is to be noted, that when one part of a Binomial is Rational , whether it be 
of a Binomial firſt given, or of another deducted ( as above ) from that given , then alſothe 
Square of the other part ought to be Rational, otherwiſe no Root can be extracted ou 
of the Binomial or the other deduced from ir. | 
Thirdly , to extrat y/(6) out of a given Binomtal qualified as above is ſuppoſed, we 
muſt firſt extract the ſquare Root , and then out of this the cubick Root , and to extra 
(9), we muſt firſt extrat y/(3), and then out of the cubick Root found out we muſt 
apzinextradt 4/(3) z and ſo of any other Root whoſe Index is a Compoſit number, But 
as to the extraQion of the ſquare Root out of a Binomial, a Rule hath been already given 
and exemplified in the preceding SetF. 16. ſo that here there is need only that I ſhew howto 
extrat 4/(3), (5), (7), (11), and ſuch like, whoſe Indices are Prime numbers, 
Fourthly , to extra&t 4/(3)sz y/(5), (7), or the like Root whoſe Index is a Prime 
number, we mult firſt of all try whether out of the given Binomial there can be extracted 


a binomial Root which hath one part Rational , but that may be diſcovered by ſubtraQting 


the Square of the leſſer part of the given Binomial from the Square of the greater, and 
extracting the Root out of the Remainder ; to wit , the cubick Root, if 4/(3) be to be ex: 
trated our of the given Binomial ; or the Root of the fifth Power, it 4/(F) be to bees- 
tracted, and ſo of others: For it the Root of the ſaid Remainder be not a Rational 
yuraber , then the Binomial Root ſought will certainly want a Rational part , viz. each of 
its parts will be ſurd , in which caſe, in order to extra that Root , the given Binomial 
muſt be multiplied by the difference of the Squares of the parts, if the Queſtion be con- 
cerning the extraction of the cubick-Root ; or by the Square of the ſaid difference, if y(5) 
be ſought , or by the Cnbe of the ſame difference, if y/(7) be required ; or by the ftih 
Power of the ſaid difference, if 4/(11) be ſought; and fo of the reſt, By which muki- 
plication another Binomial will alwayes be produced , wherein the Root of the difference 
of the Squares of the parts will be the ſame with the difference of the Squares'of the parts 
of the former Binomial. | | 

As, to extra&t the cubick Root out of 25 -|- 4/968; I firſt ſubtrat 625 , the Square 
of 25, from 968, the Square of 4/968, and there remains 343 , whoſe cubick Root 7 
is a Rational number : which argues that the Root of the given Binomial , if there can be 
a Root extraCted out of it, is a Binomial which hath one of its parts Rational, 

Likewiſe, to extract the cubick Root out of 22 | 4/486 , we muſt ſubtract 484, the 
Square of 22 , from 486, and extra the cubick Root out of the Remainder 2 ; but 
becauſe that cannot be done exatly, it ſhews that the cubick Root of 22 +|- 4/486 wants 
a Rational part; and therefore 22 -|- 4/486 muſt be multiplied by the ſaid Remainder 2, 
that there may be a Binomial 44 + 4/1944, wherein the cubick Root of the difference 
of the Squares of the parts is 2. | 

| So to extraet y/(5) out of 11+ 4/125 ; becauſe 121 the Square of 1 1 ſubtracted 
from 125 leaves 4, which conſidered as a fifth Power hath not an exa& Rational Root, 
we muſt multiply x1 | 4/125 by 16 the Square of 4, that there may come forth 176+ 
y/ 32000, Where y/(5 ) of the difference of the Squares of the parts is 4. 

Again, to extra&t y/(7) out of 338 + /1 14242, wherein the difference of the Squares 
of the parts is 2 , becauſe this 2 1s not the ſeventh Power of any Rational number, the 
given Binomial may be multiplied by 8, that is, by the Cube of 2, and it makes 2794+ 
47311488, wherein the /(7) ot the difference of the Squares of the parts is 2. 


... The RULE, 


When a Binomial given , or another deduced from it ( if need be) by the precedent Pre- 
paration, is ſuch, that one of its parts, and the Square of the other part, as alſo the Root of 
the difference of the Squares of the parts, (to wit,the cubick Root when y/( 3), or y/(5) wi" 
y/(5) is ſought) are Kational whole numbers ; then out of a Binomial ſo qualified, (3) 
or yj(5), or y/(7), &c. may be extracted, if it hath ſuch a Root, in manner t0- 
lowing , viz. : 

Firſt, extra&t the Root of the difference of the Squares of the parts of the Binomial qual- 
fied as aforeſaid, viz. the cubick Root,when y/(3) is fought , but y (5) when /5, 0r v (7) 
when y/(7), &c. which Root lo extracted is to be reſerved for a Dividend: 


Secondly; 
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Secondly , find out a Rational number a little greater than the Root ſought, with this 
caution , that the Rational number found out may not exceed the {aid Root above - which 
may ealily be done by Vulgar Arithmerick, and rake the faid Rational number for 
2 Diviſor. 
Thirdly , divide the ſaid Dividend by the ſaid Diviſor , and it the Rational part of the 
iven Binomial be greater than the other part, add the Quotient to the ſaid Rational Diviſor, 
and the half of the greateſt whole number contained in the ſumm ſhall be the Rational part + 
of the Root ſought ; then from the Square of that Rational part ſubtraRt the Root of the 
difference of the Squares of the parts , ( to wit, the Dividend firſt found out as above, ) ſb 
the Remainder ſhall be the Square of the other part , when ſuch a Rootas was required can 
be extracted out of the given Binomial ; which you may ealily try. by maltiplying this 
Root found out into it ſelf, according to bs degree of the Power repreſented by the given 
Binomial : for the Root found out being multiplied into it ſelf cubically, if 4/(3) was 
ſought ; or , five times Into it ſelf, if y/(5) was ſought , ought to produce the given 
Binomial. F; 1 Lo 44 564 Via Ws 7h 
But if the Rational part of the given Binomial be lefs than the other part, then after 
you have found outthe Quotient as above , .ſubtraRt ir from the'Rational Diviſor , and the 
half of the greateſt whole number contained in the Remainder ſhall be the Rational part 
of the Root ſought ; tothe Square of which part if there be added the Dividend firſt 'found 
out 4 above , the ſumm will be the Square of the other-part , when the Binomial propoſed 
hath a Root ; but by multiplying the Root found out into it ſelf ( as before) you may 


bl » 


alily try whether it be a true Root or not, 
| Example 1, To extyalt. the Cubick, Root, out of 20 |-4/392- 

Firſt , the difference of the Squates of the parts'of the given Binomial , 5z. the exceſs 
of 400, the Square of 20, above 392, the Square of 4/392 is 8, whoſe cubick Root 2 
| reſerve for a Dividend. | en | 

Secondly , 1 ſeek a Rational number that may be greater than the cubick Root of 29 - 
4/392, (the given Binomia),) yet ſo that the exceſs may not be greater than'$, to which 
end [ extra che ſquare Root of 392, and find it to be greater than x9, but leſs than 20; 
thento 2 0 the Rational part of the given Binomial 1 add 19 and 20 ſeverally , and it makes 
39 and 40, which are the neareſt Rational whole numbers that can expreſs the true value 
of the given Binomial ; whence the cubick Root thereof will-be found greater than 3, but 
leſs than 3%: this 3% , which, according to the Caution before foe , 'exceeds the true 
cubick Root of the given Binomial by an exceſs not greater than £, I reſerve for a Diviſor. 

Thirdly, I divide 2 , the Dividend before reſerved , by the ſaid Diviſor 3+, and the 
Quotient is #. Now becauſe 20 the Rational part of the given Binomial 1s greater than. 
the other part 4/392 , I add the ſaid Quotient = to the ſaid Diviſor 34, and ir mikes the 
ſumm 474, wherein the greateſt whole number is 4, whoſe half is 2 the Rational part of 
the Root ſought , by the help of which Rational part , the other part is ealily diſcovered 5 
tor if from 4 the Square of the ſaid 2 , you ſubtra& 2 , the cabick Root of the difference 
of the Squares of the parts of the given Binomia), there will remain 2 the Square of the other 
part, So that 2-{- /2 is the cubick Root of 20 -|-y/392 the Binomial propoſed , as 
will appear by the Proof: For 2|-y/ 2 being multiplied into it ſelf cubically produceth 
204 4/392 ; and for the ſame reaſon, 2 — /2 is the cubick Root of 20 — 4/392. 


k Example 2; To extraf# the Cubick, Roat out of 44 -|- 4/1 944. | 
Firſt , the-cubick Root of the difference of the Squares of the parts is2 for a Dividend : 
Secandly, the ſquare Root of 1944 is greater than 44, but leſs than 45; theſe added ſeve- 
rally to 44 the Rational part of the given Binomial, make 88 and 89 , - whoſe cubick Roots 
being extraed, do ſhew that the cubick Root of the given Binomial is greater than 4 , bur 
' Tefsthan 4+, this Rational number 4+, which according to the Caution before given exceeds 
the true Root ſought by an exceſs nor greater than 2+, I rake for a Diviſor : Thirdly, I divide 
the ſaid Dividend 2 by the ſaid Diviſor 45 , and the Quotient is 5, which I ſubcra&t from 
the ſaid 4*; (1 ſubtract, becauſe 44 the Rational part of the given Binomial is leſs than 
the other part 4/1 944; ) and there remains 473 ; then the half of 4, the greateſt whole 
number contained in 4:2, is 2 , which is the Rational part of the Root ſought : Laſtly , 
to 4 the Square of the ſaid 2 ,; I add 2 the cubick Roor of the diffcrence ot the Squares 
of the parts, and it makes 6 the Square of the other part. So that 2 -|- y/6 is the cubick 
Root ſought, as wilt appear by the Proof : Fer if It be multiplied into it {eif cubically , it 
K k 2 producerh 
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 cubick Root 0 


produceth 44 - 4 y/ 1944 the Binomial propoſed ; and for the ſame reaſon, 4/6 — 2 is the 
v 1944 — 44+ 
Example 3. To extralt (5) out of 176 | 432000. | 

Firſt , the difference of the Squares of the parts will be found 1924 , whoſe (5) is 4 
For a Dividend : Secondly , the ſumm of the parts will be found greater than 3 54 , butles 
than 355 ; and conſequently. y/(5) of the ſumm of the parts is greater than 3, but le 
than 3+; Thirdly , by the ſaid 35 1 divide the ſaid 4 , andthe Quotiens js 1, which | 
ſubtract from the ſaid Diviſor 3+ ( becauſe the Rational part of the given Binomial is lefg 
than the other part) and there remains 2745 z then the halt of 2 ( the greateſt whole number 
xontained in 25+) is 1 , the Rational part of the Root ſought : Laſtly , the Square of the 
Gid 1,towit; 1, added to 4 (the y/(5) of the difference of the Squares of the parts of 
the given Binomial) makes 5 the Square of the other part. So that x + v/ F 1s the y/(s5) 
of the given'Binomial 176 4/3 2000, ar leaft if any y/(5) can be extraRted out of the 
fanie ;” but 1 4+ 4/5/ multiplied into it felf five times makes 176 -þ-4/32000 :; therefore 
x 1-4/5 is manifeſtly the defired y/(5) of 176 4- 4329000. | | | 


© © © Example & Tapriza# (7) omof 2704+» 47311488, | 

. Firſt, the (7) of the difference of the Sgupres of the parts is 2 for a Dividend : $e: 
condly, the value of the given Einomial will be thund greater than 5 407, but leſs than 5408, 
whence the 4/(7) thereof will be-diſcovered ts be greater than 3 , bur leſs than 3+; 
Thirdly , by the ſaid 3+ I divide the Dividend before found 2, and the Quotient js *, 
which 1 add co the Diviſor 37, ( becauſe the Rational part 3704 is greater than the other 
part) and it makes the ſumm 474 ; and therefore 2,.the half of the greateſt whole number 
contained in'47+, . is the Rational] part of the Roar ſought : Lakly , from 4, the Square 
of the ſaid 2, 1 ſubtra& 2, to wit, (7) of the difference of the Squares of the parts of the 
given Binomial , and there remains 2 the Square of the other parzy, $o that 24/2 s 
the delired 4/(7) of the given Rinomial 2704 | /7 311488, 'fqr this is the ſeventh 
Power of 2 + 4/2 , as will appear by Multiplication. 

"But hexe 15 to be noted, that when the giyen Binomial hath þeen multiplied or divided 
by ſome number, and thereby repyced to another Binomial , and the Root of this latter is 
found our,'we muſt divide or mu tiply rhe Rgar found our by the Root of the number by 
which the Binomial was multiplied or divided ; ſo there will come forth the Root of the 
given Binomial. | 
* As, for example, becauſe to extraft the cubick Rot our of 4/242 + 1 23, we firſt mult 
plied this Binomial by 2 'and found 25 -- 4/968 , whoſe cubick Root by the Rule before 
given will be found 1 +- 4/8 ; this muſt he divided by /(3)z , and the Quotient y/(3)3 
+ 4/(6)128 hall bethe cubick Roox of 4/242 + 12+ the Binomial propoked. 

But that the reaſon: of the ſaid Diviſion by y/(3)z may the more clearly appear, It 
there be put 4 = 1-4/8, then. it follows that ddd = 25 +4968, and = = 
4/242+127 (the Binomial propoſed.) Therefore by extraQting the cubick Root out of each 
part of the laſt Equation, -there ariſeth y/( No. , that is, = = 4(3): 4243 Þ 

| 3 | 
12;: Butby ſuppoſition d= 1-4/8 , therefore 1 -þ. /$ divided by y/(3)3» that 13 
» o » VG); + y(6)128 tall the cubick Roat of 4/342 + 12+: which was to 
l1eWn, | 
Example 2. T» extratt y/(3) out of /**3 - y/**+. 

Firſt , to prepare it for extraftion , we. multiplied by 4/5 , and found 4/242 +12; 
whoſe y/(3) ( as appears in the laſt preceding Example ). is y/(3)2 | 4y/(6)1 28, which 
divided. by 4/(6)5" gives the Quotient 4/(6)5$ + 4/(6)*# tor the delired cubick Root 
of y/**}-|- 4/**3- Thereaſon of which diviſion by y/(6)5 may be thus manitelted, let 
there be put 4d = (3); 4/(6)128 then it follows that ddd = 4/242 + 12% = 


242 | .\/*3% into /5, whence = = a/**5 -|- 4/4 , therefore the cubick: Root 


6f each part of the laſt Equation being GO ariſeth GS, that 15, MOT 
(for (3) of y/5 is /(6)5) = 43): 4/24 + v5: Em by ſuppoliie) 
| 4=+y(31 


”,, v , SF * 4 * 
| >” 
- 
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i=): + 4/(6)128 ; therefore 4/(3)*+|-y/(6)128 divided: by y/(6)5 gives the 
ive HSE Root of 4/**=-|- 4/=*Z : which was to be ſhewn. y (5); & 
Example 3. To extraft /(}3) ont of 242 + 4/243, 

Ficſt, ( according to the ſecond Rule of the precedent Preparation ) I multiply it by /2; 
and there comes forth 22 -|- 4/486 ; this, multiplied by 2 ( according to the fourth pre- 
paratory Rule ). makes 44 -- y/1944 , whoſe cubick Root ( as before hath been ſhewn ) 
is 24+4/6 , which muſt be divided by 4/2 and there will come forth 4/2 1/3 for the 
cubick Root ſought of 4/242 4 4/243. But to manifeſt the realvn of dividing x 4- 4/6 
'by 4/2 3 let there be pur d = 2 + y/6, then it follows that . 44d. = 44+4/1944 = 


33 =|- 4/486 into 2, whence 4 = 22+ 4/486, and chis Equation divided by. 4/2 
(becauſe in the Preparation we multiplied by '{/2 ) gives <= = /442+/243; there- 
\fre v3) bring extrafted out of each pars of the laſt Equarion thete ariſeeh v/(4y 


* 


- that is, 7" Ls = 4/(3):/242 14/243 + But by Cippolition, d=2-+-/6; 
therefore 2 -|-- 1/6 divided by 4/2, viz. the Quotient” 4/2 4/3, thalt be the cubick Root 
of 242 + 4/245 : Which was robe fhewn. © + let's 0.15 of Bip ay 
- - Example 4: To extratt (5) ont of +(3)3993 + y/(6)17578125. : 
Firſt, (according to the ſecond preparatory Rule): I divide the given Binomial by /(3)3, 
and then (according to the fourth preparatory Rule) I multiply the Quotient y/( 3)1 331+ 
{(6)195 3125 by 16, and there comes forth 176 -|- /32008,, whoſe 4/(5) £ as bath 
betore been ſhewn ) is 1 + 4/5. Now this Root. 3 + 4/5 divided by y/45)i6; and 
the Quotient multiplied by 4/3 5)3. will diſcover the true 4/(5) of y/(3) 3993 + 
\/(6)17578125 z the teaſon of which Diviſion and Myltiplication may be made manifeſt 
thus ; ler there be put 4 = 1-5, then it ftoNows that ddddd = 176 4- 432000 ; 
and by dividing each part of rhe laſt Equation by 16 , ( berauſe jahe preparatory work 


we multiplied by 16) there ariſcth Ae ="4/(3)1331 +Y/ (91953125 : and by 


mukiplying exch part of this Equation by /(3)F , thefe WAI be produced {664d x3); 
= (3)3993 - /(6)17578125 : Therefore (5) being exttafted' opr of each part 
TOR ROTRSITY {OI Ie 
of the laſt Equation , there will arife 405) — Tx, that is; - JIE equal 0 
(5) of /(3)3993 +-/(6)17578125; Bit by ſuppoſition, d=1 ys; there- 
farex 4/5 CR ek io v/(15)3 ,and the Produ divided by y/(5)16 ;'or 15> y/ 
divided by /(5 )16 , and the Quotient multiplied by (1 5)3 producerh the true '/{ 5- 
of /(3)3993 -|-y/(6)17578125 : - Which was to be ſhewn, 
em | The Demonfirition follows; Ce 
The certainty of the preceding Rile will be made mnqnifelt by alic rhice following Pro- 
; « P RO P. To FF - 9 _— Wy 
If a Binomial whereof one part and the Square. of ake other ate Rational numbers be 
multiplied into it (df cybically , there will he produced another Binomial , the Square 
of whoſe leſſer part being ſubyra&ted from. thi 9quare of the "eater part , leayes 3 by : 
naner, to wit, the Ciibe of rhe ditference of rhe Squates of the parts df the Root or firlt 
inomial. | : , : Nye 037 Toſh” 
To make this manifeſt , let there be propoſed the Binomial 4 -|- 4/4 , this multiplied 
into it ſelf cubically proguceth 446 -|- 3&4y/d-|-- 34d | dv/4, 10 Wit, the Cube of 6-4-y/4. 
Here you are to hote well; that alrhough in that Cube there þe four parts,or embers, yer 
/Atiey are to be eſteemed'but as gwo, one of which, to wit , bbb + 364 may defign a Rario- 
nal number, and the other; 346y/d-}- dy/d (or 3bb-|- 4x y/) an irrational or ſurf 
number whoſe Square 1s Rational , whence it is manifeſt, firſt , rhat the Cube of a Bino- 


miat & alſo a Binomial ; viz, b-- /d mv'tsplied into n ſelf cubically preducerh this 
| | | | Brnomtal 
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Binomial bbb -j- 3bd more 3bb,4/d-|- dy/d (or 3bb-4-d x y/d;) ſecondly, the Ration;! 
part bbþ |- 3bd is manifeſtly compoſed of the Cube of the Rational part of the Rog: 
and of the triple Produ&t made by the multiplication of the ſame Root into the Squire - 
of its other part ; and laſtly , the difference of the Squares of the ſaid parts bbb-4- 3b4 any 
3bb/4-4+- dy4 is equal to the Cube of bb — d, or of 4 — bb, v3z. to the Cube of the 
difference of the Squares of the parts of the Root "I yd: For the Squares of bbb 4 
364 and 3bb/4-1- dyd are bbbbbb -|- 6bbbba 4- £ bbad and gbbbbd 4 ebbdd -- dll, 
and if theſe Squares be ſubtracted one from the other , the Remainder is either bbbbbb _ 
3#bbb4-- 3bbad — ddd, which is the Cube of bb — 4; or elſe the Remainder is ddd — 
36bbdd 4-3 }bbd — bbbbbb, which is the Cube of 4 — bb, 


© To'illuſtrate this Propoſition by Numbers, let there be put þ = 2, and y/4 = 6; hence 


the ;Binomial 2 -|- 4/6 multiplied into it ſelf cubically produceth the Binomial 44 4. 
41944 , wherein the difference of the Squares of the parts ( viz. the Remainder when 
1 936 the Square of 44 is ſubtra&ted from 1 944 the Square of /1944,) Is 8, towit, the 
Cube of the difference of the Squares of the parts of the binomial Root 2 -|- 4/6. 

Likewiſe this Binomial 2+} 4/2 multiplied into it ſelf cubically produceth the Binomial 
20-4392 , Wherein the difference of the Squares of the parts, to wit, 8, is the Cube 
of the difference of the Squares of the parts of the Root 2'4Þ /i |, © 

The ſame properties adhere alſo to 4 Reſidual Root , viz. the Cube of the Reſidual Root 


bd is alſo a Reſidual, to wit , bbb 4 3bd on 3bbyd-þ- dyd, (or 3bb+dx yd, 
and the difference of the Squares of the parts of the latter Refidual is equal to the Cube 
of the difference of the $quares of the parts of the Root or firſt Reſidual. 


PROP, S755: 7 


If a Binomial whereof one part and the Square of the other are Rational numbers, he 
multiplied by rhe difference of the Squares of the parts,the Produ will be another Binomiz, 
wherein the difference of the Squares of the parts is a Cubick number , to wit, the Cube 
of the difference of the Squares of the parts of the Root multiplied. | 

To make this manifeit , let there be propoſed the Binomial b -|- y/d, and ſuppoſe b 
greater than 4/d;'then b-|-4/d multiplied by 6&6 — 4, the difference of the Squates of 
the parts, will produce this Binomial, to wit, 646 — bd more bb/d— dy/d, the Squates 
of whoſe parts are 5bbbbb — 2 bbbbd | bbad and bbbbd — :bbdd -|- ddd ; then this latter 
Square ſubtrated from the-former leaves 6bbbbb — 3 bbbbd + 3bbdd — ddd ,. which is 
the Cube of bb — 4 the diffcrence of the Squares of the parts of the firſt Binomial b-|- yd 
The fame property would appear it we ſuppoſed 6 leſs than ,y/d. St 
To illuſtrate this Propofirion by Numbers, ſuppoſe b = 22, and y/4— 486; whence 
the Binomial 22 -|- 4/486 multiplied by 2 , the difference of the Squares of the parts, pro- 


.duceth the Binomial' 44 4-4/1 944 z. wherein the difference of the Squares of the paris 


is 8, which is the Cube of 2 , the difference of the Squares of the parts of the former 
Binomial 22 - 4/486. 
PROP.:3: 


If the difference of the Squares of any two numbers be divided by a number which dat 
not exceed the ſumm of thoſe two numbers above + , then the Quotient added to the ſaid 
Diviſor will give a number greater than the double of the greater of the ſaid rwo numbers, 
but the excels will be leſs than unity : and if the faid Quotient be ſubtrated from the ſaid 
Diviſor, the Remainder ſhall be greater than the double of the leſſer of the two numbers, 


\ butthis exceſs alſo ſhall be leſs than unity. | 


To manifeſt this , Jer « repreſent the greater of two numbers, and e the lefler ; alſo, lt 
b repreſent ſome FraRion not greater than +: then I ſay, firſt, 4-þ-e-|- 6+ £4< 7 


: a+ ++ 
1s greater than 24 ; but the exceſs is leſs than 1, which I prove thus : 

It 1s evident that as + ee + bb + 24ae-+ 2be + 2ba + aa — ee is greater than 244 
-+--2at + 264, therefore by dividing each of thoſe rwo Compound quantities by a+e+#, 


it follows that the firft Quotient a + e + b + IIS ode greater than the latter 
a+e4+b 


Quotient 24; and if this quantity be ſubtraRed from that , the Remainder bet 


a+e+0 


will be leſs than 1. For by ſuppoſition 6 is not greater than * , therefore 262 is leſs thit 
a +1, 


2 > 


4 
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ae, and bb leſs than 6; and conſequently the Numerator 26be <|- bb is leſs than the 


2be bb 
a -|-e-|-Þ 

After the ſame manner it may be _ that a+ eb — — = =7 i greater 
than 2e ; bur this exceſs alſo ſhall be leſs than r : which was to be ſhewn. 

Now to apply the preceding three Propolitions to the Demonſtration of the Rule before 
given , let it be required to extraCÞ the cubick Root but of the Binomial 1 00 «|- /7802, 
whoſe Rational part 100 1s greater than the other part 4/7803, Here we may ſuppoſe 
bþ-|-3bdto be 100, and 3bb,/a-|-dy/d (or 3bb-|-dxy/d) to be 4/7803 ; o that 
#b-|- 36d more 366 -|-d * 4/d may delign the given Binomial roo + y/7803 z. and its 
Cubick root 6-|-- 4/d the Root ſought , whoſe greater part may be b, and the leſſer y/a: 
Then, according to the Rule 


To extratt y/(3) out of _ 100-[-4/3803; 


Firſt, from the Square of 100, that is, from 5 . {> 10000 

Subtra& the Square df 4/7803, thatis, . « , . .> 7803 

The Remainder I - oo © <S ©c 0 on aan | 

The Cubick root of that Remainder is . . . . «> 13 (=bb—4.) 

Which Root 1 3 is (by Prop. 1.) equal to the difference of the Squares of the parts of the 
Binomial root ſought, . - 

Secondly , find out a Rational number greater than the ſumm of the parts of the Cubick 
root ſought , with this Caution , that the exceſs may not be above 5, v2, 

To the greater part of the given Binomia), that is, to , .> 100 


P:nominator 4 -|- e-|- 6: wherefore is leſs than 1, 


Add the neareſt value in whole numbers of the other part | 
4/7803, thar is, £0 # a ae 58 of 39 
So the ſumm ſhews, that the value in whole numbers of the 185 and. 89: 


given Binomial falls between . . . 3 + +» ©» + 3 

Whence the Cubick root of the given Binomial is greater thau 5+, but leſs thati 6 ; 
ſo that the exceſs of 6 above the true Root ſought is leſs than 3, 

Thirdly , having found out ( as above ) 1 3 the true difference of the Squares of the parts 
of the Cubick root ſought, and 6 a Rational number which exceeds not the true ſuthm 
of the ſame parts above * ; we may by the help of Prop. 3, and 1; find our the patts (everaliy 


1 this manner, viz. 


iedde whe Galt i 6 53 + 
By the ſaid . . . . . . IR > . - . . . . . 6 
And the Quotient is . +  » 


Which added to the ſaid Diviſor 6, niakes the fumm . . . . 82 
Which ſumm 8+ doth (by Prop. 3.) exceed the double of the greater (to wit, the Rational) 
part of the Cubick Root ſought, but the excels is leſs rhan 1 ; therefore 7+ is leſs than the 
aid double, but 84 is greater than the ſame : and conſequently, becauſe the ſaid greater part 
15 ſuppoſed to be a Rational whole number; the double thereof maſt neceſfarily be >, (to wir,) 
the greateſt whole number between 7+ and 8+, and therefore the ſaid part it ſelf is 4 : 


which being found out, it is eaſie to find the other part. For , ( by Prop..1.) if from 16 


the Square of the ſaid greater part 4, there be ſubtradted 1 3, the Cubick root of the difference 
of the Squares of the parts of the given Binomial , there will remain 3 , the Square of the 
other part z ſo that the Cubick root found out is 4-|- 4/3 , which will appear by the Proof 
to be the true Root ſought ; for 4 -}- 4/3 being multiplied into it ſelf cubically producerh 
the given Binomial 100-}-4/7803. And for the ſame reaſon 4 — /3 is the Cubick roor 
of lood — 47803, | | | | | 

= Or more briefly , the Proof may be made thus. 


=» Cube of 4 the Rational part of the Root foiind _ 64. 6k i6, i ; 

Add the Produd of thrice that part multiplied into the IS © 
Square of the Surd part found ont, #iz the ProduRt I 36,00 hy $ Fl 
And it makes the fomm  , 5 . 4 « +» 5 « +»Þ Loc, thaths, bib = 
ich 


A 


—_ 


En 79; i i 


- Which fun is the fame with the Rational part of ghe given Binomial , and tlicxefore 
it proves that 4+ /3 1s the Cubick root ſought. : 

In like manner, to extra&t /(3) out of 44+|-4/1944 , Where the Rational part 44 is 
leſs than the other part y/1 944 ; we may ſuppoſe ( as before ) 5b 4+ 3b to be 44, and 
3#-5-4x4/d ( that is, 3bb4/d-1-d4y/d) to be 4/1944; fo that bbb-j-364 more 33b E&xy4 | 
Say tek n i given Binomial 44-+4/1944, and its Cubick root b-4-/d the Root hugh, 
whole telfer part may be 6 , and the greater y/d. Then, according to the Rule 


To extrath /(3) out of * + + 44+ y 1944. 


Firſt , from the Square of 4/1 944, viz. from. , .F 1944 

Subtrat the Square of 44, - «- - +» + « +» « +> 1936 

The Remainder is . . + + - - + © » © oS -.8 bg 

The Cubick root of that Remainder is . . . » .> z (= d—bb,j) 

Which Root 2 is ( by Prop. 1.) equal to the difference of the Squares of the pany 
of the Binomial root ſought. 0 | | ; 

Secondly , find out a Rational number greater than the fumm of the parts of the Cubick 
root ſought , with this Caution, that the exceſs may not be above 3 , which may:be'dene 
thus, viz. ie | ; 

To the lefſer part of the given Binomial , viz. to . .>} 44 

Add the neareſt value in whote numbers of the other 
mar us ; thats, . 0. - to oo 2g 6 'c $9.9; 43 z, 

So the ſumm ſhews that the value in whole numbers of the 28 and 8 {4 
given Binomial, falls between . « « « - +» « oe '$ 9 30, 

Whence the Cubick root of the given Binomial is greater than 4 , but leſs than 43; (0 
that the exceſs of 4+ above the true Root ſought is leſs than 7, | 

Thirdly, having found out 2 , the true difference of the Squares of the parts of the 
Cubick root ſought ; and 4+ a Rational number which doth not exceed the true ſumm of the 
ſame parts above & ; we may by the help of Prop. 3, and I. find out the parrs ſeverally'n 


this manner, viz. [ 
NS. © +, 4 4 nai aca 
By the ſaid "3Y” We Wy i WY OY 4> 
| & 


ape. 4». >»... -e..4 . 
Which ſubtrated trom the ſaid Diviſor 45, there remains . . 453 . 
Which Remainder 47; doth (by Prop. 3.) exceed the double of the lefler part ( whichin 
this Example is the Rational part ) of the Cubick root ſought , bur the exceſs is leſs than 1 
Therefore 375 is leſs than the ſaid double, but 473 is greater than the ſame ; and conſe 
quently becauſe the faid lefler part is a Rational whole number , the double thereof muſt 
neceſſarily be 4, to wit, the greateſt whole number between 374 and 474 , and therefore 
the ſaid part it (elf is 2 : which being found, it is eaſe to find the other part ; for if to 
the Square of the ſaid leffer part 2, there be added 2 the Cuhick root: of the difference 
the Squares of the parts of the given Binomial , the ſumm 6 ſhall be the Square of rhe other 
part. So that the Cubick root found om is 2 1 4/6 , which will appear to be thetrus 
Cubick root ſought; for 2 -þ 4/6 multiplied into it ſelf cubically produceth the given 
Binomial 44 -þ-4/1944. And for the ſame reaſon 4/6 — 2 is the Cubick root & 


v1944 — 44- 


Oy more briefly, the Proof may be made thus + 


To the Cube of 2 , the Rational part of the Root found \ELLA 
ere mernimnn, SALT. 
Add the Produ& of thrice that part multiplied into the . 
Square of the Surd part found ont , viz. the Produt , '$ 36, that is, 364 
CE oo « -. - «a * » > 44, that is, bbb 4 364, 
Which ſumm is the ſame wich the Rational patt of: the given Binomial ; and thetefore 
it proves that 2 | 4/6 is the Cubick root ſought, l 
Laſtly, what hath here been ſhewn concerning the Demonſtration of the Extxaftion 
of the Cubick Root, may eaſily be applied to the ExtraQion of the other Roots before 
mentioned , ſo that there ts no need of farther diſcourſe in this matter, ap 
CHAT, 
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CHnap. X, 
An Explication of Simon ' Stevin's General Rale, to extra& one 
Root out of any poſſeble Equation in Numbers , either exaGly, 


or very nearly trae. 


}, 7 Quations falling under any of the Forms in the fourteenth and fifteenth Chapters 
E of the firſt Book of theſe Elements, are capable ( as hath there been ſhewn ) of 
perfect Reſolutions in Nurabers , v:z. the value of the Root or Roots ſought 

i any: of thoſe Equations may be tound out and' expreſt exa&tly , either by ſome Rational 
or Irrational number or numbers ; bur the perfe& Reſolution of all manner of Compound 
Equations in numbers, I have not found in any Author : and ſince an Expoſition of the 
General Method of Yieta, the Rules of Huddenizs and others to thar purpoſe, would make 
x large Treatiſe , and after all leave the curious Analyſt diflatisfied , 1 ſhall not clogg theſe 
Elements with a tedious.diſcourſe upon thoſe difficult Rules , which art the beſt are exceeding 
tedious in Operation, and ſome of them uncertain roo, but rather purſue my firſt Delign, 
which was ro explain Fundamentals, and ſuch Rules as are certain and moſt important 
in this profound Art. However, I ſhall lead the induſtrious Learner a few ſteps farther 
m order to his underſtanding the Reſojution of a manner of Compound Equations in 
numbers, and in this Chapter explain Sim Srevin's General' Rule , which with the help 
ef the Rules in the following eleventh Chapter, will diſcover all the Roots of any poſlible 
Equation in numbers, either exactly, if they be Rational , or very nearly true if trrationat. 


DUEST. t. 
I ,.+ 35 3 + 4 +» © aaa-|- 264 = 40188, what is the number 7 ? 


RESOLUTION; 


This Equation not falling under any of the three Forms in See. 1, Chap. 1 5. Book 1. 
cannot be reſolved by any of the Canons in that Chapter, and therefore according ts 
Simon Stevin's general Method I ſearch out the number 4 by tryals, thus , 24z, 


"I WII... oo + 0...0; &: + þj + +: on SR 
Thenee & follows that -  » Gone ile, oo HT 280. 
And " A . " . . . ___ 4 we 4 oj at; ts, 264 = 26 
Therefore aaa |- 264 = 27 


Which 27 ought to kave been 401 88, but it's too little; whereby I find that by 
ſuppoſing 4 to be 1, I did not hit upon the true number a, and therefore I make another trya), 


In ike manner as before , viz. | 


2. 1 ſuppoſe ©. + 6 $-4-« & ace ms 
Fhence it folloves that .. «;.- © $5 :;- + [+ 004 22-1008 
A... 4 ee. ce. a4 4d RES 
Therefore ©. . » +» & 5 o' «+ « +4 air a6e: x= ace 

Which 1260 being yet too little , I make athirdiryal , viz. | 

Fae ,.. cc a= 3 Loa (EA u 
Thence it follows , that , . . ; . . + aaa 4264 = 1002600 


Which 1002600 exceeds the juſt Reſult or abſolute number 401 88 in the latter part 
of the Equation firſt propos'd, and therefore the true riumber 4 is leſs than 100; but the 
ſecond tryal ſhews it to be greater than 10; and therefore the whole number which expreſſerh 
the exact, or at leaſt patt of the vaJue of a, muſt neceſſarily conſiſt of two Charatters, and 
conſequently the firſt (rowards the left hand) muſt be one of theſe nine, 1; 2, 3» 4,5, 6, 73 
8, 9; but becauſe by the ſecond Inquiry 10 was found too little , 1 now make tryal with 2 
lor the firſt figure of the Root 4, viz. 

4 ISppde - «4 oi fr 4 {== 6 


 Thelice « ooo © + <. 2+ 3 TED 
Which Reſult 85 2 being yer leſs than the juſt Reſalt 401 88, I make tryal again, vx, 
ſ. Thgpole 3 6 oe x ef mes 

Thenee , 0 3 4! 16 5 5, 0 REIT 


Lt Which 


—_—— 
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Which is yet too linle ; therefore, 
NENT » > - + +. » eo ' @& © ©; © © + 4 == 4© 
WS oe + + » » + 0» a6 = 65040 

Which 65040 being greater than 401 58, It ſhews me that the true Root or value of ; 
is leſs than 4 ; bur by the fifth tryal irs greater than 30, and conſequently the firft hgure 
of the Root is 3. 

Now the ſecond CharaRer of the Root malt neceſſarily be one of theſe, viz. o, 1, 2, ;, 
4,5,6,7, 8,93 and becauſe ir-hath been diſcovered that the true value ot the Root a is 
greater than 30, the ſecond CharaQter cannor be g, I therefore make trya] with 1 , and 
ſuppoſe 4 = 31 , which proving too little, I make tryal with 32,33, 34, &c. ſeverally, 
in like manner as before , and at length [ find 34 to be the true number 2 ſought, by which 
the Equation propos'd may be expounded ; tor it 4 = 34, then conſequently aaa 264 
= 40188, 

11. Bur if after tryals made ( as before ) the value of & the Root ſought happens tg 
fall between two whole numbers that differ by Unity ; then tryals are ro be made with 
the leſſcr whole number increaſed with 75, 73, 75, ©. until you have found the value of 4 
in ſome mixt number conſiſting of a whole number and ſome certain iemh parts of an Unit; 
But it the ſaid value of 4 happens not to be expreſt exatly by the ſaid lefler whole number 
increaſed with certain tenth parts, then you are to make tryals with the ſaid lefler whole 
number increaſed with a decimal Fraftion having for its Numerator a number greater 
than 10, but keſs than topo ; and for irs Denominator 100, as with 734, 555, &c, and 
by proceeding in that manner you may find the exaft value of the Root 4 when its fraftio- 
nal part is exa&]y equal ro ſome decimal Fraction, or elſe approach infinitely near to the ſai 
exact value when 'tis irrational or ſurd , as in this following 


LUVEST, 1. 


If 7.5 | « , - 4444 5ce = 184638.6801 ; (or, 18463875324 ; ) what is 
the number « ? 
RESOLUTION. 


Firſt, 1 ſuppoſe 4 — 1 , but this proving too little I put 4= 10, this alſo proving too 
little, I affurne a = 100 , which after tryal 1 find to be greater than the true number 4, and 
conſequently the number 2 falls berween 10 and roo , then making tryal with 20 | find 
it roo little , but making tryal with 3o 1 find this too great, and therefore the true Root 4 
falls berween 20 and 3o. Again, making tryal with 21 I find it too great, but 20 ws 
before found too little ; therefore the true Root 4 is' between 20 and 21 ; then I make 
tryal with 20,1, (that is, 2073,) 20,25'29.3 , &c. and at length find 20.7 to be the 
true number 4 ſought ; for if 4 = 20.7 ( that is, 2072,) it will make aaaa | 504 = 
184638.6801 the Equation propoſed. 

Bur if 20.7 had proved too little, and 20.8 too great , then tryals muſt have been made 
with 20,71, (that is, 20723;) 20.72 ; 20.73, &c. In like manner if 20.7 had been 
roo little , but 20.71, (that is, 20723) roo great , then tryals muſt have been made with 
20.701, (that is, 207324;) 20.702; 20.703, &s. This will be partly exercisd 
reſolving the Equation in this following 

LUEST. 3, 
If 7 5 . 5 «. & aaa 2044 = 1954, what'is the number a ? 
Anſw. . . 4 = 8.308, &c. found out by tryals , as before, 


111, When the value of ( 4) the required Rogt of an Equation happens to be cl 
than Unity, then tryal is to be made with 53 ; bur if this prove too great, then with 734, 0%: 
Now ſuppoſe . 1 (that is, 73) be too great, but .o1 (that is, 552) roo little ; then iry3l 
muſt be made with .o2 | .03 | .04 | G&. until you have found ont the greatell tigure 
that muſt ſtand in the ſecond place of the decimal Fra&tion expreſſing the Root ſought; 
ſuppoſing then ſuch figure ro be found 8, v:z. that .08 (or 57?) is leſs, but .o9 (or 72) 
is greater than the Roor, tryal muſt be made with .08 1, (that is; 7522) .o82 | 083 | C* 


as 1n this following | 


IF] 3} | o. « « datn=- 32404 = 269, What is the number « ? 
Ly, The 
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IV. The preceding Examples may ſuffice to ihew the uſe of this General Method 
when all the Terms of rhe unknown part of an Equation are Affirmative, ( viz. when | 
is prefixt to each Term , ) in which caſe there 1s but one Affirmative Root; in the ſearch 
whereof by tryals (as betore) if the numbers afſumed ſeverally for the value of the Root 
fought do aſcend greater and greater , then the Abſolute numbers reſulting from thoſe 
aſſumed values will likewiſe aſcend ; and contrarily, if the aſſumed Roots do deſcend from 
agreater to a leſs , the Reſults will likewiſe grow leſs and leſs : whence by comparing an 
Abſolute number reſulting from an aſſumed Root with the juſt Abſolute. number of the 
Equation propos'd , you may certainly know ( if the ſaid Reſult and juſt Abſolute be nor 
equa] to one another ) whether you are to take a number greater or leſs than thar laſt before 
allumed, | | | 

Bur when the unknown part of an Equation conliſts of affirmative and negative Terms 
mingled one with another, then the ſearch by tryals will be more intricate and donbtful chan 
before ; for ſometimes it will be hard to diſcern whether a following afſumed Root muſt 
be taken greater or lels than that which was taken next before. Moreover, a Compound 
Equation of this latter kind may happen to be ſuch, that it may be expounded by as many 
ſeveral affirmative Roots as there be Unities in the Index of the higheſt unknown Power, viz. 
a Cubical Equation may be ſo conſtituted that it-ſhall bave three different affirmative Roots, 


* a Biquadratick Equation four ſeveral Roots , and ſo of higher Equations, as will be ſhewn 


in the following Chapt. 11. Bur in what manner ſoever any poſſible Equation is con- 
ituted in Rational nambers, this general Method will alwayes 6nd out one affirmative 
Root, cither exaRly true , or at leaſt very near the truth , as will farther appear by the 


following Queſtions. | 
QUEST. 5. 


If . © >» 4% » © aaa — 2244-1574 = 360, what is the number a ? 
RESOLUTION. 


N 


1. 1 ſuppoſe LIE nee? hs 7D RET ESSE SY th "i o 
Thence it follows that . «-- . «© « aaa—22aa-|-1574'= 136 
Which 136 is leſs than the juſt abſolute number 360 ; and therefore I make another 
tyal, -2iz, 
+. Thppdie 5 oo Gd 3 eo £0 6% © oe + 3 mn 
Thence it follows that . . . . + aaa —2244-ſ1574 = 370 
Which 370 exceeds the juſt abſolute number 3 60, and therefore | conclude there is one 
affirmative value of 4, (cither rational or irrational) between r and 10, which value, after 
tryals made with 2, 3,4,5; I find tobe F , this will conſtitute the Equation propoſed ; 
for if a=x5, then 444 — 2244 + 1574 will exattly make 360. 
But there are two other Roots or valves of 4, to wit, 8 and 9g, each of which will 
likewiſe conſtitute the Equation firſt propoſed , but how they are found out will be (hewn 
in Set, 9, of the following Chapt. 11. 


QUEST. 6. 

f . ; . ;. 32004 —aw = 46577 (juſt, ) what is the number 4 ? 
RESOLUTION. 

i. Faſt i oo + f ©2y 


Thence . . - . + + + 33004 — 448 


$4 Sona i co. « 5s, bi a | | 
Thence . . . . . + + "32004—aaa = 31000 (lefs than juſt. 


3. TSHR. + oo + 4 © © ROS ; 
Thence ;, , . 5 5 5 . 3200#— 444 = + 680000 ( leſs than juſt. ) | 


| Now becauſe the ſecond Reſult ( or abſolute number ) -|-3 1009 is Affirmative , and 
the laſt Reſult — 680000 is Negative , I make tryals with numbers berween 10 and 109 
for the value of 4 ; for if the Equation propoſed be poſlible, before the athrmarive Reſults 
fall off to negatives, there will be a Root or value of a producing an affirmative Reſult cither 
exatly equal, or very near to the juſt Reſult 45577 z therefore, 


— 


4. | ſuppoſe a 6 Eg YE SS TAE Free 
Thente , , , , ; 5 . 32904 -— 444 = 56060 (greater than juſt.) . 
| | X& Now 


-” 
L 


| 
3199 (leſs thanjuſt. ) 
10 
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Now becauſe by taking 20 for the value of 4, the Reſult 56000 exceeds the juſt Reſyl; 
46577 3 bur by taking 10 for 4, the Reſult 31000 happened to be leſs than the (aid 
46577; it ſhews there is one affirmative Root or value of 4 between 10 and 2o, which 
Root, after tryals made with intermediate numbers ( as in former Examples ) will be 
tound 15.7, &c. Moreover , becauſe by ſuppoling a —= 20, the Reſult 56000 happened 
to exceed the juſt Reſult 46577, bur by putting a= 100 the Reſult — 680000 proved 
to be leſs than the ſame 46577, it ſhews there is an Affirmative value of 4 between 29 
and 100, which valve after tryals made will be found 47 ; ſo that there are two affirmatiye 
Roots or values of 4 found out, to wit, 15.7, @&c. ( or 1553, &c.) and 47, the former 
of which will nearly, and the latter exactly conſtitute the Equation propoſed. 


V. Florimond de Beanne in the latter of two ſmall Treatiſes printed in 165 9, con- 
cerning the Nature, Conſtirution and Limits of Equations, ſhews how to find out Limits 
within which the Roots of all compound Equations not aſcending above the Biquadratick 
kind are confined ; which Limits when they may be diſcovered without much trouble, and 
are not very wide aſunder, will help to leflen the tryals in the general Method before 


delivered: As, in the laſt Example, where 


The Equation propoſed was, . . . 5 « «P 32004 —aaa = 46577 

Firſt , becauſe aaa muſt be ſubtrated from 3 2004 

and leave a Remainder equal to 46 577, it preſuppoleth 
Therefore by dividing each part by a, Me. = 2 » - 00 "I 2606 
And by extracting the ſquare Root out of each part, | 

ER > + :- » « = 3p 6 +8 "0 OO 

Apain, from the Equation propos'd, by tran my - od 

ſirfon EE. .. .< td LR 
Whence 'tis alſo manifeſt that . .-. . . .> - . «. 32004 ©” 46577 
And conſequently by dividing each part by 3200, Þ , . « « « &4 ©” 1465, &c, 


Thus it is found that the value of 4 the Root ſought is greater than 14.5, &c. but 
than 56.5, &c. and therefore cryals according to the general Method atoreſatd need not 
be made with any numbers that are not within thoſe Limits. 

From the premiſes 'ris evident , that this general Method finds not a perfe& Root of an 
Equation , unleſs ſuch Root be a whole number , or elſe a Fraction exaRly equal to ſome 
decimal Fraction; or laſtly, a mixt number compos'd of a whole number and a perfe& 
| decimal FraQion. 
= Note. When the Coefficients or known numbers multiplied into any of the unknown 
Powers under the higheſt , ( which muſt have no Coefficient but Unity,) are vulgar ( not 
decimal) Fra&ions, or mixt numbers whoſe fraRional parts are vulgar FraRions ; likewik, 
when the Abſolute number that ſolely poſſeſleth the Jatrer part of the Equation propos 
Is a vulgar Fraction , or mixt number whoſe fraQional part is a vulgar Fraction ; all thoſe 
vulgar Fra&tions myſt be reduced to decimal Fraftions, or elſe the Equation muſt be 
reduced to another Equation in Integers ( by Set. 7. in the following Chapr. 11. ) befor: 
you enter upon the Reſolution by tryals as aforeſaid, 


#0 © « an *D 2260s 


Cu AP. MS 


Extra&ions out of the Algebraical Treatiſes of Vieta and Renates 
des Cartes, concerning the Conſtitution and Reſolution of 
Compound Equations in Numbers ; eſpecially thoſe which bave 


many Roots. 


o H E ſcope of this Chapter is, firſt, to ſhew how to form an Equation that ſhall 
, have as many different Roots or va]ues of the Quantity ſought as ſhall be deſired; 
then how to free an Equation from FraQtions, and to caſt away the ſecond Term; 
and laſtly, how to find ont the Roots of all manner of Compound Equations in numbers, 
cither exactly, if they be Rational , or very near the truth if irrational, 
; But 
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_ . 


But that the Learner may the more ealily perceive my meaning , 1 ſhall premiſe a Col 
Dchnitions in three SeRions next following. 


11. When the known "Abſolute number in an Equation ſolely poſſeſſeth one part 
thereof, let ir be transferr'd to the other part by the fign — , and then there will be an 
Equation which hath o or nothing for one part, and the other part is by Carteſizs called 
the Surmm of the Equarion propoſed, As, for example, it this Equation be propoſed, viz. 
444 — 94a -|- 264 = 24, by tranſpolition of 24 it makes aaa — 9aa + 26a — 24 
= 0, Whoſe firſt part is called the Summ of the Equation propoſed. 

111. In the Equations handled in this Chapter, I put a, e or y to ſignifie an unknown 
Quantity ; and by the firſt Term of an Equation is meant the higheſt unknown Power, 
to wit, that which hath moſt Dimenſions or Degrees of 4 , by the ſecond Term that which 
hath tewer Dimenſions by one than the firſt , and-fo downwards, As in this Equation, 
444 — 944 -|-264— 24 = ©, the firſt Term is aaa, whoſe Index is 3 ; the ſecond 
Term is — 944, Where the Index of 44 is 2 , the third Term is + 264, where the 
Index of 4 is 1; and the Jaſt Term is — 24, the known Abſolute number whoſe 
Index 1$-0. 

IV. The Roots of an Equation are of three kinds, * viz; either Afﬀeirmative, or 
Negative, or Impoſſible : an affirmative Root is a _ greater than nothing , as -|- 5 
or +20: a negative Root ( which Carteſis calls a falſe Root ) exprefſeth a quantity 
whoſe Denomination is oppotite to an affirmative, as — 5, or — 20, the former of 
which wants 5 , and the latter 2o of being equal to nothing : laſtly, impoſſible Roots are 
ſuch whoſe values cannot be conceived or comprehended either Aricthmetically or Geo- 
metrically : As in this Equation, a= 2 —y/—1t, where /— 1, that is, the ſquare 
Root of — 1 is no manner of way intelligible, for no number can be imagined , which 
being multiplied by it ſelf according to any Rule of Multiplication, will produce — 1 


V. Theſe things premiſed, I ſhall proceed to the forming of Equations which ſhall have 
many Roots. 


PROP. LI. 
To form an Equation which ſhall have two Afr mative Roots. 
; | op, # —= 2, thatis, 4a—2 = © 
1. Suppoſe . . « - +» + + » EIS that is, 4—3 = © 


2, Then by multiplying the ſaid 4 — 2 = 9 by 
4—3 = o, this Equation is produced, viz. "6; le SES 
3- That is, by tranſpolnton,  , « « > © © © © «© 54—a4a = 6 


Which laſt Equation falls under the laſt of the three Forms in SelF. r. Chap. 15. Bock 1. 
and may be exponnded by either of two Roots or values of 4 , which by the Canon in 
Se. ro. of the ſame Chapt, will be found 2 and 3, to wir, thoſe from which the ſaid 
Equation was produced by Multiplication, as above. | 

Again, if this Equation a4-]- 64 — 55 = ©, (thatis, 42+ Ca = 55,) which hath 
one affirmative Roor, to Wit, 5 , be multiplied by 4 —6 — © , there will be produced 
aaa—g1a-Þ 330 = ©, (thatis, 914 —aaa=330,) which hath two affirmative 
Roots or values of 4, to wit, 5 and 6 , which may be found out by the Rule hereafter deli- 
Yered in SetF. g. of this Chapt. | 


PROP, 11. 
To form an Equation which ſhall have one Affirmative, and one Negative Rook, 


y <=. ne & = 34 that Is, A — 3 = © 
; Suppoſe ®. ©® » ® @& S WV. «6 - 3 & == 2, that is, a-|-2 }—— © 
2. Then by multiplying the ſaid 4 — 3 = o by aa—4—6 = © 
. 4-1-2 =0, this Equation is produced, id; MN} = 

3 ith, , oc 0. + | oe © Ex © 2. CORRS 


Which laſt Equation falls under the ſecond of the three Forms in Sec. 1. Chap 1:5. 
Bok 1. and may be expounded by either of two Roots or values of 4, whereot one 1s 
Affirmative, and the other Negative ; which ; after the manner of reſolving 2zeff 1. in 
Sel. 7. of the ſame Chapt. will be found -|- 3 and —2 , to wit, thoſe from which the faid 
Equation was produced by Multiplication; as before. 


PROP. 
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PROP, III. 

To form an Equation which ſhall have three Affirmative Roots. 
| s$ = 2, thitis, 4—3 = © 
CEE . cove +» » - + 0. oY @ = 3a that is, 4—3. = 6 
8s = 4, that By, 4—=4 = © 

2. Then by multiplying the three laſt Equations? | 

( in each of which the Jatter part is 0) one> aaa — ga4-]-264a —24 = © 


into another; this Equariou will be produced, -” 
3. That is , by tranſpoſition of — 24, . «> 44a — 94a 264 = 24 
Which Equation may be expounded by every one of theſe three affirmative Roots, of 
values of a, to wit, 2, 3 and 4; which niay be found out by the Rule in the following 
Seft. g. of this Chapter. | 
' The ſame Equation may likewiſe be formed altogether by Letters, thus, viz. Let the ſaid 
known Roots 2, 3 and 4 be repreſented by b, c, 4; andthen , 
a =b, thatis, a—b = 0 
4. Suppoſe oo bs + oe eo oe o © ns, EY, 4g—=r = 
a = d, thatis, a—d = © 
5. Then by multiplying thoſe three laſt Equations, in each of which the latter patt is 
nothing, one into another , this Equation will be produced, v3z. 


—b -|- bc 
aal — © > aa - b4 >a —bd = © 
— 4 -|-. 6d 
That is, LY 6 - WO - —_— — | 264 — 24 = 0 
PROP, Iv. 


To form an Equation which ſhall have three Affirmative Roots, and 
| one Negative Root, - 


| a = 2, thatis, 4—2 = © 

; oy. >, ' We —- 1 am 3 — 
, _ LEES 3, thats, a—3 = o 
4a = 4, thatis, a—4 = © 
a = —5, thatts, a5 = © 


2, Then by multiplying the four laſt Equations ( in each of which the latter part is 0, ) 

one into another , this following Equation will be produced , viz. 

| aaan — 4AAA — 1944 | l06a— 120 = © 
That is, . « « « aaaa— 4aaa — Il9aa + 1064 | 120 

Which Jaſt Equation may be expounded by every one of theſe three affirmative Roots, 
or values of a, w4z. 2, 3 and.4; and by one negative Root — 5 ; every one of which 
may be found out by the Rule in the following Sef, g. of this Chapter. 

The ſame Equation may likewiſe be formed altogether by Letters, thus, iz, Let the ſaid 
known Roots, 2, 3, 4and — 5 be repreſented by b, c, 4 and —f, then 


[|] 


| s 2 Do - bh a—b —=0 
= - n a —= CE, tnatlis, 4—c = © 
+++ -- + S = £ that is, a—4d — © 


a = —f, thatis, af = o 
4+ Then by multiplying the four Jaſt Equations, in each of whichithe latter part is © » oft 
into another , this following Equation will be produced, viz. 


-|- bc } 
n= ; Har | — bcd 
—E |=c - +6 
aaaa ry” aaa —if u Th a—bcdf = © 
| —e + cdf 
__Hiat I5; — af J 
: aaadi — 4aak — 1944 | Io6a —120 = 0. 


After the ſame manner you may form an Equation which ſhall have as many Roots 
25 you pleaſe , cither all Affirmative, or ſome of them Affirmative and ſome Negative. 
| Y 1. 0b[e- 


Chap- 11. | havitio many Roots. 
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V I. Obſervations upon the preceding four Propoſitions. 


1. By what hath been faid 'ris evident, that ſometimes ani Equation may have as many 
Roots as there be unities in the Index of the higheſt unknown Term ; I ſay ſometimes, nor 
alwayes : for although this Equation aaa — 6a4+|-134—10 = ©, as to its nimber 
of Terms and Signs be like to the Equation formed in the preceding Prop. 3. ſo that one may 
think it hath three Roots , yet it hath only one affirmative Root, to wit, 2 , and no other 
Root either Affirmative or Negative can conſtitute the ſaid Equation, for 'tis produced 
by the multiplication of this impoſſible Equation a4 — 44 |-5 = o by a—2 = oz 


| butthat a#—44-|-5 = ©, that is, 44—aa = 5, is an impollible Equation, the 


Determination in SetF. g. Duet. 1. Chap. 15. Book, 1. makes manifeſt. LE: 
In like manner , although this Equation 4444 — 60444-{- 165044 — 225904 


115344 = 0, astoits number of Terms and Signs be like to an Equation that hath four 


affirmative Roots, yet that Equation can be expounded only by two affirmative Roots, 
towit, 12 and 18, and by no other Root either Afﬀirmative or Negative ; for 'tis made by 
the multiplication of as — 304 -|- 216 = 0, which hath two. affirmative Roots, 12 
and 18, into this impoſſible Equation a4 — 304 + 534 = 0. | | 

2, For as much as Diviſion reſolves or undoes that which is compos'd or done by Mult#- 
plication, if the ſumm- of any Equation which is produced by the multiplication of -rwo 
or more Equations one into another , ( according to the Method in the preceding four Pro- 
politions ) be divided by a Binomial compos'd of the ynknown quantity ( 4) leſs by the 
value of any one of the affirmative Roots , or more by the value of one of the negative 
Roots , the Quotient ſhall be an Equation in which rhe firſt Term hath fewer Dimenſions 
by one than the- firſt Term of the Equation ſo divided : And if the Quotient be divided 
in like manner , there will come forth an Equation whoſe firſt Term hath fewer Dimenſions 
by one than the former Quotient. As, for example, let there be propoſed the Equation 
in the preceding Prop. 4. to Wit, 4444 — 4444 — 1944-1064 —120 = ©, which 
was made by the continual multiplication of 4a—2-==0, 4—3 = 0, 4—4 = O, 4-5 = oz 
I ay, if the Equation propoſed be divided by any one of thoſe Binomials 4 — 2, 4— 3, 
a—4, a5, the Quotient will be an Equation wherein the firſt Term hath only three 
Dimenlions , which are fewer by one than thoſe in aaa the firſt Term of the Equation 
propoſed: So if the ſaid aaaa — 4444 — 1944-1064 —120 = 0© be divided by 


#—2 =0, there will ariſe aa4—244—234-|-60 =o, as you ſee by the ſubſequent Diviſion. 


4—2 ) Ataa — 4444 — 1944-1068 —120 ( 294 — 244 — 2384-66 
aaaa — 2444 | 


— 2444 — I 944 
— 2444 | 4a4 
— 234a + 1064 
— 2 344 464 


P—_ 


+ God me. 120 
»J- 604 — 120 
oO Oo 


Likewiſe if the Quotient , to wit, the Equation 44a — 244 — 234 69 = ©, where 
the firſt Term aaa hath rhree Dimenſions, be divided by 4 — 3 = 9, there will ariſe 
aa-}.4— 20 ; whoſe firſt Term as hath but two Dimenſions: And faſtly , if the ſaid 
latter Quotient aa | 4 — 20 be divided by 4— 4 = ©, there will come forth a limple 
Equation, re wit, 4-|- 5 = ©, thar is; the negative Root 4 = — 5. "713. 

The like Diviſion /may be praiſed with the literal Equations at the latter end of Prop. 3, 
and 4. inthe preceding SefF. 5 . .. $4 

3 If acompleat Equation, that is ; ſuch in which all the Ferrfs are extant , be produ- 
ced by the multiplication of poffible Equations one imo another , you nay diſcover how 
many affirmative, and how many negative Roots that Equation hath , by this Rule , v;z. 
As often as — follows next after -{-; or 4 next after —, {6 often there is an affirmative 
Root ; and as often as two ſigns — or rwo ſigns + ſtand next to one another, ſo'often 


there is a negative Root : As, for example, in this Equaxion, ( before formed in Prop. 4.) 
to wit, 
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eas 
to Wit, adaa — 44a4a — 1944 -|- 1064 — 120 = © , becauſe next after the firſt Term 

-|- 4444 there follows — 4aaa, it ſhews there is one affirmative Root; and becauſe next 
atter — 444a there comes —1 9a, it ſhews that the Equation hath one negative Root : agzin 
becauſe next after + 1944 there follows -+ 1064, it hints there is another affirmative 

; Root , and becauſe next aſter -|-1 064 there follows —1 20, it ſhews there is a third affirms. 
| | tive Koot ; ſo that the ſaid Rule diſcovers the Equation propos d to have three aſhrmatiye 

l: Roots , and one negative Root. 

j 4. It is alſo manifeſt from the manner of forming Equations according to the Pro. 
| politions in the preceding Sect. 5. that in every Equation which hath as many afhrmatize 
| Roots as there be Dimenlions in the firſt Term , the Coefhcient or known quantity in the 

ſecond Term is equal to the ſumm of all the afhrmative Roots , and the known quantity 

in the third Term is equal to the ſumm of the ProduQts of eyery two of the (aid Roots 
| multiplied one by the other ; and the known quantity in the fourth Term is equal to the 
ſumm of the Pcodutts of every three of the ſaid Roots, and ſo forward when there be more 

; Terms ; but the laſt Term, to wir, the Abſo]ute quantity given is equal to the ProduR of al 
the Roots multiplied one into another: As in the following Equation ( betore formed 


| | In Prop. 3.) vi&. | 
| | # 0307 -|- bc. 
aa —& >aa bd aa —bid =o 
h —4 | cd 
That is, azz —9aa = 26a —24 = 0 


Firſt, the ſumm of 2, 3 and 4, (that is, of 6, c, 4) the three Roots of that Equation is g, 
which is the known number of the ſecond Term — 94a; ſecondly , the ſumm of the 
ProduRts of every two of the ſaid Roots multiplied one by the other is 26, that is, -|-bc-|- 
b4-|- cd, which is the known Coefficient of the third Term -|- 26a, or -|- bc -þ b4 +a 
| into 4; and laſtly, the ProduRt of all the three Roots multiplied one into another is 24, or 
| bca, to which roar bu — it makes — 24, or — 6d the laſt Term of the Equation propoſed, 
| The like. Properties enſue when the ſumm of the. numbers. of multitude of affirmative 
and/negative Roots is equal to the number of Dimenſions in the firſt Term of an Equation, 
7 ſaving that here, in ſumming up all the Roots which compoſe the known quantity 1n the 
| ſecond Term, and likewiſe the Produdts. which compoſe the known quantities in the fol- 

lowing Terms, reſpe& muſt be had to the Rules of Addition of -|- and — in ſuch manner 
as the Equation propoſed if it be formed alrogerher by letters will diret , as you may 
 ealily,perceive by the Equations formed in Prop. 4. of the preceding Set. 5. 


VII. How to free an Equation from FraGions , when 'tis incumbred there 
with in the ſecond, third or any of the following Terms ; which work 
zs by Vieta called Ilomcorria. 


The Rules in Chap. 12. Book 1. ſhew how to reduce an Equation , ſo , as that thefirlt 
Term may have no Coefficient but unity ; bur if after any Equation is ſo reduced there 
happens to be any Fraion in the ſecond, third,. or any of the following Terms , ſuch 
Equation may be reduced to another whoſe Terms ſhall be all Integers , by the Method 
in the five Examples next following. | 

Example 1. 


| | 1. Let this Equation be propos'd to be reduced to another PIE? 
| in Integers , VIZ. s * o . . 5 . . . . fy 6 aaa == 24 - 3 ; 
| Operation, 


2. Suppoſe e =24,-( 24 becauſe 2 is the Denominator LO 
| ou, 7 © CSE ny "s Ry #9 
| 2. Then divide each part of the laſt Equation by 2 ( the 3.2 

Denominator aforeſaid ) and there ariſeth . . . . C : EY 

4- And by multiplying each. part of the Equation in the eee 

third ſtep cubically , there comes forth . . .. . k. M36 Fit Wm _ 
| 5. Again, by multiplying each part of the Equation in the . 
| third ſtep by Z, (the Fraion in the ſecond Term of $5 - = 34 


_ the Equation firſt propoſed,) it makes , , , . 


r= = nn err 


JANIE 
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4. Then add the two Jaſt Equation into one, and the? eee . Re 

ſumm 15 « . 5 A + _ 
1, But by heppolaien i in the Grſt. ſtep Wb _ ks art 
8 Therefore from the two laſt — (by I. PRrens "Fl = 

1. Elem. og ) "Þ . EE, : 4 ns. |- þ = $29 

, Which 1a nation belng reduce to nte ers 

Sebb. 2. Chap. Te Book 1 g cada ge : " ece | Ce = 1850 


| Therefore an Equation 1s found out which is btn expreſt by Integers ; and mk 
the value of e in the Jaſt Equation 1s diſcovered , the value of. 4 in the Equation propos'd 
s conſequently known; for by the third ſtep etl, therefore if e be 12, then 4 


ſtall be. 6. 


Example 2, 
Again , if this Equation be propos'd, . . > aaa-j- ia = 265% 
It may be reduced in ike manner as before] in Example I. by | 
eee-|- Ce = 1060 
to this, viz. . REED WE” 
And if e be ro, then a ſhall be 5: . 
Example 2. 
$0 likewiſe this Equation  . 3 « © © © +» ob aaa-|-aa — 42% 
May be reduced to this. « « +. + 6 o» « of ERS 
Andite be 10, then ais5. _ | 
Example 4. 
+ Again , let there be propoſed . 5 . . « © oÞ dann tie = £2 
Operation. 


2, Suppoſe e = 124, ( 124, becauſe 12 is the Denomi- 
nator of the Fraction Z+ 1n "the ſecond Term,) . ; 

3- Then divide each part = the laſt Equation by 12 (the? TERS. 
Denominator aforeſaid , ) and there ariſes , . +<- » 

4 And by multiplying cubicaly the laſt Oo; LY +; 


produceth . . © 36 . 1728 
5. And by multiplying the Equation in che third rd ſtep - - So 
by-2=, it makes , . . 2:2 do 
6, And by adding the two laſt Equations into one , <, the? 0 = Ata-[-"t 6 
the ſumm makes . 6 02S! 61/45 th 1728 144 Bs 
7: But by the Equation vockss #4 > «+: 33 = aad+256 
ly Theretore from the two laſt Equations Cby Ariew eee 4. 5* 
t: Elias. Burl } of 4 > 617 _— RT ſn 144 © NY 
\ Which Equation reduced to Integers gives . . *f +» cce-j-1328 = $208. 


Thus an Equation is found out in Integers ; and when pA. value of & is diſcovered, the 
value of 4 in the Equation propos'd is conſequently known ; for by. ſuppolition in the 
ſecond ſtep, e is to 4 as 12 tO 1 : therefore 1t 2 be 18, then 4 ſhall be 1%; 


Example 5, 
1. Again let there be propoſed - 44aa — Ioand-|-45ia4—1 o4441 + 89 = 0, 
Operation. 
2. Suppoſe e = 64, ( 6a, becauſe 6 is the Denominator > +a 
of the FraQtion I 'c 6. © 5 OY 
3. Then by dividing each part of the laſt Equain by 6, ARON. Pl 
there ariſes - , . OPTI - AEÞL 1% 6 
4. And by ſquaring the laſt BEES * makes. ;.:. oo 4 F: = 44 


5. Likewiſe by ſquaring each part "7 the laſt Equation,?  - _fece __ 
there will be Rn ytew þ R k 2 8 GEE 

6. And by multiplying the Equation i in the Local ftep > 
by that in the third; the Prodiict is Js 


—— 


7s Riker preparnery 16 the Reſolntion = Book 


7. And by multiplying the laſt Equation by 10, it my 1 Cece 


this 1 Vit + » _——— - OS WT" HOG 
8. And by multiplying the Equation in the fourth ſtep g_ 
SE RE > . - - +- + »» Sd C216 © 45 544 
9, And by multiplying the Equation in the third ſtep b JR -.-. a de 


by 104% , the Produt will be . ES 36 
10. Then by conneRing the Quantities which ſtand in the firſt parts of the Equations in 
the fifth, ſeventh, eighth and ninth ſteps , together with 89, by the ſame ſigns which 
reſpe&ively belong to each Term of the Equation propoſed , the ſuram ſhall be equa] to 
the ſumam of the ſame Equation, and conſequently equal to nothing ; hence this Equation 
ariſeth , viz, - 
eeee Tore 1_ 275ke 6250 hs 
| 1296 ” _ 90 216 36 =P s 
11. Which Equation being reduced to Integers ( by SetF. 7. Chap. 11. Book 1.) gives 
| ' eeee — Gcere | 165cee — 225008 IIF344 = O, 
Thus an Equation is found out whoſe Terms are all Integers; and the value of the Root « 
in this Equation is to the value of the Root 4 in the Equation propoſed as 6 to 1 ; (for, 
| by ſuppolition in the ſecond ſtep, e=6a:) and therefore if e be x2 , then a ſhallbez 
f or if e be 18, than &@ ſhall be 3. | 


VIII. How to take away the ſecond Term of a Compound Equation, 


The Rule is this; Divide the Coefficient , ( that is, the known Quantity ) multiplied 
into the ſecond Term of an Equation propoſed , by the Index ( or number of Dimenſions) 
of the Power which is the firſt Term : Then it the ſigns of the firſt and ſecond Terms be 
unlike, ( viz. if one be -|- and the other —,, ) ſubtract the Quotient from the affirmatize 
Root ſought ; bur if the {1gns be like , (that is, . both+]-- or both —, ) add the ſaid Quotient 

| ro the affirmative Root: J hen equate the (aid Summ or Remainder to ſore letter to repreſent 
| an unknown Quantity, and proceed according to the Method in the tollowing Examples; 
ſoar length a new Equation will ariſe, wherein the ſecond Term is wantiog. | 


Example Is 


1, Let there be propoſed this Equation , . . . «Þ . « aa—ba=72 
ET 5 ob  *« - co 0 +© » + <P aboy—7p mm © 
3. Herxe the number of Dimenſions in the firſt Term 4a 1s 2, and the known number multi- 
plied into 4 making the ſecond Term 64 is 6 , this divided by the ſaid 2 gives 3, which 
ſubtracted from the Root 4, ( becauſe the figns of the firſt and ſecond Terms are unlike,) 
| | leaves 4— 3 Which is equal to ſome unknown number , let ic bee ; then 
j 4+ By ſuppoſition x» + .- --. - a. » wve$ me 
| 5. And conſequently, by adding 3 to each part of _ Po . 
Cay s there ariſeth . WES. -. + 626713 
6, And uaring each part of the laſt Equation, there x 
| cond Giech. "Y —_ . q "_ "M © - + 44 =ee--ber'y 
E 7. And by multiplying each part of the Equation in the 
f6fth bY by the Coefficient 6 in the propoſed Equation. * « 6a=6e+18 
ED ES n+ <- oo +4 6y 
8. Then by ſubtraRting the Jaſt Equation from that in 
the ny Kep , there remains © © . +» <> 'E 
9. And laſtly , by ſubtrating 72 ( the laſt Term of the; | 
Equation propos'd) from the Equation in the eighth> a«—64—72 = ce -—81 =0 
wn .,_ FS, 


aa — 64a = e6e—9 


% 


Thus you ſee an Equation is found out, to wit, «e - $x — ©, which is equal t0 
the Equation propos'd, and it wants the ſecond Term , ( for there is not any number of : 
in the Equation found out ; ) now if the value of e be made known , then the value of 4 is 
conſequently known : But the Equation found our; to wit, ee — $1 = ©, that is, ee =! 
gives £ = 9, and by the fifth ſtep # = #-1-3 , therefore a= 12. 


Example MT 


— 
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1. Again, let there be propoſed this Equation , 232. .> « . , . ad-ſ=6a=216 

a That iS, + +, © +» + +» + © © o» + »®.o « 44: 4 216=0.. 

3, Here ( as before ) 1 divide 6, the Coefficient in the ſecond Term 62, by 2, which de- 
notes the number of Dimenſions In the Gr{t Term a , and the Quotient 3 1 add to the 
Root 4, ( becauſe the firſt and ſecond Terms of the Equation have the fame lign +|- ) 
and the ſumm 4-|-- 3 15 equal to ſome unknown number, ler it be e, then 
. By ſuppoſition i. ER hes A =e 

- Therefore by ſubtrafting 3 from each part of that wh Ts. 

Equation, there ariſeth . . . «. « « » . > * «EC RY 
6, And by ſquaring the laſt Equation, there comes forth 5, , , aa=ee—6be-|-g 
7, And by multiplying the Equation in the fifth ſtep? - FEE Ra 

by 6, i produceth © © «=» d-,- 0-1-7 OY 
$, Then by adding the two laſt Equations into yy 

WARS .. coo a Ea” 
9. And by ſubtraing 216 ( the laſt Term of the | 

Equation propos'd ) from each part of the Equation > aa-|-64—216 = ee—225 = © 

in the eighth ſtep, there remajns . . « « « | 

Thus an Equation is found out, to wit, ez— 225 =o, which wants a ſecond Term, 
( for there is no number of e in that Equation, ) and when the value of e is made known 
the value of 4 in the Equation propos'd is known alſo ; but the Equation ee — 225 = 9, 
that is, e@ = 225 gives e=15, and by the fifth ſtep,  —e— 3 , therefore 4 = 12 
that is) I 5 — 3» 


aa-|-6a = ee—g 


Example 3. 


1. Again, let this Equation be propos'd, . ,> aaa—1844— 74-696 =*0 
2, According to the Rule before given, I divide x 8 the known number of the ſecond Term 
— 1844, by 3, which denotes the number of Dimenſions in the firſt Term aaa, and 
the Quotient is 6 , this I ſubtra& from the Root 4, ( becauſe the figns of the firſt and 
ſecond Terms are unlike,) and the Remainder is 4 — 6, which is equa] to ſome unknown 
number, ſuppoſe'it to be e; then 
3. By ſuppotition + 0 © »' + © « «ns 
4 Therefore by adding 6 to each part-of that = 3s 
Equation , there ariſeth;.. > oo reu et $6 " | 
5 _ Py ſquaring the laſt — it makes > aa = ee-|-12e-|-36 
6. And by multiplying the two laſt Equations | -q.4 | 
 oneby as a [on Produ@ is . : . © RE 90 66-171 8ee |-108e-1-216 
7. And by multiplying the Equation in the fifch 
ſtep by 18, (the Coefficient in the ſecond Tem I8aa 
of the Equation propos'd, ) it makes Ny 
8, Likewiſe, the Equation in the fourth ſtep being | 
multiplied by 7 , ( the Coefficient in the third > . 7a = 7e +42 
Term of the Equation propos 'd, ) produceth | | 
9. Then ro the Equation in the ſixth ſtep adding 696, ( to wit, the laſt Term of the 
Equation propos'd,) the ſumm is ; 
aaa -|- 696 = ece-|= 1%e|-To%e-|-g12 7; 
10, Likewiſe by adding the eighth Equation to the ſeventh, it makes 
1844 —|-- 7&.—: I 8e—| 22504 | 690 g. 
11, Laſtly, by ſubtraRing the Equation in the tenth ſtep from that in the ninth , this 
tollowing Equation remains , viz. | 
aaa — 18as — 74 | 696 == eee — TI5e-j 222 = Os 


= 18ee -|-216e-|- 648 


Thus an Equation is found out, to Wit, eee — 115e-l+222 = O, which wants the 
ſecond Term, (to wit, the Power ee .) and when the value of the Root e is made known, 
the value of the Root 4 (hall be known alſo : For by the fourth (ſtep, 4 = e + 6, theretore 
If e be 2, then a ſhall be $: and if e be equal to y112 —1, then # ſhall be <qual 


0/1245. 


Mm 2 Example 4. 


— 
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Example 4. 


1. Again , let there be propoſed . . .Þ> aana + 6aaa-|- 1144-64100 =9 

ze According to the Rule before given, 1 divide 6 the Coefficienc in the ſecond Term 
- 6444, by 4, which denotes the number of Dimenſions in the firſt Term aaaa, ang 
the Quotient is 4, which I add to the Root 4, ( becauſe the (igns of the firſt and ſecond 
Terms are like) and the ſumm is -|-7 , which is equal to ſome unknown number, le: 
it bee , then | 

3. Byiſubpolition '. - © - + +» oF a =e 

4+ Therefore $6 + + © » »#® £ Eno} 

5. The Square of the laſt Equation is . .> . aa = ee—ze+7 

6, And the two laſt Equations multiplied 

| one by the other, make . . . . « 

| | 7. And the Equation in the ſixth ſtep being / | 

| multiplied by that in the fourth ſtep, > aana = terre — eee | *Tte —» £Jo of. 12 

——_— 5 6B es 

8. And the Equation in the {1zth ſtep b «4 as. 
multiplied b__ produceth . . , . —_— ye 

9. And the Equation in the fifth ſtep 
multiplied by 111 produceth ” 

to. And the Equation in the fourth ſtep 

E multiplied by 6 gives . « « - » 

11, Now'tis maniteſt , that if from the ſumm of the firſt parts of the four laſt Equations 
there be ſubtracted 100 , the Remainder will be equa] to the ſurmm of the Equarion firſt 
propos'd equal to 0; therefore alſo if 100 be ſubtracted trom the ſumm of the latter 
parts of the ſaid four Equations the Remainder ſhall be equal to o , v:z. 

ecee — Zee — 9972 = ©. 

12, In which laſt Equation , the ſecond Tertn, to wit, the Power eee is wanting , as wis 
delired : And when the value of e is made known, the value of the Root & in the Equi- 

| | tion propos'd hall be known alſo, for by the fourth ſtep 4==e — 7, but (by the 

| ' Canon in Sect. 8. Chap 15. Bock 1.) the value of c in the Equation in the eleventh ſtep 


| will be found y/:15-þ- y/101 : and therefore 4 = y: 15+j- y/101 : —2. 


1144 ='T3ee— 338-22 


64a = 6eg—9 


IX. The uſe of the preceding Kules of this Chapter, in the Reſolution of al 
manner of Compound Equations in Numbers, 


| After an adfefted or Compound Equation different from any of the three Forms in 
| Set, 1. Chap. 15. Book 1. is prepared for Reſolution by the Rules of Chap. 12. Bok 1, 
| and reduced ( if necd be )) to Integers, and the furam ot all rhe Terms made equal to 9, 
( or nothing, ) according to Se&. 7, and 2. of this Chapr. ſearch out ( by the Rules of 
| Chap. 8. of this Book ) all the juſt Diviſors to the laſt Term ( that is , the known Abſolute 
| number of the Equation fo 1educed. Then try whether any one of thoſe Divifors con- 
; netted to the unknown Root 4 by — or | will divide the total ſum of che faid reduced 

Equation without leaving a Remainder , for when ſuch Diviſion ſacceeds, either rhe known 

part of the ſaid Binotnial Diviſdr is the deſired value of the Root 4; or at lea(t rhe'Quotient 
| gives an Equation whoſe firſt Term hath fewer Dimenſions by ohe than the Equation 
| divided; and then the Root of this new Equation, if its firſt Term be'a Square, may be found 
| out by ſome of the Canons in SefZ.6, 8, 10. of Chap. 15. Book 1. But if the ficſt Tetm 
j contains three or more Dimenſions, let this Equation be examined by Diviſion, (as before,) 
and if none of thoſe Diviſions work off juſt without a FraRion, then by taking away the 
ſecond Term, ( by the Rule in Set. 8, of this Chapt, ) another Equation more (imple, and 
ſuch as may be reſolved by ſome of the Canons 1n ;SelF. 6, 8, 10. Chap. 15. Book 1. wil 
ſometimes ariſe : Eut if none of thoſe ways prove effeQual, you may by rhe general Method 
in the foregoing Chapt. 1 0. find out one Affirmative Root very near a true Koot , and then 
joyning this Root tound out to the unknown Root & by the ſign — , you may by this 
Binomial divide the Equation , and proceed to find out the reſt of the Roots very near the 
truth : all which will be made manifet by the following Queſtions, = 


| DUFST. 'p 


| ——— ——_— —_—_— 


n—_— 


— 


DUEST. . 
If , ., . 444 — 944-[=264 = 24 


"BT. G Xx: 2 
That is, if , « . ada — gaan1-264—24 = I What 1s the number @ ! 


RESOLUTION. 


Firſt, ( by the Method in Set. 5, Chap. 8. of this Book ) I ſearch out all the numbers 
that will ſeverally divide the laſt Term 2 4 without a Remainder , and find them to be thele, 
712, I, 2,3, 4,6,8,12,24. Then, by examining in order whether the total ſumm 
of the Equation propos'd may be divided by 2 — 1, or a+ t; by a—2, or a-|-2, &«. 
I find it may be exactly divided by a — 2 without a Remainder , and the Quotient is 
44— 74-]-12, as you ſee by this following Diviſion. | | 

aA—2 ) aaa — 9aa-|- 264 —24 ( aa — 7a +13 
AAA — 2.44 


——_— 


— 744 264 
— 7aa--144 
© 126m 2 
| 124 — 24 
O O 


Therefore 2 the known nuthber in the Diviſor 4 — 2 is one Real or Affirmative Root 
of the Equation propoſed'; for as well the Diviſor as the Dividend was ſuppoſed equal 
to nothing , viz. 4 — 2 = ©, Whence 4 = 2, the Quotient alſo is conſequently equal 
100, viz. 44 — 74-12 = o, thatis, J4—aa=12; hence ( by the Canon in 
Seft 10. Chapt. 15. Book 1, ) two other Affirmative values of the Root 4 will be diſco- 
vered, to wit, 4 and 3. So that three Real vaJues of a, to wit, 2, 3 ahd 4 are found our, by 
every one of which the Equation propos'd may be expounded, as the Proof will eafily ſhew: 

; LUEST. 3. = 

If . . © 4aa—2244-[1-1574 = 350 STEEP CATE 
That is, if + . « aaa — 224a1574— 360 = oF para an 
RESOLUTION. 


Firſt, the Diviſors of the laſt Term 360 will be found theſe, viz. 1,2, 3, 4, 5, 6; 8, 9, 
10, 12, 15, 18, 20, 24, 30; 36, 40; 45, 60, 72,90,120, 180 and 360, then by 
examining in order whether the ſumm of the Equation propos'd may be divided by a— 1, 
an a-+-1; by a—2, or a2; by a—3,or 4-3; &c. | hnd that a—5 will 
preciſely divide the ſaid ſumm without a FraQtion, and therefore 5 is one Affirmariye Root 
or value of 4; then the Quotient aa — 174+ 72 = o, that is, 174 — 4a = 72 affords 
two other Affirmative values of a, to wit, > and 9g. Thus you ſce three Real values of 4; 
to wit, 5, $ and 9 are found out, by every one of which che Equation propoſed, to wit 
444 — 2244 -|- 1574 = 360 may be expounded, as will appear by the Proof. 

QUVEST. 3: 
If . . « gIa—aat = 330 ali i i 
oY OR —— — 330 = 0 ; What is:4 =? 

; RESOLUTION. 

' Eirſt, the Diviſors of the laſt Term 3 30 will be found 1, 2,3, 5, 6, 10, 11,15, 22, 30, 
55,66,110, 165 and 330 then by examining in order whether the ſum of the Equation 
propos'd, to wit, aaa — 9144 330 may be divided by a — 1, or 4+J-1 ; by 4 —2; 
or a-F-2 ; &4. I find it may be divided by 4-—5 and leave no Remainder , therefore 
#—5 —0o gives 4a—=5, Which one Affirmative Root of the. Equation propos'd , and 
the Quotient aa -þ 54 — 66 = ©, that is, 44 -|- 54 = 66 affords another Affirmative 
value of a, to wit, 6. So that two Real values of @ are tound out, by each of which the 
Equation propos'd may be expounded; for if a= 5,0r4=6, from either ſuppolition 
it tollows that 914 — 4#4 = 530. 5M 

DUEST. 4. 4 E _ | 
| To find two numbers whoſe ſumm ſhall be 5 , and that if che ſumm of their Squares 
be multiplied by the ſumin' of rheir Cubes, the ProduR may be 45 5. 2x50 


= — CC ———_—— _ —_—__——__——— 


a  — 
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mn... 


RESOLUTION. 


This Queſtion. may be ſolved by the Canon of zeſt. 13. Chap. 16..Bok 1. but that 
Canon being raiſed from Poſitions that lye ovt of the common Road, 1 thall here ſolye 
the Queſtion in the ordinary way, and ſo it will exerciie the preceding Rules of this 
Chapter. Firſt then , | 


. For one of the numbers ſought put . . « «> &4 

. Therefore the'other number is . . - . «> 5 —#4 

. The Square of the firſt number is . , . . .Þ> aa 

.” The Square of the ſecond is . . « « « «> aa-—TI044p25 

. The ſumm of thoſe Squaresis ., , , . . «> 244 — 104-25 

. The Cube of the firſt number is . . . . .> aaa 

. The Cube of the ſecond is . . . « + Þ. > — aaa + 15aa— 754 h12g 

- Therefore the ſumm of thoſe Cubes is . .. . > | 15a — 754125 

9. Which ſumm being multiplied by the ſumm of the Squares in the fifth ſtep gives this 
ProduR, viz. 3Oaaan — 3ooaanam 137544 — 31254) 3125, 

10, But according to the Queſtion , the Produtt in the laſt ſtep muſt be equal to the given 
Produ& 455 , hence this Equation ariſeth, 

| 3Oaana — 3ooaaa-|- 137544 — 3I254-|- 3125 = 455. 

T1. And by ſubtracting 455 trom each part of the laſt Equation , this ariſeth , 

| .3Oaaaa— 3ZOOdan | 137544 — 3125a +2670 = 0. 
12. And by dividing every Term in the laſt Equation by 3o, this ariſeth , 
| aaaga — I0aaa-\- 45iae — 104%ta- 8g = ©. 

I 3. Then by ſuppoſing e = 6a, and proceeding according to the Example 5. in Set. 7, of 
this Chapt. to free the Equation in the preceding twelfth ſtep trom Fractions, this will 
bz produced , viz, | 

cecee — Gcere-|—165ce — 2250Ce-|- 115344 = ©, | 

I 4. Now the Diviſors of the laſt Term 115344 will be found 1, 2, 3, 4,6, 8,9, 12,19, 

24, 27, ©&c. and after tryals made by Diviſion ( like as in the three laſt preceding Que- 

Nions,) I find that e— 12 = o will preciſely divide the ſumm of the Equation in the 

thirteenth ſtep, and therefore 12 is one true value of e. Apain, the Quotient of that 

Diviltion being eee — 48ee | 1074e— 9612, I ſeek the Diviſors of the laſt Term, 

9612, and find them to be 1,2, 3, 4, 6,9,12,18,27, 36, &c, Then after tryals 

made ( as before ) I find that e — 1 8 will exa&ly divide the ſaid eee — 4 ee -- 1074e 

— 9612, and therefore 18 is one other Affirmative value of e ; and becauſe the Quotient 

of the laſt mentioned Diviſion, to wit, ee — 3ce-þ- 534 =o, that is, 3ce — ee=534; 

is att impoſſible Equation , ( as is evident by the Determination in Sef#. g. 2nef. 1, 

Chap. 15. Bok 1.) 1 conclude that the Equation in the thirteenth ſtep hath no other 

Root or value of e belides 12 and $5 before tound. But becauſe by ſuppolition in the 

thirteenth ſtep, e = 6a, + of 12 and likewile of 18, that is, 2 and 3 ſhall be the true 

values of 4 to ſolve the Queſtion ; for their ſumm is 5, and if 13 the ſumm of their 

Squares be multiplied by 3 5 the ſumm of their Cubes, the ProduR is 4.55, as was deſired, 


Sometimes the taking away of the ſecond Term of an Equation ( by the Rule in Se#. 8, 
of this Chapt.) will be an expedient to find out an Equation reſolvable by ſome of the Canons 
in Sec. 6,8 and 10. Chap. 15. Bok 1. when tryals by Diviſion (as before) will be in van, 
as will appear by the following fifth Queſtion, which 1 find reſolved two manner of ways 
in Page 319. of Carteſins his Geometry, ſet forth with Comments by Fran, van Schott, 
and printed at Amſterdam in 165 g. 


&Y QAM tt Q = 


=> if- SDS UBEST..» 
To find four numbers in Arithmetical Progreſſion continued , ſuch, that their common 
difference may be unity, and the Product made by their continual multiplication 100. 
RESOLUTION. 
T7. For the firſt number put . . 


2. .Then the (econd-thall be . . . .> a+1 
COT + - +. + + -# #-ko 
SEEN , . » . - +: > 833 
5. Therefore the Produ& of their con- 
tinual multiplicationis , , . . , c 4448 Cara | 1 144 _—_— 


6, Which 


- 
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hich Product muſt be equal to 1 00, ; NE | 
6 po T me i aaa | Cana I14a-|- 64 = 100 


7, That ES» 21 nd > aaca-\ 6aaa-114aa-|- 6a — 100 =0 

8, Of which Equation the laſt Term 100 may be divided by 1, 2,4, 5, 10, 20,25, 50 
and 100, but Diviſion being tryed by a — or 4-1, by a— or 2 2, by &— or 
4, &c. it proves ineffeual. Then by taking away the ſecond Term, ( as in Exam- 
ple 4. Se7F. 8. of this Chapt.) this Equation ariſeth , viz, exe — 25ee — 9952 = o, 
i which the Root e, ( by the Canon in SetF. 8. Chap. 15. Book, 1. ) will be found equal 
104: 121-4101 : butintaking away the ſecond Term, a was put equal to e—2+, and 
therefore 4 = 4/: 15 -|-y/101:— 3}, and conſequently from the firſt , ſecond ; third 


and fourth ſteps , | 
vVilg+vior:— 


2. 

z 

J fi 13> 4 yiortt —Z 
—_— i 

3 

- 


The four numbers ſought are theſe, . 
vi 1t + yiot: +7 

vVilg+yior; + 
Which numbers exceed one another by Unity , and the ProduR of their multiplication 

is 300, as before hath been proved in Queſt. 3. SetF. 17. Chap. 9. of this Book, 

Anothe# way of Reſolving Queſt 5. 

For the firſt number put 4 — 14, for the ſecond a — 5, for thethird a-|-- 2; and for 
the fourth 4 1 13 3 then by multiplying theſe four, numbers one into another, and com- 
paring the Product to 100, this Equanion ariſeth, viz. aaas -- 2344 = 9937 ; Whente. 
the four numbers ſought will be found the ſame as before. 

QUEST. 6. 
tt. io. If | ; 5 8483+ 6344—#t—3414 = 1304, 
1+ That is, If . . « af — 843 — 63aaþ 341a4-1304 = oj 
What is the number a ? 
RESOLUTION. 

3- The Diviſors of the 1aſt Term 1 304 are 1,2, 4, 8,163, 326 and 1304 ; then aſter 
tryals made by Diviſion ( as in the preceding Queſtions, ) I find that +— 8 = © will 
exattly divide the ſumm of the Equation propoſed without any Remainder, and therefore 
8 is one Affirmative value of the Root 4. Again, becauſe the Diviſors of 163 the laſt 
Term of this Equation 444 — 634 — 163 = © ( which was the Quotient of the ſaid 
Diviſion) are only Unity and 163, I try to divide the Equation laft mentioned by 4 — 1 
and 4-1, likewiſe by 4 — 163 and 4-{- 163, but none of theſe Diviſions working 
off juſt without a Fra&tion , and there being no ſecond Term to be taken away, I ſearch 
out one Affirmative value of 4 out of the ſaid Equation a#4 — 634 — 163 = o, (that is, 
aaa — 634 — 163, ) by the general Method in the foregoing Chap. 10. and thereby 
diſcover 4 = 9.005 5, &c. then 1 divide the ſaid Cubick Equation aaa—6 34—163 = o, 
by a—9.co055 = ©, and the Quotient (the Remainder after the Diviſion is ended 
deing negleQed) is aa -|- 9.005 54 | 18.09903025 = ©, bur this Equation cannot 
poſſibly have any affirmative Root, and. therefore I conclude that the Equation firſt 
propos'd to be reſolved bath only two affirmative Roots or values of 4, to wit, 8 and 
9.0055, &c. found out as above. & 


By the like Operation it will appear that this Equation 4* — 1743 — 21244 4-49 794 


—21131=0 rhay be expounded by every one of theſe three Roors or values of 2, 


towit, 11, 7.1125, &c. and 15.8874, &c. but by no other affirmative Roor. | 
| When the Index of the Power of the unknown Quantity in every Term of an Equation 
5 aneven number, the Reſolution of ſuch Equation will admit of 4 Contraion , which 


will be made manifeſt by this following 
| | DUEST. 7; | 
CES Ei af — 294* 42444 — 576 = 0, what is 4 = ? 
RESOLUTION. 


2, Here becauſe the Indices of the almond Powers are even —_— Frey 
my, 6,4 nd 2;,9t 6 4 6 3h Su 4s 6. 


J. Then 
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— 


-j- 4® F | = _, =# 
WIRE - jo © + » +. 0 o og wage Write S — 29e* 


-|- 2444? ;  -|- 244 
4: To which Powers of e joyn — 576 the Jaſt Term ot the given Equation, and it makes 
63 — 260? -|- 244e& —Fj6 = Os 

'Þ Which laſt Equation being reſolved by Diviſion, ( in like manner as in the Preceding 
Examples of this SeRion, ) there will be found three Affirmative values of the Roat e, 
viz. 4, 9and 16, then becauſe e was put equal to az. the ſquare Roots of 4, 9 and 16, 
that is, 2, 3 and 4, ſhall be three Roots or values of 4 in the Equation firſt propoſed, 
to Wit, af — 2 9at + 2444? — 576 = o, as may ealily be proved, 


I might here ſhew how to reduce a Biquadratick Equation not falling under any of the 
three Forms in SeZt. 1. Chap. 15. Book 1. to a Cubick Equation , and ſometimes into tg 
Quadratick Equations, but I hail ſpare that labour for theſe Reaſons 5 Firſt., that Re. 
duction being ſubject to many Caſes, is very tedious and troubleſome : Secondly, ſuch 
a Biquadratick Equation is very ſeldom capable ot being reduced into two Quadratick 
Equations ; and when 'tis reduced t0.a'Cubick Equation, rhis may happen to be ſuch as is 
Root or Roots in numbers cannot be perfectly tound out by any Rules hitherto publiſh 


\ by any Author: Thirdly , by the Method in this ninth SeRtion , all the Roots of any 


Cubick, Biquadratick or other Equation of higher degrees may be found out in numbers, 
either exatly , if they be Rational, or as near the truth, it they be Irrational, as ſhallbe 
needful for any practical uſe: And laſtly , my undertaking ( as I have before hinted ,) is 
not to handle al}, but the moſt uſetul Rules only in this profound Art. | 
Note. The Reſolutions of the preceding Queſtions of this ninth Seton do clearly (ley, 
that there is no ſmall labour in making tryals with the Diviſors of the Jaſt Term of an 
Equation to find its Root or Roots; and therefore .to Jeflen that work, firſt, it will be 
convenient to make ſome. tryals by the general Method in the 'toregoing Chapt. 10, to 
find out limits wichin which the Root or Roots of an Equation do fall , or to argue the ſame 
from ſome things given in a Queſtion producing the ſaid Equation, and then to make tryals 
only with ſuch -Diviſors of the laſt Term as tall within thoſe limits ; but when all Con- 
trations are uſed, the work is ſufficiently laborious, ſo that one chief ſcope of an Analyſt 
in reſolving a knotty Queſtion muſt be- to frame his Poſitions with ſuch artifice-that 
the Reſolution may'end 'in as [imple an Equation as is poſſible: And although one way 
of Reſolution may produce an Equation compoſed of high Powers, yet often-times by 
another way you may come to -a more {imple 'Equation , as may partly appear by the 


| foregoing fourth and fifth Queſtions of this Section , but the skill of finding out the moſt 


ſimple and facil ways of-Reſolution , 15 not attainable ; ( as I conceive, ) by any certain ot 
conftant-Method , but rather by much uſe and exerciſe in the ſolving of Queſtions, 


Sect. .X Concerning the Reſolution of certain Cubick, Equations int rumbers, 
by two Rules, the Invention whereof Cardanus attributes to Sci plo Ferreus. 


1. All Cubick Equations, after the ſecond Term is taken away , when there happens to be 
any, (by the Rule in Se, 8. of this Chapt.) are reducible to theſe three following Forms, 
in which 4 repreſents the Root or Quantity ſought , but p and 4 known Quantities: 


aaa = — 6a-|- 20 aaa = —pa|-q 
aaa = + 6a-|- 40 aaa = pa 4+q 
aaa = PF g1a—330 | aaa = Þpa—9g 
2. Now let it be required to reſolve the firſt of thoſe Equations, iz. 
If aaa = — 64-20; OI, aaa = —paſ-g; 
Whar is the value of a ? 
Preparation, 
2 ERP 'o © © © © - + oÞ » 8.28 oF 
4- Suppoſe alſo , , . . . . > ' 20 = eee— 7 
FL AM . +: 5s po: 6-22 hop 


6. Then by multiplying each part of 
the Equation In the third ſtep into it > aaa 
&lf Cubically, this is produced, v5z 


[ 


eve — Jee) | 3evy — Wy 
7, And 
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1, And by multiplying the Equations, | | 
in the third and fifth ſteps one into 64 = Zee) — JEL: 
the other, ic makes RE Ta 

3. And by ſubtraRting the Equation in 
the ſeventh ſtep from that in the} 20—64a=eee—3eep-|-3e)y—31y 
fourth , there remains My” x 

g. Therefore by the fixth and eighth 
ſteps 'uls manifeſt thar 


V 


aaa = eee — Zee) + 3e)) — 1 = 20 — Ga 


10. From the premiſles it's evident , that if in the Equation propos tobe reſolv'd, to wit, 
a144 = —64+|-20, Or aaa = — pa-{-q, we ſuppoſe the Root 4 ſought ro be 
equal to the difference of two unknown numbers e and y ; alſo the Abſolute number 2 a 
(or q) to be equal to the difference of the Cubes of the ſame rwo numbers, aud the 
Corfhcient 6 (or-p) to be equal to the triple Product of their multiplication ; rhen as well 
444, 20— 64 (thatis, q — pa) ſhall be equal to the Cube of the difference of thoſe 
two numbers, viz. to the Cube of e— ; and therefore when two ſuch numbers are 
found our, their difference ſhall be the Roor or number a ſought.: Bur to find out the ſaid 
two numbers ( e and y) there is given the Produt of their multiplication, ro wit, 2, 
( or 2p, ) that is, one third part of the Coefficient , as alſo 20 (or g) the difference 
of the Cubes of the ſame two numbers ; and rhercfore the numbers themſelves ſhall 
be given ſeverally by the Canon of 2ſt. 15. Chap. 1 $. Book 1. and. conſequently 
the Root 4 ſought ſhall be given alſo, as will be made manifeſt by this following 


Operation, Res - 
11+ To the Square of half | " 
the given Abſolute num- 100 494 
ber 20(orq) viz. to | 
12, Add the Cube of 2 | 
(or £p) 942. the Cube of - Saas 
: of the Coefficient 6 n. - - 1 57 PPP 
(or p, ) which Cube is | r | | 
13, Theſummis . . .> 108 499 + 3700p 
I4, The {quare Root - 108 | oF 299+ SPpp : 


that umm is , + 


: 
15. To that ſquare = 


add half the Abſolute 
number 20 (or q,) and 
the fume is, . 


104/108 19 + 4/499 1-i7PPp 


16. The Cubick Root of 
that ſur is the greater 
number e ſought, viz, 


17. Again, from the ſquare 


V(3) i160 108: 1G): 29+ 4/399 +772p7 : 


Root in the fourteenth 

ſtep, ſubtra& half the Ab- 

x ſolute number 20 (or g,) 

A and the Remainder is . 

- " the Cubick Root | eg | 
be wy IIS (3); —10+y/lo8:|/(3):— 394-4399 + 372PP * 
ale; 'vlsc--, 5 IE - Ee 

19. And then the difference of the two Cubick Roots fond out in the ſixteenth and 
eighteenth ſteps ſhall be the value of the Root 4 1n the Equation propoſed, vx. 


| a = (3): To J-yi08:—v(3): —10-|-y/ 108: . that is, 


— 104108 | — 49+ v/$97 5707p 


a = v/(3):2g 4 via: = VG): = 24-4299 3780p 
20, It remains to make tryal whether the Binomial-1o +4 108 hatha pertect Cudick 
Root or not ; ſo by the Rule in SetF. 1 8. Chapt. 9. of this Second Book,, it will appear 
that 1 1- /3 is the Cubick Roor-of 10 -|- 4/108, and 4/3 —1 is the Cubick Rooc 
of /io8 — 10, and conſequently the value of the Root 4 beſore found out 1n the. 


nineteenth ſtep is expreſfible by -a Rational number, for if /3 —1 be ſubtracted 
N f from 


Reſolution of Cubick, Equations. Book 1], 


— 


from 1 -|-y/3 , the Remainder 2 is the delired valne of 4 in the Equation propoſe . 
for if 4 = 2, then aaa = 20 — 64, of #44 6a = 20. 
21. In like manner , by the Canon in the foregoing nineteenth ſtep the value of 4 in this 

Equation 444 -|- 274 = 64, will be found this that follows , viz. 

4 = y(3): 32 +4753: —4/(3): —32-þv 1753: 

But this value of 4 cannot be expreſt. by any Rational number , becauſe the Binomiz] 
32 -|- y 175 3 hath not a perfe& Cubick roor, and therefore the faid value muſt either reſt 
in that ſurd Forma, ot elſe be expreſt by ſome Rational number near the true yalue, which 
will be ford 2.65, &t. that is, 2552, &c. | 
22. In the next þlice ler it be required to reſolve a Cubick Equation of the ſecond of 

the thtee Forts before rtentioned , 052. Fo, | 

If . - . - - A444 = 64-14-40, Or, ama = pe +9 
Whrt is the value of 2 ? Preparation, 0 


23. mppoſe 5: . ©» « «© © ob, a=eh+) 

24. Suppoſe alſ@,  . « . » +o% , 40 merry) 

25, And EEE Sv &> 6 Þ > > O= 3ey 

26. Then by multiplying each part of - 
the Equation in the twenty thitd ſtep > aaa = ere-=3 eep-l3 evp=1)7 
into it felt cubically, rhis is produced, | 

27. And the Equations in the rwemy 7 
third and twenty fifth ſteps being - ak ORE 
mutually multiplied one. by the other CVEIOTT IT 
will produce Re 

28, And the ſumm of the Equations in | 
the rwenty tourth and twenty erent 64 + 40 == eee - 3ee3-[=3251d-19 
ſteps _ © OE 

29, Therefore by the twenty {1xth and BE -"'Y ME; 
twenty wet nd 'tis evident thar $ ata =eee | Zee)1-3e)J = 11) = 6a-þ- $0 

39. By the cight laſt preceding ſteps 'tis manifeſt , That if ih the Equation propos'd to be 
reſolved, to wit, itt = 6a ++ 49, Or aaa = pa+q, WE _ the Root 4 ſought toe 
equal to the finmm of two unknown numbers, e and  , allo the Abſolute nutaber 40 
(or q) to be equal to the ſumm of the Cubes of the ſame two numbers, and the Cotft- 
cient 6 (or p) to be equal to the triple ProduR of their multiplication , then as well a4, 
as 64 + 40 ( that is, pa—+ 9) ſhall be equal tothe Cube ef e4+-5; and thetefore when 
rwo ſuch numbers are found our, their ſumm ſhall be the Root or hutaber ſought. But 
to find out the ſaid rwo numbers ( e and y ) there is given the Produc of their iultifli- 
cation, to wit, 2 (or Fp,) that is, + part of the Coefficient, as alſo 4o (or q) theſumi 
of the Cubes of the ſame tio humbers, and thetefore the numbers ſhall be gived ſevetaly 
by the Canon of 2xeſt. 14. Chap. 16. Book 1. and conſequently the Root @ ſought ſtall 
be given alſo; all which will made manifeſt by this following | 


| | Operation. 
31, Ffotn the Square of half the given EG 
Abſolute number 4o (or 9,) vsz. from _ 479 
32. Subtra& the Cube of 2 (or #p,) v:z. 
| the Cube of + of the Coefficient, whic 8 572Þp 
ES ES iv o & | 
33. The Remainder is . . « +; +> 392 | $99 <2 _ 


34. The ſquare Root of that Remainder is a/392 "Log — =-0pp: 
-35. Which ſquare Root added to half the dos FE "_ _ * 
—_— number 40 (or 4,) makes the 2044/392 29+4/:499-237P8: 
umm «_»> WS 4 0:0 6 —TIRs 
36. The Cubick Root of the ſumm in the Yoga: | vG):! TT 
laſt ſtep is the valueofe, . . . © v(3):20Þ-/392: | v(3):29 +v/4 90-30 
37. The fquare Root in the thitty fourth $04 
ſtep being ſabtr#ed from half the Ab-S '20==4/392 2913993710 
folute nivmber 40 ( or g, ) leaves . 
43>. The Cubick Root of that Reminder 
h ts the vahne of Jz > PSS » - 


w( | Fu a ” 
c y(3):20—4/392: (3 Y:29=v $9930 
36, I 


_ 
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' 29, Then the ſumm of the two Cubick Roots tound out in the thirty ſixth and thirty 
_ eighth ſteps ſhall be the value of the Root & in the Equation propos'd to be reſolved, v4z. 
a = y(3):20-Þy392: + y/(3):20—y4392: that is, 
a = (3):21 Iva — 2PpÞ: +403): —v491 — oftp : | 

40. It remains to make tryal whether the Binomial 20 + 4/3 92 hath a perfe& Cubick 
Root or not; ſo by the Rule in Se#.18, Chap. 9; of this Second Book you will find 
2-|-y/2 to be the Cubick Root of 204-4/392, and 2 — 4/2 the Cubick Root of 
20—4/392, and conſcquently the value of the Root 2 before founid out in the thirty 
ninth ſtep is expreſlible by a Rational number , for if 2 — 4/2 be added to 2 <|- y/2; 
the ſumm 4 is the deſired value of 4 in the Equation propos'd to be reſolved : for it 
a = 4, then aaa = 64-j-40., | | 

41, Another Example of re{olving a Cubick Equation of the ſecond Form may be this , 
932, Let it be required to find the vale of 2 in this Equation, 44s = 128a+|-18, that is, 
aaa = pa -q , then the Canon expreſt by the literal Equation in the thirty ninth ſtep, 


will give : 
« = SG) 597: +) FEm7: 

But this value of 2 is inexpreſſible by any Rational number,becauſe the Binomial g-4-4/17 

hath not a perfe& Cubick Root , and therefore the ſaid value inuſt either reſt in that ſurd 

Form, or elſe be expreſt by ſome Rational number near the true value , which will be found 


4.05, &c. that is, 4752, & ce 


The premiſſes do clearly ſhew the riſe of two Rules delivered by Cardan in his Alge- 
braical Treatiſe entituled Ars magna, which Rules are mentioned 1n divers Authors , and 
the ſubſtance of them is contained in the two literal Equations in the foregoing nineteenth 
and thirty ninth ſteps ; the former of which Equations is a Canori to find out the Root 
of any Cubick Equation jn numbers which falls under the firſt of the three Forms before 
mentioned, and to expreſs the ſame perfe&tly either by ſome Rational or Irrational number , 
and the latter of thoſe literal Equations finds out the like exa& Root of any Cubick 
Equation of the ſecond Form , except in one Caſe only, #iz. when the Square of half the 
Abſolute number ( q )- which is the laſt Term of the Equation is leſs than the Cube of one 
third part of the known Coefficient ( p.) Eur no Author that 1 have-met with, gives 
a certaih Rule , either to find out the Root in that caſe if it be an Irrational number 
or the two affirmative Roots of a Cubick Equation of the third Form, if each of theſe alſo be 
Icrational, Huddenize: indeed faith, (in page 503. of Carteſius 's Geometry before men- 
tioned ) he had a Rule (which he intended to publiſh) by which all Irrational Roots as well 
of Numeral as of Literal Equations may be found out, but that much delired Rule is nor 
yet come to light, But when a Gubick Equarion of what kind ſoever hath one Root 
expreſlible by a Rational number , both that and the reſt of the Roots , when the Equartiori 
is capable of more than one, may be exaly found our by the help of the Diviſors of the 
laſt Term, according to SefF. y. of this Chapter. 


CHA P. XIE 


Of the metbod of reſolving Queſtions wherein many Quantities are 
ſought , by aſſuming different Letters to repreſent the ſaid 
Quantities ſeverdlly. 


I, [therto in the Algebraical Reſolution of a Queſtion wherein rwo or rhore Quantities 
have been ſought, I have aſſumed only one letter , as z, or & to repreſent ſome 
one of the unkriown Quantities, and ſorined the Poſitions for the reſt by the help 

of that letter and the Quantities given in the Queſtion : But many Queſtions may be more 

calily reſotved by aſſuming a peculiar letter to repreſent every one of the Quantities ſought ; 

35 4 for one unknown Quantity, e for a ſecond, y fora third, &c, By this Method alle 


thoſe intricate and obſcure ways of reſolving Queſtions by ſecond Roots, or (as Simon Steven 


calls them \ poſtpoſed Quantities, will be avoided. | 
Nn 2 Fn * 
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. 10. From which laſt Equation, after due ReduRion , was 5 m2 bed 


In handling the following Merhod 1 (hall give three principal Rules, and explain then 
by Examples ; but to preſcribe Rules for all Caſes, 1s (as | conceive) an impoſſible work, 


RULE T. 


When many Quantities are ſought by a Queſtion , firſt ler them be ſeverally repreſenteg 
by different letters; then atter_you have well conſidered the conditions 1n the Queſtion 
abſtra& it froni words, and expreſs the renor thereof by Equations , that done, by the help 
of Tranſpoſition find what the firſt , that is, any ſingle letter repreſenting a number oc 
quantity {ought in the firſt Equation is equal to, then whereſoever that firſt letter is found 


 1n the other Equations, take inſtead of it thoſe Quantities to which the ſaid firſt letter wx; 


found equal ; fo ſuch firſt Jerter will quite vaniſh out ot thoſe other Equations. Again, 
by Tranſpolition ſer a ſecond letter alone in one of thoſe Equations out of which the fir 
letter was expell'd, 4nd proceed as before , ſo at length one of the numbers ſought will be 
made known, by the help whereof the reſt will ealily be diſcovered: This work will be bener 
underſtood by Examples than many words, and therefore | ſhall proceed to Queſtions, 


i 


| ——_—_—_——— ————t_ 


QUEST. 1. 


A Faftor exchanged 6 French Crowns and two Dollars, for 45 Shillings of Zegi6 
Money ; alſo at another time he exchanged 9 French Crowns and 5 Dollars (each of theſe 
being of the fartie valve with the former ) for 76 Shillings : I demand the value of a Frewh 
Crown, and alſo of a Dollar, in Eng/i/h Money ? 

Let « repreſent the defired value of a Crown , and e the value of a Dollar , then the 
Queſtion being abſtra&ed from words may be ſtared thus ; 


ES + Lo «+ o 4 o on © £3 « » WwWShSwe = of 
EET. I oc. + fois eh a» © Jojo = 30 
What are the numbers a and e ?. [| | on dad 
RESOLUTION. 
5. By tranfpoſicion of 2 e in the firſt Equation this ariſeth, > 64 = 45 — 2e 
4+ And by dividing each part of the third Equation by *y + or SIE 
a is on ove ub 4 0» 6 
405 — I8e 


5. The fourth Equation mulciplied by 9, produceth , ,Þ 94 = 


6 
6. Then if inſtead of 94 in the ſecond Equation, you take? 405 —1%e  _ ; 
the larcer part of the fifth,, this will ariſe, .. . , .C og 57 
7. The f1xth Equation, after due ReduCtion, diſcovers the . 
value of a Dollar, viz. . . Wie F. ts 


8. The ſeventh Equarion multiplied by 2 gives . > 2e = BZ 
9. And by ſetting the Jatter part of the eighth Equation in 6 ga 
the place of 2e in the firſt, this Equation ariſeth, . . ; a3, = 45 


value of 4, or one French Crown is diſcovered, viz. 
Thus by the ſeventh and tenth Equations it is found that a Dollar was valued at 4 #. 34. 


and a French Crown at 6 5s, 1 d. which numbers will ſatisfie the conditions in the Queſtion, 
as may eafily be proved. | 


tmut——_—_ 
_ * At 


LUEST, 2. 
| Three men had every one of them a certain number of Pounds in his Purſe , the fumm 
of the firſt and ſecond man's money was 5 (or b) Pounds, the ſumm of the ſecond and third 
man's money was 12 (er c ) Poands, and the ſumm of the third and firſt man's money 
was 11 (or d) Pounds: How many Pounds had every one in his Purſe ? 

Ler the three numbers of Pounds ſought be repreſented by a, e and y, then reſpett 
being had to the numbers given , the Queſtion may be ſtated thus, 3z. 


I, If . "es © - . . . " . - . 4 « * ” ade —= b-( = 5) 
2. And {1 P - = EE Re. . » © ey — e-( —=12) 
x. | RS » © 0 $oSo=d4( =} 


What are the numbers a, e and ,? [ —— a — 
RES0- 


A AS. - AG 6. 466. ww www ” > WwF WY ——_— 


_-  " —_ 
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RESOLUTION. 


4. By tranſpoſition of 4 in the firſt Equation , there will ariſe 5 e = b—, 
5. Then by taking the Jatter part of the fourth Equation N | 
inſtead of e in the ſecond , this Equation ariſeth, . . 'F — 4-7 = 8 
6. And by tranſpolition of b — a in the 5th Equation it gives > y = 6—b-|-a 
-, And by taking the latter part of the ſixth Equation inſtead þ 
of 7 in the third, thisariſeth, . . . . » . 5 F OOF Ere=e 
$, From which ſeventh Equation, after due Reduftion, the — aa 
number 4 m_ made LO, Os 6 C7. og 4a = bid — 
. Again, if inſtead of 2 in the firſt Equation we take the? , DE | 
s _ part of the eighth, this ni, OE EN 20p:id—icfe = b 
10, Then from the ninth, after due ReduRion, the number e TY a 
will be made known, viz. . . - RY o + 
11. Again, if inſtead of 4 in the third Equation we take? . , . RR: 
the ow. part of the eighth , this ariſeth, | ik: 6 36-2416 = d 


_ 12, Laſtly, from the eleventh Equation, after due ReduRtion, , [a +36 — t 


the number y will be made known, viz.” . '« . . 
The eighth, tenth and twelfth Equation gives this 
| CANON. -/ 4 
From the ſumm of every two of the three numbers given, ſubtracb the remaining number, 
then the halves of the three Remainders (hall be the numbers ſought. Whence the numbers 
ſought, to wit, 4 e and 7 will be found 2, 3andg: for 2-|-3=5; alſo 3-|-9 = 12; 
and 9 3 — I1; as was required. 
The foregoing Reſojution of this 2weff, 2. is formed according to Rule 1. but the 
fame Canon may be more expeditioully ditcovered by this following Reſolution , viz. 


The ſumm of the firſt, ſecond and third — MA FL j = b-4-c+4 


which ſtate the Queſtion is . . +» © « « + 
The half of that ſumm is . . . >. a+e+y = Hb+tc-þ3d- 
" "BR . ) — Ic -|-24 —b 


Then from that half ſumm ſubtract the ficſt 
_ and the Remainder will be R, <0 
gain , from the ſaid half ſumm ſubtraRt the ſe- HT Oe” "TOE | 
cond Equation, and the Remainder is . . . 'c «,9 0 + 6 = whTad—16 
Laſtly , from the ſaid half ſumm ſubtraRt the third | + = Sabttd 
Equation , and the Remainder gives 208 3k ag m0 


Which three laſt Equations do manifeſtly give the ſame values of a, e and y, as were 

found out by the former Reſolution. 
DUES T. Jo | 

Three Men diſcourſe of their moneys in this manner ; the firſt ſaith to the other two, 
if 100 /, were added to his money , the ſuram would be equal to both their waar 6 - the 
ſecond ſaith to the other two, if 100 /. were added to his money, the ſurmm would be equal 
tothe double of both their moneys; the third faith to the other two, if 100 /. were added 
to his money, the ſuram would be equal to the triple of both their moneys: The Queltion is, 
tobnd how many Pounds each Man had ? : 

Let the three numbers of Pounds ſought be repreſented by a, e and y; then the Queſtion 
may be ſtated thus, viz. - 

ey 


t, If 8 . ® © . 5 - . « « o . . . . a r00 —= - 
2, And ® . . . Py - o » . o . 5 o e + IO0O0 = 24 2J 
3. And == 36 —3EC 


_=_y 


- 
—___—_——— —— 


What are the numbers 4 eandgr {þ{: © 

RESOLUTION. 

4+ From the firſt Equation by tranſpoſition of y, i 
this ariſeth, . Us « be Ls 'F ok ans Dias 

5. Then if inſtead of e in the ſecond Equation, | 
there be taken that which is equal to &, to wit, 4 + 100 —J-+100 = 24 + 27 
the firſt part of the fourth, this will ariſe, | 

6, Thatis, after due Reduction, . . . «> -- 200 = 4 3) 


7. Again, 


"Y : TINT 


a86 Reſolution of Queſtions Book Ii, 
7. Again, if inſtead of ;e in the third Equation, / 
there be taken the triple of the firſt part of the> y-|- 100. = 3a+- 34+ 3oo— ;y 


fourth Equation, this will ariſe, to wit, 
8, Which laſt Equation,after due Reduction;gives > y = Ja+ 50 
9. Then if inſtead of 3y in the {ixth Equation, 
there be ſet the triple of the latter part of the 200 = 2a+|-3a+ 150 
eighth; this will come forth, viz. . . +» 
10. From the ninth Equation , after due Re-£ | 
dudtion, the number 4 will be diſcovered, v:z. 
11. Apain, if inſtead of 4 in the ſixth Equation, 


a = 9ri 
there be taken 97%, tv wit, the vaiuve of a> 200 = 957 +|- 37 
found out in the tenth, ir will give . . . 
12, The eleventh Equation duely reduced dil- Pe 
covers the number y, viz. . . . «- .C 1 = 953 
13. From the fourth , tenth and twelfth Equa- 
6 977 -Þ 100 — 63 


S* == 6 


tions by exchange of equa] Quantities , this 
Equation ariſeth, 4zz, . Þ- «- » + . 
14. The thirteenth reduced gives - $40 = 4377 
From the 10th, 14th and 12th Equations, the three numbers ſought , a, e and y are 
diſcovered, viz. The firlt Man had 97+ /. the ſecond 457+ 7. and the third 63;* 1, 
which numbers will ſatisfie the Queſtion, as may ealily be proved. 
If 121 be given inſtead of 100 in this third Queſtion, then the three numbers ſought 


will be whole numbers, to wit, 11, 55, 77. 


_ ——_— 


g——_— 


RULE ih 


When the ſame Quantity, ſuppoſe a, is found in two ſeveral Equations, and equal numbers 
are prefixed to thoſe Quantities , then if their ſigns. be both. --, or both — , ſubtraR the 
lefler Equation from the greater 3 but if one of the (igns be -|- and the other —, add thoſe 
rwo Equations together , ſo the ſaid Quantity & will quite vanith , as will appear by the 
ReſoJution of the tollowing Queſtion. | 

LD VEST. 4. 


The ſumm of two numbers being given 12 (orb,) and their difference $ (or c;) t6 
find the numbers. 
Let a be pur for the greater number,and e for the Jeſſer,and the Queſtion may be ſtated thu; 


| It '® ©. . . " . . . ® - © a 5 ae b ( — + ) 
2, And . . . . . - . . 4a —e C ( —_ 8 ) 
What are the numbers a2 and e? || — inn 


RESOZUTION. 


3- For as much as 4 or + 14 is found in each of the 
Equations propoſed, therefore (according to Ryle 2.) 
I ſubtra 'the leſſer Equation from the greater , 
whence the letter a quite vaniſheth,and there remains 
4+ Then by dividing each part of the third Equation 
by 2, the number e is made known, viz. . . , 
5. And by taking the Jatter part of the fourth Equa- ab-*þ—2c = b(= 12) 
1 2c = = 


1 


22 = b—c( =4) 


e = þ$—*( =2) 


tion inſtead of e in the firſt, there remains . , ; 
6, Laſtly, the fifth Equation ducly reduced diſcoyers EEE = 
ES. I -' - ©: > - +» + # © « =2b-|-3c (=) 


The 6th and 4th Equations diſcover a Canon to find out the numbers ſought, which 
in this Example are 12 and 2 , and the Canon is the ſame with that before found iv Luef.i+ 
Chap. 14. Bock 1. 

Otherwiſe thus ; | 


7. For as much as -|-e is found in the firſt Equation, 
and —e in the ſetond, therefore by adding thoſe 
two Equations together, (according to Rale 2.) the 
letter e vaniſheth , and the furam is . 4 


24 = b.-\:c ( = 20 ) 


9; There- 


R—_ 


- 6, The fifth Equation , afrer due ReduRion, diſcovers rhe nums 2 


Chap. 12. by various Poſttions, 287 


2. Therefore by dividing each part of the ſeventh, | 
Equation by 2 » there ariſeth the ſame value of > a = b.Þ%*%(=10) 
which was before found in the = Equation, v3z. 

, And by ſetting the latter part of the ezghth Equation? , WE | 

rho place ok the firſt, this petti;, ? . .C ##pxcbe =>b(=12) 

10, Which laſt Equation reduced diſcovers the ſame _ 
value of e which was before found in the fourth e = $.-*(=32) 
Equation, iS. «© » &-& © +» -@ © © © » 


p—_ Sen renatt WY —_— - 
4. FW” Wn Wy x 
__—_— 


RULE 11. 


' When the ſame Quantity, ſuppole 4, is found in two ſeveral Equations, but the numbers 
prefixt to thoſe equal Quantities are unequal , thoſe two Equations may be reduced into 
two others which ſhall have equal numbers prefixt ro the ſaid Quantity a, ” this Rule, 252. 
Multiply all the Quantities in the firſt Equazion by the number which is prefixt to the ſaid 
Quantity # in the ſecond ; multiply likewiſe all the Quantities in the ſecond Equation 
by the number which is prefixt before the ſame Quaniity & in the firſt , ſo by ſuch alternate 
multiplication two new Equations will be produced , wherein the numbers prefixt ro the 
ſaid Quantity 4 will be equal to one another : and then by adding or ſubtracting, according 
10 the import of R#le 2. of this Chapt, that Quantity 4 will quite vaniſh. That done, 
renew the like work to expell the ſame Quantity out of the reſt of the Equations ; and 
proceed in like manner with a ſecond Quantity , until at length the value of ſome one 
Quantity be made known. This I ſhall make plain by the Reſolutions of Five 2awſtions 


next following. QUEST. 
VEST. 5. 


To find two numbers, that if the quadruple of the greater be increaſed with the triple 
of the leſs, it may make 36 z but if the triple of the greater be lefſened by the double 
of the leſs, the Remainder may be 10. | 

Put « for the greater number,and e for the leſſer, then the Queſtion may be ſtated thus,vizs 


LIKE jJ;.,. 753. to ff  -S emmsTS 
2s And Fo ol 6-20 © 6 . » . © » 34 — 2E = TI0 
What are the numbers # and e ? [| ——————— 
RESOLUTION. 
2, The firſt Equation multiplied by 3 , which is prefixt to = FEM TOTES 
in the ſecond, produceth 5 (4 : m8 eres $2030 00 165 
4. The fecond Equation multiplied by 4 , which is ptetixt to «0 -— 
in the firſt, makes WEEKS REES OST 09" 
5. Now for as much as the Quantity 122 is found both in the 
_ fourth andthird Equations, and is Afﬀirttiative in eath , rherefore(, 064-36 = 68 
according to Rxle 2, 1 ſubrra rhe lefſer Equation from th 
preater,ſo the Quantity 1 2 4 vaniſheth and this Equation remains, 


re ——_y 


wr___ W_— www cr 
5, Then I fet 12 (which by the ſixth Equation is the value of 0 " 4.62 


I 


in the place of 3e inthe Grſt , and this Equation arifeth, . . 36 
8, Laſtly, the ſeventh Equation duely reduved diſcovers the _ af tio 
r 4a 0 NT PF. . . a. In. Sdn dt. ets Te 
From the 8th and 6th Equations the two numbers ſought are found 5 ahd 4 , which will 
ſolve the Queſtion : For four times 6 with thrice 4 takes 36 ; and theice 6, to wit, 18, 
leſſened by twice 4 gives 10 ; as was required, 


as. i. at 


QUEST. 6: = 
bE, , 3. GE RuaqaUuks jndD NN M____sr 


2, And » » - . 0 - . 23 Fo . = - » 5A — 20 5y = 240 
F.C. ES 5 in. ue |» 0 gf Een STO 


What are the numbers a, e and yf 1 aprons pee o 


tas 
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RESOLUTION. RE. 


« The firſt Equation multiplied by 5, which is prefixt ro 4 | 
, in Mlcond, ok , 5 DIR 2s pA x I04--I5e— 10f=250 
- Likewiſe the ſecond Equation multiplied by 2, which is | | 
prefixr to 4 in the Rel cnakes SS 5 104— 4eJ-Icj'= 4b 
6. Then ( according to Nule 2.) by ſubſtraRing the fourth 
Equation from the fifth, the Quantity 1c vaniſheth, and > . — 19e-|-205=240 
this Equation ariſeth, . . - a . Ty Ne 
. Apain , the third Equation multiplied by 5 which is pre- "I 
1 7 ix gh the NT” odececk 4 | + © 4h '$ - J4- $je—IFFS 50 
8. And the ſecond Equation multiplied by 1 , which 1s ſup- 
poſed to be prefixt to 4 in the third , gives the ſame ſecond Þ> + 54 — 2e-| 55 =240 
Equation without alteration, viz. « - . « . « +» ' 
9. Then becauſe - 54 and — 54 by addition will deſtroy * 

' one another, therefore ( according to Rule 2.) I add the | ee 
ſeventh and eighth Equations rogether ; fo the letter "7-2 30 107-5 290 
vaniſheth , and this Equation ariſeth, . . TP 

10. Again, I proceed with the fixth and ninth Equations 
according to Rale 3. viz. I multiply the fixth Equation —437e-j-460) = 5290 
by rh ( which is prefixt toe in = _ z) and it _ 

11. Alſo the ninth Equation multiplied 19 ( which is Gd 
prefixt to e in the ſich, produceth . , . zo . ' oT437e—190J = 5510 

12. Then ( according to Rule 2.) by adding the tenth and 2 - | 
eleventh Equations together, the letter e vaniſheth, nes » «© | 2707 = to060 
NSN, Sit - + co «En > 

13. And by dividing each part of the twelfth Equation 5 7 de of. 
by 270, the number y is diſcovered,. viz. . RS. * EV 

14. Then inſtead of 16y in the ninth Equation takivg ten | 


times 40, that is, 400, (which by the thirteenth Equation > -| 23e — 400 = 290 
is equal to 10) the ninth will be reduced to this, . 
15. And from the fourteenth Equation, after due Redution,? - » - » "4 


the number e will be diſcovered, viz. . «© « + © » 
16, Then inſtead of 3e—2y in the firſt Equation, I take 
go — 80, (which by the fifreenth and thirteenth Equations 
will be found equal to 3e— 27, ) ſo the firſt Equation will 
THE SRELIeNe Into this , in 0 od tots » 
17. Laſtly, the ſixteenth Equation duely reduced diſcovers £ DE pe” 
TS, Mio o of 0 oe ob & > ©. BHT 0 LEE 


From the 17th, 15th and 13th Equations the three deſired numbers 4, e, 7, are 20, 
3o and 40, which will conſtitute the three Equations firſt propoſed, as may ealily be proved. 


c—ﬀum__—_—_ 


24=|-go—80 = 56 


—— 


D VEST. 7. 

Three Men diſcourſe. of their moneys in this manner; the firſt ſaith to the other two, 
if you give me 1 00 Pounds, my money will be. made equal to both your remaining moneys: 
the ſecond ſaith to the other two, if ye give me 100 Pounds , my money will be mace 
equal to the double of both your remaining moneys : Hhſtly, the third ſaith to the other 
two, if ye give me 100 Pounds, my money will. be equal to the triple of both yout 
remaining moneys : 'I demand how many Pounds each Man had ? | 

Let a letter be aſſumed to repreſent each Man's money ; as 4 for the firſt, e for the ſecond, 
and / fot the third ; then the Queſtion may be ſtated thus , viz, 


Los - - +» +» + 0. o» o of ig Olin $00.22 0 -bo = 109 


2; And * © . o a - * &@ S 87 . ej SOD == 24 -|- 2) — 200 
Jo And - . - . - - o J + 100 bo nem 


What are the numbers a4, e, y? || — ——en—on— 
RESOLUTION. 


4+ Thefirſt _ by tranſpoſition will be — —alely = 200. 
| 6, Likewiſe 


19 this, w_ . « - o . . o s . 


—_ 


Chap. 12. ; having many Roots. 
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5, pt the ſecond Equation by EE 4-20-ol-ap/ an 


6, And the 34d Equation by tranſpoſition produceth > WO WIPES Es 
7, Then 1 fans. with the fourth and fifth Equa- Jy — gou 


tions according to Rule 3. viz. I multiply the 
fourth Equation by 2, (which is prefixt to 4 in —2aþ 2 +27 = 400 
the fifth, ) and it produceth . . . 

8, The famm of the fitth and ſeventh Equations oives > 5 3 «© C-l-4y = 7260 


9. Again, I proceed with the fifth and ſixth Equa- 
tions according to Kale 3. viz. multiplying the p OLA 
fifth Equation by 3, ( which is prefixt to a in the 4—3er|-6y = goo 
lixth,) it gives. . . 

10. Alſo the lixth Equation multiplied by 2, (which 
is prefixt to 4 in the fifth) produceth . . . 

11, Then by ſubtraRting the tenth Equation from 
the-ninth, the Remainder is 

12, Again, I proceed with the eighth and eleventh 


64+ be —25 = 800 
Rp — 9e 8 = 100 


Equations according to Rule 3. viz. multiplying Pt 
the eighth Equation by 9, ( which is prefixt to eC * * "+ ge-j- 367 = 6300 
' in the eleventh,) it makes , +. 
13- Then (according to Ale 2.) the eleventh andy - F pF It 
twelfth Equations added rogether make . . . + © + 0 = C00 
14. And by dividing the thirteenth Equation by 44, | | =: Y 
the number y is made known, viz. .. + . ©: *. 1.0 JO Os 
15, From the eighth and fourteenth, by exchange 2 6458152 200 
. 2 = 


of equal Quantities, this ariſeth, viz. . « + 

16, And from the fifteenth,by ſubtraQion of 58152d - 
from each part, the number e is diſcovered , 64 44, ; 

17. From the firſt, fourteenth and ſixteenth Equa- 
tions, by exchange of equal a 05 » this > a+1o00 = 11853#j-1457t—100 
Equation ariſeth, viz. . . 

18, Laſtly, the ſeventeenth Equation, " after duc - |» SD» 
ReduQion diſcovers the number 4, viz. . © 6, + 5 01 


Thus, by the 1 8th, 16th and 14th Equations it is found that the firft Man had 6372 /. 
the ſecond 1 1 8-1. and the third 1.457% /. which three numbers will ſatisfie the Queſtion, 
as may eaſily be proved. 


— —— b —_— 


——— 


EN. JL 42500 5c 0 ec ». Goh Rs 
WW - - 68 - ES «a *-'2 27 {iy = 14 
SR , co CSS pe iERob ==. 3ngs 
4, And OE RK IG IE ET. . - . KI Led 27 == I333 
What are the numbers 4, e, y and » ? - —— mt ———— 


RESOLUTION. 


5+ The firſt Equation multiplied by 3 , ( the Deno- 
minator of the FraRtion 4) Mee: this Pay 34+ 2e-|þ 2y p24 = 336 
. - oe towit, . . 
« Likewiſe the ſecond E uation multiplied b 
produceth . . , 6 : 7 42 34] 484-3138 = 
+ And the third Equation multiplied by 5 gives .> 4a 4e+57-þ-4# = 628 


8. Alſo the fourth Equation multiplied by 6 pro 
Gnonth ; b F - "ths y 54 +: $04 53+ 6852, $00 
9. For as much as 34 is found in the 6fth, and alſo in 
the ſixth Equation , I ſubtra& the leſſer from the( 


greater, {o 34quite vaniſheth , and this In 
ariſeth, , 


26 -|- 3 +» = 120 
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10. Then 1 proceed with the fitth and — 
tions according to Rafe 3. viz, I mnltiply the fatth = 
Equation by Ski is prefixr to 4 in the ſeventh, )C ! *® - 80-83 + fu= L344 
nl ere comes Forth . . - . +» +» »: «I: 

11, Alſo I multiply the ſeventh Equation by 3, 
(which is prefixt to 4 ini the fifth, ) and it produceth 

2 2. Then by ſubtraRting the tenth Equation from the 
eleventh, the quantity. 1 24 quite vaniſheth, and tis - +. qe-71+48= 540 
Equation ariſeth , tOWIt, . «© » » © © » | 

13. Che ninth Equation multiplied by 2 , producethÞ  , qe4-27-þ 2u= 2 40 

24. Then by ſubtraRing the thirteenth Equation from | 
the twelfth, this ariſeth, tro wit, . « « . +» » - © $5)+2n= azo 

15. Again, I proceed with the fifth and eighth Equa- 
tions according to Ryſe 3, viz. I multiply the fifth 
Equation by 5, (which is prefixt to 4 in the eighth, 
a, _u. OC RR REESE 

36. Likewiſe the eighth Equation multiplied by 3, 
(which is prefixt to 2 inthe fiith,) produceth ; C 

17. Then by ſabtraRing the fifceenth Equation from 
the ſixteenth, this ariſeth, viz. ., . . 

12. Again, I proceed with the ninth and ſeventeenth 
Equations according to Ryle 3. viz. 1 multiply rhe 
ninth Equation by 5, ( which is prefixt to e in they 
ſeventeenth,) and it produceth , . . - . . 

19. And the ſeventeenth Equation multiplied by 2, 
( which is prefixt to e in the ninth,) produceth 'F 

20, Then by ſubtracting the eighteenth Equation 
from the nineteenth , there remains - .. . . 'S T 

21, And by ſubtraRing the 1 4th Equation from the 
2cth, (tor ſince 57 is found in each of thoſe Equa- 
tions,they need no ReduRion according to Rule 3.) 
SR > - +> - - - »- ++ 0 

22. Which twenty fit{t Equation divided by 9g diſco- 2 _ - . Ra 
TS. WH + » «a -. +5 'F " ; = 00 

23. From the 2cth and 224 Equations, by ne 


124-|-12e-]-15124=1 $84 


I 54a-|-1ceþ10)--104 = 1680 


I 54a T5e-|-I55-j-184=2400 
« $ge-|-51 a= 729 


10e |- 53 F#4 = 600 


® 3 


Ice -|- 107 -|- 16k = 1440 
- JJ 114= $40 


* » +» « + 94= 54 


eleven times 60, 'to wit, 660 intheplaceof 1419p & , «. 5y-[-660 = 846 
LOTS - HEE EEE .- 2. +2 +8 » > 

24+ Therefore from the twenty third Equation , after 
due Reduction, the number y is diſcovered, pr] 

25, And from the 9,24 and 22 Equations,this ariſeth, > , f. 2e-|-36-{-60 = no 

26, Ls 25th =_y mo _—_ the number eviz.'> ,  . ' e = 12 

27. From the 5th,2 6th, 2 47h, and 224 Equations, b 5 LY Xe 
exchange of equal Quantities, this Eqtatidn ariſdel! 4 344> 24472 1208 336 

28. Laſtly, from the 27th, after due ReduQion, the > nd 
RSLs 2 = diſcovered, Viz. . - © ©: 3 5 C |. (07 28:11 P.-E 


Thus by the 22th, 26th, 24th and 22d Equations the four numbers ſought , (to wh 
a,e, y, u) are found 40, 12, 36 and 60, which will conſtitute the four Equations in 2p. 5 


<<: F aw 38 


DP UEST. io 
A Maid being at the Market is offer'd 10 Apples for a penny , and 25 Pears for i 
pence ; now it at thoſe rates ſhe would lay out 9; pence to buy 100 Apples and Pears 
together , how many Apples, and how many Pears ought ſhe to have ? 


1. For the number of - Apples ſought pat , , . . . ,S , . . a 


2. And for the number of Pears ſought pr  , . . .>., c 

3. Then ſearch out the coſt of the number of Apples in the firſt 
ſtep, andfay, If 10. 1 "L105 © : ſo the coſt of oo 
10 "BS 


the number of Apples fought is . . . . ., . 4) 


4. Search 
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4, Search our alſo the coſt of che number of Pears in the ſecond | 
ſtep, and ſay, If 25 . 2 :: e « (7 . ſo the coſt of "eh 28 
2 
number of Pears - es is found . 2 , 
5, Then ( according rv the Queſtion ) the money laid an for | | 
all the Apples and Pears ſought muſt be equal to 92 Pence;> © | 2© — gf 
hence this Equation 10 25 
= 100 


bought muſt make 100, therefore -, 
7. Then the Equation in the fifth ſtep, after due Reduftion, 
will give this Equation in Integers, ro wit, 
$. And the Equation 1n the fixth wy —_ mulriptied by 5O 
produceth . . ? 
9, Then by ſubrracing the Equation in the ſeventh ſtep from oe" 
| thatin the eighth, there ariſeth . . ; 
10,” And the Equarion in the ninth ſtep divided by io, Ls CN 


6, But the number of Apples, tc rogether with the mand of Fran PORE 4 


the number e, viz. . » = 33 
11. Laſtly, from the ſixth and tenth Qieps , , the number 4 is 08 
allo made Kan, wn . oc ce Es 2. c - "6 08. "9 


By the firſt , ſecond, eleventh and tenth ſteps ir appears that there might be bought 
75 Apples, and 35 Pears, which numbers will ſolve the Queſtion, as may eaſily be proved. 


——_— — 


—— 


QUEST. IO, 


To divide 90 into four ſuch numbers, thar if the firſt be increaſed with 2 ; the ſecond 
leſſened by 2 ; the third multiplied by 2 , and the fourth divided by 2 , the Summ , Re- 
mainder, Produ® and Quotient may be equal berween themſelves. 

Let b and 4 be put for the two given numbers, go and 2; alſo a, e, y and # for the 
four numbers ſought , then the Queltion may be {tated thus z 


I, If Oe Ee TR. « - " . . - s Sa £ eat = b 


2, And "2. OR 4 - . n 67 iS- © . apa = &— 


3, And "EE Be "SK... ® ©® $--- "ET 12s © a+4d — ay 


4, And . = "we TW . . © "200 RE 4.8 700” a -|- a == 
What are the numbers.a,e, yandus f || —— —————— 
RESOLUTION. 
5. The br{t number ſought is equal to it ſelf, _ : 1þ 0 ='8 
6, From the ſecond ITY by cranſpoſition of —d dogs in 
this ariſeth , wh ones; 
7: And by dividing each part of the third Equation ho =i'y 


by 4, this ariſeth, . . 
8. And the fourth Equation multiplied by d producerh > 44d = #4 
9. The ſumm of the four laſt Equations gives 


24-|- 24-|- x - | da -þ-4 = a-|-e--1-u = b 
bd—ddd—2 dd —d 
dd-1-24--r 


10, Which laſt Equation, after due Reduction; gives > a = 
11. Then from the tenth and ſixth Equations, by 


exchange of equal Quantities, . . . « «+ » Ed: Hd-[-24-i 
12. And from the tenth and ſeventh Equations, . > 7. = : 17 
rd +: - 
13. And from the tenth and eighth Equations , * [7 = 77 —= = 


The four laſt Equations give a Canon to find out the four numbers ſought » Which are 
18, 22, 10 and 40, which will ſolve the Queſtion. For, firſt, their ſumm is go , then if 
the rſt number 13 be increaſed with the given number 2 , it cakes :0: and if the ſecond 

Oo3z number 
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number 2 2 be leſſened by 2, the Remainder is alſo. 20 : moreover, if the third number 1, 
be multiplied by 2, it likewiſe produceth 2o : laſtly , if the fourth number 40 be divideq 
by 2, the Quorient is alſo 20. Therefore the conditions in the Queſtion are ſatisfied, 
Bu: the Numerator of the FraCtion in the latter part of the renth Equation ſhews, Thy 
the numbers 6 and 4 muſt not be. given ar random, but ſo, that ddd-4- 2444-4 mayhe 
ſubrrated from bd and leave a Remainder greater than nothing , therefore bd myſt he 
greater than ddd +- 34d + d, and conſequently b muſt be greater than 44 24+;, 
Therefore,to the end the Queſtion may be poſſible, the numbers given muſt be {ubjeRx0 thi 
Determingtion. | 


The number given to be divided ( 6 ) muſt be greater than the Square of (4-4-1) the 
ſumm of the other number given and Unity. 


— ——— ———— — 


_ "__ { 


— 


YDUVEST. 11. 


There are two numbers whoſe ſumm is equal ro the difference of their Squares ; and 
if the ſvmm of the Squares of thoſe two numbers be ſubtraQed from the Square of their 
famm, the Remainder will be 60 ; what are the two numbers ? 

Pat þ for the given number 60, alſo « for the greater number ſought , and. e forth: 
leſſer ; then the Queſtion may be ſtated thus, viz. | 


8. If . o o . . o . ©. Ag —= 66 — ae : 


2» And . , «© © +» « aan|-ee-|- 24 —aa—ce = b 
What are the numbers a and e ? __ — —_ 
RESOLUTION. 
| 3. The ſecond Equation after its firſt part is duely ks 
| | contracted is .' . » Ws 45 = 


4. And the third Equation divided by 2 gives . .> ae = + 
5. And if each part of the firſt Equation be divided s 
EET oo oe ER TEES a+e 
6. From the fifth Equation, by tranſpoſition of e, 
mr IG RN DT 
7. The fixth Equation multiplied by e.produceth. .> a — ee+e 
8. From the fourth and ſeventh Equations , by ex- be as)” af 


a =| e+t 


changing equal Quantities, , . . . . ' 
9. Then the eighth Equation being 'reſoived by the 
Canon in Sett, 6. Chapt. 15. Book 1. the lefler > e = x: 3fo ib —i=xy 


number ſought will be made known , wiz. , , 


| Io. And from the ninth and ſixth Equations the RT 
| greater number ſapght will alſo be made known, > 4 = 4:44: =6 


VIZ. . Ly ” Ci . * o - LY * OI * 


The two Jaſt Equations give a Canon to find out the two numbers ſought, which arc 
6 and 5 , as may ealily be proved. | 


— —— —  — _ — 


Co 


QUEST. 1s 
There are two numbers , ſuch , that if their ſumm be ſubtrated from the ſumm of their 
Squares, the Remainder is 42 ; but if the ſumm of the ſaid two numbers be added to the 
Product of their multiplication, it makes 34 : what are the numbers? | 
Let 4 and e repreſent the two nutnbers ſought, then the Queſtion may be ſtated thus, 21% | 


I, If . . "— . . o . 2 o 6 Si aa|-ee—a—e —— 42 

IE $i 5 oe +. - of. oo 0 & Aves = $34 

What are the numbers 4 and « ? || —— 
RESOLUTION. 


3- By adding the firſt and ſecond Equations together, 
OC TIEETE -- © + » -—— 
4. And by adding the ſecond Equation | 
the ſumm will be EO ; ol apts ae, Hhenncls there Beerabahtn 


ES 3-4 5 6 nai. » cc. 3 = ad 


XY jo aa | ee-þ ae —= 76 
to the _ 


6. Then 
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6. Then by (quaring each part of the fifth BR 


this ariſeth,.. .. _ --. + Lk Co ») = aa-|eef-2ae 
The ſumm of the two 1a quations makes . by = - 

; £ And from the ſeventh and fourth Equations., : 7 OY 4aþec I- 2a6-þ-4-þ-0 
exchange of equa] quantities, this Equation ariſcthi JJ +) '= = Tlo 


9, "Which eighth Equation being reſolved by the = 
Canon in Se&.6. Chap.1 5. Book 1. the number y,> ' © y(=.a Ee) = 10 
to wit, 4 -|-e will be made known, v1... . | 

10. Then by ſerting 10 (the value of- a e) i in the £ 
place of a+ e in the ſecond Equation, there ariſeth $F ©* T1 =34 

11. And by ſubtrating 10 from each part of the 7 
tenth Equation, thererematns' '. | 

12, And tromthe.ninth Equation , by renſpoſtion 
of 4, there ariſeth 

13, And if 4 in the eleventh be mbltiplied by IO-4 
inſtead of e, the Taid eleventh Equation will be IOa—ar = 24 

. reduced: to this, : > . | 

14. Wherefore the laſt Equation being reſolved by; an 
the Canon in Seb. 10. "Chapt. 15. Bock 1. the> . her yy: 
two numbers ſought will be diſcovered , viz: 49 gars. 


Thus 6 and 4 are found out , which will folve the Queſtion propoſed, as will by evident 
by the Proof. | 


+ e Ae — 24 


'$ « » ec = 10g 


" th 


There are two numbers, ſuch, chat the ſumm of cheir Squares makes 1 106, ond if the 
fumm of the two riumbers be added to the Product of their miltiplication, it makes 62, 


What are the numbers ? 
Let 4 and e be put for the rwo nunbers ſought, then the Queſtion may be ſtated thus, viz, 


KH... od I I. memS 
2: And , 0 . 3 ofa ofo + © &, +» >. SS: 
What are the numbers « and e ? | En ———— 
RESOLUTION. | 


I The ſetond Equation multiplied by 2 produceth > . 2c +24 > 20 = 124 | 
4 The ſumm of the firſt arid third Equations _ P” aa+ee+-240+2442e=2 24 
5 ib rn att a” OED 
en uaring each part of the fift uation We 
this is Ar LR : . x . T5 = 44+ee + 246 
7. And by adding the double of the fifth banks. 
to the lixth , tt gives < 
8. And from the ſeventh and fourth Equations, by 
exchange of equal quantities,this Equarion ariſerh 
9. Which laſt Equation _ reſolved by the C3- | | 
non in Se. 6, Chap. 15. Book 1, the number MC . 12343 11 
to wit a-|-e, will be made known , viz. . ; 
10, Then from the ninth and ſecond Equations, by Þ. | 
taking 14 inſtead of 4 + e, the ſecond Equation > ae + 14 = 62 
will be rednced to this, viz. 
11, Which laſt Equation, by equal, i ſubtraRtion REF 
of 14, gives :-. w— 
* . the ninth Equation by rranſpoſition of 4 gives > & = I4—4 
- Then by multiplying 4 in the eleventh Equa-, | | 
tion by 14 — a inſtead of e, this Equation is> 144 — #4 = 48 
produced, to wit, . | 
14. Wherefore the laſt Equation being reſolved 'S . 5 5 li! 


JJ +2 J= = : 40+064=246-+=24+=26 


dang 224 


by the Canon in Sed. 1 0. Chap. 1 5. Book, 1 
the two numbers ſought will be diſcovered , viz, 


Sq the numbers {01 aght are found 8 and 6 ,' which will ſolve the (Queſtion, as will appear 


e 


by the Proof. | DUEST. 14, 


——— 
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DUEST. 14 
There are two numbers , ſuch , that their ſumm is equal to the ProduRt of their mul. 
plication ; and if the ProduR or ſumm of the ſaid numbers be added to the ſumm of their 


Squares, it makes 15+ : what are the numbers ? 
Let 4 and e be pt for the two numbers fought, then the Queſtion may be ſtated thus, z;z, 


FT. If . - > - o o . o - o o o . -. ae _. ate 
20 And . . . - aa +e6-[- ac  _———— I5z 
What are the numbers « and of ? . hiya 
RESOLUTION. 


aa ee 248 = 4-| edn; 
aa »|- ee -|- 246 —&4 —e =15; 


* » } = 4be 
. « J). = aaeeT]-24 


Y—y = aapee-| 24e-a-q 


3. The ſumm of the firſt and ſecond Equations is . > 
4. And from the third Equation , by IN 1tion 
| of a-|- e, there ariſeth « . . 's 
1 | 5. Suppole . . -» > 
| 5 Then by ſquaring each part of the nh Equation, > 
| 7. And by ſubtraQting the fifth TR from the 
| ſixth, there remains 
( 3. And from the fourth and ſeventh Equations, by 
exchange of equal Quantities , there will ariſe 
g. Which laſt Equation being reſolved by the Canon* 
in Set. 8, Chap. 1 5. Bogk 1, the number y, "OY [oro y= aFer= 
a -|- e will be made known, viz. . . 
10. Theretore from the firſt and ninth Equations , . 


J —) = 15% 


11. From the ninth Equation, by tranſpolition of a, : as» co #7 | nao 
12. The-cleventh Equation multiplied by 4, ao | — 
duceth . . T ERS. » 0. 9 8 
13. And from the tenth and twelfth Equations > by Ss | 
exchange of equal Quantities, . 't py  _ ney | 9 
Up 14. Wherefore the laſt Equation being avis by WE 
T1 the Canon in Set. 10. Chap. 15. Buok, 1, the two > . 47 gt 
| numbers ſought will be diſcovered, viz. . . . - 


So the numbers ſought are found 3 and 1+ , which will ſolve the Queſtion ; fortheir 
ſumm is equal to the Produc of their multiplication » and if their ſumm 4+ be added to1 I: 
the ſurnn « of their Squares, it makes 1 55, as the Queſtion requires. 


DUEST. 15. 


Fl There are two numbers , ſuch , rhat the Square of their difference is equal to the Produt 
| of their multiplication , and the ſumm of their Squares makes 2o : whar are the numbers! 
| Let a and e be put for the two numbers fought , and let 4 be the greater ; then the Qu- 

ſtion may be ſtated thus , viz. 


EE Si +: oo co 5.5 4. 3 ler Se 


2, And - A . . P . a k 6 . ®* 0& 4 aa —_ oo = 30 

l What are the numbers 4 and e ? [| = _ _ 

| | RESOLUTION. 

li 3. x the on __— by tranſpolition of _ as x aides os the? 
4 Therefore from the ſecond and third Equations #4 |oÞ +» 26 22 20 
5. And the third Equation divided by 3, gives . . >» - @ = 7 


6. And by adding the double of the fiith Equation to the Hh 
ſecond Fi RR Ps -0 WW”; 

| 7s Therefore by extracting the ſquare Root of each part of 

| the ſixth Equation, the ſumm of the two numbers git » ambe = y/*25 

| will be made known, v3z., . 

| 8. wh the ſeventh Equation , by cranſpol tion of a, this 

|| ariſerth, . . 


. 3 EF = = of —6 


9. The eighth Equation mvltiplied by a, ' produceth . > © me = 22x48, 7 | 
IO, 
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In 


io, And from the fifth and ninth Equations this ariſeth, ,> J/422 x g, — ag —= 


11, Wherefore the laſt Equation being reſolved by the 
Canon in Set. 10. Chap. 15: Book 1. the two runber: 


ſouphr will be diſcovered, Vito 3 of o © du 
The Proof. 

The difference of the two numbers in the eleventh ſtep is > y1z+ ob. 1% = y22 

The Square of the ſaid difference is « . «© , » « »Þ : v > 

And ( by the laſt of the three Rules in Se&.1 0, Chap. g. C 3 


of this Book ) the Produdt of the multiplication of the ſame 


evo minders 15 'gil@ » © * 2 4-6 0: 
Laſtly , ( by the firſt and ſecond of the ſaid three Rules) 


the ſuram of the Squares of the faid rwo numbers is «. 


— —— 


LH UEST. 16. 

There are two numbers , ſuch , that if their ſumm be multiplied by their difference, the 
Product is 21 ; but if the ſumm of the Squares of thoſe two numbers be mulciplied by 
the difference of their Squares, the ProduRt is 609 : what are the numbers ? 

Let a and e be put for the two numbers ſought , and ler a repreſent the greater ; then 
the Queſtion may be ſtated thus, 2:z. 


HEEL I 5» + o » 4X 4—f, ithatis, acq—&@,. =: 28 
= FAN - aa-j-eexaa—ce, that is, aaag—eece, —= Gog 


What are the numbers a and e ? [] — _ . - 
| RESOLUTION. 


3. By ſuppoſition in the firſt Equation, . « « «Þ 7 . 5 aa—te = 21 
4. Theretore ( by tranſpolition' of —ee) « » >. . « ad = 6-21 
5. And by ſquaring each part of the fourth Equation © | 
his-wilth,, .'. > 5 >» > 5 ot, ON 
6. And by taking the latter part of the fifth Equation 
inſtead of aaas in the ſecond , the ſaid ſecond Equ ecee-(-42e6-[-441—ecce = 6og 
tion will be reduced to this, . « « » + » 
7+ The ſixth Equation , after due Reduction, gives .> 
8, Therefore by extraQting the ſquare Root our of each s 


- «5 © W's 


part of the ſeventh Equation, the leſſer number fought 5 , .  @ = 2 
s diſcovered, viz. « © « «© @ & 6 + +1 
9, Then from the fourth and ſeventh Equations this in | 
| S + - #4,=-445 238=29 


ariſerh $8.0 45, EEC CN 
10. Therefore by extraQting the .ſ{quare Root out of 2 - | 

each part of the laſt Equation , the greater number > . ; fa =5 

ſought is alſo made known, viz. « » « » | 

S0 the numbers ſought are found. 5 and 2 , which will ſolve the Queſtion, as will be 
endent by the Proof. 


———— _ 


—_—__— c_—_——— 


— 


| 4  DUEST. 17 | 
There are two numbers , ſuch, that if their ſumm be mulciplied by the fumm of their 


* Squares, the ProduR is 272 ; but if the difference of the ſanie two numbers be multiplied 


by the difference of their Squares the Produtt is 32 : what are the numbers ? 
Put 2 for the greater number ſought , and e for the leſſer ; then the Queſtion may be 


ſtated thus , viz. 
ER 6. E SE En Sz ae X aa-|—ee —= 272 
LG... ci n_ Ol A—C X A&—68 = 32 
What are the numbers a and e ? [1 AT: R—_—_— 
RESOLUTION. 


3. By multiplying a-}-e into aa 1 ee, the firſt? | | 
Equation will 6 —_ to & a L E Ba ls Sd as 


4. Likewiſe, 
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. Likewiſe by multiplying 4 — e into a4 — ee, meg "RE =” 
x ſecond Equation will be reduced to this, . . . __ a = 
5. The ſumm of the third and fourth Equations gives > 2444 —2e40 = 304 
6. The half of the fifth Equation is . . +. . aaa + eee = 152 
7. The fourth Equation ſubtraed from the wa rd oos "I 
leaves . 5 o . . © . © © © . © " J-- : bay 
$. The half of the ſeventh Equation is . . « Pf, . acer ace =11, 
9g. The ſumm of the ſeventh and eighth Equations is Þ . . 344e-þ 3ace = 360 
10. The ſumm of the ſixth and ninth Equations is . * aaa-þ-3aae43aceÞere = 512 
11. The cubick Root of the tenth being extracted, ; phe" 
there ariſeth . R, . . : - RR _ Ec ibs = 8 
12, By dividing each part of the firſt Equation by 4 "Io 
the ſpire part of the eleventh, there will te Wes * Kampee = 34 
By the two laſt Equations, the ſum of the two numbers ſought is found 8, and the ſfunn 
of their Squares 34 ; therefore by the Canon of Qweſt. 7. Chapt, 16. Book 1. the nun- 
bers themſelves will be found 5 and 3 , which will tolve the Queſtion, as may calily be 
proved. 


Y ——_ 


— 


— | —— _ —_——_—————_—_ 


DUEST. 18. 


To divide a given number 14 ( or 6) into three continual Proportionals , ſuch, tha 
if the ſaid given namber be divided ſeverally by every one of the faid three Proportional, 
the ſu;mm of the three Quotients may be equal to 122 (or d) a number given, 


RESOLUTION. 
1, For the firſt { or leaſt ) of the three —_ 


__ * _ RR 
P 4 
6 < 
_— 


2, For the ſecond (or mean ) Proportional put 2 ; 
4. Therefore the ſumm of the three Proportionals is «. > e-þ- 4] £* 
e 


3. Then the Square of the mean Proportional bein 
divided by the firſt gives the third, tro wit, . , 


. Which ſumm muſt be equal to the given number 1 aa 
: (or b,) whence this Equation ariſe, Bits [0 %s eo 4 OM , 
6. Then by reducing-that Equation to Integers,this ariſeth > eel ae aa =be 
7. Again, (according to the Queſtion) let the given num- 
ber 6 be divided by every one of the three Proportio- b b be 
nals in the fourth Rep , ſo the three Quotients adde 6. oF =Y = aa 
ET TRE » < » oo o a: af 
8, But the ſumm of the three Quotients in the ſeventh Fa þ bo 
ſtep muſt be equal to the given ſumm 12, (or d,)> .— + — + —=4 
hence this Equation ariſeth, . . . . . . NY © - me 
9. Which laſt Equation reduced to Integers will produce > baaa-{ baae -|- baee = dat 
10. And by dividing every Term of the Equation in che N KEE os a dag | 
ninth ſtep by 4, this ariſeth, . . . . . . . 46 —7- bas -j— bee = 
11. The lixth Equation multiplied by þ, produceth . . > bas bae -|- bee = bbe 
12. And from the tenth and eleventh Equations, (where 
each of two Quantities is found equal ro a common > . . daae = bbe 
third ) this ariſeth, viz, . . . 


13. The twelfth Equation divided by e pives : = $A daa = bb 

34 And the thirteenth Equation divided by d gives . . > . a= 

15. Therefore by extrating the ſquare Root out of , 
each part of the foarteenth Equation , the mean Pro- hn fo WL = 4 
portional ſought will be made known, viz, . . . a 


16. And becauſe « is now known, to wit, 4; and 
6b — 14; therefore the Equation in the ſixth ſtep> ee-þ-48{-16 = 14e 
may be reduced into this, #iz. . , . . , . : 
I7. Which 


Chap. 12. by warious Poſitions. 


17, Which laſt Equation, after due ReduQtion, will give} , 108 —ee —= 16 
18, Laſtly, the Equation in the ſeventeenth ſtep being 

reſolved by the Canon in SevF, 10. Chap. 15. Book 1. 5-= 3 w 

the firſt and third Proportionals will be diſcovered,v3z. > 


Thus the three Proportionals ſought are found 2, 4» $, which will ſatisfie the conditioris 
in the Queſtion : For firſt, 2, 4 and 8 are manifeſtly in continual proportion; ſecondly, 
their ſuram is 14 ; thirdly , if 14 be divided by 2, 4 and 8 ſeverally, the ſumm of the 
Quotients 7 , 3% and 1 1s 124; as was preſcribed in the Queſtion. 

It may alſo be obſerved, thar thoſe three Quotients are continual Proportionals, as 
will be manifeſt from the ſeventh ſtep of the Reſolution, where' they are repreſented 
by Þ v and My for the Product made by the multiplication of the two extremes, 

e 4 | Id nl... 
to wit, the ProduR =, that is, Z, isequal to the Square of the mean Proportional ->- 


_ 


-=- 2vhper. is; | one 
To find three numbers in Arithmetical Progreſſion, ſuch , that .if the.firſt be multiplied 
by 1, the ſecond by 2 , the third by 3 , the ſumm vf the Produits may be 62 , and that 


* the ſumm of the Squares of the three numbers may make 27 5. 


Let the three numbers ſought be repreſented by a, e, y, and ſuppoſe a to. be the ſmalleſt 
and firſt Term , then the Queſtion may be ſtated thus viz. | _ 


I, If « 4 . RT RT We: —_—  :. 6: &.:3 «3 & 6 PR —_ J=nnl 

2, And . . . o . * p - p . * . "* « a |- 2e + 37 S— 62 

3; Ad 5 » + & o + o | © ye 8 1 CORE 

What are the numbers a,e, y ! [| app p——_ - 
RESOLUTION. 


4. By ſuppoſition in the firſt ſtep . . . >,  «. -6—4 = J—E 
5- Therefore by tranſpoſition of — 4 and — *>2 ot a e” 
halt: J50g11-6. "7 WIR 


6. And by dividing each part of the laſt Equation? - 
oe oe s . AT ON b I pe th. dads 
7. And by ſquaring the Equation in the fixth ſtep, 
heme fart” «3 ai 4 
$, Then if inſtead of 2e in the ſecond Equation, 
there be taken the firſt- part of the 6h , the 
ſecond will be converted into this, viz. . . 
% ls nin En CS 3 
10. The half of the laſt Equation is * . —_ 
11. And by tranſpoſition of Quantities in the 
_ _ this ariſeth, viz. -. « . . 
Iz, And by ſquaring the eleventh Equation, there 
comes an, . 0 Me 2 72 a *© $01-—124- +47" 
13. From the ſeventh, eleventh and twelfth Equa- *61 DE + 
tions this ariſeth , 4 aa ; p eo — 21 I-47 


aa =|- ia) + jy = ce 
: aJ-adj +3) = 62 
Þ . © © ZAj=4) = 62 
1 * os '© dHo4o27 = 30 


. #7 is 31—2J) = &4 


LI 
A 


[ 
Q 


+ RIO - ©. < + W's a8 >. +: «© ns 

15, And by adding the twelfth ,” thirteenth and | 

fourteenth ns. Fo into one ſumm, it makes ERC A ena ah 

16, But by ſuppoſition in the third ſtep, 55 «>». Y RR 

17. Therefore from the fifteenth and ſixteenth? ,,,, 229, 1 429 += 
Equations , by exchange of equal Quantiries, \ MIT FEY 

18. And after due ReduRtion the Equation in the 146 3 08 
ſeventeenth ſtep gives . .,. . « '$ 65) <7 IRON NO 

19. Therefore by reſolving the Equation in the 1 8 | 
ſtep,(according ro the Canon in Sef.10.Ch:15.> . *. 7 =- 13, 00197 
Bock 1.) two values of y will be diſcovered, viz. 


20, And from the 1 9th and 11th Equations . .F . 5 « Þ + 4 5, Of 37 
?1, Laſtly, fromthe 2 Oth,1cthand 6th Equations > . . «© . +» @ 9, or 8; 
P 


"ll 


9 | From 


F IE: SI 


2. - ——_— "Y &o ES PP 
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From the three laſt Equations ris evident, that the three defired numbers a, e, may 
be either 5,9, 13 , or 32, 87, and 13+: For firit, 5, 9, 13 are in Arithmeticg] Pro. 
greſſion ; and if 5 be multiplied by 1, g by 2, and 13 by 3, the ſumm of the three Produdy 
is 62 ; moreover, the ſumm of the Squares of 5, 9, 13 makes 275, as was required, The 
like may be proved by 3#, 87 and 137. 


2U EST. 20 | 

To find three ſuch numbers , that the Square of the firſt being added to the Produ gf 
the firſt multiplied into the ſecond way make the ſumm 4.8; alſo, that the Square of the firſ 
being ſubtracted from the Product of the firſt multiplied inte the third, the Remainder 
may be 32 , and that the ſumm of the Squares of the firſt and third may have the ſane 
proportion to the _ of the ſecond as 5 to 2. 

Ler'the three numbers ſought be repreſented by 4, e, y, and then the Queſtion may 
be ſtated thus , viz. | 
_ +» 05+ > . 'o +. © 3 » Mi & = gf 
2, And . * . . . . . . 4 . . . o AY — aa C—_ 33 
3, And . - © - . . o 6 ., - * an Jy . EE 33 T oe 2 

What are the numbers a, e, 7 ? {| N 4 temas ad 
RESOLUTION. 


4. From the firſt Equation by tranſpoſition of 
CLE SE oo «© « © © »h 
5. And by dividing each part of the Jaſt Equa- 2. 48 — aa 
ELIE > - - oc: » ©» "a 
6. And by tranſpoſition of — 44 in the ſecond 
Equation , it makes . . . . . . + = 4433 
5. And by dividing the ſixth Equation by a, — aa+22 
EL a + o + + » +» 'F p a” 
8, Froin the Analogy in the third ſtep , by com- 
paring the Product of the extremes to the Pro-> , 8 5ee = 2aa-Þ2 Jy 
duct of the means, this Equation ariſeth, , ; 521 | 
9. The Square of the ſeventh Equation is . , 1024 + 6444-5-i 
: aa 


i: 
10. The double of the ninth Equation is . .> * 2 04 8-]-1 2 844-26 
IT, If inſtead of 2yy in the Jatter part of = aa 

e 


a 


Bt Or —— 


* ae = 48 — aa 


eighth Equation there be taken the latter part 2048-12 8444-44 
of the tenth , the eighth will be converted into PE 


this, Vis. . o = - o . . . F 
» £ bd ® 1 | —— 4 
12, The Square of the fifth Equationis . .',>S , Þ e == 23245 - 9644 +4 


; as 
11520—480a4-|-(4 
I 


I 3. Thetwelfth Equation multiplied by 5 give> 5 , 5ee = 
14. From the eleventh and thirteenth Equations, 
by comparing their latter parts one to the other, 
and reducing the Equation thereby reſulting, 
this Equarion arifeth, viz. . . . . . 
15, Which Equation in the 1 4ch ſtep being reſo]- 
- ved by the Canon in SefZ.1o, Chap.if. Book 1, 

' will diſcover two values of x, viz, . . , 
16, But the lefler of thoſe two values of 4, toy 
wit, 4 , is the firſt number ſought by the Que- 
ſtion, for the Square of the greater value 4/5 92 
exceeds 48 , but according to the ſuppoſition > + 
In the firſt ſtep it ought to be leſs than tf | | 

th | 


608%aa- at = 9472 


« > 4 = 4/593 Or 4 


[| 
OO 


ſappofing then 4 = 4, it follows from the 
ſtep, that . . 


- 


17. Laſtly, from the 15th and 7th Equations, -'o. + 3 £2 0 
| So three numbers are found out, to wit, 4, 8 and 12 ; which will fatisfic the Queſtio!, 


DUEST 1% 


as may ealily be proved. 


. endI proceed thus, viz, 


Cap. «2: "Þ omins Faces wr 


SUEST. $1 © 
To find three ſuch numbers, that the Square of the firſt ,, together with the ProduRt of 
the firſt multiplied by the ſecond may make 10,. alſo, that the Square of the ſecond with 
the Product of the ſecond into the third may make 21 ; and laſtly, that the Square of the 
third, with the Product of the third into the firit may make 24. | | 
Let the three numbers ſought be repreſented by 4, e,7, and then the Queſtion may 
be tated thus ; 


Hf - of + + » 4%. & 6 A | 
% Ad -, . © » + © ©» © WS xx What are the numbers a, e, y ? 
% Ad”, - + & © © «© » YN = 3s 


RESOLUTION. 


4. By tranſpoſition of aa in the firſt 
Equation this ariſeth, . , . .F * 
5, And by dividing each part of the? , __ 10—aa 
fourth Equation by 4 , it gives C a 
6, And by {quaring the fifth Equation a* — 2044-100 
TS . > = ES —_ wy _ 
7. And from the ſecond, fifth and ſixth? + __ 2044) ord _ Hd 
Equations this atiſeth, , . . , _ a} 
$, And by ſubtrating a*—2044-5-100 | " 
aa TO —44, _ 4I44— I00 — at 


W_— 


from each part of the ſeventh Equa- a aa 
tion, this remains, . . , , . 
9. And by dividing each part of wy ) = 4144 —100— af 


$:h Equation by _2<££ 
A 


10. And by ſquaring the ninth Equation c __ #83-8246%-|-1 881 4*—820044T0000 
TS. ce pI  10044—204*%þ- a 
11. And by multiplying the ninth Eq — 4T444—IO004—4/ 
"EIS 8-2 
quation by 4, it produceth . . . 104 — 444 


e —= ITO —aa 


I O04 — Aad 


, this ariſeth, 


12: And by adding the eleventh Equation to the tenth , the ſamm makes 


24* — 15334*-|-22914t — 92004n | 19000 


| J4 = 
mr) 1 004@— 204? -þ- af 
13. Therefore from the third and twelfth Equations' this ariſeth , 
244 — 1334*|- 23914* — 930caa4 10200 __ wi 


x 10044 — 204? -|- a* | 

14. Which laſt preceding Equation , after due ReduCion , gives this that follows , viz. 

— a -|- 78345 — 143 534* -|- 580044 = 5,000: C7 

15. That is, after tranſpoſition of 5000, 

OO nn fd 7834f — 143534at + 580044— 5000 = 0©. 

16, Then by ſuppoling # = 2 4, and proceeding according to the Rule in Se. 7, Chap..11., 
of this Second Book, the Equation, laſt above written will be reduced: to this following 
Equation in Integers,, 91z, | | 

— Bl 31445 — 22968#* -|--3712004u4 — 1280000, = ©, es 

17, And by ſuppoling x = #4: we may inſtead of —# in the Jaſt preceding: Equation, 
write — x*, and inſtead of | 314 &* we may ſet. 314x3, allo — 22968xx inthe place 
of —2296t#*, and +371200x inſtead of +-37120 cu, and laſt of all the Abſqlute; 
number — 1 280000 : whence this: following: Equation ariſeth,,. and. chen-afrer is 
made known , its ſquare Root ſhall be the number # ; ( for by ſuppoſition x = #3) - 

| —x* | 314x3 — 22:96$x# -]- 371200x — 1280000, = © ,- |... 

19. Now becauſe the laſt Term! — 12 $0000 in 'the Equattorr laſt above written hath 
many Diviſors which will be uſelefs in the 6nding of the value of x,! it will becconventent 
before they be found out, to ſearch our. limits , within which ſuch a value of the Root x, 
doth fall as will produce a value of 4'capable of folving the Queſtion propoſed z ro which 


Y 


Pp 2 : 1 9.*Ry 
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19. By the arter part of the fourth Equation it's manifeſt that > $310 
20. And by the ſecond Equation, atter tranſpoſition of ee,2 

it will likewiſe appear that . . + » þ.8-/ 8 © :,” "of 

e = x21 


as -x/21xa = 1g 


—— L 
Kg —= 15538, ©, 


RIDER i oo fo fo fete. = 0's o oÞ 

22. Then by multiplying 4/21 inſtead of e by 4 in the firſt 
Equation, it will be Teduced to this, viz. . ROPE 

22. Which laſt Equation being reſolved by the Canon in SefF.6.7 


5; Sos. gw . - > - - © - o » 
24. And becauſe when e is ſuppoſed to be equal to /2r, the 
Equation in the twenty ſecond ſtep gives 4 = 1735, it may 
ealily be conceived that when e is leſs than 4/21 , (as it ought & © 1745, &6, 
to be) then the firſt Equation, to wit, a4 -|e4 = 10 will WE 
ng SFO OgMOgEE RRC 
25. Therefore by doubling each part of the nineteenth and? 5 "24/40 
ewenty fourth ſteps, it is manifeſt that . . . « . , '$ oc 3:22. of, 
26. And by ſquaring each part in the twenty fifth ſtep, it 1, 3 24038 be, 
mr de on er TR. a "© 4-4 © 10 #34, 
27. But by ſuppoſition in the ſixteenth ſtep # = 24, and con-? ,, __ 
6 Hoe EO 
>I 40 


2.8, Therefore from the two laſt pr:cedent ſteps it's evident that > Tn. 
CG $072 &c, 


29. And becauſe by ſuppolition in the ſeventeenth ſtep, . .> x = us 
30. Therefore from the twenty eighth and twenty ninth ſteps | Be 40 
it follows that . OS 6M c *2 = 10525, 6, 
31. Having found that ſuch a value of x in the Equation in the ſeventeenth ſtep as is 
capable of producing a, true value of the delired firſt number ,, muſt be leſs than yo, 
but greater than 1053S; it is manifeſt that among the Diviſors of 12 80000 the liſ 
Term of that Equation, theſe three only, to wit, 16, 20, 32, are neceſſary to make 
tryals in finding our the ſaid value of x, and conſequently of 4; and therefore (according 
to the Rule in SetF, 9. Chap. 11. of this Book) 1 firſt divide the faid Equation in the 
ſeventeenth ſtep, to-wit, — x* + 314Xx3 — 22968xx + 371200x — 1280000 = 0 
by 4 —36, and the Quotient is exaftly —x3-|-2 g8xx—18200x-|80000, where- 
fore 16 ſhall be a true value of x in that Equation : And becauſe by ſuppoſition x =» 
= 4a, it follows that 4/16 (that is, /x) = s = 24, and conſequently 2 = 4 thetirl 
number ſought, | . 
32. Now ſince 2 is found equal to 4, thefirſt Equation, to wit, ? 
aa -|- ae = 10 will be reduced to this, viz. . . . 0 43-2e = 19 
33s þ de guns the ſecond number e is diſcovered, viz. . , Se = 3 
- And conſequently the ſecond Equation will be reduced t 
ETD Jn: w_—— — 
35- Whence the third number y is diſcovered, viz. . . > } = 4 


Thus the three numbers ſought (ro wit, 4, e, y,) are found 2, 3, 4, which will ſolve the 
Queſtion : For the Square of the firſt with the Produtdof the firſt and ſecond makes 10; 
alſo the Square of rhe ſecond with the Produ& of the fecond and third makes 21 ; and | 
the Square of the third with the Produdt of the third and'firſt makes 24, as was required. 

Note , That the Quotient found out in the thirty firſt ſtep, ro wit, the Equation 
— x3 -|- 298xx — 18200x-| 80000 = © hath three Affirmative Roots, whoſe values 
( by the Rule in Set, 9. Chap, 11. of this Second Book) will be found very near equal to 
472%, 78523, and 215532 but theſe are without the limits of x diſcovered in the thirticth 

' ep, and therefore although the Equation in the fifteenth ſtep may be expounded by four 
— values of 4, yet only one of them, ro wit, 2, is capable of ſolving the Queſt! 

Note alſo , That if none of thoſe Diviſors which- were diſcovered to be within the limits 
for the finding of a due value of + had produced an exa& Quotient without a Remitder, 
and conſequently in; ſuch caſe the number & had been Irrational, yet a Rational numbe: 
near the true value of x, and conſequently of 4, might be found out by the help © 

' the General Method in Chap, 10, of this Second Book, | 


CHAP. 


Chap. 13: 


CHaP. XIII. 
Concerning the Reſolution of ſuch Arithmetical Ouefjons as are 


capable of innumerable Anſwers. 


I Fter a Queſtion is ſtated by Equations in ſuch manner as bath been ſhewn in the 

foregoing twelfth Chapter, if thoſe Equarions be equal in multitude to the Quan- 

tities ſought , then the Queſtion hath a certain determinable number of Anſwers . 
but whenſoever a Queſtion affords not as many given Equations, not mutually depending 
upon one another , as there be Quantities required , it is capable of innumerable Anſwers. 
Queſtions of this Jatter kind are very pleaſant and delightful, but oftentimes exceeding hard 
to be reſolved; eſpecially when all the Anſwers in whole numbers that a Queſtion is capable of 
are deſired; and therefore 1 ſuppoſe ir will not be unacceptable to the Learner, if in this 
Chapter, 1 give him a taſte of that vaſt skill, by expounding three Propoſitions found out 
by Menlicur Bacher; the two firſt of which contain the ſubſtance of the eighteenth and 
twenty-firſt in his ingenious little Book , entituled Problemes plaiſans & deleftables, quis 
ſe font par les Nombres, ( printed at Lyons in 1624 ,) but his Method of ſolving and 
demonſtrating the ſame being very tedious and obſcure, ] ſhall wave ir, and deliver two 
wayes.of my own finding out , which are both intelligible and demonſtrative. The third 
Propoſition ( which is handled by the ſame Author in his Comment upon the 41. Prop. 
of the foutth Book of Diophantms, ) I hall alſo explain at large by various Queſtiohs. 


PROP. I. 


Two whole numbers prime between themſelves being given, to find out two others; 
ſuppoſe a and 5, that if 4 be multiplied by the greater ot the two given numbers, and 
to the Produ®t there be added a given whole number, the ſumm ſhall be equal to the Produ& 
of þ multiplied by the leſſer of the two numbers firſt given. Moreover, ' to find out all the 
whole numbers a and 6 that are capable of producing the ſame effe&. 

| Explication, 

7, Numbers prinie between themſelves are ſuch as have only Unity for their common Divi- 
ſor, ( per Defin. 12. Elem. 7. Euclid. ) ſo 12 and 5 are aid to be Prime berween them- 
ſelves, becauſe they have no common Diviſor but 1, to divide them ſeverally, ſo as to leave 

| no Remainder ; the like may be ſaid of 20 and 21, 7 and 3, &c. 

2, Icall anumber the Au/riple of another when it exaaly contains that other twice, thrice, 
or more times, without any Remainder : As, 6 is a Multiple of-3; becauſe it contains 
3 exaAtly twice ;, likewiſe 18 is a Multiple of 6, becauſe it contains 6 juſt rhrice without 
any Remainder. Moreover [I take the liberty to call a number che Multiple of it ſelf, 
becauſe it contains it {elf juſt once. Theſe things premiſed , I ſhall proceed to ſhew 
two ways of ſolving the preceding Prop. 1, and explain the ſame by Queſtions. 


———— 


— 


Set, II. The firs? Method of ſolving the foregoing Prop. 1. 
I OEST: 1... | | 


Tofnd out all the values of 4 and b in whole numbers that may make 94-6 = 76, viz. 
that nine times the whole number 2 with 6 added may make ſeven times the whole number b, 


The Equation propoſed, + .- +< , :94+6 = 76; 


—_— ——_—__ 


fr |15 14|2 

[2] 24 2113 
RP [3 | 33 28 | 4 
Ihe Reſolution, 5 5 Þ- +» +44] 42 35 ]sS 

551 42 |6 

6 160 

U7 {69 | 


Explt- 


» f . . 
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2 
— 


E xplication. 


x. To the number 9 prefixt to 4 1 add 6, ( to wir, -|-6 which follows 9a) and it makes Ti 
to this 1 add again 9 and the ſumm is 24 , to which I add again 9, and it gives 33; and in 
like manner 1 continue the addition of 9 to every next preceding ſumm until I have foung 
out theſe ſeven numbers, 15,24, 33, 42, 51, 69, 69, Which ſtand ( as you ſee in the 
Example ) under 94, and on the left hand of thoſe numbers I ſer 1,2, 3,4, 5,6,7, 
Theſe two Columels of numbers do ſhew that if 1 be taken for the value of a, then 
9a -|- 5 makes 15 ; butif 2 = a,thenya+6 =24, it 3 = 4, then 94-6 = 11, 
and ſo of. the reſt. The addition aforeſaid is in this Example continued only to the 
ſeventh ſumm incluſive, becauſe (as hereafter will appear) the ſmalleſt whole number thx 
can expreſs the value of a,never exceeds the number prefixt to b in the Equation propos'd, 

2. Then under 76 I ſet the Multiples of 7 orderly one under another , viz. 14, (towit, 

_ twice 7,) 21, 28, &c. until I have found our a number equal to one of the ſeven number 
15, 24, 33, &c. ſoatlength among the Multiples of 7 , 1 find 42, that is, fixtimes ;, 
robe equal to 42 that ſtands among the numbers in the ſecond Columel , which latter 42 
( by the conſtruction aforeſaid ) is compos'd of 6 and four. times 9g, Whence 'iis 
manifeſt that if 4 be taken for the value of 4, and 6 for the value of 6, then ga-{-6 
= 76 ( = 42) viz. nine times 4 together with 6 is equal to ſeven times 6, and 
therefore one Anſwer to the Queſtion is diſcovered. 


Note 1. When the given whole number prefixt co 6 in the Equation propos is 
a fingle figure, or ſome ſmall number of two places, then this firſt Merhod will readily dil. 
cover the ſmalleſt values of 4 and b in whole numbers ; for the ſmalleſt whole number | 
never exceeds the given number prefixt to b, as hereatter will be made manifeſt : But if the 
number prefixt ro b be large, then the work by this firſt Method will be intollerably tedious, 
eſpecially in the ſolving ot Prop. 2. | | 

Note 2, If the twogiven whole numbers which are prefixt to a and & in the Equation 
propos'd be not prime between themſelves,then it will ſomerimes be impoſſible to find ouary | 
whole numbers tor the values of 4 and b to ſolve the Propoſition: as, if rwo whole numbers 
a and b be delired that may make 64+|- 3 = 26, it may ealily be ſhewn that 'tis impoſſible 
co find out two ſuch whole numbers ; For the whole number a muſt be either even or odd, 
but whether it be even or odd, if it be mn]tiplied by the even number 6 the ProduR ſhall 
be even , ( by Prop. 21, & 28. Elem. g. Enclid.) to which adding: 3 the ſumm will be odd, 
( for odd added to even makes odd,) which ſamm muſt be equal ro 24, and conſequently 
the half of that ſumm is the number b , but the half of an odd number cannot be a who!: 
number, and therefore b in the Equation propos'd cannot be a whole number :* But if the 
given whole numbers which are prefixr ro a and 6 be Prime to one another , then whatever 
whole number be given to be added ro the delired Multiple of 4, | innumerable whole 
numbers may be found out for the valucs of 4 and &, as hereafter will be ſhewn. 


3. After the two ſmalleſt whole numbers are found out for the values of 2 and 6 tocor- 
ſtitate the Equation propoſed, all other pairs of whole numbers that are capable of pro- 
ducing the ſame effe&, may be orderly enumerated in two Arithmerical Progreffions thus 

- formed; viz. Having found 4 for the ſmalleſt whole number &, and 6 for the ſmalſ 
whole number þ.to conſtitute the Equation before propoſed , to wit, 94+|-6 = 7h, 
let the ſaid 4 be made the firſt Term, and 7, which is prefixt to b, the common difference 
of the Terms of the firſt Progreſſion ; then let 6, the ſmalleſt whole number 6, be the 

' firſt Term, and 9 which is prefixt to a in the ſaid Equation , the common difference 
of the Terms of the latter Progrefſion, ſo the Terms of thoſe Progreſſions will be 


theſe, VR. ' 
Values of a; 4, 11, 18, 25,-32, 39, 46, 53, &sc. 
Valuesot bz G6, 15,54, 33;42, $i, 60; 69, &c. 
4+ Now out of the firſt of thoſe Progreſſions you may take any Term for the value of 4, 


as 17, ( the ſecond Term, ) and then the correſpondent Term in the Jatter Progreſſion, 
croWit, 15, ſhall be the value of b , by which twonumbers 11 and r 5 the Equation | 


94-6 = 76 may be expounded, v3z. nine times 11 with 6 added is equal to ſeven 
times 15. Likewiſe 18 and 24, alſo 25 and 33, and every pair of correſpondeſt 


Terms in thoſe two Progreſſions will cauſe the fame ette& , as 1 thall now oy” 
| hh 


Chap. 12. capable of Innumerable Anſwers. 


D — 


Preparation. 


5. Let 6 and 2 repreſent rwo whole numbers Prime between ) 
chemſelves, and 4, b, 4 three other whole numbers, ſuch, > ca-[-d = nb 
that all five will make this Equation, viz. . ., . . 

6, Let an Arithmetical Progreſſion be ſo formed that a | | 
may be the firſt and leaſt Term, and » the common dif- > a , 44-2 , a-ſ-22 , &+. 
ference of the Terms, 2, © o +. +: of & fe | 

; Let another Arithmetical Progreſſion be formed from 
b the firſt and leaſt Term, and c the common difterencep b , þ+ec , b {-2c,, &c. 
ofthe Ternts, '2;z, - +» ff oo ©: © eo E RT 

$, I ay, if you multiply c by a+ », ( the ſecond Term of the firſt Progreſlion,) inſtead 
of 4 in the Equation in the fifth ſtep, and to the Produtt add 4, the ſumm ſhall be equal 
to a Multiple of 7, to wit, the Product of » mulciplied into: b - c, (the ſecond Term of 
the latter Progreſſion ; ) and the like may be affirmed of every following Term in each 
Progreſſion. | | | | 

Demonſtration, 

g. By ſuppoſition in the fifth ſtep, -.. .'. » <Þ 3  . 4d = wb 

10. And by adding c: to each part of that Equation, 
land, . ca ES '& ca-|-en-|-d = nh 4-cn | 

11, Therefore from the laſt Equation, « , , .> cxaJ=n-[{-d = nx bJ=c 

_ was to be —_— __ . | 

12, Again, if to each part of the Equation firlt granted? - Sh 

' inthe ninth ſtep _ add 2cn, p makes "Y , 'F - 045 200-58" 6h oþ- 268 

I3, That is, " RT 5 Se 4 EE RRRST 2 ly cxal2n 4d = nxb +2 

14. After the ſame manner it may be ſhewn that . , > © x4-+3n,þd = nx bþ ze 

And ſo forwards. Which was to be proved. 

15. Now ſuppoſing 4 and b to expreſs the ſmalleſt whole numbers that are capable of 
conſtituting the Equation in the fifth ſtep, to wit, ca 4 = »b, 1 ſhall demonſtrate 
that no other whole numbers. befides the Terms which follow 4 and & in the two Pro- 
greſſions formed in the ſixth and ſeventh ſteps, can be taken inſtead of 4 and þ to produce 
the ameeffe& : If it be poſſible, ler a-- ſome whole number f, viz. af betaken 
inſtead of a; and let 5-|- ſome whole number g, viz. þ g be taken inſtead of 6 , 
then c multiplied by a -|- f makes c4-|-cf, ro which adding 4, the ſumm is ca -|- cf +, 
which muſt be equal ro the Produ& of # multiplied by 6 -|-g, to wit, b-|-wg, 
whence , . » «© Þ , 6aT-c<+d __ 


16, Andb ſuppoſition in the fifth ſtep, Hp: Ys _ a4 


17. Therefore by ſubtracting the laſt Equation from ? CS 
”m ſor = Sa this —_ N 54 THEE '- : | "GO | 

18, And by reſolving the laſt Equation into Pro-?2 - _ 
craig this Analb y ariſeth, viz. . » » 'F m2 '* fs 

Ig. Whence it is manifeſt that the whole numbers f and g are in the ſame Reaſon ( or 
Proportion ) as the whole numbers »: and s; and conſequently , lince » and & are by 
ſuppoſition whole numbers Prime between themſelves, f muſt neceflartly be equal either 
0 », Or 2, or 3u, &c. and g muſt be equal toc, or zc,br 3c, &c. Wherefore & +», 
a+ 2n, a+ 3n, &c. viz. the Terms which follow 4 in the Progreſſion in the {ixth 
ſtep, and bc, b + 2c, b-+3c, &c. viz, the Terms which follow þ io the 
Progreſſion in the ſeventh ſtep, are the only whole numbers that can be taken inſtead of 
4 and 6, the leaſt whole numbers to conſtitute the Equation propoſed, to wit, ca+d =». 
Which was to be ſhewn. . | 

20, If there be two whole numbers & and þ, given or found out , which will conſticute 
the Equation before propoſed , or ſuch like , and thoſe rwo nurabers be not the ſmalleſt 
values of 4 and b, you may by the help of thoſe given find out the ſmalleſt, by this Rule , 
viz, Divide the given whole number 4 , by the given number which is prefixt to 4 in 
the Equation propoſed, then after the diviſion is fniſh'd there will remain either a number 
or nothing , if a number remain, it thall be the ſmalleſt value of 4, but if o remain, 
then the number prefixt to b is the ſmalleſt value of a, and conſequently the correſpon- 
dent value of bis ealily diſcovered by the Equation, The Reaſon of this Ree is maniteft 


by Sett, 9, Chap. 17. Bock 1, For it any Term greater than the Jeaſt of an Arichmericab 
| | Progreſſion 
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E xplication. 


x. To the number 9 prefixt to 4 I add 6, ( to wir, -|-6 which follows ga) and it makes Ti 
to this 1 add again 9 and the ſumm is 24, to which I add again 9, and it gives 33; and in 
like manner 1 continue the addition of- 9g ro every next preceding ſumm until I have foung 
out theſe ſeven numbers, 15,24, 33, 42, 51, 69, 69, Which ſtand ( as you fee in the 
Example ) under 94, and on the left hand of thoſe numbers I ſer 1, 2, 3, 4, 5,6,-, 
Theſe two Colnumels of numbers do ſhew that if x be taken for the value of a, then 
9a -|- 5 makes 15 z butif 2 = a,thenya+6 =24,; it 3 = 4,thenga-6= 11, 
and fo of. the reſt, The addition aforeſaid is in this Example continued only to the 
ſeventh ſumm incluſive, becauſe (as hereafter will appear) the ſmalleſt whole number thx 
can expreſs the value of a,never exceeds the number prefixt to þ in the Equation propos, 

2. Then under 76 1 ſet the Multiples of 7 orderly one under another, viz. 14, (towit 

twice 7,)21, 28, &c. until I have found our a number equal to one of the ſeven number 
15,24, 33, &c. foatlength among the Multiples of 7 , 1 find 42, that is, (ix times ;, 
to be equal to 42 that ſtands among the numbers in the ſecond Columel , which latter 42 
( by the conſtruction aforeſaid ) is compos'd of 6 and four. times 9, Whence 'tis 
manifeſt that if 4 be taken for the value of 4, and 6 for the value of 4, then ga-4-5 
= 76 (= 42) ,viz. nine times 4 together with 6 is equal to ſeven times 6, and 
therefore one Anſwer to the Queſtion is diſcovered. 


Note 1. When the given whole number prefixt co þ in the Equation propos is 
a ſingle 6gure, or ſome ſmall number of two places, then this firſt Merhod will readily dif 
cover the ſmalleſt values of 4 and b in whole numbers ; for che ſmalleſt whole number « 
never exceeds the given number prefixt to 6b, as hereafter will be made manifeſt : But if the 
number prefixt ro þ be large, then the work by this firſt Method will be intollerably tedious, 
eſpecially in the ſolving ot Prop. 2. HOPE | 

Note 2. If thetwogiven whole numbers which are prefixt to a and 4 in the Equation 
propos'd be not prime between themſelves,then it will ſometimes be impoſlible to find outany 
whole numbers tor the values of 4 and b to ſolve the Propolicion : as, if rwo whole numbers 
a and þ be delired that may make 64+|- 3 = 26, it may ealily be ſhewn that 'tis impoſſible 
ro find out two ſuch whole numbers, For the whole number 2 muſt be either even or odd, 
but whether it be even or odd, if it be mn]tiplied by the even number 6 the ProduR (hall 
be even , ( by Prop. 21, & 28. Elem. g. Enclid.) to which adding: 3 the ſumm will be odd, 
( for odd added to even makes odd,) which ſumm muſt be equal to 24, and conſequent 
the half of that ſumm is the number b , but the half of an odd number cannot be a whol: 
number, and therefore b in the Equation propos'd cannot be a whole number : But if the 
given whole numbers which are prefixr ro a and & be Prime to one another , then whatever 
whole number be given to be added ro the delired Multiple of a, | innumerable whol 
numbers may be found out for the valucs of 4 and 6, as hercafter will be ſhewn. 


3. Aﬀeer the two ſmalleſt whole numbers are found out for the values of 4 and 6 tocot- 
ſtitute the Equation propoſed, all other pairs of whole numbers that are capable of pro- 
ducing the ſame effe&t, may be orderly enumerated in two Arithmerical Progreffionsthus 

- formed; viz. Having found 4 for the ſmalleſt whole number a, and 6 for the ſmalkſ 
whole number þ to conſtitute the Equation before propoſed , to wit, 94-|-6 = 7b, 
let the ſaid 4 be made the firſt Term, and-7, which is prefixt to b, the common difference 
of the Terms .of the firſt Progreſſion ; then let 6, the ſmalleſt whole number 6, be the 

firſt Term, and 9 which is prefixt to 4 in the ſaid Equation , the common difference 
of the Terms of the latter Progrefſion, fo the Terms of thoſe Progreſſions will be 


theſe, viz. | 


Values of 4; 4, Ir; i685; :25,-3>, 39,'46, $3, &s: 
Valuesot 58; G6, 15, 54; 33; 43, $1, 60, 69, Oc. 


4+ Now out of the firſt of thoſe Progreſſions you may take any Term for the value of 4, 
as 17, (the ſecond Term, ) and then the correſpondent Term in the latter Progreſſion, 
croWit, 15, ſhall be the value of b , by which two numbers 1 1 and 1 5 the Equation 
94-6 = 7b may be expounded, w3z. nine times 11 with 6 added is equal to ſeven 
rimes 15. Likewiſe 18 and 24, alſo 25 and 33, and every pair of correſpondeſt 


Terms in thoſe two Progreſſions will cauſe the fame etfe& , as I thall now dcmonſirate 
| _ 
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Preparation. 


5. Let c and repreſent rwo whole numbers Prime between ) 
themſelves, and 4, b, d three other whole numbers, ſuch,> ca-|- 4 = nb 
that all five will make this Equation, v#z. TE Ea 
6, Let an Arithmetical Progreſſion be ſo formed that a 
may be the firſt and leaſt Term, and » the common dif- > a , a2 , a--2+ , 4+; 
ference of the Terms, 23%, « © & oo dif #55 
7, Let another Arithmetical Progreſſion be formed from 
b the firſt and leaſt Term, and & the common difference b , bc , b {-2c,, &c. 
ofthe Terr, ffs, oo oo ef Eoin 
$, I ay, if you multiply c by a+ », ( the ſecond Term of the firſt Progreſlion,) inſtead 
of 4 in the Equation in the fifth ſtep, and to the Produ add 4, the ſumm ſhall be equal 
t0 a Multiple of zz, to wit, the Product of » multiplied into 6 -{- c, (the ſecond Term of 
the latter Progreſſion ; ) and the like may be affirmed of every following Term in each 
Progreſſion. | | | 
Demonſtration, 
g. By ſuppoſition in the fifth ſtep, - . .'. » « 


10. And by adding c: to each part of that Ms 
e 


ad, . - c-- 5 ca-1-en-|-d = nh -|-cn 

11, Therefore from the laſt Equation, « ,  .p cxajn{-d = nxb+-c 
Which was to be ſhewn. . | | 

12, Again, if to each part of the Equation firſt granted? 5h 

' inthe ninth ſtep you add 2cx, ic makes .  , '$ an hens, Hay oa, 

13. Thitis, . oo +6 0 oo & + + © oo X40 nd = ES 

14. After the ſame manner it may be ſhewn that . ,Þ cx4-+ 32, pd = ax bþ 3e 
And ſo forwards. Which was to be proved. 

15. Now ſuppoling 4 and b to expreſs the ſmalleſt whole numbers that are capable of 

conſtituting the Equation in the fifth ſtep, to wit, ca 4 = »b, 1 ſhall demonſtrate 


that no other whole numbers. beſides the Terms which follow 4 and 6 in the two Pro- 


greſſions formed in the ſixth and ſeventh ſteps, can be taken inſtead of 4 and 6 to produce 
the ameeffe&: If it be poſlible, ler a-|- ſome whole number f, viz. af be taken 
inſtead of a; and let 5-|- ſome whole number g, viz. þ g be taken inſtead of 6 , 
then c multiplied by a -|- f makes ca-|-cf, to which adding 4, the ſumm is ca-|- cf +4, 
which muſt be equal to the Produ& of » multiplied by 6 -|-g, to wit, nb-|-wg, 
whence , . » «©» > , 6ar+c<f+d _ 


16, And by ſuppoſition in the fifth ſtep, - - . . cad = 
I7, Therefore by ſubtracting the laſt Equation from : of =" 
the laſt bur one, this remains, « +» +» « + + . 2 I | 
18, And by reſolving the laſt Equation into "= TR 


portionals, this Analogy ariſerh, vzz. . « + » : 

19. Whence it is wee that the whole numbers f and g are in the ſame Reaſon ( or 
Proportion ) as the whole numbers » and &; and conſequently , ſince » and & are by 
fuppoſition whole numbers Prime between themſclves,, f muſt neceſſarily be equal either 
0 #, Or 2x, or 3», &c. and g muſt be equal to c, or 2c, br 3c, &'c. Wherefore 4 +», 
452%, a+ 3n, &c. viz. the Terms which follow 4 in the Progreſſion in the {ixth 
ſtep, and bc, b 2c, b4+-3c, &c. viz, the Terms which follow þ io the 
Progreſſion in the ſeventh ſtep , are the only whole numbers that can be taken inſtead of 
a and b, the leaſt whole numbers to conſtitute the Equation propoſed, to wit, ca-+ d =»b. 
Which was to be ſhewn. | 

20. If there be two whole numbers & and b, given or found out , which will conſticute 
the Equation before propoſed , or ſuch like , and thoſe two numbers be not the ſmalleſt 
values of 4 and 6, you may by the help of thoſe given find out the ſmalleſt, by this Rule , 
viz, Divide the given whole number a , by the given number which is prefixt to 4 in 
the Equation propoſed, then after the diviſion is fniſh'd there will remain either a number 
or nothing , if a number remain, ir hall be the ſmalleſt value of «4, but if o remain, 
then the number prefixt to b is the ſmalleſt value of 4, and conſequently the correſpon- 
dent value of bis ealily diſcovered by the Equation, The Reaſon of this Rule is maniteft 


by Set, 9. Chap. 17. Book 1, For it any Term grearer than the Jeaſt of an Arichmeticab 
| | Progreſſion 
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Ce Ea 
Progreſſion be given , as alſo the common Difference , the leaſt Term ſhall be given al 
either by a continual ſubtraCtion of the common Difference, or by the Rzte above expre q” 


As, forexample, If in the former of the two Arithmerical Progreſſions in the third ſtep, 
which expreſs values of a and 6 to conſtiruce the Equation ga} 6 — 76, there be given 32 
for the value of a, 1 divide 32 by 7 which is prefixt to b, and find 7 contain'd four times 
in 32, and there remains 4; now this Remainder 4 is the ſmalleft value of 4, whence 
the correſpondent whole number & is ealily diſcovered ; for if 4 = 4, then gaþ6 
= 42 = 76, Therefore 42 divided by 7 gives 6 for the whole number 6. 

Again, If 4=20,and 6b = 26, then this will be a true Equation, viz. 54-4 = , 
now if you delire the ſmalleſt whole numbers 4 and þ to conſtitute thar Equation, divide 
20 the given value of « by 4 which is prefixt to b, and there remains © , therefore ( x. 
cording to the Ryle before given ) the ſaid 4 ſhall be the ſmalleſt value of 4; whence 

: 54-[+4 = 24 = 4b, and conſequently 6 = 6; 

Laſtly, from what hath been faid in the third ſtep, all the values of & and b in whole 
numbers that are capable of conſtituting the ſaid Equation 54+ 4 = 4b are the Terms 
of theſe two Arithmetical Progreſſions , viz. | 


Values of 4; 4, $, 12, 16:, 20 , 24,28, 32, Se; 
Values of b, 6,11 ,16 ,21,26 ,31, 36 , 41 , &c. 


| wr 


— — 


Set. III. Another way of ſolving the foregoing Prop. 1. 
In this latter Method there. are four principal Caſes, which I ſhall firſt explain by Que: 


ſions, and then ſhew how the Reſolution of the Propoſition will alwayes run into one 
of thoſe four Caſes. | | 
DVPUEST. 


Toi find all the whole numbers «4 and 6 that are capable of conſtituting this Equation, 
viz. 844-97 = 5b. | 
The Equation propoſed, . . £ 1 | 8a + 97 = 56 


\ 2 | 8 + 97 = 105 
nc Relolution, .: . « o << 3 — = 21 = þ 


F ns 
E xplication. 

Firſt I add 97 ( to wit, - 97 in the Equation propoſed) to 8, which is prefixt to 4, 
and it makes 105, this I divide by 5 the number prefixt to bz and becauſe the Quotient 21 
happens to be exaRly a whole number withont any Remainder, it ſhall be the ſmalleſt whole 
number b ſought, and the whole number 4 in this caſe is always 1. The Reaſon is evident, 
for if a=1 , then 8497 = 8+97, and if this ſumm happens to be a Multiple 
of the given number prefixt to b, then b is neceſſarily a whole number. This is the firlt 
the four Caſes above mentioned. | | 

Then after x and 21, the ſmalleſt whole numbers 4 and b to conſtitute the Equation 
propos'd, are found out, all the other values of 4 and þ in whole- numbers will be found 
1m theſe two following Arithmetical Progreſſions formed according to the Ryle in the third 
ſtep of the foregoing SelF. 2. viz. | | | 

| Values of 8; n, 6,1, 16 , 21,26; Oc: 
Values of b, 21 ,29, 37 , 45, $3, 61 , &c. 


I fay, every two correſpondent numbers in thoſe Progreſſions may be taken for values 
of 4 and b in this Equation, 8a 97 = 56, as, forexample, if 11 be taken for 4, and 
37 forb, then eight times 11, with 97 added ſhall be equal.to-five times 37 , 9% 
185 =185, Andſo ot the reſt. 


———_— 


YUEST. 3. 


| To find all the whole numbers « and 6 that are capable of conſtirming this Equation, 
218. 494-j-6 = 13b, | SK 
( 


Chap. 13: capable of Immnerable Anſwers. —= 


The Equation propoſed, . . , ” "be => a 
2 = 65 —1O 
| |. 49 = 39 +10 

'. | Þ LL 4 F*Y == -L0---- 

The Reſolution 5 » o = o - J I O4 _ ' 
ry mT 

I 
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Explication. 
Firſt, I add 6 (to wit, 4-6 in the Equation propoſed) to 49 which is ptefixt to a, and 
it makes 55 ; now if this 55 were exaRly divilible by 13 which is prefixt to b, the 
Quotient would be the whole number 6 ſought, and 1 the number a, (as in Left. 2.) 


* But 55 not being a Multiple of t 3, I proceed thus, 23z. I ſeek the Multiple of 13 which 


is next greater than 5 5, by dividing 55 by 13 , ſol find that four times 1.3 is leſs than 5x5, 
but five times 13, that is, 65 , exceeds 5 5 by ro ; and therefore 5 5 is equal to 65 wanting 
Io, viz, F5 = 65 —19. This is the ſecond Equation in the Example. FN 

2. Then 1 divide 49 which is prefixt to a, by 13 whichis prefixt to b, ſo 1 find'that three 
times 3 3, that is, 39, is the greateſt Multple of 13 contained in 49, and there remains 10 ; 
therefore 49 = 39-|- 10 : Which is the third Equarion. —% 

3. Now becauſe -|- 10 is found in the third Equation, and — 10 in the ſecond; Þ add 
thoſe Equations together, ſo the ſaid 10 vaniſheth, and there ariſeth 104 = 104; which 
is the fourth Equartion. IA | | 

4+ Then I divide 104, that is, either part of the fourth Equation, by:t3 which is prefixt 
tobin the _—_— propos'd, and the Quotient 8 is the whole number b ſought. ' | 

5. Then from the ſaid 104 in the fourth Equation , I ſubtra& 6, (to wir, -þ 6. in the 
Equation propos'd ) and divide the Remainder 98 by 49 which is prefixt ito 2, fo the 
Quotient gives 2 for the whole humber a ſought. - 7 Ae 

Ifay 2 = 4 and 8 —=b will make 494-6 = 136, as was required in ,2xeft. 3.-and 
all the values of a and 6 in whole numbers that are capable of producing the tame effe&t, 
are the Terms of theſe two following Arithmetical Progreſſions whoſe' conſtruQion hath 
been ſhewn before. OY = ” © 0% 

Values of 4; 2 , 15 , 28 , 41 , 54 3,67 , &c. 
Values of by 8 , 57 , 106 , 155. -, 204., 253 , Oc. 
Note, That the manner of forming the ſecond-and third Equations in the foregoing 


Reſolution of Queſt. 3. mult be diligently obſerved ; becauſe the like work is conſtantly 


uſed in'the following fourth, filth, ſixth, ſeventh ; eighth and ninth Queſtions :. But:i's'by 
accident , that the ſame number 10 follows the ſigns — and C in the ſaid ſecond andthird 
Equations , and therefore the adding them together to. produce the;ifourth Equation, is an 
Operation peculiar only to this and the like accident ;. which I call the ſecond: of the four 
Caſes before mentioned. 1006 250  onoun 4 *$EI 10! 
- Byt that in this ſecond Caſe, the Reſolution: infallibly produceth whole numbers for 
the values of 4 and b, I prove thus ;* Firſt by Conſtruction, 65 — 10 (the :latter;;pare 
of the ſecond Equation) wants 10 of a Multiple of x3, and 39-{- 10 (the latter part of 
the third Equation ) exceeds a Multiple of 1 3. by 1 , therefore the ſumm of the ſaid 
65—10 and 39-10, to wit, 104 ( the latter part of the. fourth Equation) ſhall be 
a Multiple of 13; and conſequently 104 divided by 1 3 will exactly:give a whole num- 
ber, ro wit, 8, for the value of 6, Secondly,, becauſe 104 ( the ficſt part of the' fourth 
Equation ) is by conſtrution compos'd of a Multiple of 49 together with 5 ,*by ſub- 
trating 6 from 104, the Remainder $8 hall be a Multiple of 49, and conſequently 98 
divided by 49 will give the Quotient an exa&t whole number, to wit, 2, for the value of . 
Whence it is manifeſt, that if after the ſecond and third Equations are formed out of the firſt, 
(to wit, the Equation propoſed) according to the-preceding dire&tiansfor ſolving Left. 3. 
It happens that the number following -|- in the latter part of the third Equation, 1s the ſame 
with the number following — in the latter part of the ſecond , there will certainly ariſe 
wo whole numbers for the values of 4 and b. 
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DUEST. 4. 
To find all the whole numbers « and b that may make 824a-|- 66 = 136, 


The Equation propos'd, . . + 1 | 824-66 = 136 
Co lngs = 156 —$ 
Eq 82 = 28-4 
| 4 1 64 = 156 +3 
The Relblution , ' . .'- - £1302 | = 32 
"s Fob = 24 = 6 

[ez = 

12 — 66 

1 ERE= 3=« 


Explication. 


1: The ſecond and third Equations are tormed out of the firſt in ſuch manner as befar 
hath been explain'd in the Reſolution of 2ueſt. 3. 

2. - Becauſe the number 4 which follows the ſign -+ in the latter part of the third 
Equation, happens to be an Aliquot part , to wit, 3 of 8 which follows the ſign — inthe | 
Jatter part of the ſecond Equation, I multiply each part of the third Equation by 2 (the 
Denominator of the ſaid Aliquot part, ) to the end there may be -þ 8 in the Equation 
made by that Multiplication ; ſo there is produced 164 = 156 + 8, which is the tout 
Equation. 

o Now fince -|-- 8 is found in the fourth Equation, and — 8 in the ſecond, I add thoſe 
Equations rogether., ſo.the ſaid 8 vaniſheth , and there aziſeth 312 = 312 , which is the 
fitth Equation. 7 

4+ \ Then I divide 312, (to wit, either part of the fiith Equation) by r 3 which is pref 
to þ in the Equarion propoſed, and the Quotient 24 is the whole number &þ ſought, 

5. Laſtly, from the ſaid 312:( in the fifth Equation) I ſubtrat 66, to wit, +65 
in the Equation propos'd, and divide the Remainder 2.46 by the given number 82, ( which 
is prefixt ro 4;) ſo the Quotient 3 is the whole number 4 fought, Mm 

I fay, 3 =4 and 24 =6b will make 824-j-66 = 136, as was required in arſe 4 
and all the values of & and b in whole numbers that are capable of producing that Equation, 
are the Terms of theſe two Arichmetical Progreſſions, (whoſe Conſtruftion hath been ſhem 
before in the third ſep'of Se, 2.) vin. ' - | 

." Values of #4 3 , 16:, 29, 42 y 55» 68 , &6. 
_.Valuesof b, 24 , 106 ,.188 , 270 , 352 , 434, Oc. 

Nate ,. That it was by meer chance that the number'tollowing the fign in the third 
Equation happened to be an Aliquot part of the number following the ſign — in the ſecond, 
and therefore rhe multiplying of the third Equation by the Denominator of the Aliqut 
part, is an Operation-pecaliar only to that and the like accident, which is the third of tht 
tour Caſes before-mentioned. The reaſon of the Operation in this fourth Queſtion ( t 
third Caſe, ) may be eafily diſcerned by rhe Demonſtration before given in 2c}. 3. bit 
for further i}uſtrarion Iſhall add another Example of Caſe 3. | 


ral [- DUEST. 5. | 
To find all the whole numbers that may be values of 4 and 6 in this Equation, 9% 
6014-9 = 2006. 


es 


The Equation propoſed, . * 6014kg9 = 2006 : 
d1 610 = 800—190 
Y Gol = 600 | I 
| +]:14190 = 114000 190 
The Reſolution; . . , ;< 11114800 __ =114800 
| p 114300 pA Fug ; 
200 <a 4 To 
i, 114800 —9 gp Fgp=d 


Gol 


| ' Explict- 
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E xplication. | | 


The Reſolution of this Queſtion is like that in the foregoing Luefſt. 4. for ſince |- 1 
in the latter part of the third Equation happens to be an Aliquor part of 1 90 which followeth 
— in the ſecond Equation , I multiply each part of the third by 190, to the end that 

190 may be found in the Product, as you fee in the fourth Equation , then by adding 
the fourth Equation to the ſecond , the ſumm makes the fifth , which is free from the ſigns 
and —; laſtly, from the fifth Equation the whole numbers 574 and 1 g1 —_— 
the values of 6 and 2 are diſcovered, in_like manner as in the preceding - third and fourth 
Queſtions ; which numbers will conſtitute the Equation propoſed: For 601 times 191 to- 
gether with 9 is equal to 200 times 574, that is, 114800, and all the reſt of the values 
of 4 and bin whole numbers to make that Equation will be found in theſe two tollowing 
Arithmetical Progreſſions formed by the Rule before given in the third ſtep of Sett. 2. 


Values of 4; 19t, 391 , 591 , 791, g91 , Os. 
Values of b;, $74, 1175 5 1776, 2377 » 2978, &c. 


— — —— 


| — — 


QUEST. 6, ST 
| | EIT) Whatare @ and b in 
If bu 1214-]-5 = 93b, CC whole numbers? 
2 1126” = 186:— 60 
Oat of I, 2 I21T — 93 28 4 
Suppoſe © | 4 | 93-60 = 284 c=? d=? 
5 1153 hy = I68—i1F 
Suppoſe | 7j 28e-ji5 = of e=? f=? 
I HL OS ...-- = 45— 2 
Out of 7o Jo 28 — . 29 þ I 
| Eq.g*2. 10] 56 =2 54+ 2 
Eq. 8+ 10, Il|. 99 =_..99. 4 - 
Otit of 1x and 7. [x2| 22 © =" xx = f Here the Regreſſive 
—_ work begins.” 
12,6 and 5, [13j11 x 93 | 153 = L176 
13 and 4 14 SHS = 4 =4d 
14,3 and 2, T7 42 * 121+ 126 = 5308 
15 and 1 {16 F203 = 56 = b- 
= 
, -4.. | $a0K —_ 4 
15 and 1; AEET TY; Hd 
ty Explication. : 


- 7, The ſecond and third Equations ate formed out of' the firſt in like manner as before 
n the Explication of eſe T: | | _ 

2. Bur becauſe 2 8 which follows -+ in the third'Equation, is nor equal to, nor an 
Aliquor part of 60 Which follows'— in the ſecond, rhe proceſs cannot be made like that 
n the third; fourth and fifth Queſtions ; fo that now afourth Caſe takes riſe, and the ſcope 
of 2 new ſearch is to find out a_number 4, fuch,, thar'if it multiply the ſaid + 28, the 
ProduRt may exceed a Multiple of 94 ( which is prefixt to b ) by 60 ; for then it will be 
evident, that if the third Equation be multiplied by that number d, an —_ will be pro- 
duced whoſe firſt part ſhall be a Multiple of 121, andthelatrer par ſhall exceed a Multiple 


of 93 by 60, and then the reſt of rhe work will be like that in Caſe 2. in Ze. 3. In the 
earch therefore of the number 4, the fourth Equation is aſſumed, to wit, 936+ 60 = 2 84. 
3- The fifth and ſixth- Equations are formed ont 'of the fourth, in like manner as the 
ſecond and third out of the firlt. | | RO Pg 
4+ Becauſe 9 which follows -- in the ſixth Equation, is neither equal to,” nor an Aliquor 
part of x 5 which follows the ſign — in the fifth, the next ſcope ( for the like reaſon betore' 
| Qq 2 given 


Es 
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given concerning the number 4) is to find out a number f, ſuch, «that if ir multiply the 
{aid 4- 9, the ProduCt may exceed a Multiple of 28 which 1s prefixt to a, by the ſaid 1;, 
ro which end the ſeventh Equation is aſſumed , to wit, 2 8&|-15 = of. s 
5. The eighth and ninth Equations are formed out of the ſeventh, in like manner 4; 
the ſecond and third out of the firſt. | 
6. Becauſe 1 which follows + .in the ninth Equation , is an Aliquot part of 2 which 
ſands next after — in the eighth , the ninth is multiplied by 2 the Denominator of the (aid 
part; (according to the Rule in Caſe 3. Zeſt. 3.) whence the tenth Equation is produced, 
to Wit, 56 = 54+|- 2. : , 
>. The eleventh Equation, to wit, 99 = 99 is the ſumm of the eighth and tenth, an 
ſince the ſaid eleventh is free from the ſigns -|- and — , a Regreſſive work now begin; 
to find out the whole numbers f, 4, 6 and 4; in this manner , v:z. 
8. By dividing either part of the eleventh Equation, to wit, 99, by 9 which is prefixt 
to f in the ſeventh , there ariſeth 11 =f\, as in the twelfth Equation. 
9. Then multiplying the number f, ro wit, 11, by 93 , that is , cither part of the ſich 
Equation, and to the Produ& adding 1 5 3, that is, eirher part of the fifth Equation, the 
ſuram makes 1176, ( as you ſee in the thirteenth Equation,) which 1 176 is a Multiple 
of 28, to wit, that which is repreſented by 284 in the fourth Equation ,; Therefore, 
| 10, By dividing the ſaid 1176 by 28, the Quotient 42 is the number 4, as inthe 
| fourteenth Equation. 
| I 1. Then multiplying the number 4, to wit, 42, by 121, that is, either part of the 
| third Equation, and to the ProduQ adding 1 26, that is, either part of the ſecond Equation, 
| the ſurmnm makes 5208, as you ſee in the fifteenth _— which 5208 is a Multile | 
of 93, to wit, that which is repreſented by 936 in the firſt Equation ; Theretore, 
| 12. By dividing either part of the fifteenth Equation, to wit, 5208, by 93, the Quotiet 
| 56 is the number 6 ſought. | 
| 13. Then from the ſaid 5208 ſubtracting 5, to wit, 5 in the firſt Equation, and 
dividing the Remainder 5203 by 121 whichis prefixt to 4 in the firſt Equation, the Quotient 
gives 43 for the number 4 ſought , as in the ſeventeenth and Jaſt Equation. Therefore, 
| if 43 be taken for a,'and 56 for b, then 1214+ 5 = 936, which is the Equation pro- 
[ poſed in Peſt. 6. and all the values of 4 and b in whole numbers that are capable of - 
[ ſtituting thac Equation are the Terms of theſe rwo following Arithmetical Progreſſios, 
| whoſe ConſtruRion hath been ſhewn before 1n che third ſtep of Se. 2. 


Values of a; 43 , 136 , 229 , 322 , 415 , 508 , &c. 
Values of b; $56 , 177 , 298 , 419, 540 , 66t , &c. 


14. After the numbers f and 4 in the foregoing Reſolution of 2xeft. 6. are known, the 
numbers e and c in the ſeventh and fourth Equations may eafily be diſcovered ; but ther 
is no need of their help in the finding out of the deſired numbers 4 and 6, | 

15. But me-thinks I hear the Reader make this Obje&ion , viz. How doth it appett, 
that from every three whole numbers given in ſuch ſort as before is declared in Prop. 1. 
there may infallibly be found out two whole numbers a and 6 to ſolve the faid Propoſition 
| by the Operation before explained in the four Caſes before mentioned : For Anſwer to 
| this Objeion, I ſhall here ſhew how fat the Proceſs need be continued at the farthel, 
| | to find out an Equation having -{- 1 in its latter part ; for when ſuch Equation ariſeth 
| tis manifeſt by the Operation in the third Caſe explain'd in weſt. 4, and 5. that two who 

Humbers 2 and 4 will infallibly be' diſcovered to farisfie the Propolition , and conſequently 
innumerable other pairs of whole numbers to produce the ſame effet. Firſt then in 
foregoing 2xeft. 6. the given number 121 which is prefixt to a, being divided by the give 
| number 93 which is prefixt to 6b, after the Diviſion is finiſh'd there remains 28, tow 
| + 2.8 in the latter part of the third Equation : Secondly, the ſaid Diviſor 93 being divided [ 
| | by the ſaid Remainder 28, after the Diviſion is ended there remains g , to wit, | 9 inthe 
| latter part of the ſixth Equation : Again, the laſt Diviſor 28 being divided by the lil: 
[/ Remainder 9, after this Diviſion is ended there remains 1, that is, | z in the latter par 
| of the ninth Equation, which Remainder 1 you will alwayes infallibly conte unto by ac0i- 
[ | tinued Diviſion in that manner, becauſe the two given numbers prefixt to 4 and # ut 
[- ( as the Propolition requires) Prime between themſelves; and that continued Diviſion 5 
nothing elfe but the Method of finding out the greateſt common Diviſor unto two ——__ . 


0 4 WY 6 
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ſo that you may at firſt (if you pleaſe) diſcover unto whatletter at the fartheſ}, the proceſs 
need be continued before you return backward according to. the Operation explain'd in 

geſt. 6, But oftentimes before you come to the ſaid Remainder r , the Reſolution will 
run into one of the three Caſes explain'd in Leſte 2, 3, 4, and 5. as will appear by the 
following ſeventh, eighth, and ninth Queſtions. | 


DC 


LUVES » g4 7. 
” What are 4 and 5 
It s F 7495" =. 26b, in whole numbers ? 
4 be) = 104— 6 
Out of 1, Ts - — 78 +19 
Suppoſe 4126+ 6 = 19d c =? dd = ? 
5 | 32 = 38— 6 
Out of 4. 6 26 os 19 - 
Suppoſe _7119e-þ 6 _ = If =? fF=mfl 
8 |25 = 28— 3 
Out of 7. 9 |19 — 14+ py | 
Suppoſe ro 7gþ3 = 5h o=£?f b =? 
Out of 10. It] 7 +3 = 120 | | 
Out of x0,& 1. [12 = = 2 = h Here the Repreſlive 
aw n_ work begins. 
Out of 12,9, 8. [13 | * 19, 4-25 = 63 
13, and 7. 14] £1 = go=f 
14,6, and 5.-+ [15 or 14 33- = 366 
2 
15, and 4. Fu --— 3-106 onjinr = 
16, 3, and2, [17 £4 NET" = 1456 
7: =36=b 
17, and i, [18]|—- =56 
17, and 1, = 1456—I _ig=s 
a ". ES F 
Explication. 


Ps 
” 


In this ſeventh Queſtion the proceſs is formed like that in the for ing ſixth; and the 
laſt letter in the work is þ, whoſe value is diſcovered in the twelfth 7 ns. bo by the help 


of the tenth and eleventh, according to the Operation in Qweſt. 2. and then by the help 


of the number h, the work returns backward to find out the numbers f, d, b and a, in like 
manner as in 2ueſf, 6, But in this ſeventh Queſtion the laſt letter in the proceſs, to wit, 
þ, is made known before an Equation ariſeth which hath + 1 in its latter part; and 
the like effe&t happens in the following eighth and ninth Queftions. | 

Now in anſwer to this ſeventh Queſtion, all the values of 2 and & in whole numbers 
that are capable of conſtituting the Equation propoſed, to wit, 974-1, = 266, are 
the Terms of the rwo following Arithmetical Progreſſions, which are deduced from the 
two ſmalleſt values of 4 and b, (to wit, 15 and 56 found out as above,) according ts 
the Rule in the third ſtep of Se. 2. 


Values of a; 15, 41, 67 ; 93 , 119 , 145 » O&c. 
Values of b; 56 , 153 , 250 , 347 » 444 » $41 » © 


— — ——— 


QUEST. 3. 
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e CE ee EEE——__ECL 
DUEST. 8. . 

—_— What are the whole 
if |1[ 19046 = 576, 5 Vander a ng: 
| '2 I2F =_— 171 — 46 | 

Out of 1. 2 3155 wor llh _g 
Suppoſe [4 | 5764-46 ___ = 54 c=? d=? 
: not * * EST : 
Ou of 4 , 7 IS un 
5+ 6. 7 160 == 160 
.I 60 
— = = & Reerels. 
7 » 4+ 3 : 3 g 
8, 3, 2. | 9 | 32* T119,4-I25 = 3933 
10293 _ 
I. — —_ 
wh Pl 5 
2993 —S 2 
SS, t Fit __— 33 a4 


Values of .4 , 33 » 90 » T47 , 204 , 2061 , 318 8 &C. 
Values of b, 69 , 188 , 307 , 426 , 545 , 664 , &c. 
In which Progreſſions , every two correſpondent Terms may be taken for yalues of 


a and b to conſtitute the Equation in 2uef. 8. 


a—__klkc. 


— 


QUEST. g. | 
If 4+ a What are the whole 
111734 x = 710, , numbers 4and b? 
| 2 [174 = 213 — 39 
Out of 7, 3 | 173 mp 
Suppoſe £| 22-39 '= 31d c=? d=? 
51110 = = 124 —14 
Suppoſe | 7j 310-24 =of e=? f=! 
Ourof 7. | 8) 31 +14 = 45 | 
8, and7. | 9 he” = 5 =} Regreſs, 
"* WE. 2 10] 5x 71,116 = 465 
_ = 4 
IO, + vhs TIT = 15 = | 
11, 3, 2, |12115*173, +174 = 276g 
I2, I, 71I +7 id _ 
2769—1 __ Bt] 
I2, I, \I4| en: 16 = & 


Values of a; 16, 87, 158, 229, 300 , 371, Oc 
Values of bs, 39 , 212 , 385 , 558, 731 , 904, &c. 


Set, 4 PROP, II. 


Two whole numbers Prime between themſelves being given, to find out two other, 
ſuppoſe 4 and b, that if 4 be multiplied by the leſſer of thoſe two numbers given, and to 
the Produtt there be added a whole number given, the ſumm ſhall be equal to the Produtt 
of þ multiplied by the greater of the two numbers firſt given. Moreover, to diſcover al 
the whole numbers a and 6 that are capable of producing the ſame effeR. 

When each of the two given numbers which are Prime between themſelves is a ſingle 
bgure, or ſome ſmall number conſiſting of two CharaRers, then the firſt of the two ways 
of ſolving the foregoing Prop 1. will readily ſolve this ſecond ; but waving that Method, 
I thall ſhew two other ways by the help of the latter of thoſe two Methods. Th 
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2 


The firit Method of ſolving Prop. 2. 


2 UVEST. 10. _ 
What are a and b in 


| —— h 
RK jr [7164-3 = 17385: hold ain? 
Out of 1. |2 | .145 = 173J—2z8 
By Prop. lt 12 | GS Gong 
Eq. 3*28; [4 77532 = 77504+28 
2 +4 15 177677___ =.77977___ 
Our of F, I, |6 777 = 449 = 13% 
true Values: 
5,1. i7 (ELLE = 1094 = 4 
By the Rule ini'8 156 = a? = 
Sol «am Ts” þ c "he leaſt Values. 


—— 


E xplication, 


1, 1 multiply 71 which is prefixt.to 4 in the Equation propoſed, by ſuch a number, 
that when 3, to wit, | 3 in the ſame Equation is added to the Produ, the ſumm may be 
either equal to , or leſs than ſome Multiple of x73 ; ſo multiplying -1 by 2, the Product 
142 increaſed with 3 makes 145, which is equal to 173 wanting 28, viz. 145 = 173 
—28 , which is the ſecond Equation. : | 

2. Then by Prop. 1. of this Chapt, I ſeek two ſuch numbers a and þ, that if 4 be 
multiplied by 17 3, and the Produ&t increafed with +- 1 , the ſumma may be equal to the 
Produk of b& multiplied by 71 ; 452, Suppoling 17341 = 716, and proceeding 
according to the foregoing Du. 9, 1 find 16 for the vatge of 4, and 39 for b, therefore 
173*x16, 1 = 71x39; Of 71x39 = 173x*-16, + x; "that 'is, 2769 = 
2768 + 1, which is the third Equation. _ ; 

3. Becauſe -{- x in the latter part of the third Equation is an Aliquot part of 23 
in the ſecond, I multiply the third Equation by 28 he apaaiiinane of the ſaid part, and 
it makes the fourth Equation , to wit, 77532 = 77504 +28. . 

4- Then by adding the fourth Equation. to the ſecond the ſumm gives the fifth , which 
is free from the ſigns + and — , .and fromthe fifth Equation the whole-numbers 449 and 
1094 are diſcovered for yalues of þ and #, in like manner as in ,2eff. 4, and 5. and by 
the help of thoſe the ſmalleſt values of a and b, to wit,,56 and 23 are found out by the 
Ruke in the twentyeth ſtep of SefF. 2, E2] | 

5. Laſtly, by the help of the two ſmalleft values of @-and b, and theRule in the third 
ſtep of Se#F. 2. all that are capable of folving 2xeſt. 10. will be found in the two following 
Arichmetical Progreſſions, which may be tontinaed as far as you pleaſe. 


Values of a; 56 ; 229 , 402 , 575 , 74% , g2t , 109q ; © &t. 
Values of bk; 23, 94 , 165 » 236 , 307 , 37S, 449, &e, 


———_ li 


_——— 


QUEST. I 1. 


Our of 1. |2 | 5022 = $070—48 
By Prop. 1. | 3 66 4... 4.9 
Eq. 3x 48, |4 | 3168 = 3120-+4d 
24-4 |5 | 8190 =_8190__. 
Outof5,andt. |6 $190 .« 116 = þ df $4 
| | red de- + IN j true Valves. 
7s To IF MP2" = 145 = 4 
"OT &/ ” ; 6 the leaſt Values, 
| — Car Expli- 
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Explication. 

x. I add 22 to 5000 and it makes 5022 , which is not exaRly diviſible by 65, fg 
77 times 65 is leſs than 5022 , but 78 times 65, that 1s, 5570, exceeds 5022 by yg, 
therefore 5022 = 5070 — 48, which is the ſecond Equatien. : 

2. Then by Prep. 1. of this Chapr. I ſeek two ſuch whole numbers 4 and 6, that if , 
be multiplied by 65, and to the Product there be added 1, the ſumm may be equal to the 
Produ& of þ multiplied by 22 ; viz. Suppoling 654-|-1_ = 226, and Proceeding y'F F 
according to the latter Method-of teſolving the foregoing Prop. 1. I find 1 and 3.tobe values *h/ 
of a and 6; therefore, 65 x 1, 1 = 22x3; 0r 22x3 = 65x 1,1, thay, f 
66 = 65-1 , which is the third Equation. 

3. By proſecuting the work-as betore in the Explication of 2zef?. 10. all the defired 
values of 4 and þ in whole numbers that are capable of conſtituting the Equation frſt 
propoſed in this eleventh Queſtion will be found ro be the Terms of theſe two following 
Arithmetical Progreſſions , viz. 

Values of a; 15 , $0, 145 , 210 , 275 , 349, Oc. 
Values of b, 82 , 104, 126 ,.148 , 170., 192, &c. 


—_ —ﬀ__— —_— 


| — | — 


| Another way of ſolving Prop. 2. 
| | ; LUV EST. 12. 


| 4 4 FUR What are 4 and bin 
n - 704-1-3 | Ono whole numbers ? 
| Cr I| 21 145 = 173 —28 1-49 
Out of 1. [3 213 = 173 +40 
i Suppoſe | | 4j 173e + 28 = 40d c=? ad—=? 
| | | 5] 201 ="249—39 
| Our,0h 4 3 61472” = 160-13 
6x3. | 71529 = 480-39 
5 +7. | 81 720 + <A 
8, 4+ 9 Y hd ; -=-18 = d; Re rels. 
; nin [2 1.99 "DW FOE ; 
9, 3» 2» |r0-| 190x213, 4- 145 = 3979... |. 
| kf A- h tas | | 
LETS ol eo nb oo 
| 20a hÞ-: 2 3979 —=3 — 56- = 4 
| i 1854 Os br rr 
E xplication. 


1, Inthis Queſtion, which is the ſame wich the foregoing tenth , the ſecond Equatin 
is formed as is there direCted. | | | Ny 
7M 2. The third Equation is thus formed : For as much as the given number 7 1 is leſs tha 
Iigh 173 Which is prefixt to &, I multiply 71 by ſuch a number that the Product may exceed 
173, and be alſo Prime to it ; ſo multiplying 71. by 3, the Produc 2 1 3 exceeds 173 , all 
213 and 173-are Prime to one another , then I divide the ſaid 213 by 173, and 
that 2 13 contains 173 once, and 40 over and above ; therefore 213 = 173 -|- qo, whi 
is the third Equation, | EN 
| 3- The fourth, fifth, and (ixth Equations here, are formed like the fourth , fifth and 
| ſixth Equations in the foregoing zeſt. 6. ſn 
4. Then becauſe 1 3 which follows -|- in the fixth Equation is an Aliquot part of 39 
which follows — in the fifch,, 1 multiply the ſixth Equation by 3-the Denomiinator of the 
| ſaid part, (for r 3 is + of 39,)and it produceththe ſeventh Equation, to wit, 5 1 9 = 486+1% 
5- The eighth Equation is the ſumm of the fifth and ſeventh, (according to the Operation 
in Caſe 2.) and then in the ninth Equation the Regreſſive work begins, to find out the valves 
| of d, b and 4 in ſuch manner as hath been thewn in divers preceding Queſtions of th1 
| | Chapter : So at length all the values.of 2 and. & in whole numbers to ſolve this twell 
. Queſtion will by this latter Method be fouind the ſame as before in Queſt. 10. p 
l n : | Cedt, 5. 


s 
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Se. 5, PROP. IL 


To divide a given number into three or more numbers, ſuch, that if every one of them 
be multiplied by a different number given, the ſumm of the ProduQts may be equal to a given 
{4 number, But the ſumm of thoſe Produtts mult fall berween the two Produtts made by 
{ multiplying the given Dividend into the greateſt and leaſt of the given Multiplicators. 
{ The Solution of this Problem is explain'd by the following Queſtions .of this Chapter, 
and oftentimes requires the help of the two preceding Propolitions , as will partly appear 
by the fifteenth Queſtion. | 


—  ————_ 


— 


DPUEST. 13. 


To divide 24 into three ſuch whole numbers, that if the firſt be multiplied by 36, 
the ſecond by 2.4, and the third by 8 , the ſumm of-the three Products may make 5 1 6. 
Let the numbers ſought be repreſented by 4,e and y, then the Queſtion may be ſtated thus; 


SIRE eo © 24. 
» AM oo Eo SE Ee ES Ez 36a 24e--b5 —= 516 

What are the whole numbers 4, e and y ? || LEES _ 
RESOLUTION. | | 

3. The firſt Equation multiplied by 36, which is prefixt | | 

to 4 In the ſecond, produceth , +” '$ 3644- 36e- 369 = 864 

4. The ſecond Equation ſubtracted: from the third, leaves > . . 12e-|-285 = 348 

5. The fourth Equation by tranſpoſition of - 2 8y, gives . . 12e = 348 — 287 


6, The fifth Equation divided by 12 gives . , « .Þ. 5 þ e= 29 — L 
3 


7: If inſtead of e in the firſt Equation there be taken 7 
the latter part of the ſixth , this ariſeth, , . . 'F 4 F 9 +1, = 24 


8 That is , . 6,” © EE EY Sc 6h > tha MT” Du 24 


9. From the eighth Equation by tranſpoſition of 5uD SHY 8 2G — 194 4 
—_— ' ce ES ett? 2 3 


IND, > + . + a 6 Se > «s = ay 
11, By the latter part of the tenth Equation 'tis evident 4, 


that o * o . a * * » o s . . - - bl _ 5 
12, Therefore by multiplying each part in the eleventh 3 | 


13. And by dividing each part in the twelfth ſtep by 4, > y So 3+ 

14. And from ncy 2am Tart of the fixth Equation , by 2 a _ | 
arguing in like manner. as in the eleventh, twelfth and> © 35 2 127 
thirteenth ſteps , it will be manifeſt that . 6 R - 

15. Now if. Fractions or mixt numbers were admitted to be the yalues of a, e and y, 
then by the thirteenth, fourteenth, tenth and fixth ſteps 'cis evident ghar 


7 = any number between 34 and 122, 
a=2 —5,; 
g = 24 mm 


3 os 
16. Byt-to find out whole numbers to ſolve the Queſtion, the limits in the thirteenth and 
fourteenth ſteps do ſhew that y muſt be ſome whole number greater than 3 , bur nor 
| greater than 12; yet every whole number within thoſe. limics will 


not ſerye the turn, for the values of 4and e before diſcovered will [aje}] 7 | 
ot be whole numbers unleſs 4L and LL be whole numbers ; but 3115} Of 
3 3 | 


8 
711, 


<=) and ZL cannot be whole numbers unleſs 3 be 3, or fome Mul- | 


3 : ) 
. tiple of 3 , and becauſe 3 is without the limits, y my be 6, or 9,0r 12, and confornnt 
r 


—_— wel cw wwe #4 ee 
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from the fifteenth ſtep a ſhall be 3, or 7,0r 11; and &, I5,or 8,0r1, Nowin anſwer 
ro the Queſtion, 3,15 and 6, (to wit, a, e and 7) are three ſuch whole numbers, tht 

' their ſ\umm is 24; and if the firſt be multiplied by 36, the ſecond by 24, andthe third 

by 8, the fumm of the three Produtts makes 5 16, as was required. The like may be 

. ſaid of each of the two other Anſwers. But if Fractions or mixt numbers were admitted 
innumerable Anſwers might be given to the Queſtion , as before hath been ſhewnin the 
fitteenth ſtep. 

' Note. When one part of an Equation conſiſts of an Affirmative letter and ſome Neoz. 
tive Abſolute number, a limit may thence be inferr'd, above which the number lignitied 
by that letter ought'to be taken. But if one parr of an Equation conliſts of a Negative letter 
and of an Afﬀirmative Abſolute number, ir will give a limic beneath which the number 
repreſented by that letter muſt be choſen. Sometimes alſo two limits will be diſcovered, 
( as in this thirteenth Queſtion for the choice of the number y;) and ſometimes but one, 
( as in divers of the following Queſtions. ) 


tu - —— ren | rr rn mms ns 
en, 


- 2UEST. 14. 
To find three ſuch whole numbers that their ſumm may make 100 ; and that if the firſt 
be multiplied by 4 , the ſecond by 3, and the thizd by 15, the ſumm of the three Produdy 


| may make 3oc. 
| .. For the three numbers ſought put a, e and 7, then the Queſtion may be ſtated thus, 


bf q_CRELS 60, © 6 0 . EE. Te 9 IT a + nm 190 
3+. And. +» » +, 4 +. + ++ ,% 0 + © +» » <4 3c +17). 390 
'--> Whatare the whole numbers Azcand pf? || wm — oo A ——_— 
© : RESOLUTION. 7; 
3- The firſt Equation multiplied by 4, ( whichis prefixt? 

” to 4 in the ſecond Equation, ) producerh a -” 44a 4c 45 = 490 

4+ The ſecond Equation ſubtraRted from the third, leaves > .. < ep = 1900 


_——— 


-— 


5. The fourth Equation by tranſpoſition of foe givee> | ; 8&8 = 100 
| | | p 


6. If inſtead of e in the Grſt Equation there be taken the + R 
latter part of the fifth , this will ariſe, , , » ho _ — =/100 
7. Flr is, afrer duet Redotion;! it | SH ob, fiigine 2 
| | ; : 
8. From the latter part of the fifth Equation it' 
rp | Eq s mm {DL} Jaan 100 


EIN lt 2d: © 6 0 0 0 649-% © 
9. And conſequently by multiplying each part in the 
eighth BY DY"'S, © + +»! © =,» teips © I1y "2 500 
10. And by dividing each part in the ninth ſep by x 1 EET 
Es » + /». +. + _—_ 'c J "2 4577 
' Whence 'tis manifeſt , that if the three numbers ſought were not reſtrained to whole 
numbers, any number eſs than 457+ might be taken for the nuniber 7, and then the - 


numbers 2 and e would be diſcovered from the feventh and Gfth ſteps. Bur to have the 
Queſtion ſolved by whole numbers, the number y muſt be ſome whole 


—| number not greater than 45, and ſuch as may cauſe T1 ind 9s} 


12|78j10; bewhole nurbers, for otherwiſe the values of e and 4 in the fifth and Þþ 


8 Ps | | 
4 $167 44 _— ſteps will not be expreſſible. by whole numbers , but == znd 
36 45 a, + cannot be whole numbers unleſs y be 5, or ſome Multiple of 5, 


142 [23135 and therefore y may be 5, or 10, or 15, or any of the reſt of the 
48|r2|4o| numbers in the third Columel of this Table; and conſequently, fon 

the fifth and ſeventh ſteps of the Reſolurion, the whole numbers e and 4 
will be ſuch as ſtand under e and a. Thus you ſee that the Queiti0l 


receives nine Anſwers in whole numbers , which are all that it's capable of; - $0 
if you take'6 for a, 8g fore, and 5 for y, their fummis 100, and if 6 be mullet 
| by 45 
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by 4; 89 by 3; and 5 by 1#, the ſumm of the three ProduRts makes 300; as the Oue- 
Nos Avedon The like may be proved of every one of the other eight Aakes, "0 
Note. When three numbers are ſought by a Queſtion of this nature thar is capable 
of many Anſwers in whole numbers , all the values of every one of the-letters in whole 
numbers are in Arithmetical Progreſſion, and therefore when two of thoſe Anſwers are 
found out , all the reſt within the limits diſcovered by the Reſolution are conſequently given 
by Addition or Subtraftion of the common Difference in each Rank, as may ealily be 
perceived by the values of a, e, y in the Table above-written, But when four numbers 
are ſought, the values of a letter are oftentimes found in ſeveral Arithmetical Progreſſions; 
as in the following neſt. 20. | : 


C———_—  _—— 


—_—_— 


SVUEST.. Ig 


To divide 1533 into three whole numbers, ſuch, that 5 of the firſt, edgerher witft 
2 of the ſecond and 77+ of the third may make 167. 
For the three whole numbers ſought put 4, e and y, then the Queſtion may be ſtated thus z 


I, If CE » . . . Sd. © . #® . . . . . A -|- e + J —_ IF33 
2, And 36 T- 38 +771 = 26 


(IIs > ee > R——_ 


What are the whole nurubers a,eand y ? [ 
RESOLUTION. 


5; The firſt Equation multiplied by & produceth > .. . $4 | Je + Sy = £444 
4. The fecond Equation ſubtrafted from ”_ a 
third , leaves . «© « «© © + «© © 49 ©! - —XT+34) = =# 
5. - _ TR by a * Et —325-as- Aeleds : 
6, The fifth Equation divided by 322 gives > : . y = _ = 
9 


7, If inſtead of y in the firſt Equation there bY ,, , 2226r -; 226e ; 
taken the hon of the fixth this ariſeth , © © ©7- 97 —_= 5 998 

8, The ſeventh Equation, after due — _. 126440 3230 
+ © ot et wee 3 _ 97 597 

9, By = _ —_— it's manifeſt that . : > 323e 3 126440 

10. And conſequent] dividing each part 0 | 24 
the laſt ſtep by _— . : s F a '$ «0: RIGS 

II, _ to _ out the values of 6 = 4 | | 
in whole numbers, ( if there be a poſlibility, _—_ | 
I multiply the ſixth Equation by the Deno-C © wi => 20264000 
minator 97 , and it makes . , . +» » 

: Tiwis, . .. o 5 o 06 os ef egg mm E_EST 

13- Then by the foregoing Prop. 1. of this Chapter, I ſearch ont all ſuch whole numbers 
as may be values of e and y to conſtitute the laſt Equation, thar is, 226e4 22261 
=97J; but with this condition ; 3z. Thar the greateſt whole number among thoſe 
that are found out for the values of e may nor exceed 391, 
as the preceding tenth ſtep requiresz ſo I find four values |_4 | 00 op os 
of +, to wit, 47, 144, 241, 338 ; and four values of y, [1147] 47| 339 
to wit, 339, 565, 791 and 1017 : Then the ſumm of every 824{[144j; 565 
two correſpondent valucs of e and y being ſubtracted from goi[241]| 791 
I533 the number firſt given to be divided , the Remainders 178]338]1017 
hall be the delired values of 4, to wit, 1147, $24, 5or. NF 
and 178, ſo there are only four Anſwers to the Queſtion in whole nurabers , to wit, 
thoſe inſerted in the Table in the Margin. 


The Proof of the firſs Anſwer. 
The ſumm of 1147, 47 arid 339 is « » « + +» +» + 1533s, 
+ of IT47 RE in” LES of a6 6 a #3 oooonmoeoA©$s B 
. 3 Of 47 is ” Y . . Kt TERS SES 2 , WO I78, 
TT? of 339 is G <2 * a WT IG CN TIL. | ® | © 
Laftly ; the ſumm of thoſe three Produks is « +» « « «+ IG7e = 
Rr 2 Therefore 


yu”) ano —memem—nny : OY Reſolution of Queſtions Book II. 


Therefore all the conditions in the Queſtion are ſatisfied, and the like may be proved 
by every one of the other three Anſwers in whole numbers - but it FraQions were admitted, 
innumerable Anſwers might be given by the tenth eighth, and [ixth ſteps of the Reſolution, 


_- I 


QUEST. 16. ; 

To find three numbers, that their ſumm may make 3oo ; and thar if the firſt be my. 

plied by 6, the ſecond by 5, and the third by 2553, the ſurm of the three Products may 
make 1496. 

Let nY 7 be put for the three numbers ſought ; then by forming the Reſolution in like 

manner as in the preceding thirteenth, fourteenth and fifceenth Queſtions, ir will appear tht 


7 = any number between 1457 and T6775 * 
F: = PEE ALA i te Bf 
: SM == $93) — 4. 
300 


Whence 'tis evident that there cannot be three whole numbers found out to ſolve this | 
Queſtion , for 300 is the ſmalleſt whole number that can be taken for y to cauſe 2?! 
300 


and 8937 to be whole numbers ; but 300 exceeds the greater of the two limits aboxe 


OO 
diſcovered for cbuſing of the number yz. 
_ QUEST. 17- 


If one would lay opt 98 pence to buy 40 Birds , ſuppoſe Partridges, Larks and Qual; 
how many: of each kind may be bought when Partridges are at 3 pence a piece, Lark at 
an half-penny a piece, and Quails at 4 pence a piece ? | | 

Let & repreſent the number of Partridges, e the number of Larks, and y the number 
of Quails; then according to the Queſtion, a+ e-þ- y = 40 ; and becaule the number 
of all the Partridges multiplied by the price of one ot them produceth the full coſt of all 
it's manifeſt that 3 is the full coft of all the Partridges ; and for the like reafon 4e lignifs 
the fall coſt of all the Larks ; likewiſe 47 the full. coſt of all the Quails : But thoſe thre: 
particular ſumms of money muſt be equal ro g8. pence , therefgre. 34 -|- Ze ++ 43 = 98; 
ſo that the Queſtion may be ſtated thus; © ay | | 
lO TF OR RSTCT_©©T:T TRE CE.EE k 
Or CRONE vafuds do 4p ns gh 

What are the whole numbers a, eand y ? || = pn bt 
RESOLUTION. 


3. The firſt Equation multiplied by 3 ( which is prefixt to _ 
4 inthe ſecond, ) produceth -. . . . . in . + 367-36-1-37 55, 130 
4 The ſecond Equation ſubtraRted. from the third, leaves > © - = =/22 


5- Brom the fourth Equation, after due tranſpoſition " gr at 
th TT OTIS [3 FE 

6. They inſtead of y in the firſt Equation, if there be ſet the Þ ©, - , ce | 
latter part of the b6fch, the firſt will be reduced to this, : ae 4 


7, The ſixth Equation, after due Reduction, gives ev 45 63— + 


8. By the latter part of the fifch Equation it's evident that > $e = 22 


9- And conſequently by multiplying each part in the eighth? * 

__._ - 3 . _ OM : 'C FX OP 
10. Whence by dividing each part by 5 , it follows that > e 8 
iT. Again, from the latter parr of the ſeventh Equation, 7 | 
by arguing in like manner as in the eighth , ninth an(< e =2 17% 


tenth ſteps , it will appear that 
| P þ PP J 12, Now 


( 
if 


5 
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13, Now lince the nature of this Queſtion requires that the deſired yalues of a, e and ! 
be whole numbers, it's evident from the fifth and ſeventh Reps that e muſt be an even 


number , otherwiſe — and © will not be whole numbers ; for if e be an odd number, 


2 2 
the Dividends 5e and 7e will be odd, ( for odd multiplied by odd produceth odd,) and 
therefore their halves cannot be whole numbers. Since then e muſt be an even namber, 
it's manifeſt by the tenth and eleventh ſteps, that e may 


be 10, or 13, Or 14, Or 16, but no other even number |Partr. [Larks. Quails. 
whatever z and conſequemly from the fifth ſtep y ſhall A "ap RS 5 
be 3, or 8, or 13, or 18 , and from the ſeventh ſeep, 279 I 10. 3 
4 (hall be 27, or 20, or 13, or 6. Thus it appears | 20 | 12 $ 
that the Queſtion may be ſolved by four ſeveral Anſwers | 13 14 13 
(and not more) in whole numbers, viz. Firſt, 27 Par- 6 16 | 18 


tridges , 10 Larks, and 3 Quails, which are in multttude or men f j 

; 40, may be bought for 98 pence at their reſpective prices given in the Queſtion , or 
20 Partridges, 12 Larks, and 8 Quails, which are likewiſe 40 in multitude, and the 
like may be affirmed of the other rwo Anſwers inſerted in the Table in the Margin. 


But if a Queſtion of the ſame nature be deſired that hath but one Anſwer in whole 
numbers, the following Epigram ( cited by Monſieur - Bachet in his Comment upon the 
one and fourtieth Queſtion of the fourth Book of Diophantas,) will be farisfaRory. | 


| — ——— 


LUEST. 18. 


Ut tot emantir aves, bis dents #tere nummis ; 
Perdix, Anſer, Anas empta woretur auis. 
Sit ſimplex obolus pretium Perdicis , ematur 
Sex obolis Anſer , busque duobus Anas. 
Ut tua procedat in lucem queſtio, mentem - f 
 Conſule , ſie loguitur pettorss area mihi.. 
Sint Anates tres atque due, ſimplex erit Avſer, 
Accipe Peradices quatuor atque decem. | 

The ſenſe is this : If the price of a Partridge be an half-penny', a Gooſe 3 pence, and 
a Duck 2 pence; how many of each kind may be bought at thoſe. rates, if 1t be deſired 
that all the Birds bought may be 2o in number, and coll 20 pence? 

Ler 4 repreſent the number of Partridges, e the numb of Geeſe, and y the number 
of Ducks, then this Queſtion ( like the preceding ſeventha(þmay be ſtated thus 
LE. oo + of a ud YE TT —_s 
A; .  . +. + 000 +. Co. rr rs 

What are the whole numbers a, x and y ? - |] —— _ 
RESOLUTION. 
3. The firſt Equation multiplied by & produceth . . .> ia-þie-þ ty = 10 


4. The third Equation ſubtra&ted from the ſecond , leaves > . . $0.4. 2 a 1 
2 


5. By tranſpoſition of 2Z in the fourth Equation, this ariſeth, > . .' 3® = 10 — 
2 


6. The fifth Equation divided by 5 gives + «. 5 . eÞ 5 «. e = FREY 


7. By ſetting the latter part of the (ixth Equation in the place 
of +/in the firſt | this arifeth, . , þ -5f #4: fo 


s. Which laſt Equation, after due ReduQtion, gives . «» +> 4 = 16 — - 


9. From the latter part of the ſixth Equation it may be in- = 
ferr'd, ( in like manner as in divers of the preceding Que-> y == 6— 
"ie, 3 ht” 3h OE OS , F 
76. Eur the ſixth and eighth ſteps do ſhzw, that to the end the values of e and 4 may be 


Us ' . . . 6 —_" TY. 
whole numbers, as the nature of this Queſtion requires, it is requilite that 3) and Ty 
| 5 


be 


> — 
 — 
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be whole niunbers ; but 37 and 27 cannot be whole numbers unleſs 7 be 5 or fone 


3 F 
Multiple of 5 ; and by the ninth ſtep y muſt be lels than 6+, therefore 5 is the only 
whole number that can be raken for y, or the number of Ducks , and conſequently 
the {ixth ſtep gives 1 for the value of e, that is, 1 Gooſe; and by the eighth ſtep, the 
the value of 15 14, that is, 14 Partridges ; which three numbers will ſolve the Queſtion 
as may eaftly be proved. , 


—— 


The Reſolutions of the following nineteenth and twentyeth ©ueſtions do ſhew how 10 fo 
out innumerable Anſwers ro any © ueſtion belonging 10 the Kule of Alligation alternue 
in Vulgar Arithmerick,, when three or more things are to be mixed together, According 
to the import of that Rnle. 

DUEST. 19. 


A Vintner having three ſorts of Wines, the prices whereof per Gallon are 24 pence 
22 pence, and 1 8 pence, delires to make a Mixture out of them thac may contain 60 Gallons 
in ſuch manner , that the toral Mixture being ſold at ſorhe mean price per Gallon between | 
2.4 pence and 18 pence, ſuppoſe at 20 pence, may make the ſame ſumm of money, azall 
the particular quantities of Wine in the Mixture at their own prices. The Queſtion i; 
to find what Quantity of each ſort of Wine may be taken ro make that Mixture. ; 

| For the delired number of Gallons of the firſt ſort of Wine to make the Mixture, put 4, 
for the number of the ſecond ſort e; and of the third yz Then a+ e+-y = 6 
(the total number of the Gallons in the Mixture ; ) and becauſe every Gallon ot the mix 
quantiry muſt be ſold for 2o pence, the 60 Gallons mix'd are worth 1200 pence, and 
ſo much alſo muſt all the Produdts of the particular Quantities of each ſort of Whe 
multiplied by their peculiar prices amount utito ; therefore, 244+ 22e-|-18 = 1100 
= 65x20, So that the Queſtion may be ſtated thus, 


nes . © « o +» 0 + » 4.00 ,o 84 e-- y = 60 
2. And ,  . +» +» +» +,4 © « 244-220 18) = 1200 (=60x20) 
What are the numbers 4, e, 7? || _—< injec — 
RESOLUTION. 
3» The firſt Equation multiplied by 24 , | 
( which is prefixt to 4 in the ſecond Equa- 3 244 --24e+ 245 = 1440 
tas } produceth oof. . 
4. The fecond Equation ſubtracted from the | 
EW + © © io '-. © &» LI 
5. The fourth Equation by — 


—_— 


.. 2e-Þ 65 = 240 


SD  » +» +» < +» 
6. The fifth Equation divided by 2 , gives 
7. By taking the latter part of the ſixth Equa- 

tion inſtead of e in the firſt , this ariſeth, 
8. The ſeventh Equation, after due Re- 

duction, diſcovers the value of 4, viz. 
9. From the eighth Equation it's evident that > 7 © 30 
10. And from the fixth Equation, . . .> y a 40 : 
11. By the 10th, 9th, $thand 6th ſteps it's manifeſt that innumerable Anſwers may be given 
to the Queſtion propoſed , for ſince FraCtions are not here excluded from being Anſwer, 
you may eſteem . . y = any number between 3oand4o; | 
4 2) — 603 | 


> = 120 — 3) 
a120— 3) +) = 69 
e a = 2) —60 


[ITT 


- = 228-4 | | | 
32. Whence nine Anſwers in whole numbers are diſcovered, to wit, thoſe expreſt in thi 

- |} TS Table. But the Rule of Alligation in Vulgar Arithmetick finds out 
LE E- only one Anſwer to this Queſtion , ro wit, the ſixth, And becauſc 
4 |24 | 32 | innumerable numbers may be taken between 3o and 4 for valus 
+172 133 | of y; you may findout as many Anſwers as you pleaſe in Frations, 
10 | 15 | 35 ( which ate riot excluded in Queſtions of this nature; ) fo it for } 
you take 3oZ, thens—=1,(=2y5—60,) and e=284, (=139 


AHE 
wh alt} 37) 


Ti 
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T he Proof of the firſ® Anſwer, 


Two Gallons of Wine at 24 pence per Gallon , together with 27 Gallons at 2.2 pence 
2 Gallon, and 31 Gallons at x 8 pence per Gallon, amount to 1209 pence ; which is alſo 
the value of 60 Gallons at 20 pence pey Gallon. | 


———_— <—_— w_ ———_—_— — 
———y—_— 
Dm—— 


LUEST. 20. 


A Vintner having four ſorts of Wines, whole prices per Quart are 16 pence, ro pence, 
$ pence, and 6 pence, deſires to make a Mixture out of them that may contain x 00 Quarts, 
ſo as this mixt Quantity being ſold at ſome mean price per Quart between 16 pence and 
6 gemne, fopgeſs as 12: penens. may y roduce the ſame ſumm of money, as all the particular 
quantities of Wine in the Mixture if they were ſold at their own prices. The Queſtion is, 
zo find what quantity of Wine of each fort may be taken to make that Mixture? 

Let a, &, y and # be put for the unknown Quantities of Wine that are ſought to make 
the Mixture ; then a + e -|- y -|- # = 100, (the total number of Quarts in the Mixture,) 
and by mvlciplying thoſe Quantities ſeverally into their peculiar prices , the ſumm of the 
Produtts is 164 -|- 1ce-+ 5y-+ 6#; which fumm muſt be equal to the Product of 100 
multiplied into z2 , that is, 1200 pence ; $0 that the Queſtion may be ſtated thug ; 


cc coco gz eb 1+ u = 100. 
2, And 4 © ©® _ Ss. ©. 2s 24 5h 10019 6x == 200 

Whatare the numbers a, e, yand s ? || wmnrmmgemem — 

The given Equations being fewer in multitude than the numbers ſought, it's a ſign that 


: 


—_— 


bo 


the Queſtion is capable of innumerable Anſwers; now that you may find out as many 


of them as you pleaſe , the firſt ſcope in the Reſolution muſt be to diſcoyer limits ro direct 
your choice of ſome one of the numbers ſought , and accordingly; the drift in the eight 
Equations next following is to ſearch out limits for the firſt number a, * "7 


RESOLUTION. 


3- From the firſt Equation by tranſpoſition of 2, this 7 ED — 
| og ® # . "dE ® - ot . @® Dy *\ ef 1 T-# EPR 
4. And from the ſecond Equation by tranſpoſition MG 
A 164, thiganileth, +». 5. +» + 0 'S 10e-j-83-1-6% = 1200—164 
Fo mY third Equation —_— by 6, ken. , the 
eaſt of the known numbers which are prefixt to the Ns 
letters in the firſt part of the fourth Equation , pro- 66J-674-6# = 609—68 
ennth. '. «co. <<. 8 a | 
6. Apain, the third Equation multiplied by 1 o, that is, ; 
the greateſt of the knawn numbers which are pr 
to the letters in the firſt part of the fourth Equatjon, 
DL þ LOA oi 
7 - is manifeſt thar the wr needs ek apr 
is leſs than the firſt parr of the fourth, therefore alſo 
the latter part of rhe fifth ſhall be Jeſs than the latter 600— 64:72 1200 — If 
: —t:obaxe fourth, vit. © . »  MROES. 
« Therefore from the ſeventh ſtep , aiter due Redu- | 
Aion, it follows, that . . . f 3 2 'S 4 "7 60 
% go » for as much as the firſt part of we ſixth 
quation is greater than the firſt part of the fourth T4 Ro 
therefore allo the latter part of the ſixth ſhall be £000 25:0” S600 LOR 
greater than the latter part of the fourth, viz. . .< 
19, Therefore from the ninth ſtep, after due Re- J 
eudies , & follows jar 'o i Eo =; will... 


Now {ince it is found by the eighth and tenth ſteps , that @ the number of Quarts ſoughe 
of the firſt ſort of Wine to wake the Mixture muſt be leſs than 60 , but greater than 335, 
let ſome number within thoſe Jimits be taken for the value of 4, vit. | 


| I0e-|-toj-{-106=1000—108 


11. Suppoſe 
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—_— 


Ii. —4aeu co : . . : « %s I, f as . x . . * a 47 —— 
12. Then by ſetting 47 in the place of 4 in the a: 
firſt Equation, this ariſeth, viz, . . . .F 7 + e457 j-# = 100 
13. Whence by equal ſubtraction of 47 there 
81 em . _ ; yo: R © « » &+yÞu = 53 


14. And by multiplying the Equation in the 
eleventh ſtep by 16, (the number prefixt to a> 752 = 164 
in the ſecond,) it gives | 


I5- Then by ſetting 752 1n the place of 164 in bs 
ſecond Equation , this ariſeth, . . .. . 'F 752 4- 106-187 4- 6% = 1200 
16. And by ſubtrafting 752 from each part of 
the Equation in the fifteenth ſtep , this remains,> . . 1oe| 875+ 6u = 443 


Vit. » FN». > + 20 
17. The Equation in the thirteenth ſtep multi- 
plied by to , ( which is prefixt to e in the 
ſixteenth, ) produceth . , , . . » 
18, Then by ſubtrating the Equation in theY 
ſixteenth ſtep from that in the ſeventeenth , = . 


* « Ice{tO-{-1cx= 530 


letter e vanitheth, and this Equation remains, * * * * #/ + 4# = 6 
VIZ. ol . . s ® | * .* . .* - = * 
19. From the eighteenth ſtep, by tranſpoſition of 
|= 4%, this Equationariſeth, . . © 3 
20. And by dividing each part of the Equation in 
. "the nineteenth ſtep by 2 , it gives. . . 'c 
2 1- Then by ſetting the latter part of the Equa- 
tion in the twentieth ſtep in the place of y in> eÞ- qt — 2#-þ.# = 53 
the thirteenth ſtep, it makes . . « . . 
22, Whence, after due Reduftion, .. . . .> e = #12 
* 23» By the latter part of the Equation in the 
q 2 20 


23 = 82 — 4 


J = 41 — 24 


- 


ewentieth ſtep, it's evident that 2#n 2 41; 
ER +» - - © |. 0:0 4,4 


And becauſe the known number 1 2 which follows'-|-# in the twenty-ſecond ſtep, 
( expreſſing the value of ec ) is Affirmative, there is 'not any limit to ſhew above which 
the number « ought to be taken ;: and therefore, according to the three and twentieth ſtep 
# may be any number leſs than 202: - Therefore, | 


LR © & oo wo is en el gig: $0 
25. Then from the twentieth and twenty-fourth þ . | 

* 1 « follows, that - \. 35:4 't J.= 1,(= 41—38) 
26, And from the. twenty-ſecond -and twenty- 

fourth ſteps, .. a » Joliciity His VE 6 = 32, (= #-5-12) 

Thus by the eleventh , twenty-lixth , twenty-fifth and twenty-fourth ſteps ; four whole 
numbers are diſcovered, to wit, 47,32, 1 and 20 for the values of a, e, y and, Wh 
nambers will ſolve the Queſtion. . For if 42 quarts of the firſt ſort of Wine, 37 Ju 
of the ſecond, z quart of the third, and 20 of the fourth be mixed together , the ſumn 
makes 100 wg , Which at 12 pence per Quart yields 1200 pence, and the ſame numbet 
of pence will be produeed by ſelling 47 quarts at 16 pence per Quart, 32 quarts at 19 

| pence, I quart at $ pence, and 2o quarts at 6 pence, which was required. 

Bur becauſe ( by the twenty-third ſtep) # may be any whole number leſs than 203 
nineteen Anſwers more in whole numbers may be found out by repeating the Procels 
the twenty-fourth , rwenty-fifth and twenty-fixth eps , ſo that 47 being raken for 4 
there will be twenty Anſwers in whole numbers, which are inſerted in the following Tal 
And by putting a equal to every whole number ſeverally between 33+ and 60, which 
are the limits diſcovered in the eighth and tenth ſteps , for the chuſing of the number 4» 
after a due repetition of the Proceſs withevery one of thoſe whole numbers, in like manne! 
as before with 47 from the eleventh ſtep: to the end of the Reſolution, rwo hundred nine! 
four Anſwers more in whole numbers will be diſcovered , which with thoſe twenty " 


the Table make three hundred and fourteen Anſwers in whole numbers to this Oveſiv 
| wentin 


to 


Chap. 13- capable of Innumerable Anſwers. 


Queſtion , to which the Rule of Al;gation in Vulgar Arithmetick gives only one Anſwer, 
which conſiſts partly of Fraftions too , but by the Method above deliver'd , innumerable 
Anſwers may be found out in Frations. The Table follows, | we 


aſe 7 | = 
47 | 33 | 3 L''26 
47 | 31 3 |} 19 

1 47 1.30 F | 18 | 
47 | 29 #7 Re] 

| 47 | 28 9 | 16 


47 j 24 | 27 | 12 

| 47 | 23 I9 | 11 
074-33} 33 £430 
47 } 21 | 23 9 
47 | 20 | 2F $ 
47 | I9 | 27 | 7.4 
47 | 18 | 29 6 | 
47.1] 277 } 31. | 5. 
$7.4.,20 | 33.4.1 
47 |, 25 | 35 þ- 3 
47.1 $4] 3+, -*::6 
47 [13] 39] 1 
QUEST. 2'F, 


Fourty-one perſons conſiſting of Men, Women and Children ſpent, in the whole at 
a Feaſt 40 ſhillings z whereof every Man paid 4 hillings, every Wornan 3 ſhillings , and 
every Child 4 pence , or 4 of a ſhilling : It's defired to find the numher of Men, likewiſe 
of the Women and Children. CORE egy 

The nature of this Queſtion not admitting FraRions in the Anſwer, the ſcope of the 
Reſolution muſt be to divide 41. into three ſuch whoſe numbers, that if the ficſt be multi- 
plied by 4, the ſecond by 3 , and thethird by 3 , the ſumm of (he thee Produdts may 
make 40: To which purpoſe, let a, e and y be put for the deſired numbers of Men, 
Women and Children , and then the Queſtion may be ſtated thng , v3z. 


If ;, , ©. 0 oo oo EY Yo TS 
2 And . - « o . . = " , * o . = d . 4@-3e +27 — 40 
What are the whole numbers a,e, 5? |] —— 
RESOLUTION. F-14 
| J cc 31g, 
). 2 3377s 


3. By forming the Refolution in like manner as'in the fore- - "26 
going thirteenth , fourteenth. and fifteenth Queſtions it 5 & = 124 —— 


ne wer, that .. . e wo ns ae ante gt 7 | 
ppear, «= —83. 


Whence 'tis manifeſt that 32 and 33 are the only whole numbers within the limits forthe 
chuſing of the number: y, bur this muſt neceſſarily be a Multiple of 3, otherwiſe = and 


will not be whole numbers, and conſequently the values of e and « above-exprelt cannot be 
whole numbers; therefore 33 is the ſole whole number that can be taken for the value of 7, 
to wit, the number of Children, and conſequently: the values of. + and & above expreft will 
pive 3 for the number of Women, and 5 for the.number of Men. :. which three numbers 
5, 3 and 33 will ſolve the Queſtion, for their ſumm is 4r z and. if the firſt be multiplied 
by 4, the ſecond by 3, and the third by +, the ſamm' of the three ProduRts is 40, as 


Was required, | 
SC\ QUE ST. 22« 
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LUEST. 22. 


Twenty perſons ,. conſiſting of Men, Women, Boys and Girls ſpent at a Feaſt in the 
whole 94 {hillings; whereof every man paid 6 ſhillings , every Woman 4 ſhillings, every 
Boy 3 ſhillings, and every Girl 1 ſhilling: Ir's defired ro find out the number of Mer 
likewiſe of Women, Boys and Girls. 27 

The ſcope of this Queſtion is to find out four ſuch whole numbers that their ſumm may 
make 20 ; and thar if the firſt be multiplied by 6 , the ſecond by 4, the third by 3, and 
the fourth by x, the ſumm of the four Produts may make 94; therefore by putting 
a, e,y,n to repreſent thoſe four whole numbers, the Queſtion may be ſtated thus , 


I. If . . ES Ss 0-2 - SSC S vx a | e -|- J+# = 20 

2. And « © « © © © © © +» © «© « Gage -37-þ4 = g4 

What are the whole numbers a,e,7,uv? || += - — 
RESOLUTION. 


The firſt Scope is to ſearch out limits for the number a in like manner as before in the 
twentieth Queſtion, . v:z. | 


2, By tranſpoſirion of a in the firſt Equation, this ariſeth, > eb JÞ+ #u = 230g 


. Likewiſe by tranſpolition of 64 in the ſecond Equa- 
n tion, there comes forth , . . . . « . '$ qen-3J+ # = 94—6a 
5, The third Equation multiplied by 2 , ( to wit, the "Pp 
ſmalleſt of the nambers prefixt to the letters in t 
eo j++ 4 = 20-4 


firſt part of the fourth Equation , where 1 is ſuppoſed 
to be prefixt to #,) doth produce the ſame third, v3z. 
6. Again, the third Equation multiplied by 4, to wit, 
- the eſt of the numbers prefixt to the letters in qe + 47-þ 4% = 80-49 
the firſt part of the fourth Equation, doth produce | 
7- It is manifeſt that the firſt part of the fifth Equation + 
is leſs than the firſt part of the fourth, therefore alſoL, 20 — 4 = 94— 64 
the latter parr of the fifch ſhall be leſs than the latter = | 
part of the fourth, viz. . + © «  « oo 
$, Therefore from the ſeventh ſtep, after due Rats 2 "pp 4 
LEAR . . . en» 430 * add... 
9. Again, for as much as the firſt part of the ſixth Equa- 
tion is greater than the firſt part of the fourth , there- Mb, 
fore alſo the Jatter part of the ſixth ſhall be gteater( 80—44 To 94— 64 


II" 


than the latter part of the fourth, viz. . . .-. 
10. Therefore from the ninth ep, after due OE 
it follows, tat, . . . . » , » + » + & 


Now lince*tis found by the tenth and eighth ſteps , that a, ( or the number of Mer,) 
is greater than 7 , but leſs than 14%, Jet ſome whole number within thoſe limits be takin 
for the value of 4, viz, 


® ©  # wad 2% 


IH, Th eo o/c .- 5 . E . nf "Fi vo ® © o 
12. Then by ſetting 12, in the place of .4 in the farſt hon) 
Haddon - thi artienh. "2 mY St 4 tas a? as pag 
13. Whence by equal ſubtra&ion of 12, there remains > , . ,' e-þ y+# 
14. And by multiplying the Equation in the eleventh 
| —_—— makes. ARA 7” 
| 15. Then by ſetting 72 in the place of 64 in the ſecond | ES 
| Non” k ns '. Fe E244 Bs. A ond 
16. And by ſubiraRting. 72 from each part of the laſt 
Equation , the Remainder is . «. ., «© . . « 
17, The Equation in the thirteenth ſtep being multiplied 
by 4, (which is prefixt ro e inthe ſixteenth, ) [ry 
18. Then by ſubtraRing. the Equation in the ſixteenth / 
ſtep from that in the ſeventeenth, the letter e vanitheth, >, , . 9+ 2# 
and this Equation remains, «. . . . «. « . « BL = 
19. en 


s 12 =.4 


= 


« 0.99 HM 


WT Y TEES 
4749148 29 


10 


[| 
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19. Whence by tranſpoſition of 3, this Equation 
Sl, . oo ue > nn 

20, Then by ſetting the Jatter part of the Equation in 
the nineteenth ſtep in the place of y inthe thirteenth, > e -|- 10— 26 Þ# = 8 
dls ariſen, - ee HE HE Sh =, T 

21, Whence, after due ReduRton, this Equation ariſeth, > e = 2#— 2 

22, From the latter part of the nineteenth Equation, ir 
may be inferr'd that ER SPE 

23, And from the latter part of the twenty-firſt Equa- 
Wo RS Cec-: 


) = 10—3# 


I 
2-235 
£ 5 


Now ſince by the twenty-ſecond and ewenty-third ſteps, « ( or the. number of Girls) 
is found to fall between 1 and 33, let 2 be taken for the value of #, v2. 


as geſt  . ed ee Se ef mams 
25, Then from the nineteenth and twenty-fourth ſteps, > 5 = 4 (= 10 —3s) 
26, And from the twenty-firſt and twenty-fourth ſteps, > e = 2 (= 2#—2 ) 


Thus by the eleventh , twenty-ſixth , twenty-fifth and twenty-fourth ſteps , four whole 
numbers are diſcovered, to wit, 12, 2, 4 and 2, for the values of a, e, y and s. 

Again, by taking 3 for the value of « , ( which is within the limits before diſcovered) 
the nineteenth and rwenty-firſt ſteps will diſcover 1 and 4 for the values of y and e, ( « being 
12, asbefore. Wherefore two Anſwers to the Queſtion are found out ; for the number 
of Men being put 12, the number of Women will be 2, 


the number of Boys 4, and the number of Girls 2 , or the — Eg 

number of Men being 12 as before, there will be four —_ FAS Sh 
Women, 1 Boy and 3 Girls. Again, if 11 beput equal <& 2.428 Boe in 
to.4, (or the number of Men,) and the proceſs be repeated | "2 | 6 | 3 | 
from the eleventh ſtep to the end of the Reſolution, there | 7*| 5 | 2 | 2 
will be found two Anſwers more in' whole numbers. In | 21© | 3 ]53 ] 7 
like manner, if 9, 10 and 13 be ſeverally put equal toa, | ?* | * | 4 ] ? 
three Anſwers more will be diſcovered ; Put if 8 and 14 | "2 | 4 | © |] 3 
be ſeverally put equal to 4, although they be within the |_13 | © 13 3 


limits in the eighth and tenth ſteps, yet the work being 

repeated as before will not ſucceed to find e, 7 and # in whole numbers, ſo that there are 
only ſeven Anſwers, to wit, thoſe inſerted in the Table , but that every one of chem will 
folve the Queſtion may ealily be proved. 

If a Queſtion of this nature be deſired that hath but one Anſwer in whole numbers; 
let the number of perſons be 60, and 100 the number of ſhillings ſpent ; allo let every 
Man ſpend 2 ſhillings, every Woman #+ of a ſhilling, every Boy + of a ſhilling, and every 
Girl + of a ſhilling ; then by forming the Reſolution as before , the number of Men 
= $ found 46 , the number of Women 3 , the number of Boys 5, and the number 
01 Lirls 6. os | ; 


——_—_— 
— 
O— 


QUEST. 23. 


To divide 200 into five ſuch whole numbers , that if the firſt be multiplied by 12, 
the ſecond by 3, the third by 7, the fourth by +, and the fifth by 4 , the ſumm of the Pro- 
dads may alſo make 200. 

This Queſtion may be reſolved like the foregoing twentyeth and twenty-ſecond, bur 
1 ſhall leave it as an exerciſe to the induſtrious Analyſt , who , ( if he thinks it co be worth 
his pains, ) may find out 6639 Anſwers to it in whole numbers, (as Monlieur Bacher, in 
the two laſt pages of his little Book before ciced in Se. 1. of this Chapter, doth affirm. 

' Nicholas Tartaglia handling this very Queſtion, ( which is the laſt of the ſeventeenth 
Book of the firſt Part of his Arithmetick,) thought it a great matter that he bad found our 
one (ingle Anſwer to it in theſe five whole numbers, to wit, 6, 12, 34, 52, 96, and 
afſerted, That Queſtions of this ſort could not be perfe&tly ſolved, either by the Aigebraical 

rt, or any certain Rule ; but the contents. of this Chapter do manifeſtly ſhew, thar the 
Imperfe&tion was in the Artiſt , and not inthe Arr. 


The End of the Second BOOK. 
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The ConTeEnN Ts of the Third Book, 


” 


(UH E Third Book is an Analyſis iz Species of the choiceſt of Dio- 

 phantus's mh admired Queſtions concerning Squares, Cubes , 

and right-angled Triangles in rational numbers - with other Oue- 

tons of like nature, To which us alſo added a brief” Expoſition 

upon Monſieur Fermat's CAnalytical Invention, prefix'd to Monſieur Ba- 

chet's Comment upon Diophantus , Printed at Toloze » Ann, I'670, The 
mmber of Queſtions in the Third Book is 130, 


The ConTENTs of the Fourth Book. 


HE Fourth Book us an Introduftion to Mathematical Reſolution and Cons 
T poſition ; where , the excellent uſe of the _Algebraical or Analytical 
Art is evidently ſhewn , both in finding out the Solutions of Geometrical Plane 
Problems , ( viz. of ſuch whoſe Delineations require only the drawing of Right 
and Circular lines ;) as alſo in diſcovering Synthetical Demonſtrations from 
the Analytical Fteps , to prove the truth of thoſe Solutions by a Series of Con- 
ſequences deduced altogether from things really given or granted, All which 
are clearly expounded , and copionſly exemplified both Geometrically and Arithme- 
tically, by a choice Colleftion of nſefu! and delightfull Problems, The Fourth 
Book is divided into Ten Chapters, the Contents wheredf are theſe , viz, 


Cryap, 


1, The Explication of Characters, &c. 
2. The Explication of Axioms. 


3- The Explication of -Definitions concerning the uſual ways of 
arguing to deduce one Analogy from another, 


4. Various Fundamental Theorems demonſtrated. 
5. A Collection of Canonical Geometrical Effettions, 
6. Algebraical Fractions Geometrically expounded. 


9. Plane Problems. 


7. 
5 Four Claſſes of Examples of the Reſolution and Compoſition of 
19, | 


Saw * Faults 


Kean _ Y Ce EET 
——_ 
Co AE BG yp ou ay Cn eas, 


Faults to be Correed in the Third and Fourth Books, 


before they be read. 


Lin Faults, thus to be Corretted. 
rt pair. : 
n b 7 the given difference 60, | The given difference is 60. 
38 | adding 2, | adding 3. 
ro | Chapt. Book. 
Hl C upon the fourth Book , upon Lueft. 2. Bock IV, 
54 + 39 £28, 
49 16098948400 4 2160989184000 , 
4 | right-angle, right line. 
2 | grexer, leſſer, 
16 | 36 26, 
40, 
- d the extremes of, of the extremes and. 
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ELEMENTS 


ALGEBRAICAL ART. 
Book III 


WE 


29 Mong all the Writers upon the Algebraical 4rt , there hath none 
A, been hitherto known more antienr, nor any more famous for 
ſhewing the admirable force of that Art in ſolving Arithmetical 
Problems, than Diophantie of Alexandria, who lived, (as Authors 
compute,) above thirteen hundred years ago. He wrote thirteen 
Books'of Arithmetick,, and one concerning 4ulrangular numbers s 

. but of thoſe thirteen, (ix only are extant, which contain two hundred 
and eight Queſtions , many of which are ſo knotty and abſtruſe, 
that they can hardly be ſolved without the help of Drophantzs 

his peculiar Method ; whoſe Speculations are ſo ſublime, that where there feems to be 

2n impoſſibility of finding out a ſingle Anſwer to a Queſtion , he ſhews how to find our 
innumerable Anſwers in rational ( or ordinary ) numbers. Now to give the ingenious 

Reader of theſe Elements a delightful Proſpect of the rare Inventions of that Prince of 

Arichmeticians, I have with no ſmall labour framed this Third Book, and therein explain'd 

the Reſolutions of the hardeſt and choiceſt of his Queſtions, in the ſecond, third, fourth, 

fifth and ſixth Books of his Arithmetick before-mentioned , as alſo of divers other ſubtil 

Queſtions invented upon his grounds by Yieta, Bacher, ( the beſt Commentator hitherto 

upon Diephantu , ) Fermat and others ; among which alſo divers Queſtions of my own 

are inſerted, to wit, thoſe which have no ciration referring to any Author, 
Note, That & ſtands for the word Triangle, md Q for a Square number; but as to 
the reſt of the CharaRers uſed in this third Book , they have already been explain'd in 

Chap, 1, Book 1. of theſe Elements. 


2UEST. 1. ( Thisis the gth of the ſecond Book of Diophantua. ) 


To divide a given ſquare number into two Squares. 
RESOLUTION 1. 


7. Let the ſquare number given to be divided be . . « © .%S 1 
2. The Root or (ide thereot is . « « . . « + » +» «© od 
3. For the Root or (ide of the firſt of the two Squares ſought put > # 


4. Frye the firſt Square w PPP OS Rab SIS aa 
5. And conſequently , ( by the firſt and fourth ſteps,) the ſecond 
Square muſt be equalto « . . : . 0a 


6. Now let the {ide of the ſecond Square be feigned to be . . . > 24—4, Or 4 —=24 
7. Therefore the Square of the ſaid feigned fide is . . . « . > 444—16a16 ' 
8. Which Square muſt be equal to 16—aa in the fifth ſtep , hence this following Equation 
ariſeth, viz, 
GAR — I 6a + 16 = 16—a4; 
| A | bs 9. From 


Ld 
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9. From which Equation, after due ReduRtion , the ſide of the firſt $2 


uare Will be made known, viz. . « « +» + « >» + »; =; 
10. And by the ninth and fixth ſteps, the ſide of the ſecond Square 4 "103% HIP 
will likewiſe be diſcovered, viz. 5 ©» + « » » » + +» qT=" 


So the ſides of the two Squares ſought are found *£ and 25 ; which will folve the 
Queſtion , for the Square of + is #25, and the Square of =5 is *75, both which Squares 
added together make £25 , that is, 16 , as was required. « 

Note. That which is moſt remarkable in the/ foregoing Reſolution of Diephantw, is 
his ingenious and peculiar way of feigning the fide of a Square to'be equated to 16— 4 
in fiich manner, that after the Equation is duely reduced; the number repreſented by a will 
neceſſarily be Rational. Now becauſe he makes great uſe of the like manner of feipni 
the ſides of Squares to be equal to Algebraica] quantities, in reſolving divers hard Queſtions, 
( as will copiouſly appear in this third Book , ) the Learner muſt endeavour to be very wel 
acquainted with the ſaid Method ; for his caſe therefore 1 ſhall explain ic in the following 
Obſervations. 


Obſervations upon Quelt, 1. 


' T. Concerning the feigned ſide 24 — 4 in the ſixth ſtep of the foregoing Reſolution, 
it may be asked, why — 4, and not .-— 5, —6, or ſome orher number ? to this [ anſner, 
There is a neceſlicy chat this number be alwayes the ſide of the Square given to be divided 
into two Squares ; ſo Diophantus feigns the ſecond (ide to be 24 — 4, ( 4 being ihe (ide 
or {quare Root of 16 the given Square, ) to the end that in the Square of 24 — 4 ther 
may be found the Abſolute number 16, to wit, the Square given to be divided; fo de 
the Square of 24 — 4 being equated to 16 — 44, (as in the eighth ſtep of the Reſolutian,) 
there will be found -- 16 on each part of the Equation , whence by fubtraRing 1 6ſron 
each part, there ariſeth 544 = 164; and conſequently each part of this Equation beg 
divided by a, the. Quotients give 54 = 16 , Wherefore 4 = *£, Be” | 

' 2. Oneof theparts of the ſaid feigned (ide of the ſecond Square muſt (in this 2uep. 1.) 
neceſſarily have the ſign — prefixt to it , ſo Diophantves feigns the ſaid ſecond lide-to be 
24 —4 , for if it were 24 4, all the parts or terms of irs Square would be Aﬀermaire, 
and conſequently no poſſible Equation would ariſe ; as will calily appear by- comparing 
the Square of 24<þ- 4, that is, 444+ 164+ 15 t0 16 = a4, Whence 54a + 168 =0, 

3- The Learner may alſo demand , why in the ſixth ſtep of the foregoing Reſolution, 
the [ide of the ſecond Square ſought is feigned to be 24 — 4, or 4—24, and hot 8—,- 
or 4—84, viz. Why 1s 2, and not 1 qr ſome other number prefixt to 4 ? to this | anſwer, 
If the (ide of the firſt Square fought be affumed or ſuppoſed ro be 4 or 14, (as it is in tte 
third ſtep of the Reſolution,) then the (ide of the ſecond Square cannot be a— 44, or 44, 
as will be evident by a due proceſs upon that ſuppolition , for the Square of 4 — 4 

— 4, that is, a4 — 84+ 16 being equated ro a4 — 16 , there will ariſe, after due Re- 

uRion, 4 = 4, and confequently, a — 4, or 4 — 4, Which was put for'the ſecond Squate, 
will be equal to nothing: The like abſurdity will follow as often as the numbers preſni 
ro 4 in the feigned ſides of the two Squares ſought are equal to one another, 95x. if the 
Grſt ſide be feigned to be 54, and the fecond 54— 4, of 4— 54; or if the firſt fide be %, 
and the ſecond *4 — 4, or 4— 84, &c. from ſuch ſuppoſitions a fruitleſs Equation wil 

ſue, for the ſide of the ſecond Square will be found equal to nothing. Now for the 
avoiding of ſuch abſurdity, the Learner may take this for a Rule, ( the reaſon whereof vil 
hereafter appear by Obſervar. 1. of the tollowing Reſolation 2. of this 2xeft. 1.) If 
the numbers prefixt to 4 in the feigned ſides of the two Squares ſought be any two unequi 
numbers, vzz. if 4 or 14 be put for the firft (ide, the ſecond may be 24—4, or 34—4z &'. 
Again, if we put 34 for the firſt (ide, the Square thereof will be 944 ; 4nd conſequent!y 
becauſe the Square given to be divided into two Squares is 16, the ſecond Square hal 
equal to 16 — 9aa, whoſe {ide we may feign to be 214 — 4, or 4 — 24, the Square whereo! 
is 444—16a-]-16; this xquated to the ſaid 16 — 9a, gives after due Redadion 
8. = ++, therefore 34 which was put for the fide of the firſt Square ſhall be =, and 
4 — 24 Which was put for the {ide of the ſecond Square will be found £2, and conſequently, 
the two Squares ſought ſhall be 2425 and £23 , whoſe ſurmm makes 16 , asthe Queſtion 
requires. | 
In which Jaſt Example (which is worthy of the Learner's obſervation) it happens, that 
in reſolving the Poſitions, the fecond fide is expounded by 4 — 24, not by 24 — 4, alchoogh 


| 
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the Reſolution be juſtly formed from either of them , for the Square 4aa— 164+) 16, 
whiles 4 is unknown, may have for its fide either 24 — 4, or 4 — 24, and which ſo ever 
of theſe {ides be feigned, the ſame Equation will ariſe to find out the number a, which, after 
it is diſcovered, is to be compared to ſuch of thoſe two feigned ſides as will produce a number 
greater than nothing ; ſo the number a being before tound out to be ££, it is manifeſt that 
24—4 is leſs than nothing, but 4 — 24 gives 75, which is the true fide'of the ſecond 
Square. . So likewiſe in the Example of Dzophantws , the lide of the ſecond Square cannot 
be expounded by 4 — 24, ( although the value of a may be rightly found out from thar 
ſuppolition, as well as from 24 — 4 ;) for 4 being found equal to 4, the ſaid 4 — 24 is 
leſs than nothing. 

4+ Here I. ſhall recommend to the Learner one general Obſervation, 44z. The principal 
ſcope in feigning the {ide of a Square to be equared to ſome Algebraick Quantity wherein 
the higheſt unknown Power is 4a, muſt be to teign the ſaid fide in ſuch manner , that after 
due Reduction , either the Abſolute numbers may vaniſh, and conſequently an Equation 
remain between ſome number of 44 , and ſome number of a , whence by Diviſion the 
pumber 4 will neceſſarily be Rational ; or elſe, (as hereafter will fully appear in this Book,) 
that 44 may vanith out of each part , and conſequently an Equation remain between ſome 
number of 4 , and ſome Abſolute number , hence alſo the number 2 will be Rational, 

Having explain'd Diophantxs his Reſolution of 2ueſt. 1. by Numeral Algebra, 1 ſhall 
in the next place reſolve the ſame by Literal Algebra, whence divers uſeful Canons will 
be brought to light, | 


RESOLUTION 2. of Lueft. 1, which is here repeated, 05z, 
To divide a given {ſquare number into two Squares. 


1, For the ſide of the given Square put . . , .> d 
2. Therefore the ſaid Square is . 16. a” 
3: Take any two unequal numbers, ſuppoſe s the 
greater, and y the lefler, (which s and 7 are to be 
uſed inſtead of the numbers prefixt to 4: in the fore- > ra 
going Reſolution , ) then for the fide of the firſt 
Square ſought put . « . © © © © ©» © » | 
4. And for the {ide of the ſecond Square ſought , put > 54—4, or, 4— 54 
5. Therefore, from the third ſtep , the firſt Square is Þ rraa 
6, And from the fourth ſtep, the ſecond Squareis . . Þ 5544 — 25da + dd 
7. Therefore the ſumm ot thoſe Squares is . . .Þ 55aa--rraa —25da + dd 
8, Which ſumm muſt be equal to the given Square dd, ted dba 
hence this Equation ariſeth, viz. . « « « '© 2566-157 AN T #-2 | 
9. Which Equation, after due ReduQtion, gives . .Þ 4a = o- 
| 1o, Therefore out of the ninth and third ſteps, the ſide C 5s --rr 


of the firſt Square ſought is now made known, for 

Shel w 7, EE ES © ne Ro 
11. And from the ninth and fourth ſteps the ſide of the 55d — 7rd 

ſecond Square is alſo known , for it's equal to e 55 + rr 


Obſervations upon the preceding Reſolution 2. of Quelt. L. 


1. The eleventh ſtep of the ſaid Reſolution diſcovers that the known numbers s and 7» / 
muſt be unequal, to the end the difference of their Squares may be greater than nothing. 

2. After the nudnber 4 is made known, (as in the ninth ſtep,) it will be manifeſt that the 
lide of the ſecond Square is to be expounded by 5a — 4, not by d—44; for lince 4 


is found equal to 2.54 , (as appears by the ninth ſtep of Reſolnt. 2. ) it follows that 
2=— S2A 4 - Ta dd? hich is leſs than nothing , for s is greater 
opp 2 00 — 4 = 7 Ep. 2 1s Jels than nothung , g . 


than 7 by ſuppoſition : But whiles 4 is unknown , the {ide of the ſecond Square may be 
feigned d — 54 as well as 5a — d , for each of theſe produceth the ſame Square 5544 — 


2544 |= dd. | . 
3. * lide of the firſt Square may be feigned 54, and the [ide of the ſecond 74 — 4, or 
—M, for from theſe Politions the true lides of the two Squares ſought will be _ 
A A 3 rae 
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an Has aaSanales ay — 
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the fame as before are expreſt in the tenth and eleventh ſteps of Reſo/ut, 2. but in thi 

latter way of feigning the lides, the (ide of the ſecond Square will be expounded by 4 — 7, 

not by za —4, for this will be found lefs than nothing. ; 
4. The tenth and eleventh ſteps of the foregoing Reſo/ution 2. give this 


CANONXM. 


Take any two unequal numbers ; multiply ſeverally-the double of the Product of thei 
wnltiplicatton , and the difference of their Squares by the (ide of the given Square, laſtly, 


divide thoſe Produdts ſeverally by the ſumm of the Squares of the two numbers firlt taken 


and the Quotients ſhall be the [ides of the rwo Squares ſought, 
An Example in Numbers. 


Let the ſide of the given Square be 4, then take two unequal numbers at pleaſure, x 
x and 2 ; the double Product of their multiplication is 4 , ths difference of their Squares 
is 3 , then by multiplying the ſaid 4 and 3 ſeverally by 4, (the fide of the given Squue,) 
the ProduCfts are 16 and 12 , theſe divided feverally by 5 , ( that 1s, by the ſamm of the 
Squares of 1 and 2 the numbers firſt taken, ). give the Quotients *£ and *2 , whichare 
the ſides of the two Squares ſought , for the Squares of +$ and *5 added together rake 16, 
which was given to be divided into two Squares. | 

5. For as much as ( by Prop. 47. Elem. 1. Euclid. ) when a Square is equa} to twy 
Squares, the ſides of thoſe three Squares will make a right-angled Triangle, the preceding 
Leſt. 1. may be thus ſtated , 242, 

A Rational number being given for the Hypothenuſal of a right-angled Triangle, to find 
Rarional numbers to exprels the Baſe and Perpendicular, 5s. the ſides abont the right-angle 

This may be ſolved by the preceding Canon ; for if d be put to repreſent the gien 
Hypotkenufal , and's and r any two unequal numbers, 7 being the leſſer , theſe threefdl. 


| lowing numbers will conſtitute a right-angled Triangle baving & for its Hypothenuſal, ok, 


Hypothenuſal , Baſe, Perpendicular. 
4 55d — vrd nrsd 
af SS rr of gb rr 
6. Moreover , if thoſe three ſides of a right-angled Triangle be ſeverally multiplied 
by the Denominator 5s -|- ry, the ProduRts ſhall alſs be the ſides of a right-angled Triangle 


| to wit, theſe following ; 


Hypothen. Baſe, Perp. 
$5d [arrd > 3d —7rd , 255d. 

7. And by dividing every one of the three ſides laſt expreſt, by their common Faftor 6 
the Quotients will give theſe three following ſides of a right-angled Triangle, viz. 

Hypothen, - Baſe, | Perp. | | 
8 xx 5 SS — Yp ws 27S. | 

8. Which three ſides laſt above expreſt are in words the following uſeful Canon, to form 

a right-angled Triangle in numbers by the help of any rwo unequal numbers given. 
CANON. 

Take any two unequal numbers, (ſuppoſe s the greater , and » the lefſer,) chen che funn 
of their Squares ſhall be the Hypothenuſal , the difference of the ſame Squares (hall be 
one of the ſides abont the right-angle , and the double Produ of the multiplication of the 
faid two numbers, the other ſide. 

The Proef of this Canon. 
The Square of 55 {-+r is , 0 . . 0. 0 Hof 25gr btrfp 
 TheSquare of 5s —rr is . , , « © © © $f — 25977 +1) 
The Square of 278 is . « . «©: » ©& © «© o» F=qaorre. ; 

The firſt of thoſe three Squares is manifeſtly equal ro the ſumm of rhe other two, and 
therefore the (des of thoſe three Squares, if they be expreſt by numbers, ſhall be the meaſures 
of the (ides of a right-angled Triangle. | 

An Example of the ſaid Canon in Numbers. K: 

Take two unequal numbers at pleaſure, as r and 2 , then the ſumm of their Squares 55. 

for the Hypothenuſal, the difference of the Squares of the ſame cwo numbers 1s / or the 


Baſe, (that is, either of the fides about the right-angle,) and the double Produdt of = 
| nu 


=} 


Tight-angled Triangles be formed, ſuppoſe theſe, . « +» +» bp 0 4 
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numbers 1s 4 for the Perpendicular . but that the numbers 5, 3, 4 may be taken for the 
meaſures of the ſides of a right-angled Triangle is evident, for the Square of the firſt is 
equal to the Squares of the two latter. F 


9. Three Corollaries deduced from the laft preceding Canon. 


Firſt , in every right-angled Triangle in ſuch whole numbers which are Prime between 
themſelves, the ſumm of the Hypothenuſal (55 -|- r) and (275) one of the lides about the 
right-angle is a ſquare number, to wit, (ss-|- 77 -|- 275) the Square of the ſumm of (s and r) 
the two numbers by which the ſaid Triangle may be formed according to the laſt preceding 
Canon. 

Secondly. the ſumm of the Hypothenuſal (ss -[- - and (55 — 77) the other of the lides 
about the right-angle is the double of a ſquare number, ro wit , the double of (5s) the 
Square of ( 5) the greater of the two numbers by which the Triangle may be formed 5 
And the exceſs of the Hypothenuſal ( 5s -|- 7) above the ſaid (ide (45 — 77) is the double 
of the Square of ( r ) the leſſer of the ſame two numbers ; therefore, | 

Thirdly , the three ſides of any right-angled Triangle in ſuch Rational whole numbers 
25 are Prime between themſelves being ſeverally given, we may find two whole numbers 
by which the ſaid Triangle may be formed according to the Canon in Obſervar. 8. As, 
for example, to find two numbers ro form theſe three ſides of a right-angled Triangle, 
to wit, 65, 3 3, 56, (which are Prime between themſelves, for they have no common Diviſor 
but Unity,) I add ths Hypothenuſal 65 to 33 and 56 feverally, and it makes 98 and 131, 
which latter ſurm is a Square, and therefore ( per Coroll. 1.) its Root 11 is the ſamm of the 
wootumbers ſought, and the firſt ſum 98 is the double of- the Square 49, whoſe Root 7 
ſhall be the greater of the two humbers fought, ( per Coyoll. 2.) laftly , by ſubrraRting 7 
from 11, the Remainder 4. is the leffer number ſorght ; whence I conclude, that the right- 
aigled Triangle propoſed may be formed out of 7 and 4 , for the firm of their Squares 
makes the Hypothenafal 65 ; the difference of the ſame Shtares is 33 Ofie of the fides abour 
the right-angle, and the double Product of 7 and 4, towit, 56 is theother fide, | 

10, From the two preceding Canons (in Obſervat. 4, and 8.) another may be dednced 
to ſolve 2ncff. 1. viz. . to divide a given ſquare number into two Squares, or a Rational 
number being given for the Hyporhenuſal of a right-angled Triangle, to find the Baſe and 
Perpendicular in Rational nurabers. 

CANOR. 


By the foregoing Canon in Obſervat. 8. let a right-angled Triangle be forthed on of 
ay two unequal numbers, and call this Triangle the firſt ; then it ſhall be, as the Hypo- 
thenuſal of the ſaid Grſt Triangle is to its Baſe , ſo is the given Hypothenuſal of a ſecond 
Triangle deſired tq its Baſe ; and as the Hypothenuſal of the firſt Triangle is to its Per- 
pendicular, fo is the Hypothenufal of the fecond to its Perpendicular. 


An Example in. Numbers. 


Let. it be required to find the Bafe and Perpendicular of a right-angled Triangle in 
numbers whoſe Hypothenuſal ſhall be 7. 

Firſt, by the Canon in Cb/ervar. 8. I form a right-angled 2 $7. 28 

angie in- numbers, as, + < © «5. #50 $5,648 NS: 
gr by the =_ of TO" find oy wy TO _ 043-44 2/3 
Likewiſe 5+ for the delired Perpendicular , thas, .. . .> 5 + 4 5: 7 +» 5 7 
Therefore 7, 4+, 5*- will conſtitute a right-angled Triangle whoſe Hypothenuſal is 7, 


as Was defired. 


x7. After the ſame manner , as many right-angled Triangles in numbers as ſhall be 
delired may be found out, which ſhall have one common a given: As ) for 
example, it three right-angled Triangles in Rational numbers b deitred, that 2 may be 

a Hypothenuſal to every one of them, they may be found ont thus , 
Firſt, by the Canon in the foregoing Obſervar. 8, let = Nu, To - ? 1: 
en 


b 
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Then by the Rule of Three , the Baſes and Perpendicuiars of the three right-angid 
Triangles ſought may be found out thus ; 


_——_— 
15:40 
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Il 3 bg + 13 ( Baſe.) 
a I3 . 12 . {71 ( Perp. ) 
' 7 . TT nc 3 LAW] 


Whence the deſired ſides of the three right-angled Triangles having 2 for a commg 
Hypothenuſal are found to be theſe, viz. | 


Hypoth, Baſes. Perp. 
2 | ©: p3 
2 tx | x44 
2 | 7 4 © 


32, Eut note well, that in the ſearch of the Triangles laſt mentioned , the preparatory 
right-angled Triangles firſt found out by the Canon 1n the preceding Osſervar. 8. nul 
not be like, (thar is, ſuch as have proportional Sides,) for it will not be difficulc to apprehend, 
that if from them, other Triangles be deduced by the Rule of Three in ſuch manner s 
before hath been ſhewn , there will be bur one right-angled Triangle found out, when many 
are deſired to have a common Hypothenuſal : That your labour therefore may not be 
in vain , the preparatory right-angled Triangles muſt be unlike; to which end they mul 
be formed from pairs of numbers expreſſing different Reaſons, and ſuch, that the two nun- 
bers by which any one of the JUNOAEY Lriangles is formed, muſt not be in ſuch pre- 
portion to one another as the ſumm is to the difference of rwo numbers by. which any other 
of the* preparatory Triangles is formed.. As, for example, if a right-angled Triayk 
: be formed from 1 and 2, then another right-angled Triangle muſt not be formed fron 
2 and 4, 3and 6, &c. becauſe each of theſe pairs of numbers expreſſing the ſame Reafon 
as 1 and 2 will produce a right-angled Triangle like to the firſt, nor from 3 and 1, 
6 and 2, &c. becauſe 3 having ſuch proportion to x , likewiſe 6 to 2, as the ſumm + 
I and 2 to their difference, thoſe pairs alſo will produce right-angledTriangles like to the firſt 
But that two right-angled Triangles formed from pairs of numbers expreſling the ſan: 
Reaſon, or from two ſuch'pairs , that one number of the one pair hath ſuch proportion 
to its yoak-fellow , as the ſum of the two numbers of the other pair hath to their di 
ierence, are like , I prove thus, | 

Firſt , let a right-angled Triangle be formed from _ Hyp. . Baſe, Perp. 
numbers s and r, ſo the three ſides will be theſe, viz. $55 Þ-17 5 55 —77 , 287 

Then ler a ſecond right-angled Triangle be formed 
from 2s and ar, which have the ſame proportion to one dadss 4+ ddrr , ddss - darr , 24d 
another as s and -, ſo the three ſides will be theſe, v5z. 

Again, let a third right-angled Triangle be formed 
from s-|-r and 5 — y, viz. the ſumm and difference 
of the two numbers by which the firſt Triangle was 
tormed, fo the three lides will be theſe, viz. . . . 


Now I ſay, that the ſecond Triangle is like to the firſt, for the lides of the ſecond 
are the Products' of the (ides of the firſt multiplied by the common Fator 4d. The third 
Trianple is alſo like to the firſt , for the lides of the third are the doubles of the fides of the 
firſt, and conſequently Proportionals to them, but in this order , viz. As the Hypothenuſal 
of the firſt is to its Baſe, ſo is the Hypothenuſal of the third to its Perpendicular ; and, 
As the Hypothznuſal of the firſt is to its Perpendicular , ſo is che Hypothenuſal of the third 
ro Its Rafe, 

13. By thehe]p of the preceding Canon in Obſervar, 8, as many right-angled Triangles 
in whole numbers as ſhall be deſired , and which ſhall have a common Hypothenuſal , may 
be found out in manner following , viz. | 

Ler it be required to find out three right-angled Triangles in whole numbers, which ſhall 
have one common Hy pothenuſal, _ El, 


2.55 arr , 457 , 255 —2M 


JK a; 
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Fitſt, by the Canon in the foregoing Obſervat. 8. with reſpet? «x5 = y-Y 
alſo to the Note in the laſt preceding Obſervation , let three unlike > 13 , I | 
tight-angled Triangles be formed , ſuppoſe theſe, . . . . .\ 

Secondly , multiply ſeverally the three ſides of the firſt Triangle 
6/3» 4, dy 227 , that ts, the Produ&t of the ſecond and third Hy- Us, 
pothenuſals 13 and 17 ſo the three Produas fhall be the ſides” 17595 4663 , 384 
of a right-angled Triangle, ro wit, . . «. . « . « » . 

Thirdly , multiply ſeverally the three ſides of the-ſeeond right-; 
angled Triangle 13, 5, 12, by 85, that is, the Produ& of the- firſt 
and third Hypothenuſals 5 and 17 ; fo the three ProduRts ſhall be 
the ſides of this right-angled:Triangle, viz. . « . « . .J 

Laſtly , multiply ſeverally the three ſides of the third right- 
angled Triangle 17,1 5,8, by 65, thatis, the Produdt of the firſt an 
ſecond Hypothenuſals 5 and 1 3 y ſo the three Products ſhall be alſo(”. * £5 2975 » 520 
the ſides of a right-angled Triangle,” to wit, . . « . . 


From the premiſles ic is manifeſt that three right-angled Triangles are found but in 
whole numbers, having 1105 for a common Hypothenuſal , and by the ſame Method you 


may find our as many as you pleaſe. | 


14. But the ſmaller the numbers are that expreſs the ſides of thoſe preparatory right- 
angled Triangles the better, and therefore I think it not amiſs in this place to ſhew , how 
to find out all the unlike right-angled Triargles in whole numbers orderly enumerated, 
according as their Hyporhenuſals increaſe in greatneſs, ſo , as that the greateſt Hypo- 
thenuſal may not exceed a given number , ſuppoſe x80: To which end, | 

Firſt, 1 extradt the ſquare Root of 180, and find it falls berwcen 13 and 14, and 
conſequently a right-angled Triangle formed from-14 and r, will have its Hypothenufal 
greater than 18q , therefore all the pairfsof whole numbers, which have the greater 
number of each pary, either 1 4 or greater than 14, will be unfit for our preſent ſearch, 

Secondly , 1 ſiibtra& 1 69 the Square of the ſaid 1 3 from 1 8 the given limit , and the 
Remainder is 11 , whoſe ſquare Root falls between 3 and 4; whence 'tis evident that 
a right-angled Triangle formed from t 3 and 4 will have a Wy 957 wag greater than 180, 
but 13 and 3 will give an Hypothenuſal leſs than 180; and therefore I proceed ro make 


ITO , 425 ,1026 


_— orderly choice of pairs of whole numbers , from the firſt pair 2 and 1 , until I come 


t013 and 3 inclulive, and no farther , in this manner,” v:z. 

Thirdly, I write in the firſt Column of the following Table a Series of whole numbers 
proceeding from 1 , according to the natura] order of numbers, as, 1,2, 3, 4, 5, &c- 
then at the top of the ſecond Column I ſer 2 and t for the firſt pair, that done, I combine. 
every number following or ſtanding underneath 2 in the firſt Column, with every one of 
the numbers that ſtands above ſuch following number”, except in thefe two Caſes, viz. 
Firſt, when two numbers ſo combined are ſuch, that theif ſurmm and difference have the 
ſame proportion to one another as the rwo numbers of any pairalready ſet in Column 2. 
then the two numbers ſo: combined are to be caſt out of Column 2. As, for example, 
becauſe the ſumim of 3 and 1, to wit, 4, is to their difference 3, as 2 to 1, Which 2 and x 
make the firſt pair already ſet in Column 2 , I omit the writing of the pair 3 and 1 in the 
ſecond Column : And for the ſame Reaſon the pair 5 and 1 is not inſerted in the ſecond: 
Column ; for the ſuram of 5 and 1, to wit, 6, is to their difference 4, as 3 to 2., which 
3 and 2 made the ſecond pair before written in Column 2, and in like fianner all other 
pairs cauſing that effe& are to be excluded out of the ſecond Coluran. Again , when 
two numbers combined as aforeſaid happen to be in the ſame proportion as the two nuthbers 
of any pair already ſet in the ſecond Column, then alſo the ewo numbers ſo combined 
are to be excluded out of the ſaid Column 2 ; ſo 4 and 2 having the ſame Reaſon as the 
firſt pair 2 and 1, are hot inſerted in the ſecond Column :. the reaſon of excluding all pairs 
ln thoſe two Caſes is , for that they would produce right-angled Triangles like-to others 
before produced , which is contrary to the import of the Propoſition, So at length 
1 find only thirty-two pairs of numbers that are fit to be inſerted in the faid ſecond Column. , 

Fourthly , from every one of thoſe thirty-two pairs of numbers in the ſecond Column, 
( the laſt of which pairs.is 13 and 2) I form a right-angled Triangle ( dy the Canon! 
n the foregoing Obſervat. 8.) and inſert thoſe Triangles into Column 3, among whicti 
! find five, to wit, thoſe formed from the pairs to and 9 11 and 8; 11 ages Hy ; 

. Rd X 12a 7; 
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12 and 7; and 12and 11, whoſe Hypothenuſals exceed 180 the preſcribed limit and 
therefore I caſt away thoſe five Triangles, and transferr the reſt, which are 27 in multitude 
imo the fourth Column, in fach order as the Hypothenuſals do increaſe in greaneg, 
So 27 unlike right-angled Triangles are found out , which are all that can be given in who: 
numbers, ſo as that the greateſt Hyporhenuſal may not exceed x1 80 , as was required, 
But for further illuſtration of rhe premiſes view the following Table. 


A Table whoſe fourth Column contains 27 unlike right-angled Triangles in wmbers, 
orderly enumerated according a4 their Hypothenuſals zncreaſe in greatneſs, 


65+ 63. 16] 73. 55. 48 
73. $5 + 48] 85. 13, 8, 
89. 39. 80| 85. 77. 36 
| 8, 71813 - IF 112 89. 39. 80ji13, 15. 112132 
9, 2] 83. 77+ 36] 97. 65. 72 
65. 72j101. g9. 2C 
I7+ 144jl09. gi. Goft4F «17. 144136 
lgſtlo, njIo1.,. gg. 201113, IF, 11: 
20/lo, 3/109. gT. Goſtzg.n1>, 44 


1H. 5B. FLECS.- PIM. 5B. FT] 
i] 2, I| 5. 3» : 5- 3» 4| $+- 3» 4 8 
Wi, MH 33- $- 36 25. 3- 429) 23. $5. 123g 
3] 4» 1] 17. IF. #5. 1 | 
GW 4+» 3 25. 7«. 24 25... 36 24] $4. 7. 24/16 
v 5 5, 21 29. 21. 20] 26, 21+ 20 
6| 5, 4] 41+ 9. 40] 37+ 35+ 12] 4te« 9. 4c|zo 
716, 1 37». 35+. 12] 41. 9g. 4©O 
$| 6, 5] 6, 11, Gof 53. 45+ 28] 61.11. 6c|24 
9| 7, 2] 53. 45. 28] 61. 11, 60 | 
0] 75 a 65. 33» 56] 65+ 33+ 56 = 
11] 7, 6| 85. 13. 84] 65. 63. 16] 85.13. 84[:8 
I 
3 
5 
7 
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21|cO,, 7/149 FI .140[137.105., 88 | 
22/10, g|191, 19,1845. 17.1441181, 19. 180|4c 
23j1tT, 23|12F.I17. 441145.143. 24 

24|t1, 41137105. 88[rqg. 51 .14c 

25]11, 6[157. 85,132|157. 85.132 S 


CO 


j26|11, $|185. 57.176|169. 119. 12c 
27|11,10j221+. 21.220|-3,165, $2231.21 . 22044} 
28112, 1145-143. 24 | 

29]12, 5/169.119.,120 
3oſlz, 7/193. 95 . 168] | 
31/12 , 111265. 23 ,26 265 . 23 . 264 
32|13-, 21173. 165. 52 | 


15. By inſpeRing the procening Table we may perceive that the unlike right-argled 
Triangles in Column 5. which are formed from 2 and1; 3anda;4and3; 5 and 4; &* 
viz trom pairs of ſuch whole numbers as differ by Unity, have theſe properties, namely; 
Firſt, their Baſes 3, 5,7,9, 11,13, &s. which you ſee ſtanding under Z in thefil 
Column are in an Arichmetical Progrefſion proceeding from the Bafe 3 of the Prinutit 
right-angled Triangle 5, 3, 4 by the common difference 2. | | 
Secondly , if an Arithmetical Progreſſion be formed from 8 as the firſt and leaſt Tem, 
and the common difference of the Terms be 4 , as this Progreſſion 8, 12,16, 20, 
( which is placed in the laſt Columel of the Table, ) then 8 the firſt Term added to the 
firſt Hypothenufal 5, makes the ſecond Hypothenuſal 13 ſtanding under H in the fith 
Column; alſo 12 the ſecond Term of the fame Progreſſion added to 1 3 the ſecond Hypo 
thenuſal , gives 25 the third Hypothenuſal in the ſame Column ; and 16 the third Tem 


added to 2 5 the third Hypothenuſal, gives 41 the fourth Hypothenuſal , and ſo format 
"FSR ak continually, 
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continually. In like manner , 8 the firſt Term of the ſame Progreſſion added to 4 
the firſt Perpendicular , gives 12 the ſecond Perpendicular , ſtanding under P in the (aid 
fith Column , alſo 12 the ſecond Term added to- 12 the ſecond Perpendicular , gives 24 
the third Perpendicular ; and 16 the third Term added to 24 the third Perpendicular; makes 
40 the fourth Perpendicular ; and fo forwards perpetually, So that by the help of the 
Primitive right- angled Triangle 5, 3, 4, and the ſaid Progreſſion 8; 12, 16,20, 24, Ec. 
innumerable unlike right-angled Triangles may be found out by Addition only. 

Thirdly, the difference between the Hypothenuſal and Perpendicular of every one 
of the ſaid Triangles in Column 5. 1s Unity, | 

Fourthly , the Baſe is equal to the ſumm of the two numbers forming the Triangle. 

Fifthly , the ſumm of the Hypothenaſal and Perpendicular is a Square, whoſe ſide 
is equal to the Baſe, or ſumm of the two numbers forming the Triangle; therefore, 

Sixthly , if the ſumm of the Hypothenuſal and Perpendicular be multiplied into the Baſe; 
the Product ſhall be a Cube , whoſe (ide is equal to the Baſe. 

Seventhly , the difference of the Hypothenuſal and Baſe is equal to the double of the 
Square of the lefler of the two numbers forming the Triangle, 

The certainty of all the ſaid Properties will . be apparent, if you form ri ht-angled 
Triangles from theſe following pairs of numbers, and compare thoſe Trianglrs to one 
another, according to the import of the ſaid Properties, 

4 , a1 , thefirftpair; || a2, #{=3 , the third pair; 
a-|-1, a2 , the ſecond pair; || 4+3 , 44-4 , the fourth pair, &e. 


—_— 


L2UVEST,. 2. ( Quafſt, ro. Lib. 2, Diopham.) 
To divide (13) a number given, which is compos'd of two Squares, ( 9 and 4) into 


two other Squares, 
RESOLUTION. 1 


1. The (ide or ſquare Root of 9g the greater Square given-is & 3 
2+ The fide of the leſſer Square 4 is . «© « « » » oS> 2 
3- Let the fide of the firſt of the two Squares ſought bed  ,_ _ 
mes tbe 2 5 + + 6.6.4 ; -P 
4. And let the ſide of the ſecond Square ſought be feigned Þ 
5- Therefore from the third ſtep the firſt Square defired.is > aa + 44 4 
6. And from the fourth ſtep the ſecond Square ſought is , , > 4aa—124+9 
7. Therefore the ſumm of the two Squares ſought is . , 5aa— 84-13 


24—3; or, 3 —s4 


8. Which ſumm laſt expreſt muſt be equal to the given num-? _ = T0 
ber 13, hence this Equation ariſeth, viz. . . « » . Faa— amt; = 15 
9. And that Equation , after due ReduQion,, gives . . .> @ = ® 


10. Therefore from the ninth and third ſteps, the ſide of As 
the firſt Square ſought is made known , viz. , « « + * *. 5 
11. And from the ninth and fourth ſteps , the ſide of eg 
ſecond Square ſought is likewiſe diſcovered, viz. . « .$ * * * 


So the ſides of the two Squares ſought are found *2 and + , for *7+ the Square of *7, 
added to ;+ the Square of +, makes #2+, that is, 13 ; 4s Was required, 

This Queſtion is of the ſame nature with the foregoing, and deſerves io be ranked among 
the moſt excellent Problems ; for it affords divers admirable Canons concerning the con- 
ſtrudtion of Right-angled Triangles, and is of great uſe for the underſtanding of many 
of Diephantus's Queſtions, eſpecially in his fifth Book ; I ſhall therefore firſt explain the 
CY Numeral Reſolation of the Queſtion, arid afterwards refolve the ſame by Literal 
AULCDrA, | 

Obſervations upon Quelt. 2. 


I. It is evident by the foregoing Reſolution of Diophantus , That alter 4-j- 2 and 
24—3, or 3—-24 are feigned to be the (ides of the two Squares ſought , che ſumma 
of thoſe Squares, that. is, 54a — 84+ 13 5 is equated to the given number 1 3., 22. 
546 — ba 13 = 13 ; Which Equation, if there were not the ſame Abſolute number t 3 
in each part, could not be reduced to, an. Equation between ſome nnmber of a4 and ſome 
fumber of 4, and conſequently the number 4 would not be Rational, unleſs by meer chance : 

. ny 
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Whence then comes it to paſs, that the ſame Abſolute number 13 is found in each part 
of the ſaid Equation ? If the Operation be well examin'd, it will appear that the numbe;s 
2 and 3 inthe feigned fides of che rwo Squares ſought are the fides of the two given Square 


'4 andg ; Which 2 and 3 are the only numbers thar can be uſcd in the ſaid teigned ſides 
to caule the number 13 to be found in the ſumm of ther Squares. : 


2. As to the Signs to be prefixt before the given (ides 2 and 3 in the feigned ſides of 
the rwo Squares ſought, they muſt necc{larily be either boch —, or one of them .. 
and the other —, to the end that in the ſumam of the feigned Squares there may be "Uh h 
number of a with the (ſign — prefixt ; whence, it will tollow that the faid number of ; 
may be transferr'd to the other part of the Equation with the lign |, and then the 4h. 
ſolute numbers vaniſhing by Subtra&ton , becauſe they are one and the ſame. number ;; 
hath been ſhewn in the preceding Obſervar. 1. there will remain an Equation between ſome 
number of aa and ſome number of 4; whence by due Diviſion the number 4 will he 
Rational. | 

3- The numbers to be prefixt before 4 in the feigned (ides of the two Squares fought, 
may be variouſly choſen according to divers particular Rules that might be given , among 
which 1 ſhall recommend but two to the Learner's praCtice : The firſt Rule is this, 

Let two unequal numbers be taken to be prefixt before a in the feigned lides, but wit 
this Caution , viz. That the greater of the two numbers taken may not have the {ane 
proportion to the leſſer as the ſuram of the {ides of the two Squares given in the Queſtion 
hath to their difference : As, if the two Squares given be 4 and 9, whoſe {ides are 2 and;, 
the greater of the two numbers: taken muſt not be to the leſſer as 5 ro 1, becauſe 5 i 
the ſumm, and 1 the difference of the (ſaid 2 and 3. Suppoſe therefore that 5 and ; 
be” raken ; then let the firſt feigned ſide be 34-þ 2, ( 3 being the lefler of the (aid my 
.numbers taken, and -2 the lefler of the {ides of the two Squares given, ) and let the ſecond 


| feigned ſide be 54 — 3, or 3 — 54, (5 being the greater of the two numbers taken, and 


3 the (ide of the greater Square given: ) Now if trom thoſe feigned ſides the Operation 
be proſecuted like as in the preceding ReſoJution of 2#eſt, 2, an Equation will rightly 
enſue to find out two Squares different from thoſe given, but ſach as being added topether 


ſhall make the ſame ſumm as thoſe given. | 
The ſecond Rule is'this ; Let two unequal numbers be taken with this Caution, 1%, 


; That they be not in the ſarae Reiſon'(or Proportion) as the ſides of the two Squaresgirn: 


As, if the two Squares given in the Queſtion be 9 and 4 , whoſe {jdes are 3 and 2 then 
the rwo numbers taken muſt not be 3 and 2, 6 and 4, 9 and 6, nor any numbersinthe 
ſame Reaſon: Suppoſe therefote that 5 and 4 be choſen , then for the fide of the firl 
Square ſought put 44 — 2 , or 2-— 44, ( 4 being the lefſer of the ſaid rwo number 
choſen, and 2: the lefſer of the ſides' of the two Squares given , ) and for the fide of te 
ſecond Square ſought put 54—3, or 3 — 54, ( 5 being the greater of the two numbers 
before choſen, and 3 the greater of the ſides of the two Squares given ; ) then if fron 
the ſaid feigned fides the Operation be proſecuted like as in the foregoing Reſolution « 

veſt. 2. an Equation will enſue, to find out rwo Squares different from thoſe given, but 
ſuch as being added together ſhall make the ſame ſumm as thoſe given. The reaſon 
theſe two Cautions will hereafter appear. | 

The preceding Obſervations may ſuffice for explication of the Reſolution of 2uþ.:. 
by Numeral A/zebra; I ſhall in the next place ſhew how to reſolve the ſame by Lu 
Algebra, and among various ways that might be uſed, I ſhall chuſe but two , which c- 


reſpond with the Rules before given in Obſervar. 3. and do produce divers excellent Candi. 


RESOLUTION 2, of 2ueft.2. which is here repeated, 95z. 


To divide a number given which is compos'd of two known Squares,into two other quits. 


1. For the {ide of the greater Square given, put . , .> d 
2. And for the {ide of the lefſer Square given, put . , .> 6 

3. Therefore the greater Square is , . + « +» « o»> dd 
4- And the leſſer Square is . . , OL 


5- Take two unequal numbers , 5 the greater , and r the leſſer, wich this Caution, WR 
that s be. not in ſuch proportion to x, as 4-Þ-b tro 4 —6b; which numbers 5 a0” 
areto be uled inſtead of the numbzrs that were prefixt before the unknown number = 


Queſt. 2. Diophantus's Algebra explair'd. 


hm 


fl 


the: foregoing Numera! Reſolution of this Queſtion, and the reaſon of the Caution 
will be (hewn in the ſixteenth ſtep of this Reſolution. 
6, For the ſide of the firſt of the two Squares ſought, 2 4-b 
x - - , - o . 5 SZ: " 0 . e 0d. 
Ro for the {ide ofthe fecond Square ſought put Þ sa—A4, or, d— xa 
y- TY _ * _ _ PT: ? net 2ela ried 
(> pages _—y y m _ are rra8 — 2adeht ad | 
10. Therefore the fumm of thoſe two Squares is > 5548-þrraa-{-27ba—25da+db-|-a# 
11. But the ſaid ſumm muſt be equal to 4d- bb the ſumm of the two Squares given 
in the Queſtion, and before expreſt in the third and fourth eps ; hence the following 
Equation ariſeth , v4. Re. | 


$544 | rraa- 25ba— 25da {bb + d4 = bb —+ ad. 
12. Which Equation , after due ReduRion, gives '> a = _— 27b 
: | SS + 7r - 
13- Therefore from the twelfth and ſixth ſteps, the fide of the firſt Square ſought isnow 


made known, and found equal to this following Quantity , 
275d + 55h — xrb 


wiſe known , and found equal to = 18 
3d —rtd—2r. - 2rb-rrd — 8d 
x , , 3 
WG: $5 rr . oo WY ater | 

. That is to ſay , The former of thoſe two Quantities expreſt FraQtion-wiſe ſhall be the 
ſide of the ſecond Square when 55d — rrd is greater than 2x5 , but the latter of thoſe 
Quantities ſhall. be the ſaid ſide when 554 — 7rd is leſs than 275. For if 554 — rrd be 
greater than 2-56, then by ſubtraRing 2756 from $54 — 774d, the Remainder is the ſame 
with the Numerator of the firſt of the two Fraftions above expreſt , but if 27:6.be 
preater than 554 — 7rd, then by ſubtracting 95d — »rd from 2x56, the Remainder is the 
{ame with the Numerator of the latter of the ſaid Fraftions ; therefore the {ide of the ſecond. 


Square may be expreſt thus , A <Trd & rib 


j + TN $5 | rr Bt | Fa 
That is to ſay, If the difference between 55d — rd and 273b be divided by 55-7, 
the Quotient ſhall be the ſide of the ſecond Square ſought, 
From the premiſles ariſerh this following :: -. 

| CANONM 71. 

15. Take two unequal numbers , with this Caution, viz. That the greater may not have 
the ſame proportion to the leſſer, as the ſumm of the fides of the rwo Squares given: hath 
to the difference.of the ſame ſides: Multiply the double Product of, the mu opiicatien 
of thoſe rwo numbers firſt taken by each of the ſaid two lides given, and reſerve the 
Products ; multiply alſo the difference of rhe Squares, of the ſaid rwo numbers firſt taken 
by each of the ſaid two lides given, and reſerve theſe Produdts ; then add the greater 
of the two firſt reſerved Produts to the leſler of the two latter , and reſerve the ſumm 
for a Dividend ; take alſo the difference berween the leſſer of the xwo firſt Produtts and 
the greater of the two latter for a ſecond Dividend , laſtly , divide ſeyerally the ſaid 
Dividends by the ſumm of the Squares of the two numbers firſt raken, fo ſhall the 
Quotients be the ſides of the two Squares ſought. | | 

Example 1, Where the number given ts compes'd of two unequal Squares. 
Let it be required to divide 13 Which is compos'd of two Squares, 9 and 4, into twd 

Other Squares. | ET 
The {ide of the greater Square given is . . « +» +» «+ +» +» © 3 
The ſide of the lefſer Square given is . . © +» + 0 oo 8 2 _ 

- _ two unequal numbers, with reſpe& to the Cavtion in.the Canon, 2 Due 
zl ©, . IB. . , ” , "ve .® © "Say un a” aa” ©" © | 
Then by, uſing thoſe four numbers as the Canon doth direR , the wm 18 and © 

of the two Squares ſought will be found theſe, .. --. « © « « + F, 

| B 2 Ce 


| HM Soprr © 
14. And from the twelfch and ſeventh ſteps , the fide of the ſecond Square ſought is like- 
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The Squares of which fides being added together make 13, as was required, 
| Example 2. 


Let it again be required to divide 1 3, Which is compos'd of two Squares, 9 and , ;« 
two Likes Square Tcerent from thoſe found out in Example _ » 9 and 4, into 
Tae ſides of the two Squares given are . . . . « . . , > 3 and 

Take two unequal numbers with reſpe& to the Caution in the fore- 
going Caron 1. as thele, . . « « «© +» +.» © © oo « '$ 4 and 3 
Then by _ the four numbers laſt before expreſt , as the ſaid Canon > 86 _, 2, 
doth direc, rhe lides of the two Squares fought will be found theſe, . '$ 25 and 7 
| The Proof. | 
A —_——y 4: +44 LEITY 
__ MET” CULTS 
The ſumm of thoſe Squares is , ' . . « , 6% Uh ww 


Example 3- Where the given number us cempos'd of two equal Squares, 


Let-it be required to divide 2 , which is compos'd of two equal Squares, I and t, int 
two unequal Squares. 

The ſide of either of the Squares given is 3; .  .  . .> 1 

Take in this Caſe any two unequalnumbers, as . . . . . .> x and 3 

Then by working with thoſe three numbers according to the diceRion ? 7 FY 
of Canon 1. the ſides of the two Squares ſought will be found theſe, . 'F Sarge 
The Squares of which ſides being added together make 2 , as may ealily be oP x 
x6, Now that the _ of the Caution preſcribed in the foregoing C anon 1. abott 

. chyſing the unequal n s and 7 may appear, I ſhall prove, Thar if s the grexct 

of them hath the ſame. proportion to r the leſſer ,, as 4-{-b the ſurmm of the fide; of 

the two unequal Squares given in ,Oeſf. 2. hath to d — b the difference of the fant 
_ fides, then the ſaid Canon will produce the ſame lides 4 and b for the ſides of the wy 

Squares ſought, and conſequently the Operation in ſuch Caſe will be in vain, Fi, 

it 15 manifeſt by the thirteenth ſtep, that one of the ſides found out by the Caron 


pl fee z fo that if we prove this (ide to be equal to d the (ide of the great: 
of the two Squares given, then conſequently the other (ide found ont by the Canon; thats, 
the (ide expreſt by the fourteerith ſep , (hall be equal to the ſide of the lefler of the tyo 
Squares given , for the ſurmm of the. Squares found out is equal ro the ſumm of thoſegiren 


17. Let it therefore be ſuppoſed that : . . . . « .> 4b. d—b::53.1 
18. And then, we are to demonſtrate that . . . . 3 2rd 3b —11b =4d 


$5 + rr 
Demonſtration. 
19. By fup oſition in the ſeventeenth ſtep, 2 0 © eB dh b. d-b:ise! 
20, Therefore by comparing the ReQangle of the extremes | 
ro the ReRangle of 6 = ny Regt of og oo nd. = ad —# 
2 - _ by _ = bo OR whos w __ , m 4-116 = od 
22. And by ſubtraRing rd from each part, it makes . .> 5b rb = 5d—ri 
23. And by reſolving the laft Equation into Proportionals, es 1 
lic Anmlogy aff, viz 1 oo COT arr 
24. And by drawing 5 —7 as a common FaQor into the wo firſt Terms of that Ani 
logy, this ariſcth , 
SS —= . 8$5Þrr —27s5 :: 4 . b. | 
2 5. Therefore , by comparing the Product of the extremes in the laſt Analogy toi 
Produ& of the means , this Equation ariſeth, v:z. | 
F OO o%h —xrb = $id+rrd— 276d. 
26, Whence by equal Addition of 2rsd, this Equation ariſeth , viz. 
4 275d + 35h — rrbþ = 35d + rrd. # LS. 
27: Wherefore by dividing each part of the laſt Equation by 55-77 , this ariſeth, 9 
274d = #46 —11b 4. Which was to be demonſtrated 


5 + EE | 
"EE Reſolntiol 3 
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RESOLUTION 3. of 2ueſt. 2. which is here repeated - 
To divide a given number which is compos'd of two known Squares,into two other Squares. 


1, For the ſide of the greater Square given, put , , . .-.> 4d 
2. And for the ſide-of the leſſer Square given, put . . . .,> 6: 
3, Therefore the greater of choſe Squares ſhall be .', . > 4d 
4. And the lefſet -. > oe 0 #0 vw te '6 ww ” {7 
5, Take two unequal numbers, s the greater , and » the leffer, with this Caution, v5z. 
That s may not be in ſuch proportion to 7, as 416 b; which gand + do-repreſent the 
numbers-to be prefixt to the unknown number a , according +0 the ſecond Rule before 
mentioned in Ob/ervar. 3. Reſolut. x. Leſt. 2, and the reaſon of the Caution will be 
ſhewn in the ſixteenth ſtep of this Reſolution, . | | 5 
6. Then for the' (ide of the firſt Square ſought, put - ! ,':.þira—b, or, b—7r4 
7. And for the [ide of the ſecond Square ſought , put . , .% s4—4, or, d—54 
$, Therefore from the (ixth ſtep the firſt Square ſought is , ; > y-.4aa — 2rba = bb 
9. And from the ſeventh ſtep the ſecond Square ſonght is . . > $3994 — 2:98 dd 
10, Therefore the ſumm of the Squares in the eighth and, ninth ſteps is. 

i 0 S144 |= rraa —» 2rba — 23da += bb | dd. | F114 
11, But the ſaid ſumm muſt be equa] to the two Squares given, to wit , 4d and #,, hence 
therefore ariſeth the following Equation, viz. + +. > Fi 2/[3-9 HEL 
$148 | rras — 2rba — 25da- bb {- dd = bb 4-44. 


12. Which Equation, afrer due Reduddion , gives: $0" I 3. F = "Io 
| SS 


2r5d | r1þ — 55b dn, wb — rb —2754 
MON - — om Or 
. That is to ſay, the former of thoſe two Quantities expreſt Fraftion-wiſe ſhall be the lids 
of the firſt Square ſought , when 5:6 —7rb is leſs than 2754 , but the latter ſhall be the 
ſed fide when 5b — rb is greater than 245d. For if .s5þ —77þ be leſs than 235d, then 
by ſubtraRing 556 — 776 from 275d, the Remainder will be the ſame with the Numerator 


of the firſt of the two Quantities above expreſt Fra&tion-wilſe ; but if 55þ — r+b be greater | 


than 2rsd , then by ſubrrafting 215d from 5h — 7+þ, the Remainder will be the ſame 
with the Numerator of the latter of the ſaid Quamities : Therefore the ſide of the firſt 
Square ſought may be expreſt thus, : 


rh —xrb on 215d j 
. : , * ; | SS NCA : - ; bi TY 

. That is to ſay , If the difference between 55h —r7b and 2754, be divided by #5 + rr 

the Quotient ſhall be the (ide of rhe firſt Square ſought.—oo:—o © | 

14. But fromthe twelfth and ſeventh ſieps the [ide of the ſecond Square will be found equal 
to this known Quantity, viz .þ bad 

5 ES, - © : 
From the premiſſes ariſeth this following __ ._ 

| BER, mg 24 - CAN OK a... IS TER” 

15. Take two unequal numbers, with this Caution, viz. That the greater may not have 
the ſame proportion to the leſſer, as the {ide of the greater of the cwo Squares given 
hath to the leſſer fide Multiply the double ProduR ot the multiplication of the two 
unequal numbers firſt taken by each of. the ſaid two lides given, and:reſerve the Products ; 
multiply alſo the difference of the Squares of the two numbers firſt raken, by each of 
the ſaid two {ides given, and reſerve theſe Produdts z then take he differente between 
the greater of the two firſt reſerved ProduRts and the leſſer of the two latter for a Divi- 
dend ; take alſo the ſumm of the leſſer of the two firſt ProduRts and the greater of the 
two. latter for a fecend Dividend ;- laſtly, divide each of thoſe Dividends by the ſumm 
of the Squares of the two numbers firſt taken , fo ſhall the Quorients be the {ides of 
the two Squares fought. rib ig 4 7 

| Example 1. 
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; »  CS.. » he = 4 
Example 1. Where the number given to be aiviaed 15 compos d of two equal Squares, 


| Let ir be required to divide 13 , which is compos'd of two Squares, 9 and 4, jny 
two other Squares. | 
The ſide of the greater. Square given is . « . « «© « - « 
The ſide of the lefſer Square given is . . «  « + . « , 
Take two unequal numbers , with reſpe& to the Caution in Caxor 2. 
+ + + oe 8 wn + co |.o ©». » 
Then by uſing thoſe four tumbers according to the direction of Cane 2. 1 
Wt the ſides of the two Squares ſought will be found theſe , viz. . .. . ang x 
q The Squares of which lides £ and =7 being added together make 43+ or 13, as ns 


required. | 


> 3 
- 7 
> 2 and 
Se 


l | Example 2. | 
| | | Let it be again required to divide 13 , which is compos'd of g and 4 into two ate 
f | uates different from thoſe found out in Example 1. - 


b The ſides of the two given Squares, 9 and 4, are . «:. . . «. > 3 and: 
Take two unequal numbers with reſpe& to the Caution in Canon 2. F 
l » Wee, +» .: _= > ard 


i Then by working with thoſe four numbers as the ſaid Cao 2. doth Re 
b | dire& , the ſides of the. two Squares ſought will be found theſe , ; w I7 and 15 
| The Squares of which ſides are 73% and *333 , whoſe ſumm makes *ZZ2 , that is, 1, 
as Was required. 


al | Example 3. Where the number given to be arvided is rompos d of two equal Squart, 


h Let it be required to divide 18, which is compos'd of two equal Squares, 9 and g, in 

ji _ two unequal Squares. PENS | 

The ſide of either of the Squares give! is . ©.» « . « » «> 3 

[1 Take in this Caſe any two unequal numbers, as . -. « « + - .P 1 and: 

| Then by uſing thoſe three numbers according to the direion of the 
foregoing Caxon 2, the ſides of the twa Squares ſought will be found > 3 and © 
mrs Ig RH on So La aee Ny i-P 

The Squares of which ſides are 54 and £75 , whoſe ſumm makes 45* , that is 1h, 

as Was required. 


16, Now that the neceſſiry of the Caution preſcribed in the foregoing Cas 2. at 
chuſing the unequal numbers s and » may appear, I ſhall prove, That if 5 the grait 
of them hath the ſame proportion to r the lefler, as d the fide of the greater of them 
Squares given in zeſt. 2. hath to 6 the fide of the leſſer of the ſame Squares, 
the ſaid Canon will produce the ſame ſides d and 6 for the ſides of the two Squit 
ſought, and conſequently the Operation in ſuch Caſe will be in vain : Firſt, it is __ 
by the fourteenth ſtep, that one of the (ides found out by the Canon is 150 _ 
ſo chat if we prove this (ide to be equal ro 4 the (ide of the greater of the two Sq 
given, then conſequently the other fide found out by the Canon , that is, the ſide exptc 
in the thirteenth ſtep hall be equal ro the (ide of the lefler of the two Squares gt) I 
for the ſumm of the Squares found our is equal to the ſumm of thoſe given. 

kb Let it therefore be ſuppoſed tht , .. . © pe de $ 22-5 6f 


18: And then we are to demonſtrate that , 3 gd —rrd-|-2rib | 


Ss rr FE: 
Demonſtration. 


I 9, By ſuppoſition in the ſixteenth ſtep, ., . . , « -P de bit sf 

20. Theretore by comparing the Rectangle of the means "4 Ie 
is the ReSangle of cheextremes, oo {oo EEO 

21. And dy drawing 27 into each part of the laſt Equation, 0 ad 
_ _—_, : .' . - - — Xx. 


wy ook, Og _ __—_ = of the "= —_ if Ln0h wr 6d 4 
23- And by ſubtraRting »-d from each part of the laſt _ ln 
Equation , there remains , . . 7 SE 4 c rod-rrd--2rah = wh 


er eee ep rp en nn in ons 


24. Wi 


SS 


i zsS*s*+@c iz ez 
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24, Wherefore by dividing exch part of the laſt OY Sd — rd + : 75b _— 
by 5s -|-77 , there WUNY © -v &-0- © i na 55 + 77 
Which was to be proved. 
Obſervations upon the preceding Reſolutions 2, and 3. of Quelt. 2. 
by Literal Algebra. 


1. If z be put equal to 4/: b4 -|- 4d: that is, the ſquare Root of the number compos'd 
of two Squares given in 2ueſt.'2, that Queſtion may be ſtated thus, xz, 

Two Rational numbers, & and 4, being given for the Baſe and Perpendicular of a right- 
angled Triangle whoſe Hypothenuſal is z , Rational or Irrational ; to find out other Ratio- 
nz] numbers to expreſs the Baſe and Perpendicular of a ſecond right-angled Triangle 
whoſe Hypothenuſal ſhall be z likewiſe. 

The Baſe and Perpendicular of the Triangle ſought ſhall be given either by Canoz r. 


* in the fifteenth ſtep of Reſolution 2. of Queſt. 2. or by Canon 2. in the fifteenth ſtep of 


Reſolution 3. and may be expreſt by Letters, as before in the thirteenth and fourteenth ſteps 
of Reſolution 2. or by the thirteenth and fourteenth ſteps of Reſolution 3. viz. 


By Canon 1. By Canon 2. 
Hyp. =» (or, //: bb da:) | | Hyp- =, (or,y:tb-ad:) 


2r5d -|- 55þ —rrb s5þ — rrb 215d 


Perp. Perp. 
AK. Ss -|- rr $8 + rr AL. 
iid — rrd © 215b 275 1-554 — rd 
ſ 
Baſe, 5 | 77 , ss ob 77 


2, If the Baſes, and Perpendiculars of thoſe two right-angled Triangles above-expreſt, 


which I call AK and AL, be well examined, another way will be diſcovered to find out 


the ſame Baſes and Perpendiculars by the help of the Baſes and.Perpendiculars of two like 
right-angled Triangles whoſe Hypothenuſals are 6 and d. For , IS. 

Firſt, it is maniteſt by Obſervar. 5 » Reſolut. 2+ 2ueſt.1, of this Book , that theſe three 
— numbers will conſtitute a right-angled Triangle , which hath 6 for an Hyp0- 
tienulal, v3%, | 


Hyp. Baſe, Perp. 
N hb —reb . 2r4b_ AM ) 
oor _ 85err ( : 


Likewiſe theſe three following numbers will conſtitute a right-angled Triangle , baving 
4 tor an Hypothenuſal , viz. 


Hyp. Baſe, Perp. 
55d — rrd 2rd 
W 5 +rmr © Sf -|- rr ( AN. ) 


Which two Triangles laſt before expreſt , ro. wir, AM and AN, arelike, for each of 
them is like to a right-angled Triangle whoſe three (ides are 55 | 77, 55 — tr, and 275; 
Now I fay , if the Perpendiculars and Baſes of the two right-angled Triangles K and L 
before expreſt in Obſervar. 1. be well viewed , it will be evident , that they are deduced 
irom the rwo like right-angled Triangles M and N before exprreſt in this Cb/ervat 2. 
which have 6 and 4 for Hypothenuſals, For, rſt, the Perpendicular of AK is compos'd 


of the Baſe of AM and the Perpendicular of AN ; ſecondly, the Baſe of AK is equal 


t0 the difference berween the Perpendicular of AM and the Baſe of AN, thirdiy , the 
Perpendicular of AL is equa] to the difference berween the Baſe of AM and the Perpen+ 
cicular of AN, laſtly, the Baſe of AL is compos'd of the Perpendicular of AM and 
the Baſe of AN. 


3. Hence therefore another Canon comes to light, to ſolve as well the preceding 2ueff.2, 
35 alſo the following Propolition, (which is Prop. 47. in pag. 3 5- Of Vieta's Works,) vis. 
From two right-angled Triangles given ro deduce a third right-angled Triangle , 4uch, 
that the Square of the Hypothenuſal of the third may be equal to the Squares of the Hyp0- 
thenufals -of the firſt and ſecond. 
This Propoſition may be ſolved by the following 
CANOM 31. 


am nrtn Gee nee 
ee ca In 
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CANDMN 3. 


Firſt, (by the Canon in Ob/ervar. 10. Reſolut. 2. of the preceding Lueſt. 1.) find out - 
two like right angled Triangles in numbers, ſuch, that their Hypothenuſals may be the 
ſides of the rwo Squares given in the foregoing Lueſt. 2. then, for the Perpendicular gf 
the third right-angled Triangle ſought, rake the ſumm of the Baſe of the firſt and Perpen. 
dicular of the ſecond; for the Baſe of the third , rake the difference between the Perpeng. 
cular of the firſt and Baſe of the ſecond ; and the Hypothenuſal of the third ſhall be the 
ſquare Root of the ſurm of the Squares of the Hypothenuſals of the firſt and ſecond. 

Or thus : 


For the Perpendicular of the third right-angled Triangle ſought , take the differace 
between the Baſe of the firſt and Perpendicular of the ſecond , for the Baſe of the third 
take the ſumm of the Perpendicular of the firſt and Baſe of the ſecond; and the Hypo- 
thenuſal of the rhird ſhall be the ſame as before is exprelt. 


Example 1. in Numbers. 


Let it be required to divide 13, which is compos'd of two Squares , 4 and 9, in 
two other Squares. 

The lides of 4 and 9 the two Squares given are « 5 .> . 2 and 3 

Find a firſt right-angled Triangle in numbers whoſe Hy-> Hyp. Baſe. Pr, 
pothenuſal ſhall be 2, the ſide of 4 the lefler of the two Squares , 2 o 1 
piven =. o . . . » . . o . . . oy . .* © 

Find likewiſe a ſecond right-angled Triangle like to the 


2 2 3 


firſt, and ſach, that its Hypothenuſal may be 3 the ſide of they .. 3 > g.2 
greater Square given, as, « . «» » +» » » « «© © © - ) 
Then by uling the Baſes and Perpendiculars of thoſe two 
like right-angled Triangles as Canon 3. doth dire& , this third; It 
right-angled Triangle will be found out, whoſe HypothenufalY ,jiz3 3 = 3 = 
is equal to /:4Þ+9 : that is, y/13 , and conſequently the' | Y ) 
Baſe and Perpendicular are the lides of the two Squares ſought, 
Or, according to the latter part of Canon 3. the ſides of 
the two Squares ſought will be found the Baſe and Perpendi-(. Yr v7 -8 
cular of this third right-angled Triangle whoſe Hypothenuſal 3 9 


i5 4/13, that is, 4/:4--9: as before; « . . « « ff 
Example 2. 
Let it be required to divide 25, which is compoſed of two Squares, 9 and 16, into 
two other Squares. | 


The (ides of 9 and 16 the two given Squares are > 2 and 4 

Find a firſt right-angled Triangle in numbers, whoſe Hy-Z Hyp. Baſe; Pe 
pothenuſal ſhall be 3 the {ide of the lefler Square given, as, C -. . ak 

Find likewiſe a ſecond right-angled Triangle like to the g $7 
firſt, and ſuch, that 1ts Hypothenuſal ſhall be 4 the ſide of» 4 , - NE 75 
the greater Square given, as, . 3 ) 


T hen by uling the Baſes and Perpendiculars of the two like 
right-angled Triangles laſt found out,according to the dire&ion 
of Canon 3. this third right-angled Triangle will be dicovered, - IT -*: 
whoſe Hypothenuſal is 5, that is, 4/:9-j-1 6: and conſequently 3 
the Baſe and Perpendicular are the ſides of the two Squares 
ſoughr , Ls oo OS MS 6 8 

Gr, according to the latter part of Cayos 3. the lides of 
the rwo Squares ſought will be found the Baſe and Perpendi-g - | 22 o, -- 
cular of this third right-angled Triangle, whoſe Hypothenuſal " "l "3 
is 5, that Is, 4/:9-{-16: as before, . .  . © « + 


4+ If every one of the three ſides of the two right-angled Triangles K and L befor 
expreſt in Obſervat. 1. having = for a common Hypothenuſal , Rational or Irrational, 
multiplied by s5 + x7, the Products ſhall be alſo the lides of two right-angled Iri 


like to the rwo former reſpeRively ; which ProduRts or {ides ſhall be theſe, 245%» Hyo, 


dhe. 


7. 


wY 


Quelt. 4. Diophantus's Algebra explain'd. 
- Hyp. #58 -|- &7 : HyP. = | z77 | 

Perp. 2rid- $5þ — rrb Perp. 93b — 7rb or 278. 
Baſe, 55d — rrd 275 Baſe, 275b -|- 55d — 37d 


Now if the two right-angled Triangles laſt expreſt be well examined, it will appear, 
that each of them may be deduced from two right-angled Triangles, one of which hath for 
its Hypothenuſal s- -|-rr, Baſe 5s — rr, and Perpendicular 27s, { or 27s may be called 
the Baſe; and 55 — 7+ the Perpendicular ,) but of the other the Hypothenuſal is z = 
y/:b#4- dd: Rational or Irrational , the Baſe is 6, and the Perpendicular is d, ( or d may 
be called the Baſe , and b the Perpendicular, I fay, from theſe two laſt mentioned Tri- 
angles each of the two former may be deduced in ſuch manner as'is direRed in the following 
Cann, which is the ſame with that raiſed by Yicta in ſolving Prop. 46. in pag. 34. Of his 
Works, v1. 

From two right-afigled Triangles given, to form a third right-angled Triangle, 


CANON. 


For the Hypothenuſal of the third right-angled Triangle , take che Produ& of the malti- 
plication of the Hypothenuſals. of the two right-angled Triangles given : for the Perpen- 
dicular, the ſumma of the Produ& of the Baſe of the firſt into the Perpendicular of the 
ſecond , and the Produd of the Baſe of the ſecond into the Perpendicular of the firſt : and 
for the Baſe , take the difference between the Produ& of the Baſes of the firſt and ſecond, 
and the ProduR of their Perpendiculars, | 

Or thus * Fatt 

For the Hypothenuſal of the third right-angled Triangle , take ( as before ) the ProdaRt 
of the multiplication of the Hypothenuſals of the 'firft and ſecond right-angled Trianples 
given: for the Perpendicular, the difference between the Produdt of the Baſe of the firſt 
into the Perpendicular of the ſecond , and the Produ@ of the Baſe of the ſecond into the 
Perpendicular of the firſt : laſtly , for the Baſe , take the ſam of the Product of the 
Baſes of the firſt and ſecond , and the ProduRt of their Perpendiculars, ' 


An Example in Numbers. Hyp... Baſe; Perp. 


Let there be two right-angled Triangles given in AY 2:3 1 $370 
ſuppoſe theſe, S. 0: CA... 6 0) es eee a c6c,mvmT : I'S — 5 , Tz : 
Then from thoſe Triangles , theſe two are deduced by theY 65 , 33 , 56 
two Canons laſt before expreſt, viz. .' 4 © « «- '. +»Q 65 5 63 3 16” 


Note 1. If the two right-angled Triangles given be unlike, then either of thoſe Canons 
will form a third right-angled Triangle; but it like , then the firſt, only will rake place : 
for when the two right-angled Triangles given are like, thien the difference of the Produts 
mentioned in the latter Can are equal fo nothing,as will be evident to every diligent Reader. 


Note 2. If from any right-angled Triangle taken $ |: RT EEE, RR. 
o_ Dow ye from- theſe two, = > RG. 6:40 H a We 
third right-angled Triangle be deduced according to | 
the Grit Canon, ab, ; 0 EV 6 4 +» '$ HHP'. BUFF: « 38 - 
Then the angle at the Baſe of the third right-angled Triangle ſo deduced, #2. the 
angle oppoſite to the fide 2 BP fhall be equal to the double of the angle at the Baſe of the firſt 
right-angled Triangle, viz. of the angle oppoſite to the (ide P; or elſe equal to the 
—_— of the ſaid double angle unto two right-angles , when the ſaid double exceeds 
a right-angle, | 
Liewile, if from two unlike right-angled Triangles , 3 Wn £ 
prot from: theſe, ne nes & 4 Pp 
third right-angled Triangle be deduced according | 4. 
to the firſt Dani, theſe, N OO IT” © Hb . BbooPp . Bp-j-F 
Then the angle at the Baſe of this third right-angled Triangle ; viz. the angle oppolne 
to the fide Bp + Pb ſhall be equa) to the ſumm ot the angles ar the Baſes of the firſt and 
ſecond right-angled Triangles , viz. of the angles oppolite to the lides P and p ; orelſe 
£qual to the Complement of the ſaid ſamm unto rwo right-angles , when char ſacami exceeds 


2 right-angle, | | 
; « The 
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The converſe of this rare Speculation is demonſtrated by Arnder ſons, ©" Ry 
of Viera's myſterious DoQrine. of Angular SeRions ; and likewiſe by Herigonins a the 
latter end of the Firſt Tome of his Car/us AMathemar. 


——— 


Em 


QUEST. 3. 


To divide a given ſquare number into two ſnch Squares , that one of them may conliſt 
within given limits. 
Let it be required to divide 16 into two ſuch Squares , that one of them may be preates 


than 10, but leſs than 11. 
Or thus : 


A Rational number 4 being given for the Hypothenuſal of a right-angled Triangle 
to find the Baſe and Perpendicular in ſuch Rational numbers , that one of them may be 
greater than 4/Io, but leſs than /11. 


RESOLUTION. 


1. For the given Hypothenuſal 4, ( which is the (ide of F 
the given Square 16) put , «+ «© © © . «© , 'T 

2. ' For 4/10 the leſſer of the preſcribed limits, put- , .> f 

3. For 4/11 the greater of the preſcribed limits, put . .% x 

4+ Let two unequal numbers be repreſented by . . .% 5s andy 

5. Then the ſides about the right-angle of a right-angled 
Triangle whoſe Hypothenuſal is 4, will be tound equa] 2754 q Sd 
to theſe Quantities, ( by the Canon in Obſervar. 5. Re- s5 += 77 _— Jr 


ſolut. 2, G neſt. I.) UVig.. o o . . . * * 
6. +But ſince this Queſtion requires that one of thoſe ſides, ſuppoſe - 5a 
| Ss |= rr 


than f, yet leſsthan g , the ſaid numbers s and 7 cannot be any two unequal number; 
and therefore I ſhall here thew a way to chuſe them , ſo as that they may cauſe the ſaid 
fide to agree with the ſaid limits : To which end, firſt, a number at pleaſure may betaken 
for one of the ſaid numbers s and'y, as, 1 =7, and then to ſearch out limits forthe 
chuſing of s, I proceed In this manner , v:z. I put a inſtead of s while it is unknom, 


and: then ſince t =», the before-mentioned ſide _2754 
J 44g $8 j- 7x 


, may be greater 


| will be expreſt thus, _ 
where the number 4 only is unknown : Now, 


7: Let it be ſuppefed ( according to the import of the 2 da 
Queſtion ) that a a o = *. . - LI * o T 


$. Let it alſo be ſuppoſed tht ., -- +» » +». + + 3 _ _\ - 
| C aa-\-1 
9. Then by multiplying each part of' the ſuppoſition in the 5 
ſeventh ſtep by aa—-1 , it follows that . = x 244 © faarf 
10. Therefore by comparing the latter part of the ninth 2 be | 
EEE co & - «© % = - + jen'T;f ©2368 
11. And by dividing each part in the laſt ſtep by f, it | 244 
follows, that ”» » = o o * - o o o o . 


12. And by ſubtraRing 1 from each part, . . . aa 2 24a 1; 
T3. Likewiſe by equal ſubtraRion of _ ir follows, that? ag — _- — —T! 


2 
14. And by adding the Square of half the Coefficient < C an — 2.44 +5; _ 7 -1 
ro each part in the thirteenth ſtep, -. . ; T7 


15. And by extraQting the ſquare Root out of each part 


a 
in the fourteenth ſtep, SEATOTT pg F = 
Ry "_- | | 4 
16, Wherefore by adding 7 ro each part in the fifteenth $A : 4-0 Aal-fl. 


ſtep, it follows that . , ...,  « . « » 
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; d a 
17. Again, becauſe EP a, (as well as 4 — 7 ,) may F | 
Hd 44.08: 

be the (ide of the Square in the firſt part of the fourreenthC | a Ay: <L : 


ſtep, ir thence follows that . . . . . 


13. And by adding 4 to each part in the ſeventeenth ſtep, 3 - = «+ y: dd — ff M 
19. And by equal ſubtraQtion of 4/: = fled ; - EF” L hte, 


30. Wherefore by comparing the latter part of the nine- 4 wRAT 
teenth ſtep to the firſt , it's evident that , . , . .' 8] Fn. : 


21, Again, by ſuppoſition in the cighth ſtep, . , . . 3 a je 


22, And conſequently, 5 . + « «. « 3 » « 3 [ £21 —_— 

22. Whence by arguing in like manner as before, with f, / 
yo the ninth | the ſixteenth, it will _—_ F'F -» 4 + ad — if : 
4 . 6&0 &/ '$*'S 

24. Again, by arguing with g in like manner as before 4 44 
with f, from the ſeventeenth ſtep to the twentyethy it > 4,72 — — v* 4d—2x : 
will be evident that . . » «©. » «© oo 2 F ££ 

25. Now becauſe 4 was put inſtead of s, the ſixteenth and twenty-third ſteps give 
a Canon for limiting the number 5s, when y = 1 ; viz. 


CANOM 1. 
"Fn ERSE ( 2.039, &c.) 


s => {1-:4U=W: (1,880; &c.) 


26, Again, the twentyeth and twenty-fonrth ſteps give another Canon for licaitivg che 
humber 3, ( which was repreſented by a in'the preceding argumentation, ) when 
r=1, VIR, | ws | 


CANON 2: 
-o- = LE (0.490, &c.) 


; =a 4=vida—ge: (0.531, &c:) 


27. Therefore, if 1 be put for r, and there be given ( as before in the firſt, ſecond and 
third ſteps, ) 4 =dz;y/io=f, and I1 =g; then by Canon 1. s may be;any 
number leſs than 27522, bur greater than 15#2 , and conſequently, if 1 =x, and 5—=2, 
( which is within the Jaſt mentioned limits of s, ) then the fides of the two Squares ſought 
( being expounded according to the two Quantities in the fifth Rep of-rhe Reſolution 


of this 2eſt. 3.) ſhall be 45 and £7, viz. 


Cd MH. 5d — yrd 
—— To Ge HoRgyr oo 


Therefore the two Squares ſought are #5$ and £4+ ; whoſe ſumm is 422; that is, 16 g 
and one of thoſe Squares, to wit, #5, or 105%, is greater than 10, but leſsthan 1x ; as 
was required, | 2 

Again, if i=r, 4—=4,; yio=f;yi1=g, (as before, then by Cazon 2. 
5 may be any FraQion greater than +22 , bur les than 7425: and conſequently, if 
1=7, and 5s = 5, ( which is within the laſt mentioned limits ot 5, ) then the lides of the 
two Squares ſought will be found the ſame as before, viz. 


y d — $id 
16 WO 2rid and, 8 | as »d i L 


5 TO Orrps*? rr + 58 | 

. Again, if 1 =, and s= 22 ( which is alſo within the limits of s diſcovered by 
Camon 2. ) then the ſides of the two Squares ſovght my be found theſe, to wit, £33 and #57, ; 
| 2 whoſe 


20 
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whoſe Squares are *257505 and 357309 » Which added together make 16, and the fr 
of thole Squares 1s greater than 1 ©, but leſs than 11 ; as was required, | 
"Woe, Thar the manner of ſearching out limits in this and divers following Queſtion; 

; , 


| is agreeable to the method of reſolving Quadratick Equations in Sefb. 5, 7, g. Chap. 1; 


Book, t. 


i 


DUEST. 4. 


( Thru is the fifth of the fourth Book of Vieta's Zetetichs; 'tis alſo reſolved by Backet 
in his Comment upon the twelfth of the fifth Book. of Diophantus , bat I ſhall way 
their ways of Reſolution, and deduce one from Canon 1, in the fifteenth ſtep of Reſolut; 2, 
of the preceaing ſecond Dneſtion of this Bok. ) | 

To-divide a given number which is compos'd of two Squares, into two other Squares 

that one of the Squares ſought may confiſt within given limits, | | 
0: | Preparation. 

Becauſe the following Reſolution of this Queſtion preſuppoſeth each of the preſerided 

licaits to be greater than the leſſer of the rwo Squares given , I ſhall in the firſt place ſhey 


how fromthe given limits, when: they are not qualified as aforeſaid, to. inferr others, exch 
of which ſhall be greater than the leſſer of the two Squares given , and then the following 


Reſolution will ſolve the Queſtion propos'd according to any poſſible limits whatever, 


Caſe 7. When the leſſer of the given limits is equal to the leſſer of the given Squarei, 


Let it be required to divide 13, which iscompos'd of two Squares, 4 and g, into 
ſach other Squares , that one of chem may be-greater than 4, bur leſs than 5 : Here inſtead 
of 4 the leſſer limit , ( which is equal to the lefler Square given , ). we may take 4% or ay 
number berween 4 and 5 , ( 5 being the greater limit given : ) then ſince 4% and 5 ate 
each of them greater than 4, (the lefler Square given, the following Reſolution will find out 
two Squares whoſe ſumm ſhall be 13 5 and one of them ſhall be greater than 4+, bu 
leſs than 5 , and conſequently greater than 4 , but leſs than 5, as was required, 


Cafe 2. When the leſſer limit leſs than the leſſer Square given , but the greater lini 
execeeds the ſame ; viz, When the leſſer Square'given falls between the given limith 


Let it be required to divide 1 3, which is compos'd of two Squares, 4 and 9g, intotn0 
ſuch other Squares, that one of them may be greater than 3, but leſs than 5 : Here 1 
of 3 we may take 4+, or any number between 4 the leffer Square given, and 5 thegrate! 
limit: then ſince 4+ and 5 are each of them greater than 4, (the leſſer Square given,) tit 
following Reſolution will find out two Squares whoſe ſuram ſhall be 1.3 ; and one ft 
ſhall be greater than 45, but leſs than 5 , and conſequently greater than 3 , but leſs than 53 
as was required. : | 

Caſe 3. When the greater of the two limits given # equal to the leſſer of the tm 

| Squares given, 
| Let it be required to divide 1 3, which is compos'd of two Squares, 4 and 9, int9" 
ſuch other Squares , that one of them may be greater than 3 , bur leſs than 4 : Firſt, | 
tract 3 and 4 ſeverally from 13, fo each of the Remainders 1 o and 9 is greater than 4 the 
lefſer Square given, and therefore by the following Reſolution two Squares may bet 
out whoſe ſumm ſhall be 13.; and one of them leſs than 10, but greater than 9, 1 
conſequently the other Square ſhall be greater than 3, but leſs than 4 ; as was req 


Caſe 4. When each of the twolimits given u leſs than the lefſer Square given. 


| Letit be required to divide 1 3 , which is compos'd of two Squares , 4 and 9 , int0W9 
ſuch other Squares , that one of them may be greater than 7, but leſs than 2 : Firlt, ſubiraR 
the ſaid limits 1 and 2 ſeverally from 1 3 the number given to be divided, ſo each 0 
Remainders 12 and 11 is greater than the leſſer Square given ; and theretore by te 
following Reſolution two Squares may be found out whoſe ſumm ſhall be 13 ; and 0c 
them leſs than 12, but greater than 11 , and conſequently the other Square ſhall be great 
than 1, bur leſs than 2; as was required. 


\* Now 'let it be delired to divide x 3, Which is compos'd of two Squares, 4 and 9, ine 


two ſuch othier Squares, that one of thetn may be greater than 6 , bur leſs chan on $0. 
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RESOLUTION. ls 
1. For 2, the {ide or ſquare Root of 4 the leſſer of the two Squares given;put > 4h 
2, For 3, the {ide of 9 the greater Square given, put' , . | Ge 


a 


. For 4/6, that is, the ſquare Root ot the Jefler of the two limics given, out > f 


| : For 4/ 7, that is , the ſquare Root of the greater of the two limits, put > x 


5. Ler two unequal numbers be repreſented by .,., , . . 4. , .> 5 and x 


6, Now if 5 be greater than +, and be to in any Reaſon { or Proportion) except that 
which d-|-b hath to 4 —b, then by Canon 1. in the fifteenth Rep of Reſolx2. 2. of the 
preceding Zeſt. 2. the [ides of rwo Squares different from 4d and bb, but ſuch , whoſe 
ſumm is equal ro 6þ = 4a, ſhall be equal to theſe rwo following Quantities ( which are 
expreſt allo in the thirteenth and fourteenth ſteps of the ſaid Re/o/nt. 2. Leſt, 2.) viz. 

275d |= 53h — rb and £4 —71d 20. 
Ss | rr ob or — 1 
7. Bnt becauſe it's deſired that one of thoſe two Quantities or ſides laſt above expreſt, 


ſuppoſe, rele * may be greater than f,, but leſs than g,, the two unequal 


numbers s and » muſt be choſen fo as that they may cauſe the ſaid ſide to agree with the 
ſaid limits. To which end, firſt, a number ac pleaſure may be taken for one. of 'the ſaid 
numbers # and r, as x =, and thento ſearch out limits for the chufing of 4, I proceed 
in this manner , v5z. I put 4 inſtead of ; While it is gnknown ,-and then ſince x = 7, 
the before-mentioned ſide 27ed RSS —#trb 1 and thus , ze He " hers 
the number 4 only is unknown: Now, © + 


$, Let it be ſuppoſed that 5 7 . , is 24a 


as 1-1 
9. Let it alſo be ſuppoſed tht 5 ! , 3 55 2445- bad —b — g 


10, Then by multiplying each part in the eighth? | LE 
ſtep by #4 + kb Slots "ne R $4 24a- bas — b &- faad-f- 

11. And by adding 6 to each part inthetenth ſtep, > 244-|- bas © fac + f+b' 

12, And by ſubtraRting bas from each part in "F us } WP 
eleventh ſtep, it follows that . . . .$ *# far — baa fob 

13. By ſuppoſition in the brit and third Reps, h 
(agreeable to the Preparation to the Reſolution 
of this Queſtion,) f 15 greater than b , ſuppoſ 
___ TT OTIS. 

14. Then from the twelfth and thirteenth ſteps 
it follows, that . . 


Co OE IS 244 = cant fo-6 
15. And by ſubtracting f-|- 6 from each part Se = IE 
in the fourteenth ſtep , Ms manifeſt that . .F 244 —Ff ſ ia 
16. And by dividing each part of rhe T_— 24: | I-18 ns lo 
MITE £4 a SD 6 
17. And by ſubtraQing 2 4 from each part 


of the ſixteenth ſtep, . ,'. - ,- » + 
18, And by adding the Square of half the Co- 
efficient 30 to each part of the ſeventeenth 


£43 = ad — 244 
c | p 


_ 


ad _ fb _ a6 24,4. 
FF c C £c 
Re; follows that. 4+ ' þ 4 '-- 8 | | 
I9, Aa by extraQting the ſquare Root out "_ WE M—fe—S. 5 4% 

each part of the eighteenth ſtep , .. 'o% oo | c 


20, 7 by adding © to each patt.of the 1 9th 2 4 Y yM= {—be Fon 4 
ſtep, it follows, that .. .. . «5 « +3 © 6d 
21. Wherefore by comparing the quantity 4 in dd — fe = be 


oy” 
the latter part of the 20th ſtep to the ſumm as Sad + IS / pr 
the quantities in the firſt part, it is found that 2+ a0 
: 22, Agding 


E = SE 
EY 
22 Diophantus's Algebra : explain'd Book ILL. 
becauſe WP ( 3s well as 4 — © 
| NW ONTS ad — fe — be 
in the jarter parr of the ni Ymayp —— NM 
be the ſquare Root of the Square which is che OY 
| ſtep, ir follows,that 
ATARI + ay al — fe —bc es 4 
Argh ; pure: 1D; IN 'S = CC C 
24. Whetefore by ſubtraAing a= =fernle; W "By YES” 
Eh ona of cheemeny-hind hep, EEE ey: a" 
evident that. '.. .-.. 4 
25. Again, by ſuppoſition in the ninth. ſtep, > pee 4 Ds 
26. Whence by anldplyingeachpart by as, > > 2da+- bas —b = ya4+p 
_—_ *by- ſabrrating $44 from” each- - oh 246 —b = gaa—bea{- 
Ras oc Sndiennanret vp on gba gobb | 
” the- Pr & the Re De gn þ 
Hows; that - - Oe _ 
7 arguin > in like manner as before | . | 
Ro wRnnERe , 44 ytmph 
rpuing in like manher + before2 - - dt. \dd—gn —tbs 
OI Ig 6 the avany: ge ng EEE | 
the. twenty- -firſt and thirty-firſt after 4, & and are exchanged 
and g'—6, for for theſe are equal oa, 2g as appears by the Poſitions 
- thirteenth CER E299 ſteps, the fo g Cano 1. ariſerh for 
ming themaber 5, When 7 =1; vic.- 
CANON 1 T. 
OS =o: FE FI Sh (12.562, &c.) 
Eg . 149 DETEE ( 8.439% +.) 
FOO, VLG WHOIS" after &, © and = areexchanged 
for s, f—band g—b, Chas, tote nn 
whenr—3; Yds | HS 
| a *\ - CANON 2. | 
| - 1= L=LW Ee Sotis &«.) 
"" = I CouB5, &e.) 
hich value => m_ vithis the lies 1a = 
Aa nay | expounded according to 
F” ofthe Reſolution /of this Laeft. 4.) ſhall be 47 30d 
hs | 211d + 


| 
go 


—_ a. wlll kMid i... wade 


(Queſt. s. Diophantus's Algebra explain'd; | 23 


235d 5h —rrb __ 1057 _— 5rd — yrd 3: 2196 - 102 


no 98+rr BE he vr [© 0 
"Therefore the two Squares ſought are LIE and £2422 whoſe ſumm is atfis 
tat is, 13; and the firſt of thoſe Squares is greater than 6, but leſs tharr >; as was 

red. 
Ne. f1=r,2=6; 3=d; 4/6 =f; 47 = &, (as beſore,) then by Came 2. 
; may be any FraQion between TALS and I cds, if 1=r and 2 =x£; 
which valine of s is within the aſt mentioned limits, ) then the {ides of the wo Squares 
will be found £234 and 2533S, wiz. 


278d - Tj lon _ 1390, 35d — rrd hn orch 1226 
Ee dd -'$33-... 9 + rr 533 


Therefore the two Squares ſought ate 4244522 and +3£3224 whoſe ſumm is 4£423 12, 
"+13 ; and the 2h of thoſe SPares, 1 Is preater than 6, bur Icls tha than 7, as-Was 6h 21s 
Again, if 1 =7, _ s . - 2 ( which wy 5 is alſo within the limics di 
2» ) then the lides of the two Squares ſought being expounded as before, will = 
here  ) 222 . which are the ſame > thoſe Bar pt the te af mn ” | 
"Noe. If 1 be put.equal to r ,.and the. number. « be taken by Cann 2. gi _ 
- fathis caſe s is leſs than 7, the Algebraical Rules of | and — in adding, ſubtraQiog, &e. 
gilt be obſerved to reſolve the aforclaid lireral values of ls of OR _s 
ambers , 3 the 500 PIO | 


mm - —- 


— 


& | , 
_ - 


rn - parent 5: COuat þ IT. + Lib, 2. Diopkdes. 
/To-Gnd two ſquare owners whoſe difference. ſhall be equal.r0 a ga niabe, : ſuppl 
RESOLUTION. ER 


1 To4f ven FS 3 that i IS = - 0, @& ® . - w 
2, Let ko 4 


bo, (or a.) 


ar 


e number whoſe Square is leſs ta he ren A | ( | 
Jerence be repreſented by: - < ſug #,#) »{;0, I 4 at 


PEtore the AEGIS: Fn ae oat 4 LR, oy Ir 2 26 
& bite Eee of thoſe S9ua ©; 01} op} 119112508 x 
Ee rence [4 e uares is Co c . —_ < » abarh-bb1 
| Bur the ſaid difference muſt be equal tothe given Lifference a, : 
and eq ”S 2664-th.= d 


ME 0. 
5: Wiich Equation , afrer due Redudtion makes known che 2 oS d bb: 
-nalit of the ſide of the lefſer Square, Ut. nfo nt a $UEUD þ 
Ko from the ninth and fourth Reps, Es A #hh.= LS a 
greater Square is alſo diſcovered , viz. . Ons ] #b 


"The rwo laft ſteps give the following | 
F CANON. 1.. 
” he any ſquare pt leſs than che given difference, and ſobrraQ ic from the: faid 
e.; then divide the Remainder by the double (of the ſide. of che Squaze firſt raken, 
andthe Quotient ſhall,be the ſide of the [efſr of the rwo Squares ſought; laſtly;; this ſide 
added to the (ide of rhe Square firſt raken, gives the ſide of the other oe 
50 if two Squares be deſired whoſe dif ence ſhall be 60, I take a ſquare. namber lefs 
than 6o, as 36, this ſubifaQted from thar ' leaves 2.4 , W hich im, "3" 12 the dat 
op c of the leſfer 


of the ſquare Root of 36; gives the Quotient 2 , which ſhall be the de 0 99a! : 
bugfic ; and then by adding 6 the ſquare Root of the ſaid 36, to the [ide 2 , the [oo $ 
kt fe of the greater Square ſought; laſtly , the Squares of e Taid lides 2 and-8,, 
lowit, 4 and 64 Ly folve the jon , for their difference is 50 ; as Was required, 

ch þ  Dbſoroeions wpor:' Queſt. 5s 


1-Tt bod by the two laſt of the preceding Re/o- d—bh oo db 
Mein, tha the ral af A —_—_ +; 73 m_ —_— _ 


1 
IJ 
++ 
EE 


I 
D —————_—— 


24. 
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5 if we ſuppoſe bc = 4, then thoſe ſides will 4s! be -}- -bb _ agg 
into theſe , ES. "TIER, IE Ben, ECTS m: » 2b 7 


Which laſt mentioned fides or Quotients, after the common £ Py +26 and = i . n 


FaRor b is caſt away, Will be reduced to theſe, to wit, .. .. . 


Hence ariſcth this elegant Canon , often uſed by Diophantus to. find out two. Squares 


in a. given difference, vsz. | 
: C A N O N 2s 

Take two ſuch unequal ourabers that the Product of their multiplication may be equa! 
ro_the given ditterence; then half the ſumm and half the difference cf thoſe two numbers 
ſhall be the ſides of the two Squares ſought, 

As, for example , if two Squares be defired whoſe difference ſhall be 60, I take 
ewo ſuch numbers (10 and 6) which being mutually multiplied make 60 , then half the 
ſumm of 10 and 6 and half their difference are 8 and 2 the (des of the two Squares ſought, 
and conſequently the Squares themſelyes are 64 and 4, whoſe difference is 60, as-was 


Again , inſtead of 10 and 6 taken as before, we may take 3o and 2, for the Produt 
of theſe is equal tothe given difference 60 , then half the ſumm' of 3o and 2, and half 
their difference, give t 6 and 14, whoſe Squares 256 and 196 have 60 for their difference , 

After the ſame manner, FraRions being admitted , innumerable pairs of Squares may 
be found our, ſuch; chat the difference of each pair ſhall 'be equal to'one and the ſame number 


given : For if- the given tumber be divided by a number-taken ar pleaſure, half the ſumm, | 


and half the difference. of the Diviſor and Quotient. ſhall be the (ides of two Squares whoſe 
difference is equal to the given number. : - 
22: / But for farther illuſtration of the truth of the preceding Can 2. let c and b te: 
preſent two unequal numbers, and ſuppoſe c to be the greater , then in. 
The Square of 5c -{- 25 5 > © 5 oo . o» Zee Seb +30b, 
The Square>of 3c — 3b is , &' «0 os bs cen eb $4 36b yt” 
The di e of thoſe Squares is «© 7 EP. Fog. 
Whence it is manifeſt , Fhat the Produtt of the muhiplication' of .any fry pet 
numbers is equal to tht difference of rwo Squares, the greater of which is the Square of half 
the ſumm of the ſai two numbers, and the leffer is rhe Square of half their ditkerence, 
Wherefore the- truth'of 'the foregoing Eno: 2, doth evidently appear.” CONES 
+ Ip bſeth the following Canon (which differs bur lictle from the preceding Cn 2.) 
to find our two Squares in a given difference. * PO Ou Oe OPT E /:-55 
4% BTOHE Le 7 5 2a 1" 
Take'two ſuch unequal numbers, that-the ProduRt'of their multiplication may beequal 
to 2 quarter of the given difference of .two Squares ſought , then [the 'ſurnm and differenec 
of thiole two numbers firſt taken. ſhall be the lides of the delired Squares, - nf. 
| As, for example, if is bedeſired to find out ys; hy whoſe difference ſhall be. 60; 
. I take +; of the ſaid 60, ro wit, 15 ; then I chule two ſuch unequal numbers that 
the Produtt ot their multiplication may make 15, as 5 and 3, laſtly, the ſumm, and 


difference of 5 and 3, give 8 and 2 for the ſlides of rwo Squares whole difference is 50, 


unequal numbers ,-and/ſuppoſe c to be the greater ,. then 
The Squreof e+bis . . . . . . . . ob, 

The Square 'of & — b ts I 3 EXE g bn, 
- The ditference'of thoſe Squares is . . .. . , |= qcb. $0 
Whence it is manifeſt ,, Thar the quadruple of the ProduR of the multiplication; ofa 
ewo unequal numbers is qual to the. difference of two Squares, the greater of which | 
is. the <quare of. the ſumm. of thoſe numbers, and the 's cr Square is. the Square, of ihe 
dilference of the ſame two numbers. - Wherefore the truth: of Cawn 3. is evident. --; 
4+ If a Square be equial to two Squares, then ( by prop. 47. Zlem. 1. Euclid. ) the ſlides 
of thoſe three Squares will conſtiture) a: right-angled Eriangle, iz. the greateſt ſide 
ſhall be the Hypothenufsl, and the other two the ſides about the right-angle ; whence 
it follows, that the Square of one of the tides abour the ri hr-angle eſs the difference 
of the Squares of the other two ſides: And therefore i any Rational+number be or 
or 


The” rruth of this Cam 3. may be demonſtraced thus , let ' and b repreſent two 


IS] 


Queſt. - Diophantus's Algebra explain'd, : 


Perpendicular ) preſcribed, * 
\..To find two: ſuch numbers, that the Produ&t of their multiplication may be 
: © Far one of the numbers ſought put . 


4, Then by dividing the given Product d by 4; the Quotient 
hall be rhe other number ſought, towit, .. . . . . . 


Re F 


"+ Now ſuppoſe it be deſired that the Square of the faid half J*' 


b And by ſubtraRing d from each part of the ſixth fiep, i 


two numbers ſought , by the number firſt raken , ſo ſhall the Quorient bet 


for} one of the (ides about the right-angle of a right-angled Triangle, the'otherſideabout 


'the right-angle and the Hypothenufal ſhall be given, ag in Rational numbers by the tielp 


of any of the rhree Frome Canons: As, for example, if 4 begivenfor the Baſe, the 
Square thereof is 16, then by any of the ſaid Canons find out two'Squares whoſe difference 
may be 16, ſuch are 25 and 9, (and innumerable other pairs of Squares; therefore 


thetr ſquare Roots or (ides, 25z. 5 and 3, ſhall be the deſired Hypothenuſal and Perpen- - 


dieular. Whence ir is evident , -that by the like: Operation innumerable right-angled 
Triangles may be found out in Rational numbers”, which-ſhall-have:one common-Baſe : (or 


—— 


DL UVEST. 65. | ' Fi&D4 1 Y $274 ' 


£ 
\ 


| | to, 
a ffiven-number , ſuppoſe 4, and. that the Square of half the umm of. the aid nombers 


- may. be greater than a. number given, ſuppoſe 6. 


RESOLUTION. 


WA vr 
> | >. Þ 


3 Therefore half the ſumm of thoſe two. numbers is eo [44 +4 


I 


m may be greater than the given number þ, then it”Q 445-4 = /b | 


* necefſarily follows, that the ſumm it (elf muſt be'greater than 24 
- the ſquare Root of þ, viz. '. ©. $356; : 


© 5. Therefore from the fourth ſtep ,; by, mai Bp Khan no Gas 


' by 24, it follows, that .: mn ah. $0.6 4 ROY £ 
6 Thats, Cecaſe ay/4b = 2b) MILE NS. 
a= a\/qb C'—4 


44d ebb bd 


plows that .*.. Woe IT Sued iy EE Es 
& And by ſubtraRing «4/46 from each part of the ſeventh ſtep, 
9 A by adding ne, of the Square of the known' Co-; 
efficient 4/46, to wit, b, to each part of the eighth ſtep, ir 
that... cre tes re en ol 

to, And by extraRting the ſquare Root our of each part of p 4b = Sf np 1 


Te ninth Rep, oo oo non oof as 
11, Wherefore by adding y/6 to each part'of the tenth ſtep, v 4 = /b+-vib—a: 


12! Again , becauſe '— 4 4/b (as-well as. 4 — 4/6). may beF : "I 
the (ide of the Square as — 44/4b + # in the + rm. & —-+þ/by:b=d: 

| ” ninth ſtep » it- thence follows that « -» Ry £ Hot S576 . y A 
. 13/And by adding' a to each. pare;of the twelfth ſtep, .>..4/b 4+ ib = 


14. And by ſubtrating /:4— 4d: from each part of the? ,,. | for 
Wand ep, 0 OLA. /b—/:b—d: = 4 


bg 


 15...Wherefore from the: fourteenth ſtep, by comparing the? , aa 187 JF I: 
the ewe, - 


- part to the former, "46 +: S {4} e01 10% 50 5 . ; Si. ELire th 6. | via 
16. The eleventh. and Seco figs 27 Noes for, the has els Ce 

| ſought by this ſixth Queſtion, when it requires that. t Ire OL nail. 
- of:the-ſame numbers may; be greater,than a given number ;. he peeps aft 
-- this following . ” | | »elt an | 
By CANON 1c: 


” For ate of the numbers ſought rake'any number greater «than 4/b +4/:b _ = 


ſets thari 1/6 — 1/43 T7: then divide" d'the given'{Proditt of the' of the 
$ than 4/b — y/ given mms 


ſought. k 
FO», 1. os Exappirjo Nunhen, +, 
-- Suppoſe + «(2.7 35» 4.1) 61.4 = 128;,a0d b =12923 
'"'.Thence it follows; that 4 ':! ob+4/it3— prone CUSSOITS | 
Al, © OL OUR OY b= ob =d:i = 151856, See: 
5 . wv D , Ti fo 


3 


Diopl Joi hantus's. Algebra explain'd. Book TH 


 Therbore ACCO! ing to. the direftion of rhe preceding Canon , I take for one of the 

ſought ſome number greater than 217432 , or leſs than F7Ees as the num- 
this dla the en number 12:8 = 4,' and the Quotient gives 64 for the 
rwo numbers, 2 and 64 , Will ſolve the Queſtion, as will 


| '. The Prof. 
RAGE a of the multiplication of 2 and 64 makes the given number 128 (or d,) 


and che Square of half che fumm of 2. and 64 4 viz. the Square of 33 is 1089 , which 


is greater than 192, (or b,) as Was required. Bur to the end there may be a poſlibily 
of ſolving the Queſtion propoſed , the Canon above-exprelt doth thew there is a necelluy 


that the number d muſt nor exceed the tumber $. 


The preceding Reiblution'of Yaxff. 6. preſuppoſeth ic to be deliced that the Square 

To half the famitti bf the two 1 be fg may be greater than a riumber —_— but 

if it were deſired that the ſaid B—_ mi leſs than a number given, then = being 

uſed inſtead of © in rhe ſaid AGlatinh, there would at length ariſe this following 
Canon to ſolve the faid Pxeſtion. in the latter Caſe, 
CANON 3. 


For one of the numbers. ſought take any nutuber leſs than 4/6 -|-/:3— 7: but 
greater than y/b —/ : b— 4d: then divide 4 the given Product of the multiplication 
of the two numbers ſought, by che number firſt raken, and the Quotient ſhall be the 


ether number 
| 4 Birth © ho: 
Suppoſe ( as before)  ..;. d=128, and b = 192, 


Thenee & follows, that 6 '' -S woot bond; ,--- + 4 O $56, &c. 
k Alfe, SS: 4 - fb — : d—T: =2 $.856, &'c. 


, Thirthhes (acc recording to the lap Gans) } 1986 fhe age of hes rembere 
(or d,} —_—— Wy Crib bby Wo Ne ths rumbers 
_ or or which wo 

16 and 8, wi Re NR the Square of hatf their fon 

tway: be-leſs than the given number 192, as may call wy hank For the Produtt of the 

faid 16 and 8 makes the given number 1:8, and the Square of half rhe fumm of 16 and 8, 

a —_— 12, is 144, Which is loſs than the en nuthbet 193 5 as as requited, 


2VEST. 7. 


| To find. ewo {quare nutibery in & 4d and that one of - thoſe es 
Re. ano que «given difference, Squar may 

7, Let it be required t0. find two. ſuch ſquare numbers , thar theie difference may: be 
CITE TOs OS WS Gned paget Spurs np rand 4-00 


RESOLUTION. 
| - wad by Cane + & @rfniging nf 5. Thas i We-nankers be whey 


Neth i of ook to the givendifference of rwo 
rf ind AF the the Gunbets fo caken hal 

142 Thereitee ties nnitbers befound om, ſich, barre ar 

, nd lf the forma of the Gme numbers 

, then that Square ſhall be the greater of rhe-rwo Squares 
TAS: CERES En: 
 requites}- "Bur ewo fach gumbers may; be/fountl oar by. the Canon | 
| Quattien, end eqaſgjontly this\ſcventh Queſtion may be ſolved by the 


CANON I. 


wer had YH FE: than - 
res num en 
beifaky that end. balk 


| of the aid Quotient 
ll be che ids. of Ge two Squares forght, - 
S As 


_ the 


| 5 ; | ” ek 12 and 4 4,are 144 and 16 $: 'the 


\ 


go difference is 4; which 1 i and 4 xre the lid 


Queſt. 7. 1rophantus's Algebra explain'd.l 27. 


An "Example in Numbers. | 
FE SOppole .. oo, 10 on SIT and b 198; f 
"Thence it follows that 0 #4 Yb F< d: = 1.856, hog 
"At, ONS AIRS TYLER 1, - b—d: = $856, &'ea... 5 
" Therefore according to the direRion of the Canen 4,1; take ſome number greater than 
217352., or leſs than 57458, as 2 ; then by this 2 1 divide 128, (to wit , a) and the 


1000 3 


jotient is 64 ; laſtly, half the fomm of the faid-2/and 64 is 33, and half their difference 
#31, Which 33 and 34 arethe lides of two AY eg. TRI propaſed, 


ill be evident by . | 
: The bd Det E X 1" £1oH4. 


oe Silites of 2/3 -arid 31 are 108 <'Y tdi hk ul ite 
gen difference” 12 8, (to wit, 4) ww he by a1 Telos) a 996 
525 required. « & Br > Ai Wr. 5 

2. In like manner”, if it were required'to Gnd out two Sybil jhofe diffe 
, ral ro a given namber 4, and rh flowing > is xr; 
nerdy be found our by" this follow wing TED "Pl 590 EP. 
fro 4: 10 ) "/ + aug * if ot i oo Wold - 

i / 0 Rh hevl- 5 Det 4 ' 


_ 


F' 


el e the Quoti vs; laſtly, | od | 'C tererice t 4; $ Fiſe 3 1 J rent 
_ nah. . AR. nnd 
kindmbet fiſt ſhall be ; ens WEBS > v2 £<E87E1P2, 2103; 212 
r 3” 16M 4s Fxompl is dhumbers Qi a | £Q1I $364 >» nad Þ 6 
je Suppoſe TL OO oo: of d=v283 ndOm —— "ſa 10.2 
 Thence it follows, that. uf) 6 4-H: 43 4 
{ FE DUBAL nn IH IS; Fr 
- " Alfo, ©. © , © ; /b—v/-1 4x "a4 ; hs : Ns 


to the diredtign. "of the laſt pr *ced! | ig C: 


aroge '21785S,, as 16; _then_by £ his 1, 
Y and he' Qu : :5 8;. HA the M1 


iy V'T) 


ſtion, as will be evident by, OIES « : 


ence 128, (or dy and th Ln Square M's, fs. 
34; if ir were. tequired to God. out eweo Squares, i 
TD ads greater than a given number. Ny 2ownA gif 
te the preceding Canons of chis ſeventh Queſtit this manner, >. 
it be required to. find rwo Squares whoſe erence ſhall be 26.4 or nd 
the leſſer Square may be/greateridfſln iz, (or LY ' Here the T0 aſt ba to h 
two ſuch Squares that "their difference may be'z.4', and 'that the. orearer; quare, may 
acced. 36, that. is, 2.4 + 12 ,, and then the leſſer Square will eHFOL exceed 1 12; 
efore., Ja 
= Os ee” and — Is Ne nes 
Haar olds oor ia b = 5:2 $a EIU Bf _ ate tre - 
'Thence 1 it follows, that = bp WT wb wth — i=4; 3 = Nt in Se... ror} + 
Alſo, Tn oy ON © EE $424 Sb —/:b —d:. = 2.53, cs: auf. 
Then ( according to the firſt Canon 'of: this -ſeventh. Queſtion!) :[| take ſonle 


IO0 3 


nt is 12 ; then half-the ſumm. of .2 and 12-is: 75: and hajf. zheir difference bs 5: g 

which 7 and 5 are the ſides of two Squares 49-and 2.55; whoſe difference is: 43 (ro wit) 4) 

andthe lefſex Square 2 5 is greater than 12, ( or o 2: » ) as wasTrequired:! :| RI 
eidence , let ff be pur for the ll Sawonſonn Yup! logs, then , 


"By Conſtruction, .* +. + » bh SEES 
Therefore #4 « '@. «7 *F; —— SE CCT regard. 


| rr than 9722 , or leſs than 2553 ,.as.z z by this L divide 24, (to wit, 4;-andithe 


4. 


"Diaphantus's Algebra, explaind: — Book ll, 


4. Laſtly, if it were' deſired $9;6ind out two Squares i in a given difference d, and that 
the leſſer ag tbe Jeſs. than a given number g ; let the ſurmm of thoſe two given 


be called 6,( as before; ) and” then by the” latter 'of the wo 
— Dan $42) be cd Ze "find out: tiyvo Squates that their difference may 
5 differerice FE 'and thatthe'greater m_——_ may be leſs chan n the fam b, 
Ga the 1-0 "Sqſh4kE de leſs than the given rad 2 a 
iu meianiter cork £24 £251.7 Foo = I. 5. — 
430 5b $1512 Yr bas , 7; 5 5 2 me my e.9h 


""F76a £ ie naes' of 1h Wy cok © of Dinas, k JO the Frienh if & ford 
| wa wt _ — : TREE | 
en.,, ſuppoſe. v7 2 + od We ro figd .a third , which added 


1ogs of jh "5 pow Cake na }þ pee PUBS 01) | ITN 


Z 1297 BY 5; 


| BLU th 0a -x4 til 
2-1 bep ne; Que EEE rhele. 4p, avg Fo 192 += yy f» hf 
—_ Tas num » VS. anivoitt age o& bat; 8-4. 5.0, 
Cir la Deploy calls it ) may 5 cfolred thus, vi, 
Dey. wing der 6 is the difference 


rs then (by 'the 


= $.4 


biel 
= 


a5 


np fe mn <7; , | ndmbe ers thir ir difference ha 
Je het es Cup 2 the: rr ade given 3 
wethie Shutres:509 Lofege bs a + nd 15 ILY 
4- Then equate 192 + 4 0 Shgny Sam thy » > 192 +4 = = 
3. Dm gd $5þ-4- P23 5%c us » .> 128 | 67 32,225 


f thofe Equatjons in the fourth and fifth 7, TY 
veh with Ie kriown, au. 2 S4ts.. 97 
. 10 192 


I weſtion;, for if ic be add pers 

One © 1G12} * And put of the premiſles' 

being had f be rg in | 6 Ge Ol 4 ile Toy 
wi 4 nfvers Br tio Que lok pr Fn s e Ut 


2 and . 12 8 ſercrally he 


7 Take any number greater than the ts Je thin the Recht2 of the i MO 
l rogue 


tw = nce of the. two numbers © by. the 
"RE: 


"the from he'Squart of h If the [on 

grearer of uhe two numbeq3 yiven; 

v of half the difference == the ſaid Quotient 'and the mitnber 
waRt'rhe' Sports th the Retnaingels (for 


2 Vf 


_ wr 19557; np NY 1s "FOE, - + Ry Hs xg; £25 cþ-51 
| Lev! HS if Eero 3 {7 iJ t; + F 14.3 

to; of bes to A a ogy PUNPARS 08 _ SO ew” 
DOD 210 G2 Nine _— ht 3 1132 


_ EE EE SIE Oh 1s ns 6, a>” TO = 14:526, Gf wi 
K'#s + ©» 496 —4y/8 6.96 "——_ 
22, 'Ler a number Þe taken | ' \ Ehet great tan" 13:422, or? * 7.70 
-leſs than 67363, - ſuth is - 4 
1 3-: Divide $8 in'theninth ftrp, by 4 in the rveelfih and the 
-Quotient- is *4* 4 
xxbThe-.half Pranks the lomm of Frand 26'tin the rec and! 
cs | 


22 


35-TheSquiterofixho-faid 7.3 is © ber S5 TPE7 0d 164 wi 
(43 fvorw-that Square: ſubtraRetie/ greater of: the'n ewo o numbers pg! 5c 7 toi 
22 gin the ci 4-018 rr >, 03 e211 _ $9. 6:2 +a ou 
1 7, Soxhe Remainzeras che nutaber, fovght 51 to wit,” ; wal /Þ 7 \akbeg 
IJ wo. ——_ The Propf. . = ; | 
| {,v 96) IEh —_ ns... whoſe v/ds.: 43s. 
HSvotg >! 01 237 73 © Bo gk whaſe Y 6: , 


- \ 1516.4 Pi In . - a | In 


Fo £4 
E's i 


Queſt 8. " Diophantus's Algebra explain'd. 


29 


"a "Þ like manner ,- if-/it, were delired to find out ſome number ſignified by (a) that 
106 Ty 1097+ 54 may make a Square, alſo that 104 6 may make 4 Square, the preceding 
IFgive ifyumerable values of: 4, among which ;x will be found a true wm; 

7 2p L, ee = 64, and 104 6 = 16; 


4% 911 01 3 ki} + 0 001 
wy R | * Obſervations wport Queſt. 8. 


Wa | Diophentie in -otin this' Queſtion makes #n entrahce into one of tiis "vltiee 

ſibriltjes / Which he cats 4 

hits divers khowy Queſtions in this' Book' will 'make manifeſt”; 'Þ the. principal hinge 

Weteoff depends-bm-the finding of ' two Squares Whoſe difference hall be (equal to the 

difference - two Algebraick, Quitrities , eacty of Which is propos dts be found" equal to 

- ſome known ſquare number :-* As, -t0 the preceding [Reſolution of this Leſt ſt. 8. two 

«1 jo wit, 2 8y-and'2.3y are found-our4 whoſe Gifference 62 is <quaF'ts tne difference 
the two Algebraick: Quantities 192 | 4 and 128 4, - each of which, actording 

tocheiniport ot the Queſtion, 15: to be ſound:equal;20) ſome ho gone nes, and therefore 

 temmber. 4 rxriuſt beſjuch'as willicauſe thabeffets +! * ©: {i ot; 0 

:/2.cBur>that the reaſon: of: the : ;Qperation»in reſolving the! Durlicae Equality in-this 

ephth Queſtion may clearly appear; 4wo things atextg be proved ,-wiz.c 

Firſt That the-greater of the-two ſquare nurabers ſound-out-in-che third ep of -rhe 

Refolugion mylt_aecellarily excecd/the greater:of, phe, two. numbens given-in.the. Queſtion, 

the leſſer Squate exceed. the lefler numbet giv To. prove this , '6rſt, it js intended 

red nin # ſhould be-affirmative , th Is, bater than i orhin : he if any 

| ure number not greater than 192 wete ſet inthEplace of 2 85 ih the” Equitlon'in'the 

foath ſtep , 258. 1 92 | 4 =-2 89 Qri atiy"ſquize- £19re not or than 128, in 


+ Fr: 225, Ly ers for th eee of 


\ The rut net ES ſowingis:: - 4; 1 
Ja-—-$ 0 bg eo ab = [og « abc, \ nt 5. 


- wy | are ni ers, fy Y the prevrer god Of] 73 
a, 5 _ and; ks 


KN! bers ;* ſppo IF er fer, 2 ha al, 
tedth rhie'gteater "Vurber b;"chen'the lefſet Ez) 7/ Rial ee 
bd former exceſs: 41223" (hall be equal to't iter” v7” ” 


By ſuppolition, . . WORN IPO Fa 5 7 ply = R Oemk nh o 
Theretors þy adding ff to each [22 it flloys tha Fr + 6 mt: "i 
But by fuppotirion” DJ "2 BEETLES fo i 
Wherefore, by ſubtraQing 6 frorw each | oart of the ed det +5 
tion in the laſt ſtep, hut" ene ,:that which'the Theorem affirms > dd — Fr = | ﬀ =c_ 
k manifeſt, ©iz. Eg ENG. | : 


And conſequently either of. tho(@-equal exceſles; or. differences the laſt-Equarlon 3 
ſhelf be hb: FH ſolve the = propoſed ; for. it,is manifelt;thar if.che;former 


excels 44—+ be added Io 6» and.che lyfer's exceſs H—6 to 6, tha ſoo win, | 


to wit, 4d and Lhe 


” r , Wo 7Þ 
I > ——_ MEMINEE i #4 as p — 
— S £53? 4 " 4 & 7 


&- $ —&; x Si 


Anther manner + of retiting the foregoing Queſt. 2, which F bs riptited? wy | 


'Tt5 Grid a number which added ſeverally to 128 and I 92, may make the:fomans 69 be 
ures, ? "IS: oy + SEES 
c "Y. YE 266. 5Þ , RESOLUTION TD Free 4H 


LA the number ſought put 44 — 123 whereby*part of tlie Quies : 


lon is' ſatisfied for i 4x — 128 'be added+ tor pride '* rhakes(_- 
to pHare, ro wir, OP! let therefore the number: foſſa be fri ed 


«+» «© ' of & @ *02; $& 45 © <8 o CE. hon 


oplicare Equality, ( aningenious Invention- variouſly uſed by 


—— 


3© 


Diophantus's Algebra explain d. Book 111: 


>. Bur the Queſtion requires alſo, thar if the number fought be added 
to 192 , the ſumm may be a Square; add thereiore aa — 128 to 
192 , ſo the ſumm a4 — 128-192, that is, aa-j 64 muſt 
be equal to a ſquare number, viz. . - « « + +» +» 

3. 1t remains therefore to equate the ſaid ag -|- 64 to a 5quare , whoſe lide ( to theend 
the value of aa may be greater than 128, as the number aa — 128 aſſumed 1n the firſt 
ſtep requires ) may be teigned ro be 4 -|- any Abſolute number lefs than 2532, or 
— 4a-+ any Abſolute number greater than 25758 , ( which limits are diſcovered by 
the tollowing third way of reſolving this Queſtion ; ) let therefore the ſaid fide be feigned 
to be 4+ 2, and then the Square of this ide being equared to aa + 64 as the ſecond 
ſtep requires , this Equation ariſeth , vzz. 

aa + qa 4q = aa-|- 64. 

4. Which Equation , after due Redu&tion , makes known the _ + 
EE in oben» +» + ne we # © 0 » We 
Therefore by the firſt and fourth ſteps the number ſought will be found 97 , which will 

ſolve the Queſtion , for if 97 be added to 128 and 192 ſeverally, the ſurnms are Squares, 


aa -|- 64 = 0 


to wit, 225 and 289, and the limits in the third ſtep for feigning the {ide of one of the 


Squares ſought do ſhew that the Queſtion is capable of innumerable Anſwers, 


A third manner of reſolving the preceding Queſt, 8. which rs here repeated, viz, 


To find 2 number, which added firſt to a given number ( f,) and then to a greater given 
number ( b,) may make the ſumms to be Squares. | 
| | RESOLUTION 3. 


7, For the difference of the two given nurabers 6 and f put 4, via? , __ , _ f 
EE of + io! + oi» 8 R TE 
2. And for the number ſought put aa — f, ( 4 repreſenting a number 
unknown,) whereby the firſt part of the Queſtion is ſatisfied , for 
if an — f be added to f it makes a Square, to wit, aa; let there-C" ©* ons s 
fore the number ſought be feigned ro be , . , , . . . «I 
3- But the Queſtion requires alſo, that if the number ſought be added 
to b it may make a $quare; add therefore a4 — f to b, and it makes( 458 
aa | b — f, that is, aa-|-d, (for d was put equal ro þ — f,) aaa = 0 
which muſt be equal to a Square, viz. - «© 0 « . o» » 
4+ It remains then ro equate as -j 4 to ſome Square, whoſe fide may be feigned to be either 
a--e, or — a-+#, (which numbers, a, e and z are all yet unknown) Firſt , let the 
ſide of the ſaid Square be feigned to be a -|-e, ſo its Square being equated to aa+j-4, 
this Equation ariſeth , v;z. 
aa + 2ae | ee = aa+|-4. | 
5. Which Equation after it is duly reduced to find what? , _ 4—ee 
LING oe o oe 6 eo ov 0 » » 
COTE REETED - - - +. + + 0+ » of © Co of 


7. Therefore by the fifth and ſixth ſteps , . . . . 3 d—ee Ee ff 


8, Andy "7 Kſt_g _ _ gs _ pen tha 4— = 26y/f, or evaf 
9. And by adding ee to each part of the eighth ſtep, itgives > d = ee-|-ey/4f 
10, And by adding f, that is, 3 of the Square of the known 
Coefficient 4/4f 1n the ninth ſtep, ro each part thereof, > 4-|- f = ee -j-ey/af + 
ar "Y RS oe 
11. And by extracting the ſquare Root out of each part of ," gap og, 
the renth ſtep, . oY S665 SOIM 4 : '$ vide fit eel 
12. And by ſubtrating 4/f from each part of the eleventh — 
EL a 6 oo» © * os ENS : 
13. And' by comparing the latter part of the twelfth ſtep 
to the firſt part, it's manifeſt that 5+ INN 8h 
EENENED, - » 5. oe. « #;-.0 


15. And conſequently 


TE” 
% -. 
-e 

hw... 
JD. 
! 

Þ 
bins, © 
{ 
- 
= 
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' Wherefore, by ſetting 4/% in the place of y:4--f: Th 
- the Mk fon. it's evident = © & '$ hs "uw vf 
17, And becauſe by the fifth ſtep, . . . . »* 3d 
I B_—. . : co e—244d 
19, Again , foraſmuch as the ſide of the Square mentioned in the fourth ſtep may be 
feigned to be — a-ſ-#, ler the Square of — a-þ-# be equated to aa 4, as the 
third ſtep requires, ſo this Equation ariſeth , vzz. 
aa d = aa— 214+ 4h. 
20, Which Equation , after due ReduQtion, to find2 , __ ##— 4d 
out what a 15 equal to, gives . . . . \ . "7:2 
;1. Bat by the ſecond ſtep, . ;: : co 0 pF att of 
32. Therefore from the rwentyeth and twenty-firſt 7 ww — 4d 
—_ cog 24 
Th Rod by arguing to find out limits for «, in like 
manner as before for e from the ſeventh to they , = ,yþ 44 /f 
ſixteenth ep 3»clyſive, it will at length appear, thaty | 


=——_/ 


24, And becauſe by the twentyeth ſtep . . . .> wu = 4 

1. Therelbre 6. + 0 0 © © «& © - + ma= ad 

6, ow; feppoſt . . oc oo - 5: 4 3 192=b 

And conſequently | uy. = _ f=d 

TA + 4&0 54 = bf = 

23. And from the ſixteenth and twenty-ſixth ſteps Þ v 4 —_ 
it follows that - - o o - o . o F * : 4 we 22359, &c, (vb—yf) 

29, And from the twenty-third and ewenty-f1xth | MY 
{+ ; m_ 6 u © 257512, Se. (y/b-l=v/f) 


. - * * * . ” o , } 

0, Likewiſe from the eighteenth and twenty-ſixthÞj * _ Hee. 
"_. . . —_ Ra . 2 . , » 'E EA $8 (yd) 
3 And from the twenty-fifth , and = _ 3 

eps o o - . o o = o = > - - . j 

But of the limits found out in the four laſt preceding ſteps; the two former 6hly are 
necefſary for chuſing the numbers e and « , for the two latter hot being ſo ſtrit as the 
two former are uſeleſs. Then after the number & or # is duely choſen according to the 
ſad limits in the twemy-eighth and ewenty-ninth ſteps , the number will be diſcovered 
either by the fifth, or by the twentieth ſtep ; and laſtly , the number ſought by the ſecond 
ad twenty-{ixth ſteps. All which will be farther illuſtrated by the tollowing Canon 


and Examples, | 
CANON. 


32. Take any number leſs. than the difference , or greater than the ſumm of the ſquare 
Roots of the two numbers given in the Queſtion : then divide the difference berween 
the Square of the number firſt taken , and the difference of the two numbers given , 

| by the double of the number taken ; and from the Square of the Quotient ſubtra&t 
the lefſer of the two numbers given, ſo the Remainder ſhall be the nutaber ſought, 


Example 1. 


Let there be rwo numbers given to find a third, ? ;, _ __ AT 
according to weſt. 8. as, hy + «a 'F b = 192, and f = 128 
Thaice it follows, that . '. $ «©» «  « b — f = 64 = d 
Alld','- + oo + 0 0.2 0.0 oat tt en SIRES 
And | » 7 yfb +if/f =25-170, &c: 


f? . . cm 
- o 8 . Ee — X 


than 2422 and callite, w'. « © © & .- 


£E5ull == 313 = 8 
20 x. 


P 
: 
Now according co the Cann, take ſore number (eb 2 
F 
& a—f = 864% ſought, 


Thence ic. follows, that . & . 5 3 3 3 » 
AY, 5 . «co «© SS ES. 
The Prov. 

1056:, whoſe / cxtrafled ts 322, 
9924, Whoſe y/ exttafied is 313. 


192 + $3643 
128 -|- $645 


LY 


Exampla %: 


7 


/ 
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ee ny 


Example 2. 


Again, the ſame things being given as in Example F; take? n 
ſome number greater than 257535 , and cail it #, as . .\ 


ES . coo oh © 3 us — = If =a 


21 
ES. . , » - * 


Cx -> aa—f = 97 ſough, 
The Proof. 

192 - 97 = 289, whoſe y/ is 17. 

128 +97 = 425, whoſe / is 15. 


Note. In divers of Diophantus's Queſtions, where Algebraick Quantities are to be 
equated to Squares, there is great uſe of finding out Limits, ( atter the manner delivered 
in the laſt preceding Reſo/ution,) to dire&t how to feign the {ides of the (aid Squares, (6, 
as that their values in numbers may be greater than nothing ; and therefore for the more 
ample Illuſtration of that Method | have framed the five Queſtions next following , inthe 
Reſolutions whereof, the induſtrious Learner will meer with no difficulty , if he be welt 
exercisd in the manner of reſolving Quadratick - Equations according to Sett. 5, 7 0g, 
Chap. 15. Book, 1. as alſo in the Obſervations upon the firſt Queſtion of this third Book, 


D VEST. 9. 


To find a number, call it 4 , that ſhall be leſs than 3, and cauſe aa-þ 12 tobe 


a ſquare number, 
RESOLUTION. , 
"ww. =-.72 


1. Put Letters for the given numbers, viz, . . . 3 5 3% oh Fn 's 


2. Then the Queſtion requires that a4 -|- 4 may be equa] to a Square , but its Side ( or 
Root ) mult be fo feigned that the valie of may be leſs than f, and greater than 
nothing ; to which end the ſaid Side may be feigned to be either a-|-e, or —a +; 
( whichi a, e and « do repreſent numbers yet unknown ;) Firſt therefore ſuppoling the 
faid Side to be a e , the Square thereof is aa+—|- 24e-| ee, which muſt be equated 
to 4a+|-d above-mentioned , hence this following Equation arifeth , 24z. 


aa + 2ae | ee = aa 4d. 


3- Which Equation, after due ReduAion to find out the? | __ d—ee 


value of A gives 292, 2297 os MET. . 2 < . » "cs | 26 
4+ And lince the Queſtion requires that « may be leſs than 30 a — ff 
þ VIZ. o o . o . . - * _—_ o o . * . . 
F- Therefore from the third and fourth Reps £=2 =y f 


2E 
6. And by multiplying each part of the fifth ſtep by 26,2 ,__,, fe 
On EEE TIRED | 
7: os by adding ee to each part of > ſixth wo, - > 4 =2 eeq-2fe 
. And by adding the Square of half the Coefficient 2f | 
_ 11 Log of ED ſtep, it gives . . . . 't PEF"2 eraſer] 
9. y extracting the ſquare Root out of each part TIW. 
of the eighth ſtep, , 7 5 3 IT BLEED. ef 
10, And by a f _ hou of the ninth ſtep, > 4/id+#f: —f 2e 
11. Wherefore fromthe tenth ſtep; by comparing the latter 
part to the firſt, .. ; FE 6 wp Ne" . 'c oat 4 wy 
12, And lince by the third ſtep ee == 4, therefore, . .> e = y/d 
13. Again, for as much as the Side of the _ mentioned in the ſecond ſtep may be 
feigned to be —a+#, let the Square of — a+ # be equated to aa+-|-4d as the 
Queſtion requires , ſo rhis Equation ariſeth , viz. 
aa |- d = as — 2#a-þ ut, 
14. Which Equation , after due ReduRion to find out the © a: IS d 
SING oo « o:o'g ew © n + 35: 8 


I5, And 


—PIRIY 


- WWW - - vp a «+ 5» 
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15, Therefore from the fourteenth. and fifteenth ſteps it? #% — d =_— 
Glory that - oo od Ee EE ERS 24 
17. And by continuing the Proceſs to find out Limits for a, 
in like manner as before for e from the fifth ſtep to thep #» = /: dF: + Ff 
eleventh incluſive, it will at length appear that Pep | 
18. And (ince by the ſixteenth ſtep, 4# © 4d, therefore > # &- yd 
From the firſt , eleventh, twelfth , ſeventeenth, eighteenth, third, and fourteenth ſteps 
the following Canon is deduced, by the help whereof innumerable Anſwers may be 
found out ro the Queſtion propoſed. 


CANO MN. 


19. Take any number (e) between 4y/: 4+ ff: —f and 4/4, that is, between 15392, &c. 
and 3545%, &c. Or any number ( «) between y/d and y/: d-+#f: +f, that is; 


1000 7 


between 34$4, &'c. and 75533, &'c. Then divide the difference between the Square 
of the number taken and 4, or 12 , by the double of the number taken, ſo the Quotient 
hall be the number. ſought. | 


Example 1. 
Let there be two numbers given in ſach mariner as before? , © 4 __ 
is ſuppoſed in this eſt. g. viz. . . k d —= 12, and f = 3 


Then according to che firſt limits in the Canon take ſome 
number berween 1 5453 and 344 as 2, and call this e,> e = 2 


d—ee 
26 
Which number 2, to wit, 4, will ſolve the Queſtion, for it is leſs than' 3 ;, and as 12} 
tht is, 16, is a Square, as was required, 
Example 5. 


Again, the ſame things being given as in Example 1. "he | 
= 4 


=2 = 64 ſought, 


And then by the latter part of the Canon; « .. . - » 


ſome rumber between 253$5 and 7743Z, ( according to the 
latter limits in the Canon, as 4, and call this #, viz, ſuppoſe 4. 
= 


And then you will ind , fF T5, it «  » 3 th 
28 


Which Fra&ion +, to wit, 4, will ſolve the = for it is leſs than 3 ; and 
i412 ; that is, 12%, is a Square as was required. | 


2U E AY To I ©, . = i 
To find out a number, call it 4, that a4 — 60 may be greater than 5 «, but leſs than 84: 


RESOLUTION. 


2 


—_—— 


b — 60 
"8-8. 22 
Yb F-I08 © 
2, Then the Queſtion requires that 44 — b may be greater __ | 
than ca, yet leſs than 4; firſt then let us ſuppoſe 46—5&" od 
3+ Thence it follows, by adding 6 to each part, that . 
4 And by ſubtraing ca from each part in the third ep aa—ca © b 
5. And by adding the Square of half the known Coeffici.  _ FH Bp 7 
þ ys c to each parr of the fourth ſtep, it follows that da carf-46e ©” bof> 408 
» Ahd by extraing the ſquare Root out of each part? . _ _ —_ 
« the Mith ep, b glee , ae oS- 8—16 &” 0170885 
7. Wherefore by adding Zc to each _ of the ſixth ſtep, > «4 &- 26+ vi b+ cu 
$. Apain, let us ſnppoſe, as the Queſtion alſo requires, that > a« — 6 =a da 
9. —_ by arguing in like manner as before m_ the 
econd ſtep to the ſeventh incluſive ; ſaving that inſtead HIPS in 1 
of >= there, = is to be uſed in this latter argumenta- 4 2 24 o/ib 5-440: 
tion, it will at length appear that ©, 1 


1. Put Letters for the given numbers, as , . 


bl 


aa - ca+b 


WAY IAN 


o z0, Thus, 


34 
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10. Thus , (by the ſeventh and eighth ſteps) limits are diſcovered ; within which any 
number may be taken for the value of 4 the number ſought , viz. 
a5 je x: b-|-Zc: ( 10553335333, Fc. ) 
a =D dl y:b{-Gdd: ( 1255533355, Sc. ) 
As , for example, if 4=12, which is within the ſaid Limits , then aa — 60 = $4, 
alſo 54a=60, and 84=96: But 84 ( that is, 44— 60) is greater than 60, ( tha: 


is, 54, ) andleſs than 96, ( that is, 84; ) and therefore the number 12 , ( that ts, a,) 
doth manifeſtly folve the Queſtion propoſed. 


——— — — 


D VEST. II. 


To find out a number , call it 4, that ſhall be greater than 105$338333, but leſs than 
2:22-9:78 and cauſe a4 — 60 to be equal ro ſome ſquare number, | 


27555505 
RESOLUTION. 


| b — 60, 
1. Put Letters for the given numbers, as, . «. + +» » 3 f = 10x 292355 
aA = 12737333550 
2. Then , ( according to the import of the Queſtion, ) 4a — 6 muſt be equal to ſome 
uare, bur the ſide thereof muſt be ſo feigned that the value of 4 may be greater 
than f, but leſs than 4, to which purpoſe , the faid {ide may be feigned to be a —e, 
or e—4, ( which « and e do repreſent numbers unknown) and then the Square of the 
aid 4—e, or e—4 being equated to 4a— b above mentioned, gives this Equation, viz, 

aa — b = aa— 24c-| ee. 


3. Which Equation , after due ReduRiion to find out the _ Ln ee | b 


of A 3 gives © ® o . ® 19; o - ba o e - 


| 2C 
4. Bit: according to the Queſtion, . . « © . + - +> 4c f 


5. Therefore from the third and fourth ſteps, ai s ee = f af 
; E 
6. And by multiplying each part of the fifth ſtep by 2e, it phe Tp 
Pore the Fm - 3-3 | _ ee-5--b 0 2fe 


7. And by ſubtraRting b from each parcof the ſixth ſtep, 2 00-0 2fe —b 
8. And by cqual fubtraRipn of 2fe fro 


* 


m each part of the ſeventh | = 
eps . oe» . ©--_0 _ SPS. .« . © '@ Re: Cy £1 20 . ee—2fe DO GP 
9. And by adding ff, that.is, the Square of half the known Co- | 
ninth ſtep, 
3s. 0 . es. 1 nn IE e On f+ /:ff—b: 
12. Again, becauſe F—e, (as well as e — f,) may be the (ide 
13. Andby adding e to each part of the twelfth ſtep, NY 


efficient >f in the eighth ſtep , roeach part, it follows that 66—2fe e-1-ff fb 
11. Wherefore by adding f to each part of the centh ſtep, it's X 

of the Square ee— 2 fe +- ff in the firſt part of the ninth ſtep, > f—e ov: fb: 
P 

14. And by ſubtrafting y/: ff — &: from each part of the ; f—v: FIF: 
; 


10. And by extraQting the ſquare Root out of each part of the _—— 
y extrating the ſquar pa c e—f © FIT: 
evident that . , . 
ir thence follows, that , . . + * EIN 
fo eþ i ff-F: 
thirteenth ſtep, . . . 


15. Wherefore from the fourteenth ſtep, by comparing the latter 
part to the forrmer , 'tis manifeſt that ., . . . .. . 


=D f — ff 0: 
16. Again, becauſe the Queſtion requires . . . 
17. It follows from the third and fixteenth eps , that 


18. Whence by arguing in like manner as before from the fifth IMTT. 
ſtep ro the fifteenth 5»5/uſive, faving that 4 is to be uſed here © 2 45 v* W—0; 
inſtead of f there, and =D inſtead of ©, it will at length po 4 — y/: ad —b: 
RE ain »- » = vi > | 
From the eleventh, eighteenth, fifteenth, firſt and third ſteps the following Canon arilcth, 

which will find out innumerable Anſwers to the Queſtion propoſed. ox 

CANO 
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CANON, 
19. Take any number ( e ) greater than f-|-y/:Ff—6b: but leſs than 44- /:dd—T: 


( that is,. any number berween 17732, &c. and 227854, &c. ) or any number 
greater than 4 —4/:dd — b: but leſs than f=y/:Ff—b: ( that is, any number 


between 2735, Oc. and 37355, &c.) Then det ſhall be equal to ( 4) the 


number ſought. 
Examples. 


Firſt, for the number e take 22 which is within the former limits in the Canon ; 
then eb gives 127+ for the number 2 ſought by the Queſtion : For if from the 
2C 


_ 


 Fpuare-of 127%, to wit, ££#2%, you ſubtra& the given number 60, ( or b,) the Re- 


I21 3 
mainder **24+ is a Square whoſe lide is *$S ; and the ſaid 12+ ( that is, a,)'is greater 


than 10755, c. bur leſs than 12733 , &c. as the Queſtion requires, 
Again, tor the number e take 3 which is within the latter limits in the Canon ; 


then 57-0. gives 11; (the number 4, ) which will likewiſe ſolve the Queſtion propo- 
20 | 
kd: For if from the Square of 115 you ſubtra 60, there will remain a Square, to wit, 


212” whoſe (ideis £7; and the ſaid 114 ( that is, &) is greater than 1078+, &c, but 


leſs than 1 2725 , .&c. as was required, 


LD — 


DUEST. 1%. 


To find out a number , call it 4, that ſhall be greater than 2+, (Ca number given, ) 
and cauſe 24 -|- 44 + 2 to be equal to ſome ſquare number. 


RESOLUTION. 


=— 26 VP, 


| b = 43 
I, Put letters for the given numbers, as, .'7 . © 7 5 3 d = 23z 


2, Then the Queſtion requires that a4 -|- ba | f may make a ſquare number, but its 
ſide muſt be ſo feigned that the value of 4 may be greater than 4d. Now to cauſe thoſe 
effects, the ſaid ſide may be feigned to be a — e, or e— 4, (which e and @ do repreſent 
numbers yet unknown, ) and then the Square of 4—e or e—a, that is, a4 — 24 
| ee, being equaced ro aa -|- ba-|-f, gives this Equation, v:z, ; 

aa | ba} f = aa— 24e-|- ee. 

3, Which Equation , after due Reduction to find out mY a EE 
whe of «, goes Ee ES as 2e1-b 

4. And becauſe the Queſtion requires . « . . « -Þ 4 Fo d 


5, It follows from the third and fourth ſteps, that . 3 LL 4 


- 


7c] 
6. And by multiplying each part of the fifth ſtep, by 2e--b, > ee — f © 2de-+ db 
7. And by adding f to each part of the fixth ſtep, . .> ee © 2deþ db +f 
8, = by OY =__ whos: ”u:n F an eos. ONE» = 4b» f 
9. And by adding the Square of half the known Coe © 
cient 24 1n the eighth ſtep, to each part, it's «paw that ee—2de-1-dd abi-fi-dd 
Ic, And by extracting the ſquare Roor out of each part, | _ : ab Tf: 
of the ninth ep... -> oe ee Ch — T 4" oe TJ IO 
It. Wherefore by adding gd to each part of the tenth itep, "a 
it's evident. that oo Ge STS .S EG” v/: 4b-j-f-i-ad: od 
12, And conſequently by reſolving the latter part of the | 
eleventh ſtep into numbers, according to the Polutionse e © 65322, Os. 
abeirſt, ee a ST 
13. The third ſtep alſo ſhews that ee = f, and conle- by 
"quently $1 g © 6 EN f 3 '$ e 5” Vf, (17625, Ov). 
E 2 ." _— 
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Pat this latter limit for the chuſing of e is uſeleſs, for it e be greater than 65372 


as. appears by the twelfth ſtep, it is evidently greater than 1 43zs Fe. 


14. Laſtly, from theeleventh, twelfth , third and firſt ſteps the following Caxes ariſeth, 
which will find innumerable Anſwers to the Queſtion propoſed, 


CANOM 1, 


Take any number greater than 4/: 4b -|-f Ao dd: -|- d, (viz. greater than 6:322,6«,) 

wn _ ſhall be equal to the number a ſought, 

2 e-|- 

15. But if it were deſired to find a number @ that might be leſs than 25, and greater than 
nothing , and make a4 44-2 to be a ſquare number , then the fame Poſitions and 
Proceſs being made as belore , ſaving that —> is to be uſed inſtead of = from the fourth 
ſtep to the twelfth incluſive, at length there would ariſe this following 


| CANON 2. | 
Take any number ( e) greater than y/f, bur leſs than y/: db -f-+ dd: +4 : (wiz, 


_ ee — a 
any number between 14, &c. and 6-335, &c.) Then ET will give the num- 


and call the number taken e, Then 


ber « ſought. | 
An Example of the firſ® Canon. 


or the-number e take-8 which exceeds E- Cc. as the brit Canon doth dire: 


Then = = ofves 33% for the number @ ſought ; for *cis greater than 22 ( or d,) 
. 2E , 
and 445-442 makes a Square, to wit, #735 , Whoſe {ide is 775 , as was required. 
Note, That a-|# might be feigned to be the {ide of the Square mentioned in the 
ſecond ſtep, and thence limirs would be diſcovered to chuſe the number # , by. which the 
number 4 would conſequently be made known ; but 1 leave the ſearch of theſe latter 


limits as an exerciſe tor the Learner. 


QUEST. 13. 
To find out a number, call it 4; that ſhall be greater than x , bur leſs than 4, and 
make 121 454 — 9a to be a ſquare number, | 


RESOLUTION. 


7, Firſt put Conſonants to repreſent the numbers given in the Que- 


ſtion , as, . . - . * #@& " - . . . o o - . 


2. Then the Queſtion requires that ff -|- ga — has may make a ſquare number , whole 
ſide muſt be fo feigned that the value of 4 may be greater than 4, bur leſs than 4: To 
which purpoſe the faid ſide may be feigned to be f-|-ea, or f—xa; (where a, e, # 
do repreſent numbers unknown :) Firſt then ler the ſaid fide be feigned f-|-ea, 
and let its Square ff-|- 2fea { eeaa be equated to ff + ga— haa above-mentioned, 
ſo this following Equation ariſeth , viz. : 

| ff + 2fea-| eeaa = ff | ga— haa. . 

3- Which Equation , after FE yo to FU E. g—2fe 

ITS . c o'. «© « C is h -|- ee 


4+ And becauſe the Queſtion requires , . . . > 5s ©--þ 
5. It follows from the third and fourth ſteps, that 3 EY = # 


h -- ce 
6. And by multiplying each part in the fifth Rep , b 
the Denominator hal ee y* follows , that " "e g=—3fe ©- #b-+-bee 
7. And by ſubtraRing bh from each part in the ſs g —2fe—bh £= bee 


_Þ __u©nL LL vw_o_C. TT 
4 9, And 
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;. And by adding fe to each part in the ſeventh ſtep > g — bh © bee -[- 2fe 


| And by dividing every quantity in the eighth ſtep = 
by b , that bee may be freed from its Coefficient 6, 5 7 vb —_ 
it follows that R © 06-74 TIES. & 
jo. And by adding E, that is, the Square of half 
7 #f-|-6 —bbh 2 
the Coefficient 37 ro each part of the ninth ſtep, GR Cu Feb ff 


LNG - os eo RES 
11. And by extrafting the ſquare Root out of ”_ ff > bg — bbh P 
part of the renthitep,, . .. co: <6 i v . bb COP b 


1: And by ſubtrating 4 from each part of the F tf -|- bg — bbh Ff hi 
Ks bb Os 


dnanh Sep, co oo Les | 
1:. Therefore from the twelfth ſtep , by comparing? , — RY iff + bg — bbh f 

the latter part to the firſt, it's manifeſt that , 6 bb 6 
14, Again , becauſe. the Queſtion requires . . ,> 4 D d 


15, And by the third ſtep, GE IT on p: win 


16, It follows from the fourteenth and fifteenth ſteps, F g —2fe — 
SOT ESI. 29979 

17. Whence by arguing in like manner as before OY | 
from the fifth ſtep to the thirteenth incluſive, it > e oft oy: i l = 4 
will ar length appear that, , Cs 3 

18, Again, let the {de of the Square mentioned in the ſecond ſtep be feigned to be f — xa, 
and then the Square of f — #4 being equated to ff | ga — haz, ( as the Queſtion 
requires ) this following Equation ariſeth , v4. 

ff — 2fua + nnaa = ff- ga — haa. 
. Whi tion gi i ; ELLE nn £0 

19, Which Equation gives this value of 4a, viz £ 4 == ——_ 

20, But the value of a laſt mentioned muſt ( as the Queſtion requires } be greater than 6 j 
and leſs than d; and if the Proceſs be continued from the laſt preceding ſtep, to find 
out limits for # in like manner as before for e from the third ſtep to the ſeventeenth 
ncluſiye , ic will at length appear that 


* —£ A SAES=D, 


TIT ne I 


Now after any number is taken for the value of e within the limits in the thirteenth and 
ſeventeenth ſteps , the number a required by the Queſtion will be diſcovered by the third 
and firſt ſteps. Or, after any number is taken for the value of « within the limits in the 
preceding twentieth ſtep , the number 4 _ will be made known by the ninereenth 
and firſt ſteps. All which will be made maniteſt by the following Canon and Examples. 


CANON. 

by —bbh _ f 

bb ; b 

i % >. E, ( that is, any number between 15533, &c. and +335, &c.) 

and call the number raken e ; then TE ?f* ſhall be the number - ſought, Or take any 
E | 


— 6 
number leſs than £ þ 4 £3 - — bb , but greater than 4+ WII 4 bs nll 


( thatis , any number between 23.522, &c. and 5;33z, &c. ) and call the number 
taken 4; then £212 2 will 'give the number a ſought, | 
” | 
\% Examples. 


21, Take any number leſs than WD ! ths » but greater than 
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Examples, 
Suppoſe e = 1 , Which is within the firſt limits in the Canon, then 4 nh 5 of 


— 2= =4a the number ſought : For 55 1s greater than t, but leſs than 4, and if @ = =+ 


then 121. 4- 454 — gaa = +2482 , which 1s a Square, ( for its fide is £22) as the 
Queſtion requires. 
Again, ſuppoſe e= +}, ( which is likewiſe within the firſt limits, ) then = 
—j— GE 
— 25. — , the number ſought : For ££ is greater than x, but leſs than 4; andif a = 45, 


nt 38 . GC <p 
then alſo 121 -|- 454 — gaz makes a Square, tO Wit, 24224 Whoſe lide is *2, 

> - . Ca” "0 -|- 27 

Again , ſuppoſe # = 18, which is within the latter limits in the Canon, then jt 

— #2 — 4 thenumber ſought : For if 4 = 42, then 121+] 454 — 944 makes a Square, 

to wit, #4824 whoſe ſide is £3, and +2 ( ora) is greater than 1 , but leſs than 4, 


as the Queſtion requires. 


QUEST. 14. ( Queſt. 13. Lib. 2. Diophant. 


To find a number , that if it be ſubtracted firſt from 1 92 , and then from 64, each 

Remainder may be a Square. | 

RESOLUTION. 

7. For the number ſought put . . «. « « - + - +> 4 

2. Which number muſt be ſuch , that each of theſe Quanti- $ 192 —>4 = O 
ties (or Remainders) may make a Square , Viz. «© . » 64 —a = O 

3. Now to reſolve that Duplicate Equality , firſt, ( by Cann 2. 2xeſt.7. of this Book 3.) 
find out two ſuch ſquare numbers that their difference may be equal to 1258, that 1s, the 
difference of the rwo given numbers 192 and 64, or the difference between the two 
Algebraick Quantities 1 92 — 4 and 64 —4, and that the greater Square may be 
leſs than 192, ( the greater of the two numbers given in the Queſtion ;) but two ſuch 
Squares are 144 and 16. | 


4+ Then from either of theſe Equations, : - 5:23 0 thn > wh 
5. One and the ſame value of 4, that is , the number ſought + 


a. )” "RES 4” 
7. I fay 48 will ſolve the Queſtion, as will be evident by 
The Proof. 


I92— 48 = I b 
4 Wh+: = -*þ c which are Squares , as was required, 
The premiſles give this following 


CANON. 


8, Firſt, (by the ſecond Canon of the ſeventh Queſtion of this third Book , ) find out 
ewo ſquare numbers in the ſame difference with the numbers given , and that the greater 
Square may be leſs than the greater number given ; whence conſequently , ( as will 
appear by the following Theorems, ) the lefler Square ſhall be leſs than the lefſer number 
given : Then from the greater number given ſubtraR the greater Square, or from the 
leſſer number ſubtract the lefler Square, ſo ſhall either of thoſe Remainders ( for they 
are equal to one another ) be the number ſought. | | 


But the certainty of this Canon , and conſequently of the Reſolution of the Duplicate 

Equality in the Queſtion , will be evident by this following 

THEORE AM. 

9. If two Square numbers have the ſame difference as two other numbers, and that the 
greater number exceeds the greater Square , then the leſſer number ſhall exceed the 
lefler Square , and the exceſs of the greater number above the greater Square (hall be 
equal to the exceſs of the leflſer number above the leſſer Square. To make this manitelt, 

| let ddand gy repreſent two ſquare numbers, whereof a is the greater , alſo b the greate”, 
and 6 the leſſer of rwo other numbers ; Then, (according to the import of the Theorem) 

19, Sf” 


—_— — —__—_—_—_—_ 
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only” - 2 . +0, + LO OO b—c = dd-gg 0 


11, And . . . A = " HY 1 . . . 0-6 6 . > . 4 QT ad 
12. Then by adding & to each part of the Equation in the N | 
ward hep, ik Rhee that ' | = of re 6 > = 6+ dd—gg 
13. Therefore by ſubrrafting 44 from each part of the laſt 
Equation , ( which ſubtraQion appears to be poſſible by the " " ON = 


eleventh and tenth ſteps, ) that which the Theorem affirms 

T” MERIT. gp inn ne 
14. And conſequently either of thoſe two cqual Exceſſes or Remainders which make the 
5 laſt Equation, hall be a number that will ſolve the Queſtion propoſed - for it is 

| manifeſt, that if the firſt Exceſs b — 4d be ſubtrated from 4, and the latter Exceſs 
c—gg trom c, the Remainders will be $quares , to wir, dd and pg. 


To ſolve the foregoing 14" Queſtion after another manner, viz. 


To find a number, that if it be ſabtra&ted firſt from 9, and then from 21, each 
Remainder may be a Square, | 


BD m—o— 


RESOLUTION. 


1. It is evident, that if 9 — aa be ſubtraQted from 9, there will 
remain a Square, to wit, 4, therefore for the number ſought put 
2, And then if 9 — aa be ſubtrated from 21 , the Remainder muſt 7 Se +132 = 


likewiſe make a Square, therefore TE | 
, It remains to equate 44+|-12 to ſome Square , whoſe ſide mult be ſo feigned that 


the value of 4: may be leſs than 3 , (for by the firſt ſtep a4—— 9, and conſequently 
423 ;) But to cauſe that effeR, the ſaid [ide may be feigned to be either a -|- any 


abſolute number berween 15353, &c. and 37383, &c. or elſe —a+ any abſolute 

number between 374$+, &c. and 75553, &c..( which limits are found out by the 

ninth Queſtion of this third Book ,) let therefore the ſaid ſide be feigned «+ 2, and 

then by equating the Square of 4-|-2 to aa -|- 12 before-mentioncd in the ſecond ſtep, 

this Equation ariſeth', viz; = 8 wr Ta $7! 7th 

| 2 aa | 4a-|- 4 = ann 12. | 

4 Which Equation gives « 0 . ” * 0® . ©® 66-4 > . t a —_ 2. 

Therefore from the fourth and firſt ſteps the number ſought is 5 ; for if it be ſubtraRed 
from 9g and 2 1 ſeverally , it leayes the Squares 4 and 16. 

From this latter Reſolution of 2#eſf. 1 4. ( reſpe& being had to the foregoing ninth 
Queſtion , ) a Canon may be deduced to find out innumerable Anſwers to the ſaid four- 


tenth Queſtion ; but 1 leave it to the Learners exerciſe, 


— 44 


Lo I 
"RY _—— —_— 
, 


LUEST. 15. (Quzlt. 14. Lib. 2, Diophant. ) 
To find a number , from which if 27 and 15 ( two numbers given) be feverally ſub- 
| trated, each Remainder may be a Square. TE! rate 
RESOLUTION 1. 


I, Forthe number ſought put . . f, .'. » - 3 » y IP 

2. Which number muſt be ſuch that: each of theſe Quantities or $ A—— 27 a 
Remainders may make a Square, viz. . « « . » + oC; S— IF 0 

3. Now to reſolve that Duplicate Equality , find out ( by Cawon 2. of the preceding 
Lueſt. 5.) two ſquare numbers whoſe differetce may be 12 , that is, the difference 
of the two given numbers 27 and 15 ; but here is no need of limiting cither of the ſaid 
. Squares : Suppoſe then the ſaid Squares are found 16 and 4 , 


Il 


4+ Then from cither of theſe Equations, . . . +» +» +» 3 gas rn hy 
5» The number @ ſought will be diſcovered , viz. . « +» +» +> + + + 4 = 31 | 


I fay 31 will ſolve the Queſtion ; for if from 31 you ſabtra& 37 and 15 ſeverally , the 
emainders are Squares, tOwit, 4 and 16. 
From th iſſes th iſeth this followin | 
m the premiſces there ariſeth this g "41NOMN 
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CANON, 


6. Firſt , { by the preceding fifth Queſtion , ) find rwo ſquare numbers that ſhall haye 
the ſame difference as the two numbers given ; then add rhe leſſer Square to the greater 
number , or the greater Square to- the leſſer number ; ſo ſhall either of thoſe ſumms 
( for they are equal to one another ) be the number ſought, 

The truth of which Canon, and conſequently of the Reſolution of the Duplicate Equz- 
lity in the Queſtion, will be evident by the following | 


THEORE M. 


5, If two ſquare numbers , ſuppoſe 44 the greater and gy the leſſer , have the ſame dif- 
ference as two other numbers, ſuppoſe & the greater and & the lefler; then the ſumm 
of the leſſer Square. and the greater number ſhall be equal to the ſumm of the greater 
Square and the leſſer number : For, 
By ſuppolition, + ,».0 0 00 »..- » ob #—e = d—ge 
And by adding gg to each part, , . . . . . « «> 6—Cc-þ+gg = dd 
Wherefore by adding c to each part of the Jaſt Equation, bl _ 

that which the Theorem affirms is manifeſt , zz. AO C 1-28 = 6 a 

$, And conſequently either of thoſe two equa] ſumms in the Jaſt Equation ſhall be z 
number to ſolve the Queſtion propoſed : For it is evident , that if 6 be ſubtracted from 
the firſt fumm 4 gg, and c from the latrer ſumm c- dd, the Remainders arc 


Squares, to wit, gg and da. 


To ſolve the foregoing Quelt. 15. after another manner , viz. 
To find a number, from which if 27 and 15 be ſeverally ſubtraſed, each Remainder 


may be a Square, | | 
HOW | RESOLUTTON 2. 

1;. It is evident that if 27 be ſubtrafted from aa 27, the Re- 
mainder will be a Square , to wit, a4; therefore for the number > aa 5 27 
EE be» . - - 0 & «© af 4 ©-:x 8 

2. But then 15 being ſubtraed from the ſaid aa + 27 , the = 
Remainder muſt likewiſe be equal to a Square, therefore c _ I» nh 

3+, It remains to equate 44-12 to ſome Square, whoſe fide may be feigned either a4 
any abſolute number'leſs than 4/r 2, or 3738, &c.' or elſe — a-1-: any abfolute num- 

\. ber greater than:the ſaid 355383, &'c, (which limits are. found out in like manner as in the 
foregoing .2xef,.9.,) . Let therefore the ſaid (ide be feigned a -{- 3 , and then by equz- 
ting the Square of 4-|- 3, that is, aa-|- 64-9 to aa+ 12, the value of 4 will 
thence be found £, and conſequently the number ſought , { which in the firſt ſtep was 
put a4a<- 27) ſhall be 275, which will ſolve the Queſtion: For if from 27% the 
given numbers 27'and 15 be ſeverally ſubtraQed , the Remainders will be Squares, 
to. wit, 5 and 2... | 


But if this ſecond manner of reſolving Lueſs. 1 5. be formed by Literal Alrebra , (like 
to the third manner of reſolving the preceding 2ueft, 8. ) there will ariſe this 


CANONMN. 


Take any number greater than the ſuram, or leſs than the difference of the ſquare Roots 
of thetwo numbers given ; then divide the difference between the Square of the number 
taken-and the difference'of the given numbers by the double of the number taken ; laſtly, 
to the Square of that Quotient add the greater of the numbers given, ſo ſhall the famn 
be the number ſought. | 


— 
_— 


A third way of ſolving the preceding Queſt. 15, : 


Let the Poſitions in the firſt and ſecond ſteps of the preceding Reſe/ur. 2. be reſumed; 
then lince aa-þ 12 muſt be equal to a Square, tis evident that 12 is the difference between 
that Square and 4a; therefore by the preceding fifth Queſtion find rwo Squares whoſe 
difference may be 12 ; fuch are 16 and 4, the leffer of which ſhall be the value of 4«; 
therefore a4-}- 27 which was put for the number ſought will be found 31, as before 
in the firſt Refolution of this Queſtion. : 


. QUEST. 16. 
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LYLUEST. 16. 


To find a number, that if 12 beadded to it, and 8 ſubtrafted from the ſame ; as well 
the Sur as the Remainder may be a Square. | ” Tl 
RESOLUTION. 

| 1; For the number ſoupht put 5 0 . 37 3 0 3 a> s | 

I ., Then each of theſe Quantities muſt make a Square , v:z. 3 _ , ” -— 

;, Now to reſolve that Duplicate Equality , firſt, ſubtra> 4—8 from a+ 12, and 
the Remainder is 20; this is equal as well to the ſumm of the given numbers as to the 
difference of the two Squares ſought : Then ( by the ſecond Canes of the fifth Queſtion 
of this third Book ) find two Squares whoſe difference ſhall be 20, ſachare 36 and 16. 

n 0 9 3 4 p12 = 36 


4 Then from either of theſe Equations , 3 7 4 » 4— 8 = 16 


5. The number a ſought will be made known, viz. 5 « >, . 4 = 24 


Which number found out, to wit, 24, will ſolve the Queſtion for if it be increaſed 
with 12, and leflened by 8, the Summ and Remainder are Squares, to wit, 36 and 16. 
' The ſubſtance of the Reſolution is contain'd in this following 


CANON. 


6, Firſt, Cby the ſecond C402 of the fifth 2xeſtion aforegoing ) find out two ſquare 
numbers whoſe difference ſhall be equal to the furnm of che two numbers given , then 
ſubrra& the number given to be added ( whether it be the greater or the leſſer of thoſe 
given ) from the greater Square , or add the number given to be ſubtracted to the lefler 
Square ; ſo as well the Remainder as the Summ ( for they are equal to one another ) 
ſhall be the number ſought. | 
The certainty of this Canon., and conſequently of the Reſolution of the Duplicate Equa- 

iy in the Queſtion , will be evident by this following ; 


THEOREM. 


7. If there be two ſquare numbers, ſappoſe dd the greater , and gg the leſſer , whoſe 
difference is equal to the ſumm of two other numbers, þ and c; then the exceſs of the 
greater Square above either of the two numbers , ſhall be equal ro the ſuram of the lefler 
Square and the other number. : 

8. For, by ſuppolition . . ;. . 3 5 5 + 3. 3 % » ob dd—gg = be 

9. Whence by adding gy to each part, it follows that . . .> dd = gg-þb-+c 

16, Therefore by ſubtraRing & from each part of the laſt _— d—b:= 
Gon, this riſer, vie. SREEII FH, — 88 

11, Likewiſe, by ſubtraRting c from each part of the Equation 1n OY +” 
the ninth ſtep, there i Se ces 'c ad—c = gg-16 

| Wherefore from the two laſt Equations , the truth of the Theorem, and conſequently 

of the Canon is manifeſt, 


—}__ 


DUEST. 17. 


To find a number, that if it be added to, and ſubtrafted from a given ſquare number, 
ſuppoſe 4, the Summ and Remainder may be Squares. | 


RESOLUTION. 


7, For the number ſought put . . t þ . 5 » + 5 oP # 

2. Which number muſt be ſuch , that if it be added to and ſub- 4a-Þa=qn ' 
trated from 4, as well the Suram as the Remainder may make 4-666 

- Coq, vic oo ee uu es es ee ; 

3. To reſolve that Duplicate Equality , firſt, ( after the manner of Example 3. Canon 1. 
Reſolut. 2. 2 eſt. 2. of this Book,, ) divide 8 the double of the given Square 4 into 
wo unequal Squares , *25 and 754 - 4. Then 


EC x 
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4, Then from cither of theſe Equations, © , . : . : 3 . > in = as 
5. The number ſought will be diſcovered, viz. .  . 5 >. 0 4 = a 


25 
Which number 24 will ſolve the Queſtion propoſed ; for if it be added to, and ſub- 
trated from 4, the Summ and Remairider are Squares, to Wit, +25 and. ;+ , whoſe ſides 
are ** and #, By the like Operation ( the ſubſtance whereof 1s contained in the fol- 
lowing Canon ,) you may find out innumerable Anſwers to this 17" Queſtion, : 


CANON, 


6. Divide the double of the given Square into two unequal Squares, ( by the preceding 
aeſt. 2.) then from the greater of the two Squares found out ſubtract the given Square, 
nth this ſubtra&t the lefſer of thoſe two, ſo ſhall either of the Remainders , ( for 


they are equal to one another ) be the number ſought, 


But the certainty of this Canon , and conſequently of the Reſolution of the Duplicate 
Equality in this 17” Queſtion , will be evident by the following | 


$. For by ſuppolition . . . « + « » « + + +» «> ch dd = bb-|-bh 
9. Alſo by ſuppoſition 5 . . . . « « . + + » - & e* 


T. 
SE > LL > v9 o'n *s os »»  e@2 +. +». 0&6 
od» - MM WO 


mn _ ' Fr [Trr___. 
I2, And by ſubtra&tion of bb from each part of the Equation - 
 O( __ _X—LF RE EE cC = dd — bh = bi 
13. Wherefore by ſubtrating dd from each part of the laſt 
Equation, (which ſubtra&ion the 1 0® and 1 1® ſteps do ſhew top> co — bb = bb — df 
be poſlible,) that which the Theorem aſſerts is manifeſt , 25z. | 
14. And conſequently either of the Excefſes ( or Remainders ) which make the laſt pre? 
ceding Equation ſhall be the number a ſought : For if the firſt Exceſs co — bb be added - 
to bb, and the latter Exceſs 6b — dd ſubtrated from 4b, the Summ and Remainder are 


Squares, to Wit, cc and 4d. 


DUEST. 18. 


' To find a number, that if a given Square 9 be added to that number, and from another 
given Square '4 the ſame number ſought be ſubtrated , the Summ and Remainder may 
be Squares. | 


RESOLUTION. 
7, For the number ſcupht-put . . + 5. .> 4 
2. Then the Queſtion requires that . . 5 . þ : 7 3 4 —_ __ - 


3- Torefolve that Duplicate Equality , firſt ( by the preceding 2uef. 4.) divide 13 the 
ſumm of the given Squares 9 and 4 into two ſuch other Squares that one of theſe found 
may exceed 9 the Square given to be added; but two ſuch Squares are ++ and 7þ 
whoſe ſumm is 13, and the greater of them exceeds 9. 


4. Then from either of theſe Equations . . . . 5 ,2 ? T4 = "5 
P _ i = 743 
5. The number ( 4) ſought is diſcovered, viz. 5 5} . .> n - 4 = 32 | 


Which number found out, to wit, 22, will ſolve the Queſtion , for if ir be added to 9, 
and ſubtraed from 4 , the Sumim and Remainder are Squares, to wir, £24 and ++ , whoſe 
Lides are *£ and 5. By the like Operation ( the ſubſtance whereof is expreſt in the fol- 
Cy Het) you may find ont innumerable Anſwers to this 1 8®* Queſtion, becavſe 
(by £ #e{?. 4. of this Book, ) the furnim of rwo Squares may be divided into as many 
pairs of Squares as you pleaſe, fach, that one of each pair ſhall conſiſt within given 


limits, 
CANON. 


Queſt. 9, - 5 Diophantus's Algebra explain'd. | 
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no — — -— — —_ FT - 


CAN ON . | | OY 

, Firſt , (by 2uef?. 4. of this. Bock, ) divide the furam of. the two Squares given into 

F two ſuch Squares , that the greater of theſe found out may exceed the nt, are to 
he added ; then from the greater of the two Squares found out ſuhtrad the Square given 
co be added ; or, from the other Square given ſubtract the other Square found out : fo 
ſhall either of rhe Remainders (for they are equal to one another) be the number ſought, 
The certainty of this Canon, and conſequently of the Reſolution of the Duplicate Equa- 

xy in the Queltion propoſed will be manifeſt by this followiog | 

THEORE MM. | 

8, If the ſur of two ſquare numbers, ſuppoſe 4 the greater, and cc the leffer, be found 
equal ro the fumm ot two other unequal Squares; ad and ff, and that the greater of 
of the two former exceeds either of the two latter, then the other of the two latter 
ſhall exceed the leſſer of the two former, and one excels {hall be equal ta the other. For, 

g. By ſuppolition . IIS - To ES: «7 bb -|- ce == ad | 

0, By fuppolitien allo co a ot » » oo « 0 6: ot» 6 WH ff 

Il, TT & "wit @-- y . © LE Sa a: 16. ol >a f/f 

12. And by ſubtraQting dd from each part of the Equation in? - | 
the ninth ſtep , this ariſeth, viz. «© .  . «. . AY bbh-o —ad = ff 

13. Wherefore by ſubtrating ce from each part of the laſt } | 
Equation, ( which ſubtraction the genth and eleventh ſteps dof - 1 —a j 
hew to be poliible ) that which the Theorem affrms is ma-4 —aa = ff—c 
nifelt , WS» . "EE IE oe. IRE OE. 2 oo. RE 's 5 ET, ; 

14 And conſequently the truth. of the Canon and Reſolution of the Duplicate Equality 
in this 1 5 Queſtion 1s evident, 


LUEST. 19. - | £ 
To find a ſquare number , that if it be increaſed or leſſened by its fide , may make 
a Square. | "1 CDs ny ; 


RESOLUTION: 


1. For the (ide of the Square fought put | « 
2, Therefore the Square it ſelfis , » i «» 


1 > 4 
5 or 44 
: F OS: : aa | 4 cw 


4. Which Duplicate Equality differs but little from that in the foregoing ſeventeenth 
Queſtion, and may be refolved thus : Firſt, (after the manner of Zxample 3. Canon 1. 
Reſolut. 2. Queſt. 2. of this Book, divide 2 , which is compos'd of two Squares , 
I and x, ſupposd to be prefixt to az and as In the Duplicate Equality in the third ſtep, 


»vx MF” &2 


on WwWz-S 


fo two unequal Squares, £3 and 57; then multiply each of theſe by az, and equate - 


the greater Product £344 to 44-4 , or the leſſer Produt 5544 to 44 —a , fo 
from either of thoſe Equations one and the ſaine value of 4 will be difcovered , vs. 
4 = 24, which is the ſide of the Square fought'; for if 3+ be added to and ſubtracted 
from its Square $35 , the Summ and Remainder are Squares , to wit , £254 and +25 / 
whoſe ſides are +& and 34. Ir is alſo caſle to be perceived that this Queſtion is ca- 
pable of innumerable Anſwers, Cs 


—Cvv_ —— VY ”* = ITT Y a” - __ Aw VI: TY 7% YT ” \ 2.4. nt 


QUEST. 20. 


To find two numbers in a given Reaſon, ſuppoſe the greater to the leſſer as 2 to 7 ; 
and tha the Square of the ſumm of the two numbers being added to cach of them may 
make {quate numbers. 


—_ 


RESOLUTION. 


1, For the lefſer number ſought put . 7: 4. þ « © ©» op 4 
2. Then the greater , tO the end it may be. to the lefler as 2 to bY a 
Mak . . cc La AS | 

3. Therefore the ſumm of the twg numbers ſought is 45 « > 34 


4, Ard the Square of their ſumm is « « { » * x 3 o> gas = 
F 2 5. Ta 


£1 ® . 
is 


- __—rennmmin —_— ——_— — 
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5. To which Square if the two numbers 24 and 2 be xSht Gaa\--28 
added, each ſumm muſt be a Square, therefore . .'. « of gacrb « 


6. Which Duplicate Equality , ( according to Diophantus's Method , before explain'd and 
demonſtrated in the Obſervations upon the firſt manner of ſolving the eighth Queſtion 
of this Book , ) may be reſolved thus ; viz. Firſt , ſubtrat gaz 4-2 from gaa-|- 24, 
and the Remainder 4 is the difference of the two Squares that are tv be equated to thoſe 
Algebraick Quantities ; then find two Squares whoſe difference may be equal to the 
ſaid difference 4, but with this Caution, that in each of thoſe Squares there may be 
found 9aa, to the end thar when the greater Square is equated to 9aa-+|-24 , or the 
leſſer to 94a -|- 4, the faid gas, after due ReduQtion , may vaniſh , and an Equation 
remain between ſome number of 2 and ſome known Rational number, whence the valye 
of a will be expreſible by ſome known number either Affirmative or Negative. Now 
to find out two ſuch Squares, Jet two numbers be taken, ſuch, that (according to Caxor 2. 
Gaſt. 5. of this Book ,) the Product of their Multiplication may make 4, and thar 
the half of their ſumm may conſiſt of 3a | ſome abſolute number, and the half of 
their difkerence of 34 — ſome abſolute number-, ( tor then it will follow that as well 
in the Square of the ſaid half ſumm , as in the Square of the ſaid half ditference there 
will be found g4a;) whence we may inferr, that the ſurm of the ſaid rwo numbers 
muſt conſiſt of 4+|-- ſome abſojute number , and their difference of 64 — ſome ah- 
ſolute number ; to which purpoſe, divide 1 by 6, ( 1 becauſe the difference is 14, anif 

\ 6 becauſe it is the double of the ſquare Root of 9 which is pretixt to aa, ) ſo the 
Quorient is £ , and conſequently 64 multiplied by & makes 4; whence ”tis evident 
that the only two numbers fit for the purpoſe aforeſaid are 64 and 4 , whoſe half ſumm 
is 34+ 5, and half difference 34 — 5* ; (of — 3a +7+,) therefore the Squares 
of the ſaid half ſumm and half difference are 944-|- $4 -|- 7554 and gaa— 24-755, 
now let thegreater of thoſe Squares be equated to 9aa | 24, and the lefler to 9aa +a; 
ſo theſe rwo following Equations will ariſe , 

gaa-|-24 = gan ia rt, 

gaa | 4 = Jaa— jar. = 

7. Then from either of thoſe Equations, after due ReduRion, the value of 4 will be found 
to be 574 , and conſequently , (from the firſt and ſecond ſteps,) the numbers ſought 
are 57% and 577, which will ſolve the Queſtion propoſed : For firſt , the greater 
hath ſuch proportion © the leſſer as 2 to 1, and if the Square of the ſumm of 53: 

and x75 be added to them ſeverally, the twe ſumms will be Squares , to wit 55+: 

and 553%, Whoſe fides are 52 and 34, - 


[I 
Qo 


Vis 


8. In like manner, to reſolve this Duplicate Equality , v:z, 
ada —z = 0 n 
9 =O Tb =! | 
Firſt , I find the difference of, thoſe two Algebraick Quantities to be 44; then I ſearch 
out two Quantities that being mutually multiplied may make 44, and that as well in 
half their ſurm as 1n half their difference there may be found 2a, ( that is, the ſquare 
Root of 44a; ) ſo by working as before is direted , I find-44 and 1 to be the only 
two Quantities agreeing with thoſe conditions : Then the Square of half the ſumm 
of 4a and 1 , viz. the Square of 24 + being equated to 444 3a — 1 will give 
a — 57; or, the Square of half the difference of 44 and 1, viz. the Square of 24 —; 
being equared to 444 —4— 1, gives 4=+, as before. 


_—_— 


LUEST. te 


To find two numbers in a given Reaſon , ſuppoſe the greater to the leſs as 3 to 2, and 
that the ſamm of the numbers being added to each of their Squares , may make Squares. 


RESOLUTION. 


RR RE rt .c . oc oof oo 2 > 268 
2. Then the greater (to the end that both uumbers may be in the 
nned,.) full be '. . co co > 5 « '$ i 
EEE - ec «a ood» » » of $0 | 
| t OILS 20k 4. Which 
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4. Which ſumm added to the Square of each of the ſaid rwo | 
numbers 24 and 3a, mult ( as the Queſtion requires ) make a J 
Square, therelfe a ee » + 6+ + >> m_ 

5, Now in order to reſolve that Duplicate equality , it muſt firſt he reduced to another, 
wherein there may be equal ſquare numbers prefixt to az, Which may be done thus ; 
Divide 9 the greater of the two Squares that are prefixt to az by the leſſer 4, and then 
by the Quotient 5 multiply that Algebraick Quantity where the ſaid Diviſor .4 is pre- 
fixt to a4, VIZ. 4445 54 by 7, and it produceth gaa-|- <a to be equated to 
a Scuare ; ſo now inſtead of the Duplicate equality in the fourth Rep, this ariſeth, 

gaa--| *:2 = 0 

| gaa | 5a = 0 

6, In which Duplicate equality Jaſt above expreſt, there are equal Squares, to wit, 9 and 9 
refixt to 44, and therefore it may be reſolved afrer the manner before ſhewn in the 
, 20® Queſtion , ' and when the value of 2 is diſcovered in this latter duplicate equa- 
lity , it will neceſſarily conſticute the former duplicate equality in the fourth ſtep; for 
as a Square multiplied by a Square produceth a Square, ſo converſly, a Square divided 
by a Square gives the Quotient a Square. In order then to reſolve the ſaid duplicate 

' equality in the fifth ſtep , ſubtrat gaa + 54 from 9aa | Za, and the Remainder is 

- 234, this muſt be eſteem'd the Product made by the mutual multiplication of two quan- 
/tities to be taken with ſuch Caution, rhat as well in half their ſumm as in half their dif. 
ference there may be found 3a, (becauſe the ſquare Root of 94 in each of the two 
quantities ro be equated to a Square is 34;) ſo by conlidering well that Caution, and 
what hath been ſaid to the like purpoſe in the {ixth ſtep of the Reſolution of the fore- 
going 20" Queſtion, you will find that 64 and 4+ are the only two numbers , that 
being mutually raultiplied make #54, and have 34 as well in half their ſurm as in half 
their difference : Therefore let the Square of half the ſumm of the ſaid 62 and 25, 

' 2iz, the Square 9aa-- 7 2a + 5$3+ be equated to 9aa+-|-*:a,; or, let the Square 
of half the difference of the ſaid 64 and 3+, viz. the Square gas — 354+ 3$3+ ,'be 
equated to 944 -{- 54 ; fo from either of thoſe Equations, one and the ſame value of 2 
will be diſcovered , iz. 4 = 54, and conſequently 24 and .34, Which in the firſt and 
ſecond ſteps were put for the numbers ſought, will be diſcovered to be 545% and 5:58, 
which will ſolve the Queſtion: For , firſt, the greater is in proportion to the lefler as 


44a 54 
oaa -|- 54 


VIRs 


310 2; and if their ſumm be added to their Squares ſeverally, the two ſumms made . 


by ſuch addition will be Squares , to wit, $$225#+ and 7535£3+ , whoſe lides are 
7373 and 7758- | | 
7. Bur the Duplicate equality in the fourth ſtep may be reduced to another wherein there 
ſhall be equal ſquare numbers prefixr to as by this following Operation, . which differs 
from that in the lixth ſtep , viz. becauſe 9 times 4 makes the ſame ProduCt as 4 times 9, 
and becauſe a Square multiplied by a Square produceth a Square, let 444 - 54 ( in 
the fourth ſtep ) be multiplied by 9, and 94a+|- 54 by 4; ſo there will neceſlarily be 
found 944 in each Produ& , and this following duplicate equality comes now to be re- 
ſolved inſtead of that in the fourth ſtep, 
36aa -|- 454 = 0 
| 36aa -|- 204 = 0 __ Sek | 
8. Laſtly , this Duplicate equality having equal ſquare numbers prefixt to 44 , may be 
- reſolved like that in the preceding fifth ſtep , and at lengrh the value of 4 will be found 
552+, as before, 


DS 


VIR&, 


— 


GUEST. 22. 


To find two ſuch ſquare numbers, thar if to the Produ&t of their multiplication a giver 
number (4) be added , the ſumm may be a Square. | 


RESOLUTION. 


I. For one of the Squares ſought take any known ſquare number which 7 3b 
be repreſented by . 4 pea. x 1 0.0, £4 RES 

: And for the other Square ſought put . . . « + + + » oP Ad 

« Then the Produ& of their multiplication 18 þ - » «> bbaa 


» To which Produ@ the given number d being added , 'the ſumm 1s Þ ay 
A Jo 


þD UW 0D 


0 
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5. Which ſumm muſt be equal to a Square , the lide whereof may be feigned to be bg — 
any known number greater than y/a, ſuppoſe ba — Cc, then the Square of þ4— c, 
that is, bhaa — 2664 + cc being equated ro bbaa -\- d, this Equation ariſeth, viz, 

| bbaa |-d = bbaa — 2bia -;-cc. | 


5. Whebee,, after dne Reduftion, © . © + & ©» ©. + + o#Z 8 = qe 


From the premiſles ariſcth this following 
CANO N. 


For one of the Squares ſought take any ſquare number ; then from any ſquare num- 
ber ſubtra& the given number, and divide the Remainder by the double of the Product made 
by the multiplication of the lides of thoſe two Squares ; ſo the Quotient ſhall be the (ide 


of the other Square ſought. 
bY , An E xamp'e in Numbers. 


Le banker gre be . © © « © eo + + , +» +6Þ £2 
For one of the Squares fought take any ſquare number, as . . .> 4 
Take alſo ſome other ſquare number greater than, 12, (or d,) as> 36 


Then ( by the Canon ) the fide of the other Square fought ſhall be > 7 £—4 
20C 
I fay, 4 and 1 are two Squares, which will ſolve the Queſtion when the number given 
is 123 forif to 4, the ProduCt of 4 and 1 , you add 12 , the fſumm makes a Square, to 
wit, 16, By the like Operation you may find out innumerable Anſwers to the Queſtion with. 
out varying the given number ; and *ris ealle alſo to. find owt other Canons to ſolve the ſame, 


(1 i 


__4 GO n_—_— 


QUEST. 23. ( Qualſt. 15. Lib. 2. Diophant.) 


To divide a given number (6) into two parts , and to find a ſquare-number , which if 
it be increaſed with each of thoſe parts , may make a Squate,. is 


RESOZUTION. 


I, Take two ſuch numbers, that the ſumm of their Squares? ©, 14 
may be leſs than the given number 64 ſuppoſe.theſe, . : (at 
2. Then for the fide of the Square ſought put. .  . .> a 
LON WRIT - . - -- 0 ©; © » e ®. 00 
4+ To the lide a add ſeverally c and d, and aſſume the ſumms 
to be the (ides of two Squares , ſo the firſt fide will be £ #0 


TE Rr He co oo oe oo 0s - oo» arf-d 
6. The Square of #-|-c ( in the fourthſtepYis , , þ .> aan 2ca+-c{f 
7- The Square of a-þ-4 ( inthe fitth flep)is . . . .> aa-þ-2da- ad 
8. Then tor one of the delired: parts of ( b ) put 2ca + cc, 
( for it's evident, that it the Square a4 in the third ſtep be( 
increaſed with 2za-|-cc, it makes the Square. aa | 2ca 24 -j- CC 
EIS oo +0 eo+#@ >> 
9. And for the other part of þ put 24dz + dd, for this added dhedo di 


[0 44 makes a __ ro wit, that in the ſeventh ſtep .. . | 
10, But the ſumm of the parts in the eighth and-ninth ſte 
mult be equal co þ, therefore . , - + A» » Pe 264-1-004=2 d6-|-dd =0& 
17, Which Equation, after due ReduRion, gives , . .> 4 = — 
26-2 
The premifſes well examined, afford this following 
| CANON. 


12. Taketwo numbers, with this Caution , that the ſumm of their Squares may be leſs than 
the number given to be divided ; then ſubtra& the. ſumm of thoſe Squares from the give 
number, and divide the Remainder by the double ſyram of the numbers taken, ſo the Quo- 
cient (hall be the ſide of the Square ſought ; then multiply the double of the ſaid ſide 
ſcverally. by the numbers firſt raken , and to the ProduQs add ſeverally the reſpeRive 


Squares of the numbers raken ;' ſo the ſumms made by thoſe additions ſhall be the deſired 
parts of the number given, | 
As 


__——. ik 
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An Example un Numbers. 


Let the number given to be divided be 5 . Þ . 3 5 33z=6b 
Let two numbers be taken, ſuch, that the ſumm of their Squares 2 = c 
may be Jeſs mo 3, = co ESE Ss '3 3 = 4 | 
Then ( by the Canon ) the fide of the Square ſought, (which? , __ b6—ce— dd 
I (ie is repreſented by 4 in the Reſolution, ) ſhall be , 'd — 26+ 24 


Alſo, one of the deſired parts of 33's . , «. 5&5 « > 12 = 26a cc 
And the other is . « +. « « + « ©» +» 5 + + o@ 21 = 2dabdd 
The Prof. 

4 = aa the Square ſought ; 


I2 21 33 the number given, 
4-12 = 16 "TM G - WONT" 
4-5-4625 2g which are Squares ; as was required, 


QUEST. 24. 


Tofind two ſuch numbers , that their ſumm may make a Square : Alſo, that each numZ 
her being added to the Square of the other number, may make a Square. | 


RESOLUTION. 


1. For the ſomm of the two numbers ſought aſſume ſome Square, as > ee 

2, And for the firſt of the two deſired numbers put . . . . .? 4 

4 Therefore the other ſhall be . , . . «. 3. » © . oP cams 

4, Which added to the Square of the firſt number 4, makes the ſumm Þ aa — ae 

5, Which ſumm Jaſt expreſt , the Queſtion requires to be a Square, and ſuch it will beg 
it we ſuppoſe e—+ , for then the ſaid a2 — a-|- ee ( in; the fourth ſtep) will be equal 
to a4 —4-|- +, which is the Square of 4— 5, or 5 —& « Now therefore let the 
Reſolution be renewed thus , ; be 


6; For the ſurmmm of the two numbers ſought , ( inſtead of ee ) put > = 

7. And for the firſt number put ( as beforeY . . « « . « +> 4 

$. Therefore the other ſhall be .. » » » « » +: > 3 «a Sous 

$9 Which latter number added to the Square of the firſt,makes the ſumm > aa — a+ + 


t» [> 


But the ſumma laſt expreſt is manifeſtly a Square, whoſe ſide is 4—+, or 4 — 4, there- 
fore two of the conditions in the Queſtion are ſatisfied. 

10. Apain , if to the Square of the ſecond number 4 — 4, viz. to aa — $a+|- +5, the 
firſt number a be added , the ſumm is a4 -{- #4 5+, which the Queſtion likewiſe 

| requires to be a Square, and fo it is, for 'tis the Square of 4 -j-+ ; bur if the laſt 
mentioned ſumm had not happened to have been a Square , then a Square might have 
been feigned equal to it, according to the method in divers preceding Queſtions of 
this Book 3. 

The premiſſes diſcover this following 
THEORE If. 

11, If the FraQtion £ be divided into any two parts , each part increaſed with the Square 
of the other part (hall make a Square, | 

By the help therefore of this Theorem , innumerable Anſwers to the Queſtion propoſed 


may be found our. 
An Example. 


Let two Fractions be taken whoſe ſurmm makes +, as 5 and 53; I fay theſe will ſolve 
the Queſtion : For firſt, their ſumm is a Square ; ſecondly , the firſt Fraction 2 increaſed 
with 75t, ( the Square of the latter FraQion 7% ) makes the Square 785 ; likewiſe 
the latter FraRion + increaſed with 5+, the Square of the firſt Fraction 5 ) makes 
a Square, toWit, +. | ; K 

Moreover, by the help of the ſaid Theorem, this following Queſtion may be ſolved, vz. 
12. To find two numbers in a given Reaſon , ſuppoſe the greater to the lefler as 3402; 


and that each number being added to the Square of the other gumber, may make a Square., 


Divide the Fraction + into two ſuch parts, that the greater may be to the lefler 
a 3to 2, ſo you will find + and 7: , which will ſolve the Queſtion : For __— 
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by ConſtruQion they are in the Reaſon preſcribed ; ſecondly , 3+ with 35 ( the Square 
of -= ) makes the Square 57; and laſtly , 75 with 533 (the Square of 53 ) makes the 
Square 553- 

13. Another manner of ſolving the Queſtion laſt propoſed may be this , /1z. 


For the two numbers ſought in the given Reaſon of 3to2, put > 3a and 24 
Then, fince the Queſtion requires , that each number being 


added to the Square of the other number may make a Square, 94a | 24 _ Q 


4aa 5-34 o 


if to the Square of the firſt you add the ſecond number , it makes the Square p32452542, 


D— DO — 


QUEST. 25. ( Quit. 29. Lib. 2, Diophant.) 


To find two ſuch ſquare numbers, that each being increaſed with the ProduR of their 
multiplication may make a Square. Ai 


RESOLUTION: 
1. Firſt, ( by the preceding 2zeſt. 5.) find out two Squares that may ure 


= 


by unity , ſuch are 73 and #2, and rake the leſſer for one of the Squares > 2 


ſought, as . . 


2. Then for the other Square ſought aſſume . . . . .  , « > aa 
3- Therefore the Produtt of their multiplication is . 5 ; Þ . > 7248 
Which Produ&t 73aa being added to the ſecond Square a4 doth manifeſtly make a 
Square, to wit, #544; but it the ſaid Produt 73aa be added to the firſt Square 72 it 
mult alſo make a Square, therefore -34a 75 not being a Square , muſt be equated ta 
a Square, the ſide whereof may be variouſly tcigned , let it be 24 — 1 , then the Square 
of 24 — 1 being equared to 5744 -|- 3 gives 4=7;2 , and conſequently aa = 52 is 
Q _- _ ſought. = lay, 37 and 572 are two Squares, which will ſolve the 
veſtion, as will appear by 


The Proof. | 
"The/two Squares found out are, . -. - « , >» - oP © 72 and 555 
The Produc of their multiplication is . >. gi 


Which Product added ſeverally ro :3 and EY) 8 makes theſe . *& 
ES wi >> - » +» +» . 
The ſides of which laſt mentioned Squares are . . . .> . 25 and 


After the ſame manner you may ealily find out two ſuch Squares, that if the Produtt 
of their multiplication be ſubtraRed from them ſeverally, the Remainders may be Squares. 


LUEST, 26. ( Quaſt. 35. Lib. 2. Diophart. ) 
To find three ſuch numbers, that the Square of every one of them being added to the 


 ſummof the three numbers, may make a Square. 


RESOLUTION. 


1, If tothe Produdt of the multiplication of any two unequal numbers the Square of half 
their difference be added, the ſumm ſhall be a Square, to wit, the Square of hajf the ſumm 
of the two numbers multiplied : Therefore by the help of this Theorem numbers 
proper for the Reſolution of the Queſtion propoſed may be taken , viz. Take ſome 
number at pleaſure, as 12 , and divide it thrice into two ſuch numbers that the Produ& 
of the two numbers of each pair may make 12 , ſuch are theſe three pairs of numbers, 
Vis. 1, I2.| 2,6. | 3,4; then take the half.difference of the two numbers of each 
pair, fo you will find the three half-differences to be theſe , 3: 2 and 4, Now by 
the Theorem above-mentioned , if to the Produtt 12 the Squares of the ſaid three 
half-differences be ſeverally added, every one of the ſumms will be a Square ; _— 

Et 5 2. L0£ 


Quelt. 27. Diophantus's Algebra explain'd. 


;, For the ſumm of the three numbers ſought put , , , . , .> , 
» And for the firſt number . .'. , 0. e oo - 0 a & 
- And for the ſecond namber ' « o ef 4 oe bf 4 Can2z 
_ And for the third mmber” . an + 45» : » : * 
6, Therefore the ſumm of thoſe three numbers is . . . . , . ,> , 8, 
. Which ſumm muſt be equal to 1244 in the ſecond ſtep, therefore .5 8a = 1247 
$s, Which Equation , after due ReduQtion, gives . , . «. . « > a=—==Zz 
9 Therefore from the eighth , third , fourth and fifth ſteps the three num- 2, , 
bers ſought are theſe, v2. C 3 G40 


10, Which three numbers will ſolve the Queſtion , for if their Squares be ſeverally added 
totheir ſumm, the three ſumms will be Squares, to wit, *$3 , £+ and £2, Ir is alſo 
evident , that the Queſtion may be extended to four, five, or as many numbers as ſhall 
be delired , by this following | 

| CANO N. 


11. Take ſvme number at pleaſure , and divide it into two numbers as many times as there 
he numbers delired by the Queſtion, but ſo, as that the Produc of the two numbers 
of each pair may make the number firſt taken , then divide the ſumm of the half- 

| differences of the two numbers of each pair. by .the number taken, and multiply the 
Quotient by the ſaid half-difterences ſeverally ; ſo the Products ſhall be the numbers 
ſought, | | IV: FELSS | 
The certainty of this Canon depends upon the Theorem afſumed in the Reſolution; 

- mhich Theorem may be demonſtrated thus ; ve | 

/ 3 a the greater, 

;  {* *£ & 

The Produ&t of their multiplication is  . « « Þ «> ae 
The half-difference of the ſaid two numbers is « . « .Þ fa—Ze 
The Square of the ſaid halt-difference is 0 0'0- of Tai — Laed-Tee 
To which Square if ae the Product above-mentioned be added, ? ; ' 7 1 

Rn, . cc. -> cc SS RES + $44 | 346 |= gee 
Which ſumm is the Square of £4 - Je, to wit, half the ſumm of the two numbers 

4 and e firſt taken ,, as the Theorem affirmed, 


————— 


Let two numbers be aſſumed, as, 


DUE ST. 27. ( pars Quaſt. 9g. Lib. 3. Diophant.) 


To find three Squares in Arithmetical proportion, and ſuch, that the half of their fumm 
May exceed the greateſt of the three Squares, 
RESOLUTION. 
1, For the leaſt of the three Squares ſought put . . 5 . « ,Þ> aa 
2. And to the end the miean Square may exceed the leaſt , let nee ao 
ide of the mean Square be 4 C2 x , therefore the mean Square 1s 
3- Therefore the exceſs of the mean Square —_ we We 5 20 24a+|-1 
4+ And by adding the ſaid exceſs to the mean Square ; the ſumm muſt 2 
be hd fa wr ; whack MS. - c. + > a6 AL np wo” 
5. Therefore aa-|- 44 -|- 2 muſt be equated to ſome Square , with this condition, that 
Zan -|- 34+ +, which is the half-ſumm of the three Squares in the firſt, ſecons and 
fourth ſteps , muſt ( according to the Queſtion ) exceed the greateſt of the ſaid three 
Squares; ſuppoſing therefore £2a+{- 24 ++ 5 aa+4a-+2, it will rhence fol- 
low ( by arguing after the manner of ſearching out limits in divers of the foregoing 
Queſtions ) that 4== 1 -|- v2, that is, 4 T” 2.414, &c. | 
Therefore aa -|- 44 2 ( in the fonrth ſtep) muſt be ſo equated to. Square , that 
the value of 4 may be greater than 27£5*; &c. Now to cauſe thar effect , innumera- 
ble values of 4 may be found out by the firſt Canon of the twelfth Queſtion of this Book. 
Suppoſe theretore a be found equal to 4+, ( as in the Example of that Canon) rhen from 
the brſt, ſecond and fourth Reps, theſe three 5quares will be diſcovered ; to wit , xr as 1 
and 2+23 which willſolve the Queſtion. Rs. Vents > | 
And becauſe a Square multiplied by a Square produces a Square , by multiplying feve- 


nlly the ſaid three Squares found our by the _ Denominator 100, the hag” 
x | goug 
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961, 1681 and 2401 will be Squares , whoſe lides are 31, 41 and 49 ; alſo the difference 
of the firſt and ſecond is equal to the difference of the ſecond and third , ( each difference 
being 720 ;) therefore the ſaid three Squares are in Arithmetical proportion, and the 
half of their ſumm is manifeſtly greater than every one of them : Therefore all the con. 
ditions in the Queſtion are ſatisfied. 


p— TIT Py rt. th. hs 
 — 


FIFREY lt. ——— 


DUEST. 28. ( Quzſt. g. Lib. 3. Diophant.) 


To find three numbers in Arithmetical proportion, and ſuch, that the ſumm of every two 
of them may make a Square, 


EI WR 


RESOLUTION. 


1; By the preceding twenty-ſeventh Queſtion find three 
Squares in Arithmetical proportion , and ſuch ,- that the 
half of their ſumm may exceed every one of them, (thet, _ - Fn 
reaſon of which condition will be evident by the follow-{* 95 >» £291 » 2401, 
ing eighth, ninth and tenth ſteps, ) ſuch are theſe tee 
Squares , whoſe {ides are 31, 41 and 49, , « « 
2. For the three numbers ſought put . . 5 . . > @ 3 & 3 J 
3. Then equate the ſuram of the firſt and ſecond numbers +e w af; 
to the leaſt of the three Squares before found, viz. ſuppoſe * * Tf = 991 
4- Likewiſe equate the ſumm of the firſt and third nambers.p . , _ +5 x 6: 
to the mean _— and 0 R_ Fe Fs 5, 3.3 * hn tad, 
- Equate alſo the ſumm of rhe ſecond and third numbers > . _ 
: Seo hone, ms 3 ves os * 5 #7 = 2401 
6. The ſumm of the three laſt Equations is ; . , .> 2442-25 = 5043 
7. The half of the ſaid ſummis . , 57 . . > a+ e+ jy = 25214 
8. Then by ſubtrafting the third Equation from the ſe-? . , , , , _ n 
NS ES . - - + « » «© + ©  £ > + J 506% 
9. And by ſubtrating the fourth Equation from the ſe- 


aa  , , > WERDmCE”_ T_T CE. Tu 3 © 8 &£ = 840; 
10, And by ſubtrating the fifth Equation from the ſe-? - , « © -, _ _ 
EEE. co - . -» +» 3 + ,” © © © 0 2 3908 


I fry theſe three numbers, 1204+, 840+, 15604 will ſolve the Queſtion , for the 
difterence berween the firſt and ſecond, to wit, 720 , is equal to the difference berween the 
ſecond and third z therefore they are in Arithmetical proportion , and the ſurmm of every 
two of them makes a Square, | 


120% | 84ot 
Vie I20% + 1560% 
840z | 1560z 


961 , whoſe y} is 31; 
1681, whoſe ,/ is 41; 
2401 , Whoſe / is 49. 


LUEST. 29. ( Quazſt. 12. Lib. 3. Diophant.) 


To find three ſuch numbers, that if to the Produd of the multiplication of every tn 
of them , a number given, ſuppoſe 12, be added , the three ſumms ſhall be Squares. 


This Queſtion may be reſolved divers ways, i ſhall here ſhew three of my own, and 
if the crrious Reader deſire to ſee more variety , he may conſult Vieta's Zetet. 7. 
lid. 5. alſo Bacher's Comment , and the Solution of Sluſius 52 pag. 177. of his Melo: 
labum , printed in 1668. 


RESOLUTION 1. 


x. Firſt, by ©xeft. 2.2. of this Book, ) I feek two ſuch Squares ; that if 
to the Product of their multiplication the given number 12 be added nd 
the ſumm ſhall be a Square, ſuch are theſe Squares 1 and 4, whic rn ths 
may be taken for two of the three numbers ſought, . . . . . . 

2. Then for the third number ſought I put . . . . . ,  « > 4 


3- Now ( according to the Queſtion ) the Produ& of the multiplication of the firſt and 
third numbers being increaſed with 12 muſt make a Square ; alſo, the Produtt of 
voy | "the 


— 
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' the ſecond and third numbers together with x2 muſt make a Square z it remains there= 
fore to reſolve this Duplicate equality , N 

Ia |= = = 0 

4a + I2 = DO 

, But before the ſaid Duplicate equality can be reſolved, ic muſt be reduced to another 
that ſhall have equal numbers of 4, to which purpoſe I multiply the firſt of the two 

. quangities. to be equated, 40 wit, 14+ 12, by 4, ( which is prefixt to the latter 
of thoſe rwo quannties ) and it produceth 44 48 to be cquated to a Square, fo this 
Duplicate equality- ariſerh , ( inſtead of the former , ) 

FER 44a + 48 = fn 
EY ' 2 94 +- 82 =. 0-.. 

5, Now to reſolve this latter Duplicate equality, (and conſequently the former,) I proceed 
according to the firſt manner of ſolving the preceding Queſt.8. viz. Firſt, the difference 
berween 44 +- 48 and 44 5-12 1s 36, then I ſeek two ſuch Squares that their diffe- 
refice may be 36, and that the greater of them may exceed 48 ,; but' two ſuch Squares 
are 100 and 64, ( found out by Caron ti. of the preceding weft, 7.) oo 


157 | : h | 44-48 = 160 
6, Then from either of theſe Equations, . . + « » » 4-13 = 6þ 


7. The third number ſought is diſcovered, viz. . . . > rs a = 13 
'Ifay, the numbers 1, 4 and 13 will ſolve the Queſtion propoſed; for if 12 beadded 
i the Produt of the firſt and ſecond, likewiſe to the Produ®t of 'the firſt and third, and 
ltly ro'the Produdt of the ſecond and third , the three ſumms will be Squares , -to' wit 3 


16,25 and 64. The premiſles ſhew how to ſolve the Queſtion by innumerable Anſivers. 


VIEY, 


þ 


mmmmmp_—_—— 


| Another Wa) of reſolving Queſt, 29. which # here repeated , viz, 


To find three ſuch numbers , that if to the Produ of the multiplication of every two 
of them , a number given, ſuppoſe 1 2, be added, the three ſumms ſhall be Squares. 


RESOLUTION 2. 


1. For the given number 12 put , « «. + +» +, © o« »P 
2, For the three numbers ſought put - », » +: 4.9 © + oS 
3. Then ſuppoling þ to be the ditference of two Squares , ſearch 2 | 
out thoſe Squares ( by the fifth Queſtion of this Book ) and let cop. co— b = xx 
repreſent the greater , and xx the lefler, therefore . . . | 
4. Now the Queſtion requires, that if 6 be added to the Produt' of 
the multiplication of 4 and e ( the firſt-and ſecond numbers ſought)( ' 4; | 
the ſumm mult be a Square , therefore by ſuppoling that SquareC” ** age. 
to be cc above found, this Equation ariſes, viz. , | 


b | 
#5 893 


. , . 


5. Theretore from the laſt Equation by «5 ſubtraction of bl, .F as = cc —b 
6. And becauſe by ConſtruRion in the third ſtep . . . « . .F 'xx = co—b 
7. Therefore from the fifth and ſixth ſteps . - + '. » » oP ae = xx 
8. Therefore by dividing each part of the Jaſt Equation by a, te Rn 
RS ,. »-.. ae wa_ CY Yl[[ſc[cA.cj 5 Dees 
9. Again, ( by the fitch Queſtion ) find two other Squares whoſe / n 
difterence {hail be equal to b , ſuppoſe dd the greater Square , ney ad — b = B35 
& the ffs, therdbeve fo GS OE RR _ 
10, Then the Produ& of the multiplication of the firſt and third 
numbers ſought, with þ added, makes au J- b, which muſt be a# -|-b =' dd 
equal to ſome Square , let ic be dd betore tound, therefore . .,J | 
11, Therefore by equal ſubtraction of þ from rhe laſt Equation, . > #4# dd — b 


12. And becayſe by Conſtru&ion in the ninth ſtep . . » « *> 45 = dd—b 
13. "Therefore from the two laſt Equations . « « «© « +» +» p 48 = 


14. Therefore by dividing each part of the laſt Equation by a, it gives > = ho | 
15, Now ince by the ſecond, eighth , fifth, fourteenth and eleventh ſteps , the poſicions 


; IPA xXx Ce —b\ n+ 41 — by i; 
for the three numbers ſought are HD + CE vs 3:30 AN. Tart 
| G 3 | evident, 
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| evident, that if b be added to the Product of the multiplication of the firſt and ſecond 
numbers , the ſuram 1s a Square , to wit, cc. Likewiſe, if þ be added to the Produ& 
of the firſt and third numbers the ſumm 1s a Square, to wit , dd; but if þ be added to 
the Produ&t of the ſecond and third numbers the ſumm muſt alſo be a Square ; therefore 


XXEE. }- þ muſt be equal to a Square whoſe ſide we may feign to be — +t, 
aa 


or *=. —#, and conſequently 4 will be found equal to _ Bur x, z, b and + 
- : 


are known numbers, therefore the firſt number ſought is known alſo , and fromthe 
eighth and fourteenth ſteps the ſecond and third numbers will be diſcovered, 


From this ſecond Reſolution of Zeſt, 2g. it will not be difficult to deduce the following 


CANON. 


_ Firſt, ſuppoſing the given number (5) to be the difference of two Squares , find out 
(by the ſecond Canon of the foregoing fifth Queſtion ) two pair of Squares in that dif. 
ference, and let the ſide of the lefſer Square of the one pair be called ( x,) and the (ide of 
the lefler Square of the other pair, (= ;) then take ſome ſquare number whoſe ſide may be 
called (,) and let the difference between (rt and 6) be called (g 3) then divide the double of 
the ſolid Produ& of the three (ides x, z, r, viz. 2xz#, by (g, ) and the Quotient ſhall 
be one of the three numbers ſought ;, laſtly, multiply ſeverally the lides x and = by g, 
and divide the firſt Produ& by 22, and the latter by 2xt, ſo the Quotients ſhall be the 
two other numbers ſought. Compare this Canon with the two following Examples. 


þ = 12 | 12 > givenin the Queſtion. 
Jo= 2|2 
S=F1 | : Re Ee. 
AW py ; found out according to the direftions in the Canon. 
ITE z 
£=*2| 13 
2x2 _ * | 22 
7 | 
| <2 =_—y F | 26 a 
" "has 5 found out by the Canon to ſolve the Queſtion. 
FE —_ 13 
2Xxt Fo ax 


I ſay the number given being 12 , the Queſtion may be ſolved by theſe three numbers 
£ 5,82, likewiſe by theſe, 75, *£, £3, as may cahly be proved. 


A third way of reſolving Queſt, 29. which is here repeated , VIZ, 


To find three. ſuch numbers, that. if to the Product of the multiplication of every 
two of them , a number given, ſuppoſe 1 2 , be added, the three ſumms ſhall be Squares, * 


RESOLUTION 3. 


LT. RS 12 pt. . . eo eo.» + 5. > þ 
2, For the three numbers ſought put . , . , . « . . > 4,4, 8 
3. Then, according to the Queſtion, ae-|- b muſt be equal to a Square, 
let it be ſome known Square cc , therefore . . C ——_— 


4+ Therefore from the laſt Equation by equal ſubrraRion of b, . 4 ae = ca —b 
5- And by dividing each part of the laſt Equation by 4, it gives .> e = c—b 
A 


6. Thus, the firſt of the three numbers ſought being 4, and the ſecond _— it 


- . py 4 
1s evident , that if þ be added to the ProduR of their multiplication , the ſumm is 4 
oqzany , (OWtt, cc, 
7. Again, according to the conditions in the Queſtion , a# -{- þ muſt 
be equal to a Square, let ir be ſome known Square da, > 3 wa © as j-b = al 
8, Therefore by equal ſabtraRion of b, , . , . . , . .> av-= dd —b 


g. A 


—_ 
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' 9. And by dividing each part of the laſt Equation by a, . , , ,> #s = dd — 6b 


P 
10, Thus , the firſt of the three numbers ſought being 4, and the thirg 44=f 'b 


is evident, that if 6 be added to the Product of their multiplication the fur is £ Squarez 
to wit, 4d. But the Queſtion requires alſo, that if to the Produ& of the ſetond and 
third numbers the given number þ be added, the ſumm muſt be a Square, therefore 


Jet the ſecond and third numbers, to wit , ns. and —=# be mutually multiplied, 


and to the ProduR add +4, ſo the fumm will be baa + adee + = cn bdd — bcc \ which 


- muſt be equal to a Square , the fide whereof may be feigned to be ether £05 or 


a 
b=- ; firſt ler the (ide be 2 = . , then its Square being equated to the ſumm aboye- 


mentioned, after due ReduQtion of that Equarion it will appear that 4 = c 4. 

11, Therefore , the Equation laſt expreſt, ro wit, 4 = c- 4 being compared with 
the Quantities in the ſecond, fifth and ninth ſteps , the three numbers ſought , to wit, 
4, &, # Will be found equal to theſe _— Quantities, viz. 

CC — dd — b 


+ ET >» ns 

12. Again, for as much as the ſide of the Square to be equated to bac ddec1-bb—bdd—bce 
aa 
(the ſumm above-mentioned in the ano" ſtep) may be feigned to be a _ 6 , (as 
well as - Xz2,) let the Square of SE be equated to the faid ſumm , then by 
proceeding as before , three other numbers capable of ſolving the Queſtion will be found 
equal ro thele , v2, 1.75 8 
ce —b dd — b _ 

cad *? c nd W | 
From the premiſſes two excellent Canons are deducible to ſolve the forgoing 2uef. 2 9. 


CANONM 7. 


13. Subtrad the given number from two Squares ſeverally, then divide each of the Re- 
mainders by the ſumm of the ſides of the fame Squares , ſo ſhall rhe two Quotients 
and the ſaid ſumm ot the ſides be three numbers which will ſolve the Queſtion, 


For example, let the given number be 1 2 , ſubtra& it from the Squares 36 and 64, the 
Remainders are 24 and 52 , which being ſeverally divided by 14, (the fumm of 6 and 8, 
Which are the lides of the ſaid Squares 36 and 64, ) the Quotients 1+ and 3+, with 
the ſaid 14, are three numbers to ſolve the Queſtion, as will be evident by 


TT 


The Proof. 
b4 x15, .j- 12 = 36 
14x34, | 12 = 64 Which are Squares, 2s was required. 
17x 34, |- 12 = *%5 


CANON 2. 
14. Subtra& the given number from rwo Squares ſeverally , then divide each of the 
Remainders by the difference of the ſides of the ſame Squares, fo ſhall the two Qug- 
tients and the ſaid difference be three numbers, which will ſolve the Queſtion. 


' For example , let the given number be 12 , ſubtra& ir from the —_ 36 and 64, 
and divide each of the Remainders 24 and 5 2, by 2 , ( which is the difference of 6 and 8, 
the (ides of the ſaid Squares 36 and 64 ,) ſo the Quotients T2-and 26, With the faid 2 , 
xre three numbers that will ſolve the Queſtion , as will appear by 

The Proof. 
36 : 
64 Which are Squares , as'was required, 


mY Bachet 


2x12, | 12 
2 * 26, | 12 
12x26, - 12 


1018! 


54 


*  Dijophantus's Algebra explain'd. | Book If. 


26. Take two unequal numbers, as . . « » f 5 3 3 


' 18, Take any number leſs than the Square of c, as, . - 


Bachet in his Comment upon Gueſt 12. Lib. 3, Dioph, ( which is the ſame with the 
preceding 2 9® Queſtion ) delivers two Canons, one of which is the ſame with Canon 2. 
above expreſt , and the other is this following 


Pha — 


be ſymbolically expreſt in this manner , v3z, | 

| Operation, 
'd the greater , 
| | | c the leſſer, 
17. Their difference is . . , 3 5% «© . 6 2 7' oÞ binp 


.f b 
I 9.  Sybtra& the nymber 6: from the $quares of c and dſeverally | | 
"bo the Remainders are . . . 4 ot OT 00.00 Wb 
20. Divide cach of thoſe Remainders by d— c , and the Quo-\ £—b yy dd b 


6 tients! are. ” ©. £ 2ik i: 0. 4 - . . , " et ns A—C | 4—c 
21. The double ſumm of thoſe Quotients is , , | Þ dg acct 24 hf 


From that double ſamm ſubtract 4— 6c, and the Remain-2 ©cc-|- 4d 25d —4b 
| EX 15S - . .:. to tc) . o " you ' - [ " Fs AT o ' —C ; 
23. Thus, the three numbers found out by Care: 3. laſt afore-going to ſolve ,2xeſt, 29, 
are equal to theſe , v3z. 8 | 
<b—b.. dd—b , w+ddd-2d — 4b 
CLE ISRT. 2 oi dons -. 1 p pay” | | 
Now I ſay, if every two of .choſe three numbers be mutually multiplied , and. to 


the Prodyds ſeverally the number 6b be added , the three ſumms ſhall be Squares, 


| Demonſtration. 
24- By Camn I, Reſolut. 3. Oueſt, 29. if the ProduR of the multiplication of the two 


firſt & to wit, of os and - Pu 
a 9quare , It remains to prove, that if the Produ& of the multiplication of the firft and 
third numbers be increaſed with 6; the ſumma ſhall alſo be a Square ; likewiſe that the 
Product of the multiplication of the ſecond and. third numbers increaſed with the num- 
ber 6, makes a Square. Burt if the number b be added to the Produ& of the multipli- 
cation of the firſt and third numbers, the ſumm is er cat net nee arte | 
& |-C—2C 
which is a Square, whoſe ſide is ET —20 : Andif b be added to the Product of the 


multiplication of the ſecand and third numbers, the fumm is . . , , 2 * 

_ dadd r|- ddeg -|- 2ddde. — 4ddb — 4cdb | 4bb 
ad 6c — 2d + 

ad - cd — 2b Th : Sin 

"- > —_— erefore the truth of Canon 3. is evident, 


be increaſed with b, the ſumm will be 


» Which is a Square whoſe fide 1s 


By the help of the ſecond and third Canons laſt before expreſt , Bacher extends the'pre- 
ceding L2zeſt. 29. to four numbers, as I ſhall ſhew in the next Queſtion. = 
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QUEST. 30. ( Bachet in Quzſt. 12. Lib. 3. Diophant, ) 


To find four ſuch numbers, that if tothe Produ& of the multiplication of every two 
of them, a number given , ſuppoſe 3 , be added, the four fumms ſhall be Squares, | 


RESOLUTION, 


1. The number given in the Queſtion is «. . . . « 35: 7? . o> 3 

2, Let two Squares be teigned from 4-|- two ſuch known numbers that their difference 
may be a Square , and that each of them may exceed the given number 3. To which 
end let the fide of one of thoſe Squares be feigned a+-2, and ler the other (ide be 
4-6, for the difference of 2 and 6 is 4, (a ſquare number , ) then will the Squares 
of the ſaid lides a 2 and 4-6 be theſe, 

| 3 aa -|- 4a 4, ( theSquare of 4-| 2.) 
viz, | 
aa--124-|-36, ( theSquare of 4+ 6:) 
3, From each of thoſe Squares ſubtract the given number 3 , ſo the Remainders will be theſe; 
. j aa + 4aÞ 1 
VI, p 
aa + 124 7- 33 | 

4 Divide the ſaid Remainders ſeverally by 4 , ( the difference of the aforeſaid ſides a2 
and 4+ 6 ) and let the —_— be aflumed for two of the four numbers ſought , 

be Zaa | a-|- %, ( the firſt number. ) | 
& 2 £aa-|+34+- 8+, ( theſecond number.) 

5; The double ſumm of the ſaid Quotients ( aflumed in the laſt ſtep for the firſt and ſecond 
numbers ſought ) is 44+ 3a-+ 17, from which ſubtra& 4 , (the ditference before- 
mentioned ) and let the Remainder be aflumed for the third number, "= 

viz, 4 aa-{- 84-13, ( the third number. ) 

6, If the Conſtrudion hitherto be compared with the third Canon in the third Reſolution 

of the foregoing 29® Queſtion, ir will thence be evident, that if to the Product made 
by the multiplication of every two of thoſe three numbers before aſſumed in the fourth 
and fifth ſteps, there added the given _—_— 3 , the three ſumms will be Squares. 

7. For the fourth number ſought aflume the difference 
of the ſides a-|-2 and a-|-6 before-mentioned, to wit, 4 » (the fourthnumber. 

6, Then by comparing the ConſtruRtion in the ſecond, third, fourth and ſeventh ſteps with 
Canon 2, in the third Reſolution of the foregoing twenty-ninth Queſtion, it will be 
manifeſt , that if to the Produt made by the multiplication of every two of thele three 
numbers, to wit, the firſt , ſecond and fourth numbers before aſſumed in the fourth and 
ſeventh Reps, there be added the given number z,, the three ſumms will be Squares. 

9. It remains to make the Product of the mulriplication of the third and fourth numbers, 
the given number 3 being added, equal to a Square ; but the third number aa + 84 
+ 13 , multiplied by the fourth number 4, gives the ProduRt 4a 324 + 52, to 
which adding 2 , the ſumm is 4444+ 324-|- 55 , which muſt be equal to a Square, ' 
the ſide whereof may be feigned to be 24 — any known number whole Square exceeds 
55 3 therefore let the ſaid {ide be 24 — 10, then the Square thereof being equated 

10444-32455, the value of a will thence be found equal to $, by the help 


Whereof , recourſe being had to the fourth , fifth and ſeventh ſteps , the four numbers 


ſought will be found theſe, viz. £#2, £53 , =*22 and 44 which will ſolve the Queſtion. 


For if the firſt be multiplied by every one of the other three, and the Produits be ſeve- 
rally increaſed with the given number 3 , the three ſumms will be theſe Squares , to wit, 


1+2:41 4£2225 44: whoſe ſides are 355 , 453 and *5. Alſo, if the ſecond be 
multiplied by the third and fourth numbers ſeverally , and each Product be increaſed 


with 3, theſe two Squares will ariſe , to wit, £43485 and ££22, whoſe lides are 


2242 and £4 ; laſtly, the Produ& of the third number multiplied by the fourth being 
added to 3 makes the Square £*++, whoſe lide is *;. 


—_ 


tt PENS th he. 


QUEST, 31, (Quzſt.15. Lib. 3. Dwophant. ) 
To find three ſuch numbers, that if the Produdt of the multiplication of every two of 
them be leſſened by the third , the three Remainders ſhall be Squares. 
RESOLUTION. 
Ib . > 4 


-Þ & 0 R-—E-M - Oo. 
7, For the firſt number put - £ + yy wo 2: And 


- 
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is And for the ſecond number put a -|- ſome known ſquare Os 


EW o- 55 5:5. ec e045» 
3+ Then the ProduRt of the multiplication of the firſt and yy 


 _ EFFORT IOC. aa 44 
4. From which ProduR if 44 be ſubtracted, it is evident the 
Remainder will be a Square, to wit, aa, therefore for the Ne 


third number we may put 44, ( and fo one of the conditions 
in the Queſtion will be ſatisfied)  . « » 


F. Then ( from the ſecorid and fourth ſteps,) the Produ& of the 


multiplication of the ſecond and third number is 444 -þ 164, 

- from which the firſt number 4 being ſubtracted, there remains > 4aa + 154 = np 
4aa-|-154, which (according to the Queſtion) muſt be 
equal to a Square, Vis o» , © « © © © © « 6 6 

6. Alſo ( from the firſt and fourth ſteps,) the Produ& of the 
multiplication of the firſt and third numbers is 44a, from 
which ſnbtraing the ſecond number a+ 4, there remains > q4a4—a—4 =0 
444—4 — 4, Which ( according to the Queſtion ) muſt be | 
equaied a Square, viz. + . « . © © of fo, © » 

7. $0 in the two laſt preceding ſteps we are faln upon a Duplicate equality, which (upon 
the grounds before demonſtrated ) may be reſolved thus , viz. Firſt , the difference of 
the two Algebraical quantities to be equated to two Squares , ( by ſubtraRting the leſſer 

| froni the greater ) is manifeſtly 1 64 -]- 4 ; then rwo Squares muſt be found , ſuch, that 
their difference may be 164 4- 4, and that 44s may be in each'of thoſe Squares: 
Therefore ( agreeable to Canon 2. of weft. 5. of this Book, ) two numbers are to be 
taken, that being mutually multiplied will produce 164-4 ; moreover , that 24 may 

be found as well in the half-fumm as in the half-ditterence of the numbers taken ; but 
the only two numbers that will agree with thoſe conditions are 44] 1 and 4 , whoſe 
half-fumm is 24 +--E, and their half-difference is 24 — 2. 

8. Then by equating the Square of the ſaid 24 -|- & to 444a-[- 154 (in the fifch ſtey,) 
or the Square of 24—4+ to 444 —=a—4. ( in the ſixch ſtep,)'from either of thoſe 
Equations the value of 2 will be found +, which is the firſt of the three numbers ſought, 
and conſequently from the ſecond and fourth ſteps, the ſecond .and third numbers are 
2+ and 5, Which three numbers will ſolve the Queſtion ; for if from the Produtt of 
every two of ther the other be ſubtracted, the three Remainders are Squares, to wit, 


$2: 5 and 1. 


QUEST. 32. 


To find three numbers , ſuch , that if to the Square of every one of them the ſum 
of the other two be added , the three ſurms may be Squares, 


RESOLUTION. 


I. Take any number of a+{- ſome known number, as a-4- 1 , for the fide of a Square, 
then the Square of 4a-|-1 is a4 4-24-+ 1 ; now it for the firſt number ſought we 
put 4, for the ſecond 24, and for the third 1 , then it is evident that the Square of 
the firſt number, rogether with the ſumm of the ſecond and third , makes a Square, 
to Wit, 4a4-]-24-+ 1, whereby one of the conditions in the Queſtion is ſatisfied ; 
therefore , 

nog ge ehree ammbers -ſoughe put . . . . . þ > &., 24, 1 
2, Then(according to the import of the Queſtion,) the Square / 
of the ſecond number , rogether with rhe ſumin of the firſt > 44a a1 = 0 
and third muſt make a Square , therefore . TE le” | 

. Likewiſe the Square of the third number , together with the 7 

ſumm of the firlt and ſecond muſt make a Square, therefore F * Ig. C 

4- v0 we are faln upon a Dyplicate equality , which diffcrs from any of the preceding 

' Forms, but ( upon the ſame foundation by which thoſe have bcen reſolved) - this may 
be reſolved thus; Firſt , ſuppoling the tormer of the two quantities to be equated to 
a Square to exceed the latter, (for here we may indifferently take either of them tor 
_ The greater,) their difference, by ſubtraRing 2 -}+ 1 from 442 ++ 4 1 , is manifeſtly 
i» | 446 — 


(EP) 


Queſt. 33 Diophantus's Algebrs explain. 


on - 


44 — 284; this difference , ( as in moſt of the Duplicate equalities hicherto ) muſt be 


440 Soy ] 
eſteem'd the Product made by the mutual multiplication of two quaniities, or factors 
bur here theſe two fa&ors muſt be ſuch, that as well in half their famm as in half has 
difference there may be found 1, that 1s, the ſide of the known Square, ( or abſolute 
number ) in each of the two quantities to be equated , to the end that when the Square 
of the ſaid halt-ſumm is equated to 444 -|- 4-1; or the Square of the ſaid half- 
difference to 34 | 1, the ſquare number 1, by due ReduRion of either of thoſe Equa- 
tiorfs , may vanith, Now to find out two factors qualified as aforeſaid, firſt, take » 
the double of the ſide of the known Square 1 in each of the two quantities to be equated, 
with — prefixt , ( becauſe — 1s prefixt to 24 in the difference 44a — 24 above- 
mentioned, ) tor part of the firſt of the two defired faRtors ; then divide 24, ( which 
js part of the ſaid difference,) by 2 the double of the ſide of the ſaid known Square 1, 
and take the. Quotient a for the latter fa&tor ; then divide 44, ( the other part, of the 
hid difference 444 — 24) by the ſaid latter faor a, and the Quotient 44 connected 
with — 2 firſt raken , ſhall be the compleat firſt factor ; $So two factors or quantities 
to agree with the conditions above mentioned are found to be 44 — 2 and &; for the 
ProduR' of their multiplication is 444 — 24, and 1 is found both in half their fumm 
and half their difference : Then by. equating the Square of half the ſumm of the ſaid 
factors 44 — 2 and 4, viz the Square of Za—1, to 4a4-|-a-þ1 , or by equa= 
ting the Square of half the difference of the ſame fators, viz the Square of 2a — 1, 
10 34-|- 7, the value of @ will be diſcovered , v:z. | 

5, From either of theſe Equations, atter due m3 za — 541 = 4aa+a-bi 
duction, "7 En. 9, . 34a — ia +1 = 3a+1 

6, The ſame value of 4 will be diſcovered, viz. > a4 = * 

Therefore by the ſixth and firſt ſteps, theſe three numbers are found out, to wit ; 
1.4% and 1, which will ſolve the Queſtion propoſed : For £# the Square of the firſt 
wmber , together with £3 the ſumm of the ſecond and third, makes a Square, to wit, £22 , 
ſo #4& the Square of the ſecond, together with 25 the ſumm of rhe firlt and third ,, makes 
2 Square, to wit, £#3, and laſtly, 1 the Square of the third , with 2+ the ſumm of the 


9 3 


frſt and ſecond makes a Square, to wit , 9. By what hath been ſaid in the firſt ſtep of 
the Reſolution rhis Queſtion is capable of innumerable Anſwers, | 


— ___ 


LVEST; 33» 
To find a number leſs than 2 a number given, and ſuch, that if it be multiplied by two 


given numbers ſeverally, ſuppoſe by 8 and 6, and if to each ot the Products a given {quare 
pumber , ſappoſe 4 , be added, the ſurams may be ſquare numbers. 


RESOLUTION. 


1, For the number ſought put «© « «- « . « © © . of 4 

2. Then if that poſition be proſecuted according to the conditions in} a4 = Oo 
the Queſtion, this Duplicate equality will artſe , towit, . . .{F 6a4-{-4 = a 

3- Which kind of Duplicate equaliry Dzophantus uſerh in divers Queſtions, and becauſe 
the Reſolution thereof is a very ſubtil invention , 1 have framed this Queſtion purpoſely 
to explain it, . 


Firſt, obſerve well theſe three numbers, , . 5; .> 84-4, 6a+4 and 4- 


Then ſeek what proportion the exceſs of the greateſt of thoſe three numbers above 
. the mean hath to the exceſs of the mean above the leaſt ; ſo you wiil find that the former 
excels is to the latter as I to 3- For the exceſs of 8a | 4 above 64-4 is 24, and 
the exceſs of 64-|- 4 above 4 is 64, but 2a is to 64 as 1 to 3. Therefore the 
former exceſs is to the latter as 1 to 3 , and conſequently the former exceſs is one 
third part of the latter. | 
4- Now the principal ſcope in reſolving the ſaid Duplicate equality is to find out two 
ſquare numbers with this condition , that the excels of the greater above the leſs may 
have ſuch proportion to the: exceſs of the leſſer above 4 ( the Square given in the Que- 
ſion) as 1 to 3 ; to wit, as the difference of the numbers 8 and 6, which are prefixt 
tO 4 in the Duplicate equality, is to 6 the leſſer number prefixt : For when two ſuch 


Squares are found out, then if the greater be equated to 84+]- 4, or the leſſer ro 6445-45 
H one 
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one and the ſame value of 4 will come forth. But to find out the ſaid two Squares 
I proceed thus : : : 

5. The leaſt of the three Squares above mentioned, to wit , that 
given in the Queſtion , by the help whereof the other wo a 4 
LEED oo ooo © ©» » » 

6. And to the end the mean Square may exceed the leaſt , let the, | 
ſide of the mean Square be feigned e--2 , ( 2 being the fide> ee] 4e+ 4 
of the given Square 4 ;) therefore the mean Square it ſelf 1s | 

7. Theretore the exceſs of the mean Square above the leaſt is ; 
ET. TER EE, . > +4 

$. But by what hath been ſaid before , the exceſs of the greateſt 


Square above the mean muſt be + part of the exceſs of the mean | 
Tee |- *8 


—_— above the leaſt ; therefore (from the laſt ſtep) the exceſs 

of the greateſt Square above the mean ſhall be , . . . .. 

9, Theretore by adding the laſt mentioned excels, to wit, Zee -|- #e 
ro the mean Square in the ſ1xth ſtep , the ſumm will be the g See --2£eþ 4 
greateſt of the {aid three Squares, towit, , . «. . . + F 

10. Which ee **e -|- 4 muſt be equated to a Square, but the value of e muſt be ſub- 
je to a Determination thus found out; viz. Foraſmuch as the two greateſt of the 
three Squares above mentioned muſt be ſuch, that when the greateſt is equated to 8a+- 4, 
or the mean to 64+ 4, the value of a may be leſs than 2 , ( according to the con- 
ditions in the Queſtion , ) therefore ſach a ſquare number muſt be found out equal 
to the ſaid $2 *$e-|- 4, that when 4 is ſubtrated from the ſaid ſquare number, 
4 part of the Remainder may be leſs than 2, Therefore from ee -|- *£e -{- 4 ſubs 
tract 4, and the Remainder is Fee C *$e, whereof 75 is Zee -|-4e, which muſt be 
leſs = why - therefore ul 

EE Eo +0 Ta EE. © 2 Zee Je =2 

12. Thence, by mulriplying all by 6, ir follows, that . . T . ps 3 Jo my Ns 

13. And by adding the Square of half the Coefficient 4 to each | 
_ HP TS oE- . '$ ee-1-461-4 52 16 

14. And by cxtraCting the ſquare Root out of each part of the? . 
EE Eo oo» 0 © & WS $i e-þ- 2 4 

15. Therefore by equal ſubtraRion of 2 , it is manifeſt that , ,Þ, . ; eD 2 

16, Thus we have found that Fee -|- *$e-|- 4 muſt be equated to a Square , with this 
condition , that the value of e may be leſs than 2. Now to cauſe that effe&, the 
ſide of the ſaid Square may be feigned — 2 + any number of e greater than 3737e, 
therefore let the ſaid fide be feigned 34e — 2 , then the Square of le being 
equated to the ſaid tee | *$e-1- 4, the value of & will thence be found 2, © 

I7, Now if DAS. 1. EzES S*-2 © ' © Cs. Fs ® 0@ 2 e = ZE 

'7 8, Then conſequently the Square of 3Ze — 2, that is, the greater? ,,., FE 
of my _ —_ on lk i» 7 4 5% 

19. And the Square of e | 2 ( which in the ſixth ſtep was put 2? 
for the fide of the lefler of the two Squares ſought , ) will be c WET 

20. Which two Squares, to wir, +++ and *#£2 , ( whoſe {ides are $£ and 77) together 
with 4, ( the ſquare number given in the Queſtion ,) are ſuch, that the exceſs of the 
greateſt above the mean is 5 part of the exceſs of the mean above the leaſt , ( according 
to the ſcope deligned in the fourth ſtep.) Now if the greater Square #42+ be equa- 
ted to 84-|-4, or the lefler Square #342 to 64+]- 4, from either of thoſe Equations 
the value of 4, to wit, the mnmber ſought by the Queſtion will be found ££% ; For 
firſt, it is leſs than-2,, alſo eight times that number, together with 4 , makes the Square 
*22+ z and fix times the ſame number $44, together with 4 , makes the Square *#7r- 
Ir is alſo evident by the ſixteenth ſtep, that as many numbers as one will may be found 
out to ſolve the Queſtion propoſed. 

2.1. But for the greater evidence of the infallibility of the method of reſolving this Du- 

| Plicate equality, I ſhall demonſtrate the ſame in manner following , 95. 


Suppoſe 


two Multiplicators given in the Queſtion , 


Quelt. 33. Diophantus's Algebra explain'd. 
\ a ſquare number given in the Queſtion, 
two ſquare numbers found out according to the direRion 

in the fourth ſtep of the Reſolution, 

| > the number ſought; 

22, Suppoſe alſo , according to the Conſtruftion in the Reſolution, that the exceſs of 4 
above f hath ſach proportion to the exceſs of f above c, as the exceſs of y above » 
hath to 5, v3z. as, d—f . f—C it f—s, 


Suppoſe 
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23. Then according to the ConſtruRton in the twentieth ſtep of the Reſolution, let theſe two | 


Equations be inſtituted, vzz. rae = 4 
sa--c = ff LE 
24. Now ſince the Concluſion of the Reſolution ( in the ſaid twentieth ſtep) takes it 
for granted , that one and the ſame value of 4, ( to wit, the number ſought ) will be 
given by either of thoſe two Equations, we muſt prove that theſe rwa Quotients are 
equal to one another, vz2, 4=E _. f=c. | —- 
r $ 
| Demonſtration. 
25. Foraſmuch as by Conſtruction in the 22% ſtep, Þ' > 
26, Therefore by Compolizion of Reaſon, . « « . > d— 
37, Therefore alternately . . . © o: © © © «© 
28, Bur it tour numbers be Proportionals, the Reaſon of : 28 PEER 


the firſt ro the ſecond is equal to the Reaſon of the third 


tothe fourth , therefore . .,. .-.. 
Which was to be demonſtrated. 


ll — 


r b 


* @® 1 * .* 0. 
-- 


Obſervat. 1. upom Quelt. 33; 

In the Duplicate-equality uſed in the preceding 2xeff. 3 3. both th+ nmbers of + 
xe affirmative; but it they were both negative, or one of them affirmative a4 the ochcr 
negative , the Reſolution would differ very little from the former, as will appear by we 


two jollowing Queſtions. 
YUEST. 1. 


I, Let ir be required to find out the number lignified by 2 in this? 4 — 24 
Duplicate equality , viz. +. . » «© ©» «© +» +» ©» «© + 4=— 34 


RESOLUTION. 


2. Firſt , theſe three numbers are to be conſidered . 7 Þ.  ÞÞ 4,4=24, 434 

Then becauſe the exceſs of 4 above 4 — 24, hath ſuch proportion to the exceſs of 
4—24 above 4—34, a$210 I, let 4 be conſidered as the greateſt of three Squares, 
and find the orher two, with this condition , that the exceſs of 4 above the mean may be 
the double of the exceſs of the mean above the leaſt ; to which end , -- 


3. Let the greateſt of the ſaid three Squares be - . -. « . oP 4 
4. And to the end the mean Square may be leſs than the Rene | 


o 
o 


let the ſide of the mean Square be 2 — e, therefore the mean> ce — 4e + 4 
bare hall be: s, > « oe «pig d 

5. Therefore the exceſs of the greateſt Square above the mean is > 4e — ee 

6. Therefore , according to the condition preſcribed in the ſecond X 
ſtep, the half of the exceſs in the fifth ſtep ſhall be the excels 2e— zee 
of the mean Square above the leaſt, to wit, . . «- + » +«J 

7. Which laſt exceſs, to wit , 2e —Zee being ſubtraRed from the s | 
mean Square in the fourth ſtep, the Remainder ſhall be equal > 7c — Ge + 4 
to the leaſt Square, towit, . «- «- +» +» oo + © # 

8, Therefore Zee — 6e -|- 4 muſt be equated to a Square, but the.value of e muſt-be 
ſubje& to a Determination thus found out , vz%. Fora 
Squares above mentioned muſt be ſuch, that when ir is equated ro 4 — 34 (inthe 
ſtep,) the value of 4 may be greater than nothing, 


66-4 => 4 from this fappo- 


» 43 —— 
neceſſarily be leſs than 4 ; Suppoling Oy” _ ſition, 


ſmuch as the leaſt of the three 
ir is evident the ſaid leaſt Square muſt 


” 


60 Diophantus's Algebra explain'd. Book 111 


—_—— — — 


Grion, ( by arguing in like manner as before from the eleventh ſtep to. the ſixteenth 
we *; / rye op therefore Zee — 6e + 4 muſt be equated to a Square, ſo, ) 
the value of e may be leſs than 4. Now to cauſe that effeRt , the ſide of the ſai 

;quare may be teigned to be 2 — any number of greater than Ze, let therefore 
the ſaid ſide be feigned 2 — 2e, then its Square being equated to Zee — 6e | 4 will 
give e =£, and conſequently the mean and leaſt Squares ſought will be 24 and x+, 
theformer of which being equated to 4 — 24, or the Jatter to 4 — 3a, from either 
of thoſe Equations the value of « , or the number ſought , will be found 2+ ; which 
will ſolve 2ueft. 1. before propounded, as will be evident by 
| The Proof. | 
If 22 (or 4) be multiplied by 2 and 3 ſeverally , and if the ProduQs be ſeverally 

ſubtracted from 4 , the two Remainders will be. #£ and >#, which are Squares , as was 


— GUEST. 2: 


x. Letit be required to find out the number ſignified by a, 2 4 + 24 
in this Duplicate equality , viz. « « «© » +» « +» 4=— 34 


RESOLUTION. 


2. Firſt , theſe three numbers are to be conlidered, © «> 4-24, 4 ; and 4—34 

Then, becauſe the exceſs of 4 - 24 above 4, hath ſych proportion to the excels of 4 
above 4 — 34, 25 + £0 3, let 4 be aflumed to be the mean of three Squares, and find out 
the other two , with this condition ,. that the exceſs. of the greateſt above the mean may be - 
+ of the exceſs of the mean aboverhe leaſt; to which end , 


2, Let the mean Square be /,. , . +» o. +. 5. oP 4 | 
4+ And to the end the leaſt of the three Squares may ; 
be leſs than the mean, let the fide of the leaſt Squarep ge — 4e- 4. . 
be 2—e, therefore __ — _ <a 
- Therefore the exceſs of the mean Square above the F 
SL r-of OM od #:.005..4 -4 Aoi —ee 46 
6. Therefore according to the condition preſcribed in the : 


i | 
o 


Il 


. % 


| ſecond ſtep, £ ot the Jaſt mentioned exceſs ſhall be equal > — Zee -{- *e 
to the exceſs of the _— Square above = mean,to — 
: Which laſt exceſs added ro the mean Square 4 , will . 
f give the greateſt: Square, trowit, . « - « + © — $66 Je +4 
Therefore — *ee-{- £e -|- 4 muſt be equated to a Square, but the value of e muſt 
be ſubje& ro a Determination thus found out; Foraſmuch as the greateſt of the three 
Squares required muſt be fuch , .that when it is equated to 4 [- 24 (1n the firſt ſtep ) the 
value of 4 may be greater than nothing , it is evident that the ſaid greateſt Square muſt be 
greater than 4. ,..- : Fl | | 
' Suppoſe therefore — Jee+{-Fe-|- 4 ©” 4, thence it will follow, that e == 4 ; there- 
fore the ſaid — Zee -{- $e-]- 4 muſt be equated to a Square, With this caution , that the 
value of e may be leſs than 4, Now to find out ſach a Square, the value of e may be 
*z » ( found out by the Canon of ,2xef?. 1 3. of this Book , mutatis mutandjy, ) whence 
the greateſt and leaſt Squares fought will be #4# and +; the former of which being 
equated to 4 | 24, or the latter to 4 — 3a, from either of thofe Equations the num- 
ber « will be found $5, which will folve the Queſtion , as will be maniteſt by 


The Proof. 
If £3 (or 4) be multiplied firſt by 2, and then by 3; alſo, if the firſt Produt be 
added ro 4, and the fatter Produ&.be ſubtrated from 4, the Summ and Remainder 
will be 24+ and 5+, which arc Squares , as was required. | 
| Obſervat. 2. upon the preceding Queſt, 33s 
* By the ſame artifice that hath been uſed in ſolying the faid weſt, 3 3, this following 
Doplieae equality may be refolved , viz. ibs | 
x. Let it be required to find a number, call it 4, that? 104+l- 9 
thalt make  , -. : F 54 +4 


o 


Il! 


FR_x-— EF. EET. 


2: Firſt, 


a 
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Gf 


a, Firſt, by multiplying 54+ 4 by 9, the Product Is 454+ 36 ; likewiſe 104 + 9 

multiplied by 4 produceth 404+ 36 ; ſo the Duplicate equality propounded is: re- 
« duced to this, . PIR 16 5:58 
| 45a +36 = 


VIZY, 404 | 36 — 'm; 


1, Which latter Duplicate equality being of the fame. kind with that i the fotegoln 
Lueſt. 33. may be ſolved by innumerable Anſwers ; but for the greater evidence , 


the ſearch may be made as before , viz, | | 
4 Let theſe three numbers be conſidered, . . ; .> 45436, 404436 ,36 
| Then becauſe the exceſs of the greateſt of thoſe three numbers above the mean, hath 
ſuck proportion to the excels of the mean above the leaſt as 1 to 8., let 36 be aſſumed 
for the leaſt of three Squares , and ſearch out the other two , with this caution , That the 
excels of rhe greate(t above the mean may be z of the exceſs of the mean above the leaſt 
to which end, ks *: "On 
5. Let, the leaſt of'thoſe three Squares be © 3 þ Þ Þ $f 36 
6. And to the end the mean Square may be greater than the leaſt, J 


ſer the ſide of the mean Square be. e-þ 6 , therefore the mean. ze -{- 126 4-36 
Square it ſelf ſhall be « * . » * « . ®. @& 6 ''S' & , _ 
7. Therefore the exceſs of the mean Square above the leaſt is > ee-[-12e 


8, Therefore 4 of that exceſs ( which according to the Caution > 
given as above , muſt be the exceſs of the greateſt Square-above'> _#:e-|- Ze 
the  nivan ). ſhall be. 5 oil no os 0:40... 

9. Which laſt exceſs , ro wit, Zee -|-Ze , being added to the mean 
Square in the lixth ſtep, the ſumm is equa) to the greateſt 5quare, > Zee |= #3e | 36 
DE, ., - - co» 6 oo a= TC —_oeoeneL TIE eh 

10; Therefore 8ee | £3e+- 36 muſt be equated to 2 Square, 'which ſquare number 
when *ris found out muſt be equated to 454+ 36,, and therefore the ſaid Square muſt 
be greater than 36 , but from any affirmative yalue of e whatlgever , the ſaid Jee | 
22+ 36 will be manifeſtly greater than 36, Therefore here being no need of any 
limic for the value of e, the {ide of the ſaid Square raay be variouſly feigned , let, then 
the aid ſide be Ze — 6, the Square thereof will-be Ze — 1 8eþ 36, which being 
equated to Jee+|-*Ze | 36, the value of e will thence be found 28; and conſe- 
quently ( from the ninth and ſixth ſteps ) the greateſt and mean Squares ſoughr will be 
1296 and 1156, Whole lides are 36 and 34 : Then, | | 

11, From this Equation, . « . « « +» + "#- © + & of 454-436 =t296 

12, Or from this Equation, ... , -« -- + + +0 -» © +» » 404-|-36 = 1156 

I3, The number 4 will be diſcovered, toWit, ,. '.” +, +. «PF,» « , &= 28 
I fay the number 28 will ſolye the Queſtion, as will be evident by. 

The Prof. — _ | 
If 28 ( or 4) be multiplied by 10 and 5 ſeverally.; .alſo, if to the former Produc 

9 beadded , and to the latter ProduR 4 , the two ſumms will be 28g and 144 ; Which are 

uares, as was required. Te” 


Obſervat. 3. upon Queſt, 33. | 


I. In the Duplicate equalities uſed in the preceding Bueſt. 33. and the two Obſervations 
thereon , the two Algebraick Quantities given to'be equared to two Squares , d& conliſt 


numbers : But neither Diophantus, nor any Author that I have met wich, doth 1s 2 Rule 
to reſolve in all caſes a Duplicate equality conliſting of unequal num 
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3. Let it be required to find out the number ſgnified by a in this? 3a 13 = 0 
Duplicate equality, viz. . . « +» . +» +. +» » -&S a+ 7 = Q 
4+ Becauſe 244-6, the difference of the two Algebraick Quantities propoſed , being 

divided by 2 gives the Quotient a-]-3 , which ſubtra&ed from a-|- 7 leaves a Square, 

to Wit, 4; the Duplicate equality -propos'd is explicable by the method uſed in the 

preceding 2ueſt. 33. as I ſhall here make manifeſt. | | 

Firſt , let theſe three: numbers be conſidered, to wit, , .> 3a-|-13, a-7,4 

Then , by continuing the ſearch in ſuch manner as hath been ſhewn in ſolving the fore- 
going 2xeſt. 33. you may find out ( among innumerable yalues of a) 4 = 29 , which 
will ſolve the Duplicate equality propoſed ; for if 29 be multiplied by 3 , and 1 3 be 
added to that Product, the fumm makes a Square, to wit, 100, allo, if 7 be addedto 29, 
it makes the Square 36. 


5. The ſecond Caſe is, when the difference of the two Algebraick Quantities which are 
to be equated ro two Squares is ſuch , that it it be multiplied or divided by ſome known 
number , and the Produ& or Quotient be ſubtrafted from the lefler of thoſe two Alge- 
braick Quantities, there remains a negative known number , . which taken affirmatively 
hath ſuch proportion to the ſaid Multiplicator or Diviſor , as a ſquare number to a ſquare 
number. For example, ES, ED. 

6. Let it be required to find a number, ſuppoſe it to be a, that 2 6a-{-25 = 0 
SR . co eo oo » +» ee co: o3. 20- 23 =O 

7. Becauſe 44+ 22 , the difference of thoſe two Algebraick Quantities , being divided 
by 2 gives the Quotrent 24+ 11, which fubtrated from the leſſer of the ſaid two 
Quantities , leaves — $8 ; and the number 8 to the Diviſor 2, is as 4to 1, thatis, u 
a ſquare number to a ſquare number , the Duplicate equality propounded may be re 
ſolved thus, viz, . JU ; 

8, Let theſe three numbers be conſidered, to wit, 5 . > Gay, 2a+3, and -8 
Then foraſmuch as 44-|-22 , ro wit, the difference of the rwo greater of thoſe three 

numbers, is the double of 24-]- 11 which is the difference of the two leſſer of the ſaid 

three numbers , ſeek two Squares, that the exceſs of rhe greater above the lefler may de 
the double of the exceſs of the leſſer above — 8; to' which end you may proceed thus, viz 


9. For the leſſer of the two Squares put  « . « , «Þ as 

10, Then the exceſs of a« above —8 is '. . . . . . ,> aa>|- 8 

It. The double whereof is . . 5 « « © « © «> 244-16 

12. Which added to the lefſer Square.makes a ſumm equal to the p 
ET + oe + ++.» © 346-1 


Now the ſaid 344+ 16 muſt be: equated to a Square, with this caution, That the 
ſquare number found out muſt exceed 25 , to the end that when the ſaid Square is equated 
to 64-|-25 , the value of a may be greater than nothing : But to cauſe that effe&, 
innumerable Squares may be found out, ( by the method betore-delivered in divers Que- 
Rions of this Book,) ſuch are 64 and 16, for whether you equate 64 to 64+- 25, 
Or 16 to 24+ 3, oneand the ſame value of 4, to wit, 62, will be diſcovered to ſolve 
the Duplicate equality propoſed in the ſixth ſtep. | 


— 


LUEST. 34. (Quaſt. 17. Lib. 3. Diophart. ) 


To find three ſuch numbers, that the Produ of the multiplication of every two of 
them , with the ſumma of the ſame wo numbers, may make a Square. ' 


RESOLUTION. 
7, Foraſmuch as the Produt of the multiplication of two Squares 
whoſe ſides differ by unity , being added to the ſumm of the ſaid 
Squares, will make a'Square , ( by the Theorem at the end of the$ 4 and 9 
Reſolution of this Queſtion, ) let there be pur for the firſt and 
EEE i oo »- © £3 © of. 


So is one of the conditions in the Queſtion Catisfied - for 4 multiplied by g pro- 
duceth 36, to which if 13 (the ſumm of 4 and 9) be added, the ſumm is a Square, to wit, 49- 
ERS mane be . .,.... ... 5; ..'.>6 
| 3» Then 
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, Then the Produ& of the multiplication of the ſecond and third 
numbers is 94, to which adding their ſumm 4+ 9, it makes 10 . = 
-|-g, which ( according to the Queſtion ) muſt be equal to af 1045-9 =8 
Square , VI&,  : 6-20 . Sis ,@ 4. > 2. 

4. Likewiſe the Produtt of the multiplication of the firſt and third 2-4 
numbers is 44, which with their fumm @-|- 4 makes 5a+-|-4, a = qo 
which (according to the Queſtion) muſt be equal ro a Square, viz. A 

. So in the two laſt ſteps we are faln into a Duplicate equality , which may be ſolved 
by innumerable values of 2, as hath been ſhewn in the ſecond Obſervation upon the 
foregoing 2meft. 33. of this G For example, take that value of a there found, 
to wit, 28 (=4) for the third number ſought by this Queſtion; I ſay 4, 9g and 28 
will ſolve this 34 Queſtion , as will be evident by | 

| The Proof, | 

The three numbers found out are ., ;, , 35» 5 5: 5 4 ,9 x 28) 

Now according to the Queſtion, 

gz go gp  4= W786 

Il, {| 9x28, + 9 +28 = 289 > Which are Squares, as wzs required. 
NL. [| 4x28, + 4 +28 = 144 h 
The firſt ſtep of the Reſolution of this 34 Queſtion is grounded upon this 

THEORE M. "It ; 

6, If two numbers differ by unity , the Product made by the multiplication of their 

Squares ; together: with the ſumm.of their Squares ſhall be a Square. bY 
The truth of this Theorem may be demonſtrated thus, 

1, Let there be two numbers which differ by 1 ( or2 | =. 

4a wo eo 4 Tn” Y 'S 7 and 47-L 


* 


| "Pp | 3 nh ED as | 

8, Then their Squares are 4 Hed 3 ao-boabidni 

9, The ſumm of thoſe _ IS . © 5+ 2-4 +> 244 2a Þ+l 

to, The ProduR of the mulriplication of the ſaid Squares is Þ aaa4 | 2444 -|- 48 

11. The fumm of the ſaid Summ and Produ@ in the? | 44 
ninth and tenth ſteps is .. i: « » + _ ananr|-2ana3aa|-24-1 

12. Which Aggregate is a Square whoſe ſide is . * F aaba _ P 
As will eafily appear by multiplying the ſaid ſide by it ſelf. Therefore the cruck 

of the Theorem is manifeſt, hx, 


———— 


FRI 7 a. i. a —_ 


QUEST. 35. (Que. 38. Lib.3. Diophant,) | 
This Oueſtion is the ſame with the foregoing 34", which is here repeated, and ſolved 
_ after another miner. | 


To find three ſuch numbers, that the Produ& of the multiplication of every two of 
them, being added to the ſuram of the ſame two numbers , may make a Square, 


RESOLUTION. 


i. Let the firſt notber be 5 o fo Go - +» «© » 4068 
2, And let the ſecond number be . 5 . « « » «© «© © oP 3 
3- Then the Product of their multiplication added to their ſumm, | 
48 + 3 
| os 4a+3 = 25 


A oo I LEES 

4 Which 44+ 3 muſt ( according to the Queſtion ) be equa 

ſome Square, let it be 25, therefore . : © » «© « + » 

ſ. Therefore from that Equation, . . « » »- . +» + of » © & = $3. 

6. So we ave found two numbers, to wit, 5E and 3, which will ſatisfie one of the con- 
ditions in the Queſtion , for the Produ& of their multiplication with rheir ſumm makes 
25, which is a Square. It remains to find a third number, which muſt be ſuch, that 
the Product of the ſecond and third numbers being added to their ſumm may make 
a Square ; alſo , that the Product of the firſt and third numbers being added to thelr 
ſumm, may make a Square : Now to find out the faid third number , Diophantus begins 
again, thus , | 


7. Let the firſt number be ( as before it was found) . .- 5 > 5t 
the firſt number be ( as before ; | ) * 5; fad 
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g. And let the ſecond number be ( as before it was aſſumed,) . .> 3 

g. Then Rhee mmngcr put . + oe ee» <-> o# 6 

To. And ſince ( according to the Queſtion ) the Product of the 
multiplication of the ſecond and third numbers , with their ſumm, > 4a 3 — 6 
muſt make a Square ; therefore , from the eighth and ninth ſteps , 

11, Alſo the Produ& of the firſt and third numbers with their ſumm GA : 

| muſt be a Square ; therefore , from the ſeventh and ninth ſteps , C AT SE = 

12. So in the two laſt ſteps we are faln into a Duplicate equality , but "tis not reſo!. 
vable by any of the preceding Rules of Diophantus; he frames therefore the Poſitions 
a-new,, Wherein his ſcope is to find ſuch numbers-of a in the two Algebraick Quan. 

' tities to be equated to two Squares, that ſhall be in proportion one to the other x; 
a ſquare number to a ſquare number, and then he ſhews how to reſolve this new kind 
of Duplicate equality, which hath not hitherto happened. Firſt, if we examine whence 
4 and 64 ( to wit, the numbers prefixt before a in the tenth and eleventh ſteps ) do 

roceed, we ſhall hind thar they ariſe from: the addition of unity to cach of the num- 

_ 3 and 5+ firft found; (for by multiplying a into thoſe numbers ſeverally , and 
by adding « to each Product , there ariſeth 44 and 644 above expreſt.) Therefore 
the next ſearch muſt be to find two ſuch numbers , that _ increaſed wich 
unity , the one ſurm may be to the other as a ſquare number to a ſquare number: 
And becauſe ( by the Theorem in the following firſt Obſervation upon this Queſtion ) 
if we add unity to each of two numbers whereof the R_ exceeds the quadruple of 
the leſſer by 3 , the rwo ſurms will be in the Reaſon of a Square to a Square ; therefore, 


13. Let the firſt of the three numbers ſought be . . . Þ a 

1.4. Then ( by the ſaid Theorem ) the ſecond number ſhall be . . > 4a«þ 3 

15. Now according to the Queſtion , the Produ&t of the firſt and 
ſecond numbers together with their ſarmm muſt be a Square, > 4a«--2a-{-3=0 
therefore from the two laſt preceding ſteps . + COS 

16. The {ide of which Square may' be feigned 2# — any known number whoſe Squre 
is greater than 3 , let therefore the ſaid {ide be 24.— 3 , then its Square being equated 
to 44a | 8a 3 , the valne of @ will be found + for the firſt number , and 
conſequently 55 (= 444+ 3) ſhall be the ſecond number. | 


So we have found two numbers which will anſwer the firſt part of the Queſtion, and 
moreover they are fit to raiſe a Duplicate equality that will be explicable by a Rational 
number ; Therefore now an efteual Reſolution may be formed thus ; 


— 


27. Let the firſt number be . . 5 535qVY 3 > a 
Lb And the frond namber Þ . . + , o + +» + + > 2 
19. And let the third number be , . . . > 4 


cation of the ſecond and third numbers , rogether with their ſumm, 
muſt be equal to a Square , therefore from the 1 $® and 19" ſteps, 
21. Alſo according to the Queſtion , the Produdt of the firſt and 
third numbers, with their ſumm , muſt be a Square; therefore , > #24 <2 = 0 
TEES, - - co a» +> 2 
22. Now becauſe the numbers drawn into 4, in the Duplicate equality expreft in the two 
laſt preceding ſteps , are ( by ConſtruRion) in the Reaſon of a Square to a Square, for 
#3 « ts :: 4 : 1, and conſequently ( by Prop. 19. Elem. 7. Euclid.) 22 x1 = 
z5 * 4 Therefore by multiplying the Algebraick quantity in the twentieth ep by 7, 
| and that in the twenty-firſt ſtep by 4, the numbers of a in the Products will be equal 
to one another, for the firſt Produt will be #24a-- #2, and the latter £24 +5; 
hence a new Duplicate equality is formed , 
. 2s += = 06 
7 ? 1758 #2 = 0 
23. Which Duplicate equalicy being of the ſame kind with that explained in the pre- 
ceding eighth Queſtion , may be ſolved by innumerable Anſwers, 


- Butl ſhall exhibit only one Anſwer for an Example. Firſt theg , becauſe the difference 
of the rwo Algebraick quantities in the Duplicate equality laſt before expreſt is 3 , It 
two Squares be found out ( by Carr rt, Leſt, 7. of this Book) whoſe difference _ 


20. Then according to the Queſtion , the Product of the multipli- C 
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x = 
he 3, and that the greater Square may exceed #3 ; ſuch are the Squares 22 and *2+, 


whoſe lides are 2 and £= : Then, | 
- . . . ; $3 4 a6 
24. From either of theſe Equations, .'. +» +» 5 $34 J< £2 — 245 
E354 | Aa AD 
F , . . 10 10 — 320600 
25; The ſame value of 2 will be diſcovered for the third num- E 
- *® þmonr—> I0 


ber ſought 3 VI%, * * = o » 3 * 
Thus three numbers are found out , to wit, +, #z 
ſtion , as will be evident by : 


and 72 , which will ſolve the Que- 


| The Proof. 
7X 382 1 To io = 26 | | 
# X73, io | ro = Tos þ Which are Squares; as the Queſtion requires; 
2 x =Z += 7 + 76 — A221 : 
10 gY 3 10 S SE: 


Obſervations upon Queſt, 35: 


| 1. If the Reſolution of this Queſtion be. well examined , it will appear ; that the 
| forming of the Duplicate equality in the twentieth and twenty-firſt ſteps, where the 
numbers prefixt to 4 have ſuch Reaſon to one another as a ſquare number to a ſquare 


number z agreeable ro the Scope betore-mentioned in the twelfth ſtep, doth depend upon 


ths following 
THEORE M. 

If there be two ſuch numbers, that the greater exceeds the quadruple of the lefler 
by 3, and if unity be added to each namber , the ſumms ſhall have ſuch Reaſon between 
themſelves as a Square to a Square , viz. the greater ſumm hall be to the lefler as 4 to 1. 

Which Theorem may be ealily demonſtrated , thus, | 


| a Two numbers, whereof the greater exceeds the quadruple 
4a -|- 3 of the leſſer by 3 : | | | 
vupole' < - 4-1 = The firſt number increaſed with unity. 
44 -|- 4 = The ſecond number increaſed with unity. 


I ay 44+|-4 hath: ſuch proportion to 4-|- 1, as a Square to a Square, for , 
a oma : a - 854-0 33: 6 $65,212] | 

In like manner , if tom = rwo numbers whereof the greater exceeds nine times the 
lefler by. 8., as 17 and x. then if you add 1 to each number, the ſumms (hall be 
to one another as a ſquare number to a ſquare number , v4, the greater ſumm ſhall 
be to the leſſer as 9 to 1 ; the like is to be underſtood of other Squares. 

2, After the two numbers prefixt before 4 in the Duplicate equality formed in the 
twentieth' and twenty-firſt ſteps of this Queſtion, are found ſuch, that they have ſuch 
Reaſon one t6 the other as a Square to a Square then-may any rwo ſquare numbers, in 
that:-Reaſon be uſed as is direfted in the twenty-ſecond ſtep : So. inſtead of 4 and t 
there taken , we may take 100 and 25 , Which have the ſame Reaſon between themlclyes 
as + and 22, For, 52 , 42. «+ 100 «© 25, | 
| Therefore, £2 x,25 = 23 x 100, 2:20 4; 

Then by multiplying the Algebraick quantity in the twentieth ſtep of the Reſolution 
dy 25, and that in the twenty-firſt ſtep by 100, the following Duplicate equality ( being 
that which Diophant2 uſerh in ſolving this Queſtion) will atiſe , : 
130a-|-105 = O 
| 1304 | $9 = 8 

Hence, by the Canon in the ſeventh ſtep of Reſolur. 1. neſt. 8. ( among innumerable 
values of 2 that might bz found our,) you may find a = 73 ( as betore ) for the third 
number ſought. | -N 3 TY 2919 


ee es 


UI. 


DQUVEST. 36. ( Quaſt, 20. .Lib. 3. Drophant.) | 


To find two numbers , that the Product of their multiplication increaſed ſeverally with 
each of them , and alſo with their ſuram , may make three Squares. 
RESOLUTION. 


1, For one of the numbers put > 0.4 0 £5 5; $ —_—_—s 
* And for the ther, 5: © + + oo o of eu: 0 oe mes 


3- Then their Produt B «. © «© © & - ©» + » © © a gs 
124 | Whence 


_— <—= 
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Whence it is evident , that if the firſt number a be added to the ſaid Produd , the 
ſamm is a Square, tO Wit , 444. 


— Tt remains, that the ſecond number and the ſuram of both 
being ſeverally added to the ſaid Produt may make a Square ; _ 5 
but the ſecond number added to the ProduRt-makes 444 3a > 7 +34—1=0 
—1 ; and the ſumm of both numbers, together with their 444 5-44—1=0Q 

'Produt, makes 444 -|- 44 — 1 ; therefore .  . . . 

5. Which Duplicate equality may be reſolved by the method before explained in the 
preceding twentieth and twenty-firſt Queſtions. For the difference of thoſe two Al- 
gebraick quantities which are to be equated to Squares ts a, which is to be divided into 
two: ſuch quantities that the Product of their multiplication may make 4, and that both 
in the half-ſumm and in the half-difference of thoſe two quantities there may be found 2, 
but ſuch are the quantities 44 and £, whoſe Produ& is az alſo the half of their ſumm 
is 24-]-#, and the half-difference is 24 — 4 « then by equating the Square of 24.4 
to 444 44—1 , Or the Square of 24 —# to 444+ 3a—1, from either of 
thoſe Equations the value of 4 will be found $5. Therefore the firſt number ſhall 
be 5££, and the ſecond 53£ ; which numbers will ſolve the Queſtion , as may ealily 


be proved. E” 


” oY 


DUVEST. 37. ( Quazſt. 22. Lib. 3. Diopham.) 


To find four ſuch numbers , that every one of them being added to , and ſubtraRed from 
the Square of the ſumm of them all, as well the four ſurms as the four remainders ſhall 


be Squares, 
2 RESOLUTION, 


7, In every right-angled Triangle, if the Square of the Hypothenuſal be increaſed os 
leſſened by the quadruple of the Area , that is, by the double Produc of the multi 
plication of the two ſides abour the right-angle, it makes a Square, ( which Theorem 
1s made manifeſt at the end of the ReſoJution.) Therefore the chief ſcope is to find 
four right-angled Triangles in numbers having equal Hypothenuſals : But thoſe may 

| be found out thus , 

Firſt , ( by the Canon in Obſervat. 8. Reſolut. 2. of 2uecft. 1, of this Book,,) findout two 
unlike right-angled Triangles in numbers , ſuch are theſe, 


” po SS © a= 


| 03 » 8 on 8 . 

2. Then multiply+the three {ides of the firſt Triangle by the Hypothenuſal of the ſecond, 
alſo multiply the three ſides of the latter Triangle by the Hypothenuſal of the firſt; 
fo the Products will give theſe two right-angled Triangles having equal Hypothenuſals, 

VIRe 65 , $2 


65 , 60 , 25 
3» By the help of the two unlike right-angled Triangles firſt found , to wit, 5 ; 4; 3 
and 13, 12, 5, the Canon in Ob/ervar. 4. upon Reſolut. 2, and 3. of Oueſt. 2, of 
this Book, will give two other right-angled Triangles unlike to thoſe in the ſecond ſtep, 
but having the ſame Hypothenuſal 65 , ro wit , theſe ; po Sets) TOP 
65 » 56 , 33 
A 65 , 16 , 63 
4. Then aſſume 4 to repreſent a nurber unknown , and let it be multiplied by every on* 
of the ſides of thoſe four Triangles having 65 for a common Hypothenulal , ſo ts 


Products will be theſe , 
: 654 , 524 , 394 
654 , 604 , 254 
658 , F564 , 334 


656. ., ibs , 33s 
5- Now for the ſumm of the four numbers ſought by the Queſtion put 5 . 654 
6. Therefore the Square of the ſaid ſumm is . . . . . . + 422544 
7- Then for the firſt number ſought, take the quadruple of the Area of 
the firſt of the four Triangles in the fourth ſtep, 252. multiplying 524 405 645 


by 394 take the double of that ProduRt for the brſt number, rg wit, Hh 
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g in like manner for the ſecond nvimber take the double Produt 


of 660 by 254, hm bs  c oo ES EL. 300044 
And for the third number take the double Produ& of 564 b 
gf VC 3696 
228, AB, oo nd EE ESSE ISS 3690as 
16, And for the fourth number take the double ProduR of 634 by 
166, that iv, -. oo ES Teens 2016aa 
11, The ſumm of the four numbers expreſt in the ſeventh, eighth, rvetic 


ach and tech Nevs ÞB. of ce oo Eh Eons ER 

12. Which ſumm muſt be equal to 654, which in the fifth ſtep was ; 
"aſſumed for the ſumm of the four numbers ſought , hence tis 1276844 = 654 
—_— 7 

ir. Which Equation reduced , gives , . « « , . , . o> 4= =ooth 

14. Therefore from the thirteenth, ſeventh , eighth, ninth and tenth ſteps the four numbers 
required will be found theſe, viz. 5735398545 » T63532922, paifiiien a Lillgos, 
which four numbers will ſolve the Queſtion , as will be evident to him that will take 
the pains of forming the Proof, 

But becauſe the Reſolution of this Queſtion is chiefly grounded upon a Theorem taken for 
Sranced in the firſt ſtep, I ſhall here demonſtrate the ſame 


THEORE MA. 


- 15: If the Square of the Hypothenuſal of a right-angled Triangle be increaſed or leſſened 
by the quadruple of the Area , ( that is, the double Produ of the multiplication of che 
ſides about the right-angle,) the ſumm, as alſo the remainder ſhall be a Squate, For, 


If aande = Þ the lides about the right-angle of a right-angled Triangle, 
Then 246 —= > the double ProduCt of thoſe lides, 
Alſo aa and ee = & the Squares of thoſe lides , 
- And aa-jee = Þ the Square of the Hypothenuſal, (per 47, Prop. 1. Elem. Euclid.) 


' - Hence that which the Theorem aſſerts is manifeſt , 
aa -|-ee 1-248 = oO, Whoſe lideis a-þe, 
aa ee — 24e = DO, Whoſe lide is a—e. 

It is alſo evident from the premiſles , that this 37** Queſtion may be extended to five; 
ſx, or as many numbers as ſhall be deſired , but firſt of all, ſo many numbers as are 
required , ſo many right-angled Triangles. in numbers muſt be found out having equal Hy- 
pothenuſals ; which Triangles in whole numbers may be readily diſcovered by the method 
delivered in Obſervat. 13. upon Reſolut. 2, of 2ucſt. 1. of this Book, 


VIRs 


GUEST. 38. 


{ This 5s Queſt. 20. of the fourth Book, of Vieta's Zeteticks, andthe ſamewirth Que, 3d 
in Bachet's Comment upon the-fourth-Bock, of Diophantus, ] {Ouert 2 of 
Two cube-numbers being given , ſuch , that the double of the lefler exceeds the greater, 
to find two other cube-numbers whoſe difference ſhall be equal to the difference of the 
given Cubes. ( But how to perform this when the double of the lefſer Cube is leſs than 
the greater , I ſhall hereafter ſhew in 2xeſ. 42. ) 


RESOLUTION. 
I, Tet the lides of the given Cubes be . 3 - - ak 
2. Then the Cubes of thoſe ſides are  . .> d3 and: 83 
3- And the difference of the ſaid Cubes is > 43 — 63 
4+ For the {ide of the leſſer Cube ſought put > 4 —4 
5. And for the {ide of the greater Cube — LF Oy 


put by = o - . * © . . « ® * 
6 


6, Therefore the greater Cube ſought is : 3 LY _ 3 44+ 3dda — b* 
7. And the leſſer Cube ſought is . . 5 +«@ aaa— 3daa | 3dda — a 
8. Therefore the difference of the rwo —"_ £2 _ ae 34aa 4+ 43 — 63 


T3 . 9+. Which 


fought Is ® -0S St. 0 ® SY L 


wk of 


ot” 
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9. Which difference muſt be equal to the ditference of the given Cubes, therefore 
FO ——= 4H 3 as 3daa|- 4 —bB — dB — þ3, 
10, From that Equation, after due ReduRion , this ariſcth, = 34Þ— 346 
. 4 . = Ss ry o * Cy ol . - "” LE o ry . . Fa a® 8H þ& © 
1 dad by reducing the Fraction in the latter part of the laſt 2dþ1 
preceding Equation into its leaſt Terms, by the common Divi- > 4 = FACET 
ET EAR oo - eo » $5 45.5. » BY 
">, Thekefore os the firſt, fourth , fifth and eleventh Reps , the fides of the Cubes 
* ſought will be found equal to theſe known quantities , = 


24h3 — ff __ ; 
| I the lefler lide , 
VI. 
CR = the greater (ide, 
13. The ſame ſides will be produced,if you put a—b for the (ide of the greater of the Cubes 
ſought , and ul — 4 for the leſſer ſide, (inſtead of the Poſitions in the fifth and fourth 
ſteps,) and it's evident that each of the ſides found out in the twelfth ſtep will be 
greater than nothing, if 243 exceeds 43, ( that is, if the double of the lefler of the 
rwo Cubes given exceeds the greater, as the Queſtion preſuppoſeth, 
The twelfth ſtep affords this following 
CANO N. 

14. Multiply the exceſs of the double of the lefſer of the two Cubes given above the 
greater , by the fide of the greater ; multiply alſo the exceſs of the double of the 
greater Cube above the lefſer, by the ſide of the leſſer : then divide each of thoſe Pro- 


ducts by the ſuram of the given Cubes, and the Quotients ſhall be the ſides of the 
Cubes ſought. | 


Examples in Numbers. 


15. Let two Cubes be given, ſuch, that the double of the 
lefler exceeds the greater, as, . , . . « +» « 


C 125 =, and 64=Þ} 
16, The ſides of which Cubes are . . , 


 » e>\ $=4d, and 4=6b 


| 2403 —  _ _. 
a 4-43 _ 
17. Then by the Canon, the ſides of the Cubes ſought. 
264 — br _ 4, 
Bob b3- - 89 | 
18. The Cubes of thoſe ſides 7+ and 242 are 555345 and £4452222 , whoſe diff 


rence. is 61 , Which is equal to the difference of the two given Cubes 125 and 64- 

19. Inlike manner, if theſe two Cubes be given, to wit, 1728 and 1000, whoſedit- 
ference is 728, the foregoing Canon will give #24 and £222, the ſides of two Cubes 
whoſe difference is 728, 


Obſervations upon Queſt, 38. 


Firſt, the chief ſcope in the Refolytion of this Queſtion is, to raiſe an Equation be- 
tween ſome number of aaa and ſome number of aa, that a may be found equal to a Rational 
number ; to which purpoſe, the (ide of one of the Cubes ſought may be teigned to be 4 — 
one of the ſides of the given Cubes, and the other (ide ſought ſome number of 4 — the ether 
ſide given ; but this Jatter number of a muſt be ſuch as will cauſe equal numbers of 4 to 
ariſe in the Cubes of thoſe feigned lides, that when the lefler of the feigned Cubes 1s 
ſubtracted from the greater , the numbers of may vaniſh , and then the Remainder _ 
equated to the difference of the given Cubes , this difference will likewiſe vaniſh , ( becauſe 
tis alſo found in the difference of the feigred Cubes;) and an Equation remain between 
ſome number of 444 and fome number” of a2. Now te caule that effs&t, ſuppoling (3 
before in the Reſolution ) 4 to repreſent the (ide of the greater Cube given , and 6 the 
lide of the lefſer , we may pm a — 4 for the fide of the fefſer of rhe Cubes ſought , and 


then the greater ſide muſt neceflarily be oy —b; or a — 6 may be put for the greatet 
| ſide 


>” 
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ſide ſought; and then the leſſer muſt be LF —4; from either of which ways of framing 


the Poſitions there will ariſe, after due ReduRign , an Equation between aaa and aa 3 
whence 4 will be found equal tqa Rational number, All which will be manifeſt to him 
that diligently examines the preceding Reſolution, —- - 
Secondly , if two pairs of Cubes which ſhall have equal differences be deſired in whole 
numbers, they may ealily be found out by the help of the foregoing Canon, in this manner, 
viz, let d and 6 repreſent the ſides of rwo ſuch Cubes , that the double of the Cube of 
the leſſer ſide þ exceeds the Cube af the greater ſide d, then the ſaid Canon 'pives this 


Equation, 
2643 — b? 


-- Cube of —,—— , | 
| ON. — Cube of 4— Cube of 5, 
— Cube of IF - | 
Now to contraft that Equaron, ſuppoſe f, band g to be equal to the Numeratars and 
common Denominator , ſo that Equation will be converted into this , viz. "= _ 


Fat 4.0 | 


E -£ 
Whence, by multiplying every Term by the Denominator g*, this Equation is produced, 
That is, 3 + Oo - f — Cube of gd — Cube of gb. 


In which laſt Equation , if inſtead of f, h and g, you take 2643 —bt 5 244' —&, 
and + 43, which were before ſuppoſed equal to f, + and yg reſpeRively, this following 
Equation will ariſe , wiz. 7 

-|- Cube of 2643 — b+ j — F + Cubeof [ae nl. 2 
— Cube of 2463 — a+ — Cube of 64 + 6, 
Which Jaſt Equation gives this following 
CANOM. FE? 

Firſt, take two ſuch Cubes in whole numbers that the double of the leſſer may exceed 
thegreater, and multiply the exceſs of the double of the greater above the leſs 24 the ide 
of the leſſer Cube ; ſecondly , multiply the exceſs of the double pf the leffer Cube above 
the greater by the ſide of the greater Cube ; thirdly, multiply the famm of the fame 
Cubes by the ſide of the greater ; fourthly , multiply the ſumm of the ſajd Gubes by the 
lide of the lefſer : then the difference of the Cubes of: the firſt and ſecond Produtts hall 
be equal to the difference of the Cubes of the third and fourth ProduRs, "4 


An Example in Numbers. 


Let two ſuch Cubes be taken , that the double of the —_— Iz5 = dad 
exceeds the greater, AS, © » » » © +» © + +. +» oS #4: 59:0 
—_ 5. = 6 


The ſides of which Cubes are . 5 3 2 3.7 o$ 53 = 


Then by working according to the direions of the Jaſt By : : 
Preceding Canon , the four Produtts, that is, the Gides of the > '248 , 5 » 315 4 252 
tour Cubes ſought,in their leaſt terms will be found theſe,to wit,Y + | 

Which four numbers will ſatisfie the Propolizion ; for the difference between the 
Cubes of 248 and 5 is equal to the difference between the Cubes of 315 and 252 AF 
May eaſily be proved. 

Hence it is eaſie to find four Cubes in whole numbers , fuch, that the ſum of rwo 
of them ſhall be equal to the ſumm of the other two , for xf two pairs of Cubes be found 
out by the laft preceding Canon , ſach, that the fiſt pair hath the ſame difference as 
the latter , then the ſumm of the greater Cube of the firſt pair and the leſſer of the latter, 
ſtall be equal to the ſurm of the leſſer Cube of the fixlt pair and rhe greater of the latter. 

Thirdly , Albert Girard (in his Comment in Sinn Steur's Arithmerick , .upan the 
19" of the fifth Book of Diophantw, ) obſerves, bur doth not demonſtrate, that 
Cubes found out by the preceding 2xeft. 3 8. are always des than the Cubes vor z. whic 

0 


Property , fince it will be uſeful in the following 2ueff. 39. I ſhall here d ——_ 
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.=.5 2 the ſides of two Cubes, ſuch, that the double of the lefler 
4 exceeds the greater. | 


£ a ; ' & the Cubes of thoſe lides. 
43 —( = 61 > the difference of the ſame Cubes; 
ee tf © 0 


5 

= 
RY 
(EIMIN[M] 


Then by the Canon in SefF. 14. 2ueſt. 38. the ſides of two Cubes whoſe difference 
is equal to the difference of the given Cubes , whoſe fides are 4 (=5 ) and b (=4) 
mill be found theſe that follow, ro wit, 

— 2 ET 5 ang 204 —bf 248 
—  -; Il —,- = 

PH 63 a* |- b3 63 

Now becauſe the Cubes given and found out have equal differences , if it be proved 
that the greater Cube found out 1s lefs than the greater Cube given, then conſequently 
the leſſer Cube found out ſhall be leſs than the lefler Cube given : Bur that the fide of 
the greater Cube found out, is leſs than the {ide of the greater Cube given, ( and by conſe- 
quence the greater Cube found our leſs than the greater Cube given , ) I prove thus , 


SP Wes : 2693 — b+ 
The greater ſide found out ( as before) is . . : . 3 FP 


- Therefore we muſt demonſtrate that - . . . < . I TE. =» x 


| Demonſtration, 


* w- 


2ST Ues 
by ng a abb — 
. > 64dbb = 266 
'£ _ a — 263 
> 
T. 


By ſuppoſition; 3 * Þ. 5 » +» . 
Therefore by multiplying 4 and b ſeverally 
lows, that "WY of < 4 aw? - 9 '-0;,/S > ©. © . 
And by adding 6* to each part, . , . '» . + «+ 
mm. .___ HL RE RITES” | 
[Therefore from the two laſt preceding ſteps, . . . . . 6 == b-|-db 
And by multiplying each part in the laſt ſtep by b, . . by a E6-þgþ 
But by multiplying each number in the firlt ſtep of this? . , zu 
EE. - - © » 5 run ood , 
: Therefore by comparing the ſumm of the numbers in the | 
firſt parts of the. two laſt preceding ſteps, to the ſumm of þ . 264 —= 4d#-|-b4-þ- 4 
mar $2. latter Part$,' + +. » © 3 » © © | | | 
ang #- : 
= by TAGS _=_ ch park ul as = preceling 26d —b+ => #+dþ 
| Wherefore by dividing cach part of the laſt ſtep by Þ 254 —#  , 
434-6, it's manifeſt that , , , . , . l 'c a* | 63 
Which was to be' demonſtrated, | | 
Having proved that the greater of the two (ides found out by the Canon before dif- 
covered f5r reſolving 2zeft. 38. is leſs than the greater of the two lides given , it follows, 
that the Cube of that ſide found our is 1eſs- than the Cube of the greater (ide given, and 
that the lefler Cube found out is leſs than the leſſer Cube given , ( becauſe by Conſtruction 
the two Cubes found: out have the ſame difference as the Cubes given, ) Therefore the 
truth of the property before affirmed is manifeſt. 
' Fourthly, it two pairs of numbers have equal differences , the leſſer number of the 
leſſer pair ſhall have lefler Reaſon ( or Proportion ) to the greater number of the ſame pait, 
than the leſſer number' of the greater pair hath ro the greater number of this pair. 10 
make this Bone " ofa | 


fi : & two unequal numbers taken at pleaſure. 

—Cc = 2 > the difference of thoſe numbers. \ 
4 = 5 > anumberleſs than c(==6) the lier of the two numbers firſt taken. 
{9—4 = 3 jo two numbers 'whoſe difference is equal to the difference of the 
| —d ='1{ numbers firſt taken. "LD 
| Now T-fay that the Reaſon ( or Proportion) of c—g to b— d is leſs than that of 

e to b; therefore, | 


| The Propoſition to be demonſtrated, is, that. . 3 . . . 


b 
b 
c 


f—& c 
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- 
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| Demonſtration. 
Br or BY Se ot 
Theretore by multtpiying & and 56 feverally by 4, U follows R 
that bf #0, SS DE oe ©. © 6 $4 8 NY ac =_ bd 
' Andby adding bc to each part in the laſt ſtep, . « « .> ? *beþ& = be-1-b4 
And by ſubtraQting bd from each part, . . . . « «> beþde—bd = be 
And by ſubtrating dc from each part in the laſt preceding? _ FR Pans We 
. m— t C— AC 


ſtep,  ” SCE. SI NC. - - x TE I. "Oy * - Fa ba 
And by dividing each part of the laſt ſtep by 6b —d, . .9 I _ TO 26 
Wherefore by dividing each part of the laſt preceding ſtep? _ _— A LE 
b b, . - - - . o . . o . ts a b 
n Which was to be demonſtrated. | 
Fitthly and laſtly, from the preceding 3 and 4* Obſervations we may deduce this 
_ COROLLARY. 


2 » SQ » E Q 
= 


If two cube-numbers be given , ſuch, that the double of the leſſer exceeds the greater, 


then (by the help of the preceding Canon in Set. 1.4. 2nef. 38.) two cube-numbers may 
he found our, whoſe difference ſhall be equal tro the difference of the given Cubes , and 
the doyble of the lefler of the Cubes found qut ſhall he leſs than the greater of them, 

For if two given Cubes , ( which 1 ſhall call the frft pair) be fuch that the double of the 
kſſer exceeds the greater , we may by the ſaid Canon find out a. ſecond pair of Cubes, 
whoſe difference ſhall be equal to the difference of the firſt pair , and ( by Obſervat. 3.) 
the Cubes of the ſecond pair ſhall be leſs than thoſe of the firſt pair, ( viz. the greater 
Cube of the ſecond pair (hall be leſs than the greater Cube of the firſt pair, and the lefler 
Cube lefs than the Jeffer ; ) and the leffer Cube of the ſecond pair thall have lefs Reaſon 
cr proportion to the greater Cube of the ſame pair , than the lefſer Cube of the firſt pair 
hah to the greater of the ſame pair, ( by Ob/ervat. 4.) But if the double of the leſſer 
Cube of the ſecond pair doth yet happen to exceed the greater of the ſame pair , then 
by the help of the ſecond pair of Cubes and the faid Canon, we may find a third pair of 
Cubes, whoſe difference ſhall be equal tothe common difference of the firſt and fecond pairs; 
and by proceeding in like manner, the double vf the lefſer of the two Cubes found out 
will at length neceſſarily be lefs than the greater , becauſe ( as before hath been proved, ) 
the leſſer Cube of each pair found our hath lefs proportion to the greater of the ſame pair, 
than the leſſer of the next precedent pair ( by which the latter were tound our ) hath ro 


the greater. 


DNS 


_— La 


DBUEST. 39. 
Two cube-numbers being given, ſuch, that the double of the leſſer is either greater 
or leſs than the greater , to divide the difference of the given Cubes into rwo Rational 


cube-numbers, 


Preparation, 


1, When the double of the lefler of the given Cubes exceeds the greater , two others muſt 
be found out, (according to the direRions tollowing the Corollary in Obſervat. 5. 
neſt. 38.) ſuch, that the difference of theſe Cubes may be equal to the difterence 
of thoſe given , and that the double of the leſſer of the Cubes found out may be leſs 
than the greater. Then two cube-numbers being given or found our, ſuch , that the 
double of the lefler is leſs than the greater, their ditterence may be divided into two 
Rational cube-numbers by the following Reſolution, ( which is the ſame in ſubſtance 
with that of the 1 $"* of the 4** Book of. Vieta's Zereticks , and of the firſt Queſtion 

of Bacher in his Comment upon f four Book of Diophante,) 


RESOLUTION. 


wes —_ - the given Cubes (qualified as above C d the greater , and 6 the leſſer. 
3- Therefore the Cubes of thoſe ſlides are » . «> @ and 63 

4. And the difference of the ſaid Cubes is . . .> 43 —6 

5. For the (ide of one of the Cubes ſought put , .Þ 4—# 6 And 
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6. And for the [ide of the other Cube __— WES on 4 


= . ——— A —— b 
ut . o o © . o o o . a . Li 
7. = the firſt Cube is ! 5 - . «> —# + 3daa— 3dda + # 
: $ : - PO 34% F ; 
g. And the latter Cube is « « « + » $? EAR — 5-48 | 3dda —b 


| : _ 
9. Therefore the ſumm of thoſe Cubes Is $) _ a Wart3dael-d)—þ 


10. Which ſamm muſt be equal to the difference of the given Cubes therefore ,. 
bat — ba — 3D a9 + das — = Þ—6b, 


þ® 
| Bl 4h3 
11. Which Equation, after due ReduCion, gives == - _— 


12. Therefore from the firſt , fifth, ſixth and eleventh ſteps, the ſides of the two Cubes 
ſought will be found equal to theſe known Quantities , | H 


[ wk — the firſt (ide, 
Fi Y bb bb 
- TF — the other fide; 


13. The ſame ſides will be produced, if inſtead of the Poſitions in the fifch and ſixth 


ſteps, there be put 4—b and 4— - for the ſides of the Cubes ſought. And 'tis 


evident that each of the ſides found out in the twelfth ſtep will be greater than nothing 
if 263 be leſs than 4, that is, if the double of the leſſer of the two Cubes given be lels 
than the greater, as is ſuppoſed in the Preparation to the Reſolution of this Queſtion, 
The ſides in the twelfth ſtep, being expreſt by words, will give this FN 


CANOM. 


14. Multiply the exceſs of the greater of the two given Cubes above the double of the 
lefler by the {ide of the greater ; multiply alſo the exceſs of the double of the greater 
Cube above the leſſer by the fide of the lefler ; then divide each of thoſe ProduRs by 
the ſumm of the ſaid Cubes, and the Quotients ſhall be the ſides of the Cubes ſought, 


Example 1. in Numbers. 


15. Let two ſuch Cubes be given, that the double of the EY —b 
lefer us leſs than the greater, as, © © © « + «» :. 8=@# and 1 =P 
LECT Res Cube ar . +. . «--,- - -þ 3 =d ad 21=# 
7, Je 2 ab - 
IEP 
77. Then by the Canon, < _, , _,, the ſides of the Cubes ſought: 
FTp_=1 
The Cubes of thoſe ſides & and &, are £* and *=£ , whoſe ſumm is 7 , which is equal to 
the difference of the two given Cubes 8 and 1, as was required by the Queſtion, ; 


Example 2. 


18, Let it be required to divide 61 , which is the difference of theſe Cubes 125 and 64, 
into two Rational cube-numbers. 


Here, becauſe the double of the leſſer Cube exceeds the greater , the Canon above expreſt 
in SefF. 14. is of no force; therefore by the help of the given Cubes , ( according to the 
dire&ions following the Corollary in Obſervar. 5. 2ueſÞ. 38.) two other Cubes mult 
be found ow, ſuch, that their difference may be equal to 61 , to' wit, the difference of the 
given Cubes 125 and 64, and that the double of the lefſer of rhe two Cubes found out 
may be leſs than the greater of them : But two ſuch Cubes are theſe, viz. **3$3337 
and 57533, whoſe fides are =#3 and ++ , then uling theſe Cubes as the Canon in the 


63 9 


preceding Set#.1 4. of this Queſt. 39. doth dire&, you will find 242522224 and 2323525551 


tor the {ides of the Cubes required ; for the ſumm of the Cubes of the aid fides 1s 61, 


"Which is equal to the difference of the given Cubes, 125 and 64. 


I 9. Hence 
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19. Hence It Is ealie to find four cube numbers, the greateſt of which ſhall be equal 
to.the ſumm of the other three; for when the difference of two given Cubes is divided 
into two rational Cubes, theſe two, together with the leſſer of the two given Cubes 
ſhall make the greater Cube given, But if four ſuch Cubes be deſired in whole num- 
bers , they may be readily found out by the following Canon , which is raiſed by the 
like manner of arguing as was before uſed in the ſecond Obſervation upon the preceding 


veſt. 38. | 
oth 3 CANON. ———— 

20. Firſt, take two Cubes in whole numbers , with this caution , That the double of the 
lefſer may be leſs than the greater, and multiply the exceſs of the greater Cube above 
the double of the leſſer by the (ide of the greater ; ſecondly, multiply the exceſs of the 
double of the greater Cube above the leſs by the fide of the lefſer, thirdly , multiply 
the ſumm of the ſaid Cubes by the {ide of the greater , fourthly , nndriply the ſumm 
of the ſame Cubes by the ſide of the leſſer : Then the ſumm of the Cubes of the firſt, 
ſecond and fourth Produdts ſhall be equal to the Cube of the third Produc. 

An example in Numbers, | 


41, Let two ſuch Cubes be taken , that the double of the lefler 
. is leſs than the greater, as, - © +» » + « ;0':-0 + 
42, The (ides of which Cubes are ., .,  . «- , 0 » 
23. Then by the laſt preceding Canon , the ſides of the four 4 
Cubes ſought , in their leaſt cerms will be tound theſe ,, viz EF 4 09 | 
24. I ſay the ſumm of the-Cubes of 4, 5 and 3 , ___ 644125427 =/216 


 # ano 
-.1 = 6bb 


MIMI! 
I 


to the Cube of 6, viz. . « +» « « 


” . 
PY CR 4a Ald. _— —_—_—— 


Lad _— _ — 


— 


IE 


LUEST. 40. IE. 
To divide any cube-number , ſuppoſe 8, into three Rational cube-numbers. 


| | RESOLUTION. Tn 3 
Take any cube-number leſs than the given Cube 8, as 1, then (by the preceding 
Leſt. 39. ) divide 7 the difference of thoſe Cubes into two Cubes , ſuppoſe into theſe, 
55 and £2£ , whoſe ſumm 7 is equal to the difference of the given Cubes's and 1. 
2 LESS: hos _ 
Therefore 3 as 7 _ Sa F k : 
2 '  , 0 - 
Whereby 'tis manifeſt that three Cubes, to wit, £*, 23+ and 1 are found out , whoſe 
ſumm is equa] to the given Cube 8 , as was required. | 
Hence you may eafily perceive a way to divide a given Cube. into- any odd number of 
Cubes ; :as to divide a Cube into five Cubes , firſt divide the given Cube into three Cubes, 
and then divide one of thoſe three into three Cubes , ſo the other rwo, with the three Cubes 
laſt found out are five Cubes, whoſe ſumm is equal to the Cube firſt given ; in like manner 
you may divide a Cube into 7, 9, I, 13, &c. Cubes. But there is not any Rational 
cube.nember that can be divided into two Rational Cube numbers z which negative Pro- 
poſition the Learned D" Walls hath demonſtrated, 


moe rY 


— 


——— 


QUEST. 4. 


[ This is the 19 of the 4" Book of Vieta's Zeteticks, and the ſame with Quelt. 2. 
of Bachet in his Comment upon Quelt. 2, of the 4 Book, of Diophantus. ] | 
Two cube-numbers being given, to find two other cube-numbers whoſe difference ſhall 

equa] to the ſumm of the given Cubes, 42) 
RESOLUTION. 


| d the greater, 
7, Let the fides of the given Cubes be . . . + 3 rag ag 


6b the leſſer. 


2. Therefore the Cubes of thoſe ſides are . . +» + +> 4 and, 63 
3. For the ſide of the greater Cube ſought put . « + +? F d 
4- And for the ſide of the lefſer Cube ſought put _ . 3 _—_— b 


K - "2M Theres 
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of Therefore the greater Cube ſought is . . F 43+ 3daa + 3ada = ds 


: a* i. _ 
6. And the leſſer Cube ſought is . - . + EAA — Fas 34dda — 63 


7. Therefore the difference of the Cubes ſought © Lens 4 36 Pe land 


3. Which Jiffirence mult be equal to the ſamm of the given Cubes, therefore ; 


Eo —-- _ 344+ 3460+ $ + b = 6+ 63, 
3ah3 


9. Which Equation, after due ReduQion , gives 3 s = __— 


12.; Therefore from the firſt, third , fourth and tenth ſteps , the ſides of the two Cub 
_ fought will be found equal to theſe known quantitles, 


kd = the greater ſide , 
Fiz, 
26 — 4 |= the leſſer ſide. 
The ſame ſides will be produced , if inſtead of the Poſitions in the third and fourth 
ſteps there be put 4d + and 4 — b, and thoſe ſides above-expreſt by Letters give this 
CANO N, 


11. Add the greater of the two Cubes given to the donble of the lefſer, and multiply the 

. ſur by the. fide of the greater Cube ; add alſo the leſſer Cube to the double of the 

_ greater, and multiply this ſumm-by the ſide of the lefler Cube , laſtly , divide cach of 

--choſe-Produas-by the difference of the given Cubes, and the Quotients ſhall be the 
ſides of the Cubes ſought, : 
An Example in Numbers. | 


Let two Cubes be given, as, «. , « «+ « » .-> 8 =dad, and x =bbh 
RD” > n2=64 ;, and I =<& / 


The ſides whereof are . . . . . 
| | | 24þ3 |. a* —— a _ | 
p pyorny ws 2 208 : 
Then by the Canon , 04.4 c the ſides of the Cubes ſought; 
43 HAR 3 ——_— © 


Ent off eh we ao 


12. Hence 'tis calic to find out four cabe-numbers, the greateſt of which ſhall be equal 
to the ſumm of the other three : For when by this Queſtion two Cubes are found out, 
having their difference equal to the ſumm of two given Cubes , the leſſer of the two 
Cubes found out , together with the two given Cubes ſhall be equal to the greater of 
the Cubes found out. But if four ſuch Cubes be deſired in whole numbers , they 
may; be readily found out by the following Caron, which is raiſed by the like manner - 
of arguing as was before uſed in Obſervat. 2. Queſt. 38. 

CANOLM, 


13, Firſt take any two Cubes in whole numbers, add the. greater to the double of the 
lefler and multiply the ſuram by the fide of the greater ; ſecondly, add the leffer Cube 
to the double of the greater , and multiply this ſumm by the ſide of the leſſer; thirdly, 
multiply the difference of thoſe Cubes by the ſide of the greater ; fourthly , multiply 
the ſaid difference by the (ide of the lefſer Cube : Then the ſumm of the Cubes of 
the three latter Produdts ſhall be equal to the Cube of the firſt Product. 

An Example in Numbers. 
LettwoCubes in whole numbers be taken at pleaſure,as > 8 = ddd, and « = bbb 
The ſides of thoſe Cubes are - +. * o - ep 2=d, and a =6 
Then by the Carr laſt afore-going , the ſides of the | | 
four Cubes ſought will be found theſe, to wit, .' , .F 72 » 177 » 14 »7 


I fay the Cube of 2o is equal to the ſumm of the 5 
Cubes of 17, 14 and 7, = » + + = *8 8000 =491 3427447343 


DUEST, 4 


Qeſt.42,43- Diophantus's Algebra explain'd. 
DUEST. 4t. 'S 


Two cube-numbers being given, ſuch, that the double of the lefler is leſs than the 
greater , to find out two other, Cubes whoſe difference ſhall be equal to the difference 
of the given Cubes. ( But how this is to be done when the double of the lefler Gabe 
exceeds the greater, hath already been ſheiwwf in 2xeft. 38.) | wa: 


RESOLUTION, 


1, Let there be two Cubes given, towit, «. . . « . 3.3 , S) = => 6 

2, By the Canon in Seft. 14. of the foregoing eſt. 39. hind out two 73 : 
Cubes whoſe ſumm hall be equal to the difference of the given Cubes, > ©©© = 5 
fach are theſe, . . & » gog = as 


Therefore by that ConſtruQtion, . .> ddd—bbb = ccofoggy =8 —1 = 7. 
2, By the Canon in Seff. 11. of the foregoing zeſt. 41. firtl two Cubes whoſe dif- 
ference ſhafl be equal co the ſamm of the Cubes ecc and ggp, (found out in the pre= 
ceding ſecond ſtep, ) ſuch are thee , | ks 


kkk *= 2224s ; Whoſe ſide is EM 


JJ —_ 1981385216 1256 


Therefore by this Conſtrufion, .. . .p kkk—UM = ccc + gog _ 7? 
4, Therefore from the ſecond and third ſteps, ( per 1. Axiom, 1. Elem. Euclid. ) 
| kbk — Il =, dad — Bw =" 7. 


I ay kkk and /, that is, 2224344432 and 2244324244 ( whoſe fides are 2342" 


and +254, ) will ſolve the Queſtion\ propoſed , for thieir difference 7 is equal to the 
difference of the given Cubes 8. and 1, Ws Ga: 


Note, Although by the preceding Reſolutions of this and Queſt. 38. innnmerable 
pairs of cube-numbers may be found out , ſuch, that the difference. of :each pAir ſhall .be- 


val to the difference of two Cubes given , yet nekcher. of thoſe Refolutions will find opt 

| the pairs of Cubes that have the ſame ditterence with two given Cubes ; for example, 
if the Cubes 1728 and 1000 be given, whoſe difference is 728 ,- the Canon in the 149 
ſtep of the foregoing Queſt. 38. will not find out the Cubes 729 and 1 , whoſe difference 
k 7:8 , although that Canon, with the help of, the Reſolution of this Quef. 42. will find 
out innumerable paits of Cubes , ſuch , that the difference of each pair ſhall Þe 728. 


I ”y 
— 


QUEST. 43- 


' To divide a given number 23 compos'd of two cube nambers 27 and x , into two 
other Rational cube-numbers, : 


[ This Queſtion was propounded in 165 7. by Monſ. Fermat, ( as appears by an Epiſtolical 
Commerce printed at Oxford in 1658.) but his way of ſolving it came not to light, 
till it was publiſ/d ( after his death ) amang other his Analytical Inventions, by way of 
Supplement to Monſ. Bacher's Comment upon Diophantus, printed at Tholoſe in 1670. 


= ; 


FY © . 
ET —— 


Jet the very ſame way of ſolving this Queſtion was found out long before by our Learned , 


; Dr John Wallis, ( though, it ſeems, not timely enaugh to have been inſerted in the 
little Book, above-mentioned, ) and tthewiſe by my ſelf, before I had ſeen or heard 
of any Solution to the ſasd Dueſtion , in ſnch manner as here # foſlows. | 


RESOLUTION. _ wo 
1, Let the Cubes 27 and 1 , whoſe ſumm makes the given number 28,7 ddd = -27 
be repreſented by 4dd and bbb, viz, ; . +» ++ + A bbb = © 


2, By theCanon in Set, 1 1, of the foregoing neſt. 41. find two cube-numbers whoſe 


difference may be equal to 28 the ſumm of the given Cubes 27 and x , that B, did 


and 6b , ) ſuch are theſe Cubes , 
Kr ok gg = 53593 7 whole ſide is SLAM 
V:%, ; ; 
1 — 


I7576 ? 


1166375 - . = 

—c =o... ſide 15 - 57 

Therefore , | 
: 3 _— 

3- By 


'> gg —ece = ddd {bb = 27 415 = 280 
K 2 


”_—— 
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3. By the foregoing neſt. 39. find out two Cubes whoſe ſumm fall be equal to 28 
che difference of the two Cubes ggg and ccc, ſuch are thee , 
| kbk — 25345 232527341298070 2625 
— __ 9g864$2093704I0I5055552 
83) = 2276266096373544085 2831 _ 
ey 98648 20937041015055552 * 


The ſides of which Cubes are theſe , to wit, . . 


Therefore, ggg — ce = kkk-+ lll. 
4. But by es in ihe 4 ep » 2 £0g-—Ccc = add-|-bbb = 27H+1 = 28; 
» Therefore from the two laſt Equa- Ra E 

; tions, (pr ny riughe rar Ferry AU = ddd bb = 27-41 = 28, 

Whenee it is manifeſt that the two Cubes found out, to wit, &4kk and 71, ( which 
with their ſides are before ſeverally expreſt by numbers in the third ſtep , )- will ſolve the 
Queſtion , for their ſurgm makes 28 , which is the ſumm-of the given Cubbs 27 and x. 
And becaufe by the help of the known Cubes yggg and cce in the ſecond ſtep , divers Pairs 
of Cubes having the ſame difference with the ſaid ggg and cco may be found out , ( by the 
38" or 42% Queſtion atoregoing :) Therefore by the help of any of the pairs of Cubes 
ſo found out, their difference may be divided into two-Gubes whofe ſumm ſhall be equal 
to the ſumm of the given Cubes. 27 and, 1. 


« a7; Another Example. | 
Let it be required to diyide 9 , which is compos'd of the Cubes 8 and r , into two 


27 


1 [| 


RESOLUTION. 


x. Let the Cubes 8 and Tt , whoſe ſumm makes the given number 9, be? did = 8. 
- repreſented by: ddd: and bbb, 'viz.',  . 0 © 35 © 0 ©» © +S bbb =1 
32. 'By-the Canon-I0 Se. t1. 2ueſh, 41. of this Bogk,, find out two Cubes whoſe dif- 
- erence may be equal ro 9, thefumm of the given Cubes 8 and 1 ; ſuch are theſe Cubes, 


—./- $000 . 20 
— _— x. whoſe (ide is _ 


ce = a, whoſe (ide is _— 
.- Therefore, ggg — ces = 4dd4-bbb = 8-|-1 = 9: 

3: Then by the preceding 39 Queſtion divide the difference of the Cubes ppg and cc 
into two rational Cubes, v:z. divide 9 the difference of the Cubes £5322 and 4+ 
into two Cubes : But here becauſe the double of the leſſer Cube 42:4 exceeds the 

reater. #745 , two Cubes muſt firſt be found out, ( by the help of the foregoing 
Oueſt 38. ) that the difference of theſe may be equal to the difference of thoſe, 
that the double of the leſſer of rhe Cubes found out may be leſs than the greater , fuch 
.- ar& theſe. Cubes, 


— $695590842626239 : whoſc ſide 15 188479, 


las. ! | 738542637646471 ? 90391 
F — _ 48707103808000, we - .- 36520 
my = ar whoſe lide 1s IT 


4+, Now foraſmuch as the doyble of the lefer of the two Cubes laſt found our is {els 
thapthe greater, we may by the help of the preceding Queſt 39+ divide 9 the difference 
 of- thoſe Cubes 2m and 2m, (and likewiſe of ggg and'ccc) into two rational Cubes, 
whoſe ſides wiflte found theſe, | 
h = 243617713990034836487 
Fiz. ; — 609623835676137297449 ? 


— 4$7267171714352336560 , 


5. Thergfape. by.Goaſtr tion is OO. 
. ere .by.Gonkru 10 tir wo 

, preeeiggNeps,.... - »: o:; vs (6 , ggg—ceo = kkk +1! 

6. But by ConſtruQtion in the ſecond ſtep, > gog—cec = ddd-l-bbb = $-[-1.=9 
7» Theretore from the two laſt Equations ,, . « >: kkke|-IIl = ddd-j-bbb = 8-1 = 9 


Thus two'Chbes ( whole, ſides k,and 1.are above-expreft in numbers) are found owt, 
worm added together make 9, the fumm of: the given Cubcs 8 and 1, as Was It- 


DOUEST. 44+ 


P—8 
F © 
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Queſt. 44,45. Diophatitus's Algebra explatitd. —— 


LUEST. 44. 
To divide the double of any given cube-number into four cube-numbers, | 
For example , let it be required ro divide 5.4 the double of the Cube 2 7, into four 


cube-nurabers. | 
RESOLUTION. 


1, For the given Cube 27 put ddd, viz. ſuppoſe . . . 1 * i» dad = 27 
;, Therefore the double of that Cube is , . . . . . ,- .> 2ddd = 54 
3. Take any cube-number leſs than the given Cube 27 , as x ; w_ bas 22-1 
which put 655 , viz. ſuppoſe , , . 5 0 0 0 of do wo = 1 
4 By the foregoing 2neft. 43. find two Cubes whoſe ſumm may be equal to ddd -|- bbb, 
(to wit, 27 | 1,) ſuppoſe thoſe which ſolved the ſaid Zueft. 43. in Example 1. 
/ blk i 253452325273412980702625 | 
Viz, jr. 98648 299372410I505Firt 9 
MEE MY 
. . | Rh: k _— Exzp420'5 
The lides of which Cubes are theſe, to wit, ,. . .'. . = 75,4468285 
; [= a24ply, 


Therefore by that Conſtruction, . . . 8 ddd + bbb = kkk+ UM = 28 
5. By Zweſt. 39. of this Bock divide 26 the difference of the Cubes 27 and 1 , to wit; 
aid — bbb into two Cubes ,- ſuppoſe into theſe , | 
rr = ax whoſe fide is 2. 
Viz, 3 28 


21952 3 


$55 = 79s» Whoſe lide is 53., 


Therefore by this Conn gh 2 ' S. ddd—bbb=rrr-55 = 26 
6, Therefore by adding together the Equations 2, ,,,,. . SI I Is 

in the fourth and fifth ſteps, this will ariſe, wie b 2.448 = RRP lUoorr: MR — 5 

Therefore forir Cubes are found our , to wit, kkk ; 11}, rrr and 5s ,* which With their 
lides are before expreſt in mumbers in the fourth and ffth ſteps", and'the' ſui of thoſe. 
Cubes makes 54 , which is equal*to the' double- of: the- Cube' 27 ficſt” given, as* was 
required by the Queſtion. a ER | , 


s 4:4 «+2454 #5 4 * FE xr EE 


2VEST. 45. (Quilt. 17. Lib. 4. Diophant. ) | 

To find out+ three numbers whoſe ſum” may? make' a Sqwire';* afid that the ſecohd 
mumber added to the Square of the firſt mayimake a'Square';- alſq;, that the thirCnwthiber 
added to the Square of the ſecond may make a Square , and laſtly ,-that the firſt nutnber 
added to the Square of the third may make'a Square, | 


RESOLUTION. 


1. For the firſt number ſought put 4 — any known number , as, . > a—r_ 

2. The Square thereof is « © © » © 5 « 05 00 qe i , A241 

3. To which Square if - 44 be added, (to wit, the donble 'of — 24, [6 ry E LOVE = D 
but with the contrary ſign --, ) ic makes a Square, towit, , . -$ "Rx 

4: Therefore for the ſecond number put . . «© » . «© oo oÞ oo 0,4 44 
Whereby one of the conditions in the Queſtion is'farisfied ; » fot: the ſecond nuniber 44 
added ro the Square of the firſt number a — 1 makes the Square! a4-|- 24-1 , 
Whoſe Root is a1. x 5g A 

5. Then form a Square from 44 +{- r, ( which is thefamin of theecahd number 'ga"and 
the knowh number 1 irvthe firſt aſſimed number 4— x, but with the contrary-lign'+=,) 
ſo the Square of 4a-|- 1 will be 1644+ 84-1; from which ſubtraR the Square 
of the ſecond nutaber 44, to wit 1644, and'put the Remaindgr 84-5 1 for the third 
number : Whence it is evident, thar if this third number be added to the -Squart” of. 
uy" ſecond ; the ſumm is a Square , whereby another of the conditions'in the Queftion 
5 ſatisfied, | |  --:.: 1b % 2 

P' From the firſt , fourth and fifth ſteps the ſumm of the three numbers ſought is 1 34, 
which according to the Quieſtion mult be a Square , let it thetefore be equared ta ſome 


Ciags Sd- 43, , 
Square, iz. ſuppoſe 134 = 16944, Whence 4 = 1344 3 now according to o 
| vaſue 
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value of «, the firſt number which was put 4— 2 will be 1342 — 1 , the ſecord 
number which was put 44 will be 5244; and laſtly , the third number which was af. 
med 84-1 will be-1044«+|- 1. It remains that the Square of the third number 
10444-j-1, to Wit , 10816aaaa | 20844 1, added to the firſt number 1 2a@-1 
may make a Square ; but it makes 1051 6aanan-|- 22144, this therefore muſt be ©qua- 
ted to a Square , or the ſame divided by aa gives. 1081644-{- 221 to be equated to 
a Square , whoſe lide, to the end that 4 may be greater than 4/77 , and conſequently 
1344 greater than 1, may be feigned to be 1044+ any known number leks than FIEN 
or 1044 — any known number greater than 60x ; ler therefore the [ide of the (id 
Square be feigned 1944 4 1 , whence the Square it ſelf is 1081644-j 2084+. I, 
which being equated to the atoreſaid 1081 644-|- 221 , will give 4=57. Therefore 
the poſitions being reſolved , the firſt number will be £553 , the ſecond **2392 | the 
third 4a22gs ;z Which three numbers will ſolve the Queſtion, for their ſumm is LLL225 
the Square of the {ide 24+ , alſo the Square of the grit number , to wit , 32.2254: 
added to the ſecond makes the Square $245#3£3+3 from the lide $4233 ; moreover 
the Square of the ſecond, to wit, **2*3322525 a ded to the third makes the Square 
256222229215. , from the ide *£323=; laſtly , the Square of the third , to wir, 
222633322415. added to the firſt makes the Square 42223542152, from the (ide 4#2442, 


| DUEST. 46. | I, 
' Tofind three numbers , that as well the fumm of every two, as of all three, may make 


a Square, 7. 
= qu | RESOLUTION. 


——___ 


122 Let $ repreſent any known number, and 4 ſome number un- 


Known, then from 4 -- foe even number of & , ( for avoiding >  aa+|- 46a -|- 44h 
Fra&tions) as from; a -|- 2b form a Squate , which will be . .y | 

2, Then for the firſt number ſought put 'the rwo firſt terms of the = | 
faid Square, as. 4 to ed» 0 0» © 687-466 

'3. Then take the half of the ſaid 444, to wit, 244, and prefixing | 
the ſign = tot, it makes — 26a, to which add bb the Square ; = 
of half the Coefficient 24, and take the ſiynm for the ſecond(* © * 4 pf 
number ſought, to wit o . * 4 . . . . *S®. JE 0 . E | 

4: Subtra& 6b in the faid ſecond gumber from 4bb part of they, 
Square firſt formed , and add*the Remainder 36b to -- 2ba, 
to Wit ;- the ſame multitude of 6b, as is in the ſecond number, > -|- 24a | 36b 
but with a contrary ſign, and put this ſumm for the third number 

"OTC LOR, io, ot o 0 too; © 6: 0 ffolii's- > 

5+ Then from the premiſles it neceſ{arily follows, that the ſumm 49s 
of the firſt and ſecond numbers ( in the ſecond, and third ſteps) > aa +- 24a -þ- bb 
TEE, - ooo non >» » 

6. And the ſumm of the ſecond and third numbers ( in the third Þþ 
andfourth ſteps) is a Square, towit, . . . . « » « CF * x T4 

7. Alſo the ſumm of. all the three numbers is a Square, to wit, > aa-þ- 4ba-4# * 

8, It remains that the ſumm of the firſt and third numbers make a Square , but it makes 
aa + 6ba-|- 3bb, which muſt be equated to a Square, yet ſo as the value of 4 may 
be leſs than 36, tothe end that the ſecond number — 24a -|- bb may be greater than 
nothing. Now to cauſe that effect, the (ide of the ſaid Square may be feigned — 4-- 
any number between 4/3bb and 36, ( as may be colle&ted from the Canon in Se. 15. 
Leſt. 12, of this Bock, ) Let«therefore the ſaid ſide be — a 24, and then its 
Square az— 46a 4bb being equated ro aa -+- 6ba -j- 3bb (the fumm of the firſt and 
third numbers) this Equation ariſerh, ro wit, | 

in. aa -|- 6ba-|- 3bb = aa— 4bat+- 4bb. 

9+ Whence after due Reduction, the value of & is made hou os: = 230 | 

ro, Therefore, the poſitions in the ſecond , third and fouyth ſteps being reſolved accortfing 
£0 that valuc of 4, the three numbers ſought are diſcovered , to wit, ' Py 


' 742bb , bb and *46, 


Lg 


Hence this 
C F-1 NO Y. 


— 


Queſt. 4.7 248. 
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CANOXN. ET: 


Take any ſquare number, then = of rhat Square, alſo * of the ſame 
% thereof, will give three numbers to ſolve the Queſtion : SIonre. " 

As, for example, if 10 be taken for the (ide of a Square, then theſe three numbers 
will be. found out by the Canon, to wit, 41, 80 and 320, which will ſolve the Queſtion : 
Fot the ſum of 41 and 8o makes the Square 1 21, whoſe ſideis 11, alſo the ſumm of $0 
and 32.0 makes the Square 400, whole (ide is 20 z and. the: fumm of 320 and 41 makes 
the Square 361 , whoſe (ideis 19; laſtly , the ſfumm. of all the three numbers 41 , 80 


and 320 makes the Square 441 , whoſe lide is 2.” Th like mariner you may find out 


25 nafy' Anſwers in whole numbers as you pleaſe, by taking 20, 30,40 or 50, &c, for 
the fide of a Square , and then taking ſuch parts thereof as the Candn direts, 7h 


_ DPUEST. 47. (Quzſt. 23. Lib. 4. Diophant. ) | 
To find three numbers , that if they be ſeverally added to the Solid produced by their 
continual multiplication, every one of the three ſumms may be a Square. 
( I pall wave Diophantus's Reſolution , and uſe that of Fermat in his Obſervation upon 
tha Zneftion , which #« much eaſier. ) 
RESOLUTION. 


1, Let a Square be formed from 4 — any known number, as from 

a—T, Lee bob TR 5 eG Vat 5 44 —2477-1 
2, Then for the Solid of the three numbers ſought pur the two firſt 

terms of that $ uare , ro wit, Ss = "a s* . "RF ou Ye uv, CO 
3, And for the firſt number ſought put the laſt term of the faid l | 


Re , 19 Wit, $f oe eo 3,630 «0 

Whence one of the conditions is fatisfied ; for if the ſaid firft number r be added 
t:44— 24, (that is, the Solid of all the three numbers , ) S ſumm is a Square , to wit, 
tht firſt formed. | 


5: For the ſecond number put . 35 , «. . 3! 0 7 > 24 


This added to the ſaid Solid a4 — 24 makes the Square 44, whereby another of the 


conditions in the Queſtion is ſatisfied. 


5. Then divide a4 — 24, ( the Solid of all the three numbers ) by 24 the Pradu@ of the - 


firſt and ſecond , ſo the Quotient is 
| 34 — 1, ( the third number. ) BIJF 

6, Which third number added to the Solid of all the three muſt alſo make a Square , but 
it makes : aa — 2a — I. 

7. Therefore 44 — £4 — 1 muſt be equated to a $quare, yet ſo, as the value of « may 
be greater than 2 , to the end that the third number 44 — 1 may be greater than no= 
thing. : But to cauſe that effe&, the ſide of the ſaid Square may be frigned 4— any 

| number leſs than 2-, but greater than 4, or 4 — any number greater than 2,” ler then 
the ſaid ſide be feigned a— 3, whoſe Square <quated to a4 — 24 — 1, Will give 4 = *$, 
According to which value, the Poſitions being reſolved , the firſt number ſought is 1, 
the ſecond *Z, and the third 2, which will ſolve the Queſtion : For the ſolid Pro- 
duc of their multiplication one into another, to wit, 42, taking to it ſeverally the ſaid 
three numbers , makes the Squares 33>, 23% and 7. | | | 


DUEST. 48. ( Quaſt. 31. Lib. 4. Diophant. ) | 
To find four ſquare numbers , whoſe ſumm added to the ſfumm of their ſides may make 


2 


a number given , ſuppoſe 12. 
RESOLUTION. 


Foraſmuch as ( by the firſt Propoſition in the following Ob/ervarion upon this Lueſt, ) 
every Square increaſed with his (ide and £ of unity makes a. Square , whoſe lide leffened 
by + of unity gives the ſide of the former Square, therefore the ſumm of the four 
Squares ſought rogether with four times 4 will make four Squares ; but the given num- 
ber 12 increaſed with four times 2, towit, 1, makes 23: Therefore we muſt divide 
13 into four Squares; then if from every one. of. their (ides we ſubtra& 4, there will 


remain the ſides of the four Squares ſoughr, But x 3 is compos'd of two Squares 4 and 9 ; 
therefore 


Bo 
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therefore ( by the firſt Queſtion of this Book ) each of theſe may be divided into two 
Squares , viz. 4 into £+ and 75 , and g into 325 and 25: now the four Roots of thoſe 
Squates are 2, £ ,** and 2, fron each of which Roots if 5 be ſubtrafted there will re. 
main the ſides of the_four Squares ſought , to wit, the fides 75, 53 rs and 73, whoſe 
Squates* £22, 53.1,225: and, 7*3 Will, Tolve the Queſtion : For it their ſumm 7 be 

Ito'5 « f their lides, it makes the given number 12 ; which was required, 


added'to-'5 the.ſutrim 6 
Obſervations upon Queſt. 48, 


" The preceding Reſolution depends upon two Propoſitions, viz. 
- Firſt, if any ſquare number be increaſed with its ſide and 4 of unity the ſfumm wil 
be a Square , whoſe, fide leſſened: by 4 of unity gives the ſide .of the former Square. 
This may be deraonſtrated thus ; 


Care De 2 SUUALE..:o os oo os +: 00 5.6 »# 4s 
Then to that Square add its {ide and + of unitty, towit, . . « . > a+Z 

-- So the ſumm makes this Square, , '. « « © + +» +» + © of A+ a 
EEE SS > 3 of ne 0 0 » co eÞ% 
From which Root if you ſubrrat '. '. oe » of © +$ 
The Remainder is the (ide of the firſt Square, towit,,, « .' « «FP 4 | 


Therefore the Propoſition is. manifeſt. {© 
Secondly , the ſaid Reſolution rakes this Propoſition for granted , viz. That any given 
whole number increaſed with 1 may be divided into four Squares ; how. this may be gene« 
rally done D:ophantus doth not ſhew.: . But 'tis evident, that if a given ſquare number 
increaſed: with 1 makes a Square, or a number compoſed of two Squares , then the ſumm 
may ealily be divided into four Squares, or into as many as you pleaſe, (by the ficlt 


or ſecond Queſtiok of this Book.) But if 13, be given, how ſhall 13 increaſed 


with 1, that is 14; Which .is neither a Square nor compoſed of two Squares , be divided 
into four Squares ? This at firſt ſight ſeeras to be a very,hard Task , but if the matter be 
narrowly conſidered , the difficulty will ſoon vaniſh, for 14 is compos'd of three 
Squares, tOwit, I, 4, 9 ; Wherefore if one of theſe be divided into two Squares, then 
conſequently 14 Is divided into four Squares. But 'Fermat in his Obſervation upon 
this 2zeſt. 31. of rhe fourth Book of Diophanraus, affirms that every whole number is 
either a Square, or elſe compos'd of two , three or four Squares , and he there promiſeth 
to give the Demonſtration of this and other abſtruſe Myſteries in Numbers in a particular 
Treatiſe. Bachet confeſſerh he could not demonſtrate the ſame, but- gives Examples of 
the certainty thereof in all whole numbers from 1 to-120, and faith he had made experi- 
ment of all whole numbers to 325. If this Prop. be granted, then the Queſtion may 
be eaſily extended to five, lix, or as many Squares'as you pleaſe, without any Determi- 
nation, But if rwo Squares only be deſired , whoſe ſumm' with the ſumm of their ſides 
may make a Square, then. after 2 is added ro the quadruple of the given number , the 
ſumm muſt be compos'd of rwo Squares : And if three Squares be ſought, then after 3 
15 added to the quadruple of the given number the ſumm muſt be compos'd of three Squares, 
which conditions are manifeſt from the firſt Propoſition above expreſt. 


—_ 


LUEST. 49. 


[ This #s the 34 of the fourth Book, of Diophantus, and the 13" of the fifth Buk, 
of Vieta's Zetetichs, | | | 


To divide a given number into two ſuch parts, that if the firſt part be increaſed with 
a given number þ, and the other part with a given number d; the Product made by the 
multiplication of the two ſumms one into the other may be a ſquare number, 


RESOLUTION. 


LESS gan hagke put ' 0. 6, i»: lo oo. +» 5 oÞ 5 » #—b 
2. Therefore the other part, to the end the ſumm of the parts may b 
me alhe i... eine: o- 3 n is 'e —T 

3- Then (according to the Queſtion ) adding 6 to the firſt 
the ſumm-is . . bs __” 


part, 
4- And adding 4 to the ſecond part ; the ſum is 2 : 


_ 


: 2 x — 4+b-{-d 
5. There 


— — 
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5, Therefore the Product made by the multiplication of thoſe 7 
two ſumms one into the other will be > 4. 6. -:<& on | ba -|- da 
LINES - + « + #0 4 + + © > X*-|bdintoa,—aa 
7, Which Produ&t muſt be equated to a Square , whoſe {ide may be feigned 54, and then 
the Square of 54, to wit, 5544, being equated to the Product in the ſixth ſtep, this 
Equation ariſeth, viz, 


x-|-b+d into 4, — aa = 5544. 
$, Which Equation , after dae ReduCtion, gives . . . . 2 4 = GN _ 
9, Therefore from the eighth and firſt Reps, the firſt part fought 2 x d — 5b 
will be made known; W/W; «eo a of 6: « «+ 4 5 | I 


10, And from the eighth and ſecond ſteps the ſecond part —— 5x | 5b — d 
will be diſcovered , to: wit, . os oo & < +. +. © Ss = 1 
But to the end that each of the two parts in the ninth and renth ſteps may be greater 
than nothing , the number $ cannot be taken at pleaſure, but within the limits hereafter 
diſcovered , viz. 


11, Foraſmuch as the numerator in the ninth ſtep requires that ;'» »+]- 4 = 5b 
12, Therefore by dividing each part in the laſt ſtep by b, . 3 = 4=w" 
» Ih, oc oo Ss SS Sz. SLOESD 


14, Therefore by extraQting the ſquare Root out of each part * — +4 
the laſt {tep = . = . - - . "SBS . » «. . Q . 2 v 
15, Again, the Numerator in the tenth ſtep ſhews, that . . .> 55x-|-55b = d 


c 
16, Therefore by dividing each part by xx-|-b, it follows thaty 8 = 


| x + b 
17. Therefore by extra&ing the ſquare Root out of each part "y Fd d 
the laſt ſtep, « EET . . . " hs . . » . 55 / x + b 


18, Thus in the fourteenth and ſeventeenth ſteps it is diſcovered , that for the number s 


x |-4d a 

; and y/ pox wy oh ns then the two delired 
parts whoſe ſumm is equal to x the number to be divided will be ſuch as are before 
expreſt in the ninth and tenth ſteps. 


An Example in Numbers. 


we may take any number between y/ 


x 

2 — b > numbers given in the Queſtion; 

o=S 3 

Whence < =< s > a namber choſen within the limits in the eighteenth ſtep. 
Then by the help of thoſe known numbers, the ninth and tenth ſteps will give #5 and 7s 

the two parts ſought, whoſe ſumm is 4, ( or  ;) the former of which parts increaſed 

with 12 (or b, ) and the latter with 2o ( ord, ) make the two ſumms 35 and *3$ ; 

theſe multiplied one by the other produce a Square whoſe ſide is £34. Theretore the 

Queſtion is ſolved , and manifeſtly capable of innumerable Anſwers. 


4. 
Suppoſe 2 1 


(IIS! 


DUVEST. 50, ( Quart. 35. Lib. 4. Diophant. ) 


To divide a given number into three numbers , ſuch , that if the Produdt of the multi- 
plication of the firſt into the ſecond be increaſed and leſſened by the third , as well the (umm 
45 the remainder may be a ſquare number. 


RESOLUTION. 


-— 
, 


1, Le the given number be 0 oe ceo» « +0 
2, For the third number ſought put .,0 #0 © oa 
3. For the ſecond number ſought put ſome known number leſs than the my 
mnder. 6, ub . 5 oe A SS SI ES | 
4+ Therefore, becauſe all the three numbers ſought muſt make 6 , the firſt 7 _ 
eunycr ſhall be 0 eo oo @ 6 6s IRS 4 
| $. Then 


v© Þ Q 
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5. Then ( according 0 the Queltton ) ihe Product of the firſt and =S R E. 
cond numbers ſought, together with the third, muſt make a Square,v3z. — =x-D 
6. Aiſo the ſame Product leſſened by the third! number mutt make 
ENS +. - oe fe ug je + od 
7. Son the wo laſt ſteps we are faln upon a Duplicate equality , but 'tis Inexplicable, 
Diophantus therefore ſecks out another Duplicate equality wherein the numbers prefixc 
ro 4 may have ſuch proportion to one another as a {quare number hath to a {quare 
number, for then is will be reſolvable like that Duplicate equality which hath been 
already explain'd in eſt. 35. of this Book, Firſt, then inſtead of 2 which was 
aſſumed for the ſecond number ſought , ſome orher number leſs chan 6 muſt be taken, 
ſuch , that if it be increaſed and leſſened by unity, the ſumm may be to the remainder 
as 2 ſquare number to a ſquare number , ( for if the riſe of 3 and 1, which are pre. 
fixt to 4 in the Duplicate equality above expreſt , be examined, it will appear thar 3 
ariſeth by adding 1 to 2, and 1 ariſcth by ſubtrating 1 from the ſame number 2,) 
Therefore let e repreſent ſome number to be taken inſtead of 2 for the ſecond number 
ſought; then e-|-1 muſt be tro e— 1, as a Square to a Square , ſuppoſe as bb to 4/, 


LS 7 a - - » of ta #—tD., 4 


8. Therefore by comparing the Produd of the extremes ro wa: oy 
ProduR of the means, . « » +» +. CN» dde+dd = = 


9. Whegce afreridue Reduftion, . ;'. fo. © © © © oÞ » ©« e = pr 


10. Butthe value of e muſt be leſs than 6, which I ſhall call F2 #--4d f 
” ﬀpgE RR _a=xﬆ rx TX_m5yT, We 
11. Therefore by multiplying each part by f, . . . « .> bb-{-dd =D fxbb-ad: 
Hence this Canon to find out the number e, viz. | = 
12- Take any two ſquare numbers whoſe ſumm may be leſs than the Product of their 
difference multiplied into the number giyen in. the Queſtion , then divide the ſumm of 
the ſaid Squares by their difference, ſo the Quotient ſhall be the number to be put for the 
ſecond number ſought by the Queſtion propoſed , for it ſhall be leſs than the number 
given in the Queſtion and if it be increaſed with 1 and leſſened by 1 , the ſumm ſhall 
be to the remainder as the greater of the Squares taken is to the leſſer. Therefore 
I take the Squares 4 and 1 and divide their fumm 5 by their difference 3, ſo there ariſcth 
5 for the ſecond number. Now let the Politions be renewed thus , viz. 
I 3. The number given to be divided into three numbers is , -. 
14. For the ſecond number put . . . © © © © «© o> £ 
25. Ang tor theithird number . > oo © » | o > a 
16. Then the ſurm of the ſecond and third numbers ſubtrated? \,, 
from 6 (the ſumm of all three )) leaves the firſt number ., ,q * 
17. Now (according to the Queſtion ) the Produ& of the firſt 
and ſecond numbers together with the third , muſt make ap $2 — 24 — Oo 
TE. | s - 45 oe DÞ eo » Iu » s 2» 
18. And the ſame Produtt leſſened by the third number muſt? 5 __ ,, _ - 
LINE» - cf of = ie in = 4 Es 
19. Sonnthetwo laſt ſteps there 1s a Duplicate equality wherein the numbers prefixt to 4 
have ſuch proportion one to another as a Square to a Square, for & is to # as 1 to 4; 
and therefore this Duplicate equality may be reſolved like that in the preceding Queſt. 35 
in this manner, viz. Foratmuch as a ſquare number multiplied by a Square produceth 
a Square, therefore to take away the Fractions, multiply all the Quantities in the 17” 
and i &"" ſteps by the Denominator 9 , ſo this Duplicate equality arifeth , 
65 — 6a = D 
0 65 —-244 = s of 
20. Then the former of thoſe two Equations multiplied by 4 produceth 2.60 — 244 =0, 
ſo at length this Duplicate equality remains to be reſolved , 
260 —244 = 0 
viz. 3 55. | 
21. Now the difference of theſe two Equations being 195 , I ſeek by Canon 2. Deſt. 7+ 
of this Book two ſuch ſquare numbers that their ditterence may be 195 , and that the 


greater 5quare may be lefs than 260, But the only pair of Squares in whole mane 
| TE, 0 


$8 — 24 = 0 


*\ 


— 


VIY 
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ſo qualified are 196 and T , the greater of which being equared ro-260 — 244, or the 
Jeſler to 65 — 244, Will give 4 = & for the third number ſought, and conſequently, 
by the Poſitions in the fourteenth and lixreenth ſteps , the firſt and-.ſecond numbers are 
+ and +, which three numbers will ſolve the Queſtion, as is evident by the Proot , for 
their ſumm is 6; alſo if *£ the Produ& of the firſt and ſecond be increaſed with the 
third number © ir makes the Square EZ ; but it the ſame Produ&t be leflened by the 
ſaid + it leaves the Square 5. | | 


Cn — 


LOEST. 51. (Queſt. 36. Lib. 4- Diophant. ) 


To find three numbers , whereof the third may be ſuch a Fraction of uriity, that if the 
fr number takes from the ſecond ſuch part or parts as the Frattion expreſſeth, the ſumm 
may be to the remainder in a given Reaſon, ſuppoſe as b tod. Alſo, that the ſecond 
number raking the ſame part or parts from the firſt, the ſumm may be to the remainder 
in a given Reaſon, ſuppoſe as f to. g. But the Produ& made by the mutual multiplication 
of the brit term of each Realon muſt exceed thefProdudt of the Jatter terms one into the 
other, viz, bf mult be greater than dog. _ 

| | Preparation. | 

Let 4 and e repreſent the firſt and ſecond numbers, and # the third; or FraQion ſought ; 
then becauſe to take any parr or parts of a number, the number,muſt be multiplied by che 
Fraction expreſling the parts; the Queſtion may be ſtated thus, 2zz, 


I, If 5 o o = $' -. © - . . . 6 G au, e—nt :: b.d, 


2 And . o * = » » . C S*< 4,..-.A e + ua . @a—t”d :; F . g. 
What are the numbers, 4,e, uz ! FI. EE REY 
RESOLUTION. 


3. By comparing the Product of the extremes to the Produ& of the means in the firſt 
Analogy , this Equation is produced, towit, © 
 .. . .. aa + due. = be — bu, I? 
4. Likewiſe from the latter Analogy this Equation is produced , v3x, 
OP ge + gua = fa — fua. 
5, From the Equation in the third itep by tranipolition of dye, this ariſeth , 


da — be. — bae — ane. d : a 


6, And by dividing each part of the laſt Equation by 4, this ariſeth, 


be — bue — due 


—_ o 


q. Then by exchanging 4 in the fourth ſtep, for that which is equal to & in the laſt Equia- 
tion , and multiplying all into d, the Equation in the fourth ſtep will be converted into 


this ; 958. age + bone — brane j = us — 2bfne — afue 
OE em OS — dgune I © Q - bfaue + dfune” - 
8. From which Equation , after due Redution , this following Equation ariſeth , wherein 
x only is unknown, v2. TI | 
EET gt — us I > Saw 5 
| bg +|- ag + bf 4+ d g + ag + 
9. Which laſt Equation may be reſolved ( by the Canon in SetF. 10. Chap I 5. Book, 1.) 
in this manner, vzz. half the Coefficient drawn into # in the ſaid Equation 1s 
.. +30 oh of += 24. | 
GS be +. dg + bf ++ df 
10. The Square of the ſaid half Coefficient is . , . _. 
ee = buf + $447 + ſe + bal bd 
bg + dg + bf + 4f into bg, + dg + #& + df: 4 
I1. Then to ae. Fa ah Abſolute cy which ſolely poſlefleth the latter part 
of the Equation in the eighth ſtep to the ſame Denominaror with the Square in the tenth 
ſep, I multiply as well the Numerator as the Denominator of the ſaid Abſoſute quan- 


tity , by irs Denominator bg -|= dg bf-|- df, and ir makes | 
bbfg | bbff + bdff — bdgg — dagg — daf 
by -{- dg -jbf ++ df into be + ag = bf +- 7 
2 


12, Which 
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Iy7. Then the three numbers ſought will be theſe, +32. 


12. Which FraRtion laſt above expreſt being ſubtracted from the Fraction in the tenth 
ſtep will leave this. that follows, to wit, | 
2bbgg -+ 2daff -j- dagg + 36afg + bagg = dafe 
bg -j- ag + bf 4+ af into bg + ag Aj bf -j-- af 
13. The ſquare Root of the Fraction in the rweltth ſtep is 
_te+ +4 - 
. £28 | CT +qc ES __ | 
t4. Which ſquare Root being added to and ſubrradted from the half-Coefficient in the 
ninth ſtep, the ſumm and remainder ſhall be the two values of z in the Equation in the 


cighth ſtep, 958. k } - bf BN 
SF = Iſo, # = q - 
w_ 7. EF ETHFI 
| | : f — ag . FP 
The latter of which values of 4 ,to wit, EF ot is the Fraftion ſonght by 


the Queſtion, | 
t 5; Then according to the ſaid leſſer value of #4, the compound quantity 


b — ba — as 
_ nn 


into which e is multiplied in the latter part of the Equation fn the ſixth ſtep will be 
reduced into this fraRional quantity, to wir bog -\- bag = ddg which multi- 
: | "2 Gag ddg | bof+ dif” 
plied into any namber taken at pleaſure for the value of e, will give the number 4; 
and therefore to find out & and e in whole numbers -we may take the Numerator of that 
fra&ional quantity for & , and the Denominator for &, or any two whole numbers in 
the ſame proportion With the ſaid Numerator and Denominator , and the lefler of the 
two values of & before found for the Fraction ſought. 


An Example in Numbers. - 3=b. 

16, Let there begivn . + » «© » © + 0 © © © » VERS 
t=F 

I bbg -|- bag 


_ 12  bg-j-ag+ bf + if 
18, Which three numbers, to wit, 16, 24 and 72 will ſolve the Queſtion, as will be 


manifeſt by The Proc 
| roop. 


x 9. If the firſt number 1 6 receive 72 of the ſecond number 24, that is, 14; the ſumm 30 
will be to the remainder 1o as 3 to 1, (viz.as bto d;) Again, if the ſecond number 
24 take 73 parts of the firſt number 16, towit, 9%, the ſumm £22 will be to the 
remainder #5 as 5 to 1, (to wit, as f to g:) Or inſtead of 16 and 24 you may take 
2 and 3 , or any two numbers in the ſame Proportion. 


$ = 2 + dag 
24 ='bdg -|- dds -\- bdf 1-4 
- pEITa 


20, Again, if b=3 .d=2.f=4.andg=y . then the literal quantities in the 


preceding 15” ſtep will give theſe three numbers, 125, go and 7+ to ſolve the Que- 
ſtion z or inſtead of 125 and go you may take 25 and 18, or any two numbers in the 
ſame Proportion, 

Note. 1f in reducing the Equation in the ſeventh ſtep , bf were ſuppoſed either equal 
to dg or leſs than dg, there would come forth an Equation wherein the value of # would 
be either unicy or greater than unity ; but according to the import of the Queſtion it 
ought to be leſs than unity , and ſuch is the leſſer ya]ue of in the Equation in the eighth 
ſtep, where bf is ſuppoſed greater than 4g, as the Determination annexed to the Queltion 
requires. | 


—_— 


LUEST. 52. (Quaſt. 41. Lib. 4. Diophanr. ) 


_ To find two numbers , that the Product of their multiplication may be to their ſumm 
in a given Reaſon (or Propoxtion, ) ſuppoſe as 7 to 5. | , 
| RES O- 


Quelt.5 2,53. Diophantus's Algebra explain'd. 


RESOLUTION. 
1. For the beſt numider ouſt © of a ble ea. 
». Ad for the Rob oo G oo GG ES EE 
2. Then their fan 1B » © 5 kk «© ©:% & © © 
4. And the Product of their multiplication is . « . . , . 
5. Bur according to the Queſtion the Produ&t mult be to the ſumm 
wr two, thee . eo i Ee ens 
6. Therefore by comparing the Produ& of the extremes to the Pro- 
du& of the means this Equation ariſeth, . . « , . , . . : 
7. And by ſubtraRing re trom each part of that Equation , this? 
-arifleth,, Vit 62 oo 0 6 dS un ns © os > oo os 
8, And by dividing each part of the laſt Equation by 5a —r, this e OR 


WWVVvWv 


da > 
+ 
*: 


ae , Ate .r 5 


SAae =. h I xe 


ariſeth = VIZ, - . . » » c » » ® » . 5 * . $54 —_— 


Which Equation gives this | 
CANON, 


9, For the firſt number. ſought take any number greater than the Quotient that ariſeth 
by dividing the former term of the given Reaſon by the latter ; then multiply the firſt 
number ſo taken by the latter term , and trom the Product ſubtract the former term ; 
laſtly, by the Remainder divide the Product mad: by the multiplication of the firſt nura- 
ber into the former term, and che Quotient ſhall be the ſecond number ſought. For 
example, if rwo numbers be delired that their Produtt may be to heir ſumm as 3 to 2 , 
(that is, as y to s in the Reſolution, ) you may take any number greater than =, 
as 2 , for the firſt number ; then ( by the Canon ) the other number will be found 6 ; 
which numbers 2 and 6 are ſuch, that their Produ@ 12 1s to their Summ 8, as 3 to 2, 
as was delired, Afﬀtet the ſame manner you may find out innumerable Anſwers to the 

veſtion, | 

bh, if it were deſired to find out two numbers that the ProduR of their multiplication 
night be equal to their ſunim , and. that the ſumm or Produ& might be a ſquare number ; 
the nurhbers may be found out thus , vsz. _ 


For thie firſt number ſought put . . . » 5: 3 5; > 4 

And for the ſecond number . . » « . + « 8: 

Then according to the Queſtion, « . « « « Þ , oÞ ae = abe 

Therefore by tranſpolition of e,' . . « ©» » «© > , , ae—e = & 

Therefore each part of the laſt Equation being divided. 7? FOI ot 
a—T 


4#—I, there will ariſe OW EET ET 
Which laſt Equation raultiplied by a gives . +» 5 : 3 ae = —E (= 4-6) 


f 
F 


Which > 4 - muſt (according to the Queſtion ) be a ſquare number; But the Ny- 
merator 44 is a Square; it remains then to equate the Denominator 4 — 1 to ſome ſquare 
number , let it be dd, viz. ſuppoſe 4— 1 = dd, whence & = dd 1 , according to 


which vale of 4, the number e which was before found equal to —=—, will be a of. 


Therefore for the two nutnbers ſought take dd-[-1 and LE, which ih words give this 


CANON. 


For one of the numbers ſought take any ſquare number increaſed. with unity ; then 
_ that ſumm by the ſquare number taken , and the Quotient Nall be the other number 
ought, | 
As, for example, you may take 4 {1 ; that is, 5 for one of the numbers ſought ; 
then dividing 5 by 4 (the Square taken,) the Quotient £ ſhall be the other number ſought. 
So5 and £ will ſolve the Queſtion laſt propoſed ; for their Produdt is +, their Summ alſo 
Is *7, which is a ſquare number as was required. 


OR 


LUEST. 53. 


To find two numbers, that their difference may be equal to the differente of their Squares, 
and that the ſumm of the Squares of the twonumbers may be a Square. ama 


86 
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__ RESOLUTION. 
x. For the greater number put . ; . « . g 


LETT - o o. e 6 5 ©» » +» ; 
Then their difference is . . .. IE at. 


A—C 
aa — ce 
Aa—Ce — a-e 


VV Y 
na 


4. And the difference of their Squares is « « «' < « +» «+ 
5- Therefore according t6 the Queſtion , LES © >» 4 4 
6. Therefore by dividing each part of that Equation by a —e, wot. 
Quotient gives . .- »- « +- - « . ue” ; 
7. Therefore by tranſpolition of 4, '.'. -'. « « «» © © © «© E=I—a 
$. Now taking 1 — & inſtead of z, the two numbers ſoughtare . .> a and 1—a 
9. The difference of which numbers is either 24 — x oft 1 —28, and the ſame is. the 
difference of their Squares : But the ſumm of their Squates muſt make a Square , there- 
fore 244 — 24-| 1 muſt be equared toa Square, yer ſÞ, as the value of 4 may beef; 
than 1, Now to cauſe that effect the ſaid fide may be feigred — 1 + any multitude 
of a greater than 24 ; let'therefore the ſaid fide be feigned 3a — 1, then the Square 
of 34 — 1 being equated to the ſaid 244 — 24 1 the value of a will be found £, 
which ſubtrated trom 1 leaves 2 , therefore & and + are the numbers ſought. For 
as well their difference as the difference of their Squares 15 + - and the ſumm of the 
Squares of # and + makes a Square, to wit, #Z. 
From the premiſles arifeth this 


a—|-e=1 


CANON. 


10. Take any number greater than 2 , then divide the exceſs of that number above uniy, 
by the exceſs of halt the Square of the ſame number above unity, and the Quotient ſhall 
be one of the numbers ſought, which ſubtraRted from unity leaves the other number ſought, 
As, for example, take the number 3 ; then dividing the exceſs of 3 above 1, thatis, 2, 
by the exceſs of half the Square of 3 above 1, that is, by 2, the Quotient # ts 0ne 
of the numbers ſought, which ſubtracted from 1 leaves 3 for the other number. | 

T1. The ſame Queſtion may be propounded thus, viz. To find a right-angled Triang(c 
in Rational numbers, that the difference of the (ides about the right-angle may be equal 
ro the ditference of the Squares of the ſame ſides. For ſolving this Queſtion , take any 
two numbers found out by the iaid Canon, as # and + for the {ides about rhe right- 
angle, whence the Hypothenuſal ( ro wit , the ſquare Root of the ſumm of the Squares 
of and }) ts £. | 

Moreover, from the foregoing Reſolution of 2xeſt. 5 3. we may deduce this 
THEORE AM. | 


12. If unity be divided intq any iwa parts, the difference of the parts is equal to the dif- 
ference of the Squares of the ſame parts : And 1t the Produt made by the mutual 
multiplication of the parts be ſabtraKed from each of them, each Remainder will be 
a Square : Alſo the excels of the greater part above its Square is equal ro the exceſs 0f 
the leſſer part above its Square, and each excels is equa] ro the Product of the parts. 

This will eaſily be manifeſted by theſe two numbers 4 and x — 4, whoſe ſumm is unity, 


—_— 


DUEST. $4 £ Queſt, 45. Lib. 4. Diophant. ) 


To find three numbers , that the exceſs of the greateſt above the mean may be to the 
exceſs of the mean above the leaſt in a given Reaſon, ſuppoſe as 3 to 1 ; and that the ſumn 
of every two of the three numbers may be a Square. 


RESOLUTION. 


1. Foraſmuch as the ſumm of the mean and leaſt of the three numbers muſt 
LEED ooo fs) Es - e's 

2. Therefore the mean is greater than 2 z for if we ſhould put it 2, the leaſt A- 2 
would be alſo 2 , which is abſurd , therefore for the mean let there be ny F 

3- Therefore from the ſaid politions the leaſt number is . , , . .> 2 —# 

4+ And the exceſs of the mean above the leaſt is, . . . . , . .> 24 

5- Bur the exceſs of the greateſt above the mean muſt be the triple of the / 
excels of the mean above the leaſt, therefore from the laſt ſtep the > 6 
excels of the greateſt above the mean is . , « . . . . + + 6ich 

| 6, Wi 
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6, Which laſt mentioned exceſs, to wit , 64, being added to the mean 
4-|- 2 , gives the greateſt of the three numbers ,* towit, . . . 

-, But the Queſtion requires two things more, to wit, that the greateſt 
with the mean raay make a Square ; and that the greateſt with thek\& 84-|- 4 — 
leaſt may make a Square ; hence ariſeth this Duplicate equaliryC 6a 4 4 — 
ts he reſolved, towit, . «oo : bn Ee HS TS. 

$, Which Duplicate equality hath already been reſolved in the preceding Qzeſ. 33. of 
this Book , where the number #Z+, ( among innumerable other numbers that might 
be diſcovered, and each to be leſs than 2 , as the third ſtep of the preceding Reſolution 
requires, ) was found out for the value of a. Therctore #£+ being taken tor the value 
of 4, and the politions in the ſixth , ſecond and third ſteps reſolved accordingly , the 
three numbers ſought will be found theſe, to wit , 2435, *£3% and ;£*, which will 
ſolve the Queſtion, For firſt, the exceſs of the greateſt above the mean , to wit, £2, 
is the triple of *£32 the exceſs of the mean above the leaſt , ſecondly , the ſumm of the 
greateſt and mean is the Square 2243S, Whoſe ſide is 3£; thirdly, the ſamm of the 
greateſt and leaſt is the Square 53% , whoſe {ide is 5£; laſtly, the ſamm of the mean 


and leaſt is the Square £23% , whoſe [ide is $7, thats , 2. 


74-|-2 


[1 
[1 


PCI 


LUEST. 55- ( Quaſt. 2, Lib, 5. Diophant. ) 


To find three numbers in Geometrical proportion, that every one of them increaſed 
with a given number 4 may make a Square, 


RESOLUTION. 


1 Firſt, ſeek a Square which added to the given number d may make a Square, 
and whoſe + part may exceed 4; ſuppole it be found 4, let this be put for > bb 
one of the extreme Proportionals fought, to wit, . . «© « - + +» 

2, For the other extreme put «© « . « - $0 ew. aa 

3 Then becauſe the Produ&t of the extremes 1s equal- to the Square of the 
mean, therefore the Square of the mean is bbaa, whoſe Root is the mean > ba 
nll, towt, . . co 5 ec ann ad SS i oanSRS 

4. By ConſtruKion in the firſt ep the firſt extreme bb increaſed with the given number 4d 
makes a Square ; bur according to the Queſtion the other extreme and the mean being 
ſeverally increaſed with the ſame given number 4 muſt alſo make a Square , whence this 
Duplicate equality ariſeth, 


Rs as -d = .0 
: bad = ; 

5. Now to reſolve this Duplicate equality I proceed as in former Queſtions 3 v3z. Firſt, 
the diff-rence of thoſe two Equations is a4 — ba, which is equal to the Product of 4 
into 4 —- þ , then if the Square of half rhe ſumm of 4 and 4 — 6 be equated to aa +4, 
or the Square of half the difference of 4 and a —6 to ba + 4, from either of thoſe 
Equations the value of 4 will be made known : But half the difference of the faid @ and 
a—b is ib, whoſe Square is £6, let this be equated to ba-|- 4, and it will be 

| ba - d —= #bb. 

6, Whence, after due ReduCion, the value of 4 will be — i zbb — a 
WM, cc. cc cet SS I _ NT TT XMEzEErA be 

7. And by multiplying each part of the laſt Equation by 6, it gives > b4 = 446 —4d 
From the premifles ariſeth the following Canon to find out the three Proportionals ſought; 

CANOM. 


9, Take for one of the extreme Proportionals ſought ſuch a ſquare number that if it be 
Increaſed with the given number it may make a Square , and that a quarter of the firſt 
Square may exceed the given number z then from a quarter of the firſt Square ſabtract 
the given number and there will remain the mean Proportional ; laſtly , divide the mean 
by the lide of the Square firſt taken, and the Square of the Quotient ſhall be the other 
extreme. 


An Example in Numbers. 


Suppoſe 19 — d the number given in the Queſtion then find a Square that if it 


be increaſed with 1 9 may make a Square , and that a quarter of the Square found out ws 
EXCee 


wt 2 ee 
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exceed the ſaid 19, ( or that the (ide of the ſaid Square may exceed 4/76. ) But ſuch is the 
Square 81 , { found out atter the manner of reſolving the ninth Queſtion of this Book,) 
for $1 increaſed with 1 9 makes the Square 100, allo 5 of 81 is greater than 1 g - there. 
fore 81 ſhall be the firſt of the three Proportionals ſought, Then by the Canon above 
expreſt, the other two will be found + and 735g. Ifay , 81, x and 553+ will ſolve the 
Queſtion : For firſt they are continual Proportionals, 1n regard the Produ& of the ex- 
tremes is equal ro the Square of the mean ; ſecondly, the firſt Proportional 81 increaſed 
with the given number 19 makes the Square 100 ; thitdly , the mean Proportional £ in. 
creaſed with the ſaid 1 9 makes the Square = ; laſtly, the third Proportional T7592 Increaſed 
with the ſaid 1 9 makes the Square #232 , whoſe {ide is 2:2, Therefore the Queſtion is 
ſolved, and manifeſtly capable of innumerable Anſwers, 


QUEST. 56. ( Quaſt.7. Lib. 5. Diophant. ) 
To find two numbers , that the Produ& of their multiplication added to the ſumm of 


their Squares may make a Square. 
| RESOLUTION. 


1. For one of the numbers ſought take any known num-2 , 
ber 9 As . LEI v0 v2 © ee 2 2 RES 20 

2. For the other number put. 5 «© . +» +» { . » 

3. I Square of the irſt is . « 5 0 +» » « » 

4. The Square of the ſecond is . « « «» « + . 

5- The Produc of the multiplication of the two muy '' 


TRI SS a 5 o + on a 0 
6. Therefore the ſum of the ſaid Squares and Product is > aa | ba | bb 


F-4 ; 


e 
> bb 


7. Which ſumm muſt be equal to a Square, the ſide 


whereof may be feigned to be 4 — any known number | 
greater than 6, let ir be 4 —4, and then the Square of > aa-|-ba4+bb = aa—2 aa-|-i 
 a—#4 being equated to the ſaid ſumm , this Equation 
ariſeth, VIRe Ex” oo ce Ee ad bb 
$, Which Equation afcer due ReduQtion gives . . .> 4 = + ; 
9, Therefore from the firſt , ſecord and eighth ſteps the s 1] OM T: 
two numbers ſought are equal to theſe known numbers, > þ and —— 
EE I» - - >» > 24-j-b 
10, But to avoid FraQtions multiply thoſe two numbers | 
ſeverally by the Denominator 24-|-b, and take the> 24b -{- bb and dd — tb 
Produ&s for two numbers to ſolve the Queſtion , v3z. 


The Proof. 
It. The Square of d—bbis ff, , . 3 f , 
I2, The Square of 24b--bb is , . . «  ., 
I3, The Product of 4d — bb into 24b {bb is , , 
14, The ſumm of the ſaid Squares and Produ@ is ; . 
I 5. Which ſumm is a Square whoſe Root is ..., . . 
From the tenth ſtep ariſeth 


> dddd —2ddbb 4-bbbb 
> 4dabb 4 4dbbb \- bbbb 
> 2bddd — 2468 -bbdd-bibh 
> +64 34dbb+24642b6 
> dd-d-dbJ-bb 


CANONM |. 


16, Take any two unequal ſquare numbers, then their difference ſhall be one of the num- 
bers ſought , and the lefler Square increaſed with the double Product of the multiplt- 
cation of the {1des of thoſe Squares ſhall be the other number ſought. 


: Moreover, becauſe the ProduQt of the multiplication of the ſumm of any two numbers 
nto their difference , is equal to the difference of their Squares, therefore from the pre- 
ceding Canon ariſeth | 

CANOM 2. 


I7- Takeany two unequal numbers, then the Produ&t of their ſumm multiplied into their 
difterence ſhall be one of the two numbers ſought, and the double Product made by 
the mutual multiplication of the two numbers firſt taken, together with the Square 01 
the leſſer number ſhall be the other number ſought, 


From 


Queſt. 56. Diophantus's Algebra explain'd. 


From the premiſſes *ris evident that the Queſtion is capable of innumerable Anſwers in 
whole numbers, of which ( tor the Learners exerciſe ) I ſhall exhibit ſix, with their Proofs, 
in the following Table. 


4,b\ s$,7 ES Ls 1 99 | q 
2,1 S.6-- 25 12 IF -93_F7] 
3,1] 8, 7] 64| 49] 56] 16913 


| 


3,2|16, 5 |. 256| 25| $o| 36r|n 
453\ 33, 710899] 49]231 [1369] 3 
SJ,T|24,11 | 576|121|264| 9g961]31 
| »3| 329, 16|1521|256| 624|2401 [49 


\© 


| 


_ 


| 
| 


I 


| 


ISNHOH 


4] 


18. The numbers under 4 and 6 in this Table are fix pairs of numbers taken at pleaſure} 
by which the latter of the two preceding Canons gives [ix pairs of numbers under 5 and x 
to ſolve 2weſt. 56. As, for example, if 2 and 1 be taken, then Canon 2. gives 5 and 3, 
(thar is, s and 7 / to ſolve the Queſtion: For 25 and 9, the Squares of 5 and 3, together 
with 15 the Produ of 5 and 3, (thatis, 35-7 o ) make the Square 49, (that 
is 9q, ) Whoſe lide is 7, (towit,g,) 


But for a further Proof , you may obſerve from the fourteenth and fifteenth ſteps of 
the Reſolution , that every number ſtanding under 4 is equal to its reſpective 4d-j-db-{-b6 z 
0 7 in the Columel of q is equal to the Squares of 2.and 1 ſtanding under 4, b, together 
wih the Product of 2 into 1. The like is to be underſtood of the other five Anſwers 
in the Table. 

Obſervat. 1. upon the foregoing Quelt. 56; 


Whereas it is taken for granted in the tenth ſtep of the preceding Reſolution of 
ueſt. 56. that two numbers in the ſame Reaſon ( or Proportion ) with thoſe found our 
to ſolve the ſaid Queſtion will likewiſe ſatisfhe the ſame , I ſhall here demonſtrate the truth 
thereof, | 

Sappoſitions. 


I. Let two numbers capable of ſolving 2xef#.56. ſuppole? , 1 þ 
5 and 3, berepreſentedbly . . . « « » « » 

2, And let their Squares be {igrified by  , 5 - «> aa and 6b 

3. Then according to the import of Queſt, 56. .' Þ »>. aa babbb = D 

4. Let two other numbers having the ſame Proportion to , | 
one another as 4to b be repreſented by 4d and c, viz.> ao. b:: dec 
— P15 et 

5. Then add cd the Produ@ of & and d to cc an , 7 

the Squares of & and 4, ſo the ſumm is . . + » dd = 6d68 | 

' 6. Now we muſt demonſtrate that . , '» « « +» > ddd =0 (aSquare,) 


Demonſtration, 


7. By Prop. 1 7. Elem. 7. Euclid. . . . © .Þ 4+5b :: a8 « ba 

$. And by Prop. 11. Elem. 8. . . « - «> aa a ba :: ba. bb 

9. Therefore out of the two laſt preceding my <4 a. les 
OLies, . 06: a l 


io, And by the like argumentation , - +: + I» d.4 1: dds Hr 
11, And becauſe by ſuppolition in the fourth ſtep, > 4.6 ::d .c 
12, Therefore our of the ninth, tenth and ele- as bd ::be.bb :: dd. cd:: ch 
venth ſteps , ( per Prop. 11. Elem.5.) « . 
13. Therefore alternately (per Prop. 1 3-Elem.7.) > 444d :: bad :: bb .cc 
14. Therefore (per Prop. 12. Elem. 7.) « « +P aa-}-bar-bb . dd-|-can-Ce :: ad » ad 
15. And becauſe by fuppolition . - « + '+» > 44 and ad are Squares. 
16, And by ſuppolition in the A - > aaþbad bb = + 
I7, Therefore from the fourteenth, fifteenth and Lg Fn 
lxteenth (teps, (per Prop. 24. Elem, 8.) « + dd 1 64-1 6 bu 


Which was to be proved, hs Obſervat. 22 


go 
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© Obſervat. 2. upon Queſt. 56. 


Albert Girard in pag. 618. of Simon Stevin's Arithmetick printed in the French Tongue 
at Zeyden, in 1625. doth from the ſaid ſeventh Queſtion of the. fitth Book ot Di:phantis 
deduce this following | | 

THEOREM. 

If a plain Triangle be made of three ſuch ſides, that the ſumm of the Squares of two of 
thoſe ſides , together with the Rectangle ( or Produtt of the multiplication ) of the ſame 
two lides, is equal to the Square of the third fide ; then the angle oppolite to ſuch third 
fide hath for its meaſure exa&tly 120 degrees; Bur if the ſaid ReCtangle (or Produ&) 
be ſubtrated from the ſurm of the ſaid Squares, and the Remainder be equal to the Square 
of the third fide, then the angle oppoſite to ſuch third (ide ſhall have for its meaſure infa]- 


libly 60 degrees. 
This may eaſily be demonſtrated by Pyop. 12, & 13. Elem. 2. Euclid. but waving the | 


Demonſtration, 1 ſhall explain the Theorem by Numbers. 


Firſt then, if three numbers be deſired to expreſs the meaſures of the ſides of a plain 
Triangle that ſhall have one angle whoſe meaſure is 120 degrees, the preceding Table will 
furniſh you with fix ſuch Triangles , for in every rank of numbers in that Table, the 
three numbers which anſwer to 5, r and q will conſtitute the Triangle defired. As, for 
example, 5, 3 and7; likewiſe, 8, 7, 13.| 16,5, 19, &c. will expreſs the Quantities 
of the ſides of Triangles, in every one of which, the meaſure of the angle oppoltte to the 
greateſt ſide is exaftly 120 degrees. | | | 

Otherwiſe , without the help of the ſaid Table, if two unequal numbers be taken 
at pleaſure, as 2—d, and 1 =b, then theſe three following numbers ſhall exprels 
the meaſures of the ſides of a Triangle having an angle of 1 20 degrees , v:z, 


2ab -|- bb = 5 — AB, 
dad — bb = 3 =— BC=BE=EC, 
ad + db bb = 7 = AC. 


C 


A —_Y 
SS i 
Which three numbers , ( as is manifeſt by the preceding Reſolution of 2xef. 5 6. ) have 
this property , iz. the ſumm of the Squares of the two lefler numbers together with 
the Produ&t of their multiplication 15.equal to the Square of the third or greateſt number. 
Moreover , if three unequal numbers be delired to expreſs the Quantities of the lides 
of a plain Triangle that ſhall have for the meaſure of one of its angles exa&ly 60 degrees, 
you may readily find them out by the help of the preceding Table : For the numbers 


anſwering to 5-7, 7, and q are the three numbers deſired ; ſo from the firſt rank ot 
numbers in the Table , you may take 


8 = 5--r = AE, 
= y — EC = EB = BC, 
/ == gq = AC, 


Which three numbers 8, 3 , 7 are the meaſures of the ſides of a Triangle having one 
of its angles , ( to wit, thar opoſite to 7 or q, ) exatly 60 degrees. 

Otherwiſe, without the help of the ſaid Table, if two unequal numbers be taken at 
pleaſure, as 2 =d, and 1 = 6, then theſe three following numbers ſhall be the me:- 
ſures of the ſides of a Triangle having one angle of 60 degrees, to wit, that oppoſite 
to the ſide dd -|- ab + bb. | | | 


2db |-dd = 8 = AE, 
; ad — bhp = == EC, 
ad -|- db -\-bb =7T a0 


In which Triangle the Square of the ſide dd -- db J-bb is equal ro the ſumm of the 
Squares of the other two lides 2ab |- ad and dd — bb, leſs by the ReQangle (or Produtt) 
of_the ſame two lides, as is evident by the following | 


x | Proof. 
The Square of 2aþ-dd is . , .Þ.> 4ddbb-|- qbddd-|- dddd 


The Square of dd—bbis . , , > adddd — 2ddbb {+ bbbb 
The 


Queſt. $5, Diophantus's Algebra explain'd. g1 | 


F "EI 


The ſumm of thoſe Squares is . , . .'> 24abb-|- 4bddd + 2ddad-j- bbbb 
The Produ&t of 24b-j-dd into d#-bb is > 2badd-|- dddd — 2 dbbb — dab 


Which Product being ſubtracted trom " Aadd - bubb 4 3 ddbb | 2abbb +} badd 
a ou m[— a _ 


ſaid ſumatn of the Squares , leaves . . .FC 
Which Remainder is the Square of 44 -|- db -|- bb, as was affirmed, 


— r= 


LUEST. 57. ( Quaſt. 8. Lib. 5. Diophant. ) 
To find three right-anpled Triangles in Rational nitmbers that ſhall have equal Area's. 
| RESOLUTION. 


1. Firſt , by either of the Canons in Se. 16, 17. of 1 | 
the foregoing 2weſt. 56. find out two numbers 8 ys agg 3 
capable of ſolving that Queſtion , ſuppoſe . 7 (he lefler, 
2+ Therefore, (according to the import of the ſaid 
Lueſt. 56.) the Squares of s and x, with the Pro- IS 
duct of £ into y is equal to ſome Rational ſquare ** Trqir =o 
number, let it be gg, whence . . . . . . 
+ iy by CINE " _ _ and ſecond  /. 73 Fr: = 9, (Rational.) 
4. By the Canon in Obſervar. 8. Reſolut. 2. 2uecſt. 1. form a right-angled Triangle from 
v/: 55 ſ-sr rr: (that is, 9g) and 7, fo the three fides will be expreſiible by theſe 
Rational numbers, : W's 


| fs + 52x = Hypothenuſal , 
VIRs ; 


5s | 5r = Baſe, 
| 2497 = Perpendicular. 
5, In like manner form a ſecond right-angled Triangle from y/: 55 + 5x + 7+: (that is, q } 
. and &, ſothe three (ides will be expreſſible by theſe Rational numbers , Gs 


255-|- 55 |-x7 —= Hypothenuſal , 
VER ; 


Sr |-r+ — Baſe, 
24s = Perpendicular. — 
6, Likewiſe , form a third right-angled Triangle from y/: sx-|- sr + #7 : ( that is, g ) 
and s-|- x, fo the three {ides will be expreſſible by theſe Rational numbers, 
255 | 35r-|+2rr = Hypothenuſal , 
VIRe 


sr = Baſe, 
298 -|- 2qr = Perpendicular. 

7+ I ſay thoſe three Triangles will ſolve this 57" Queſtion : For firſt , by Conſtruion 
they are right-angled Triangles ; ſecondly , all the (ides are expreſſible by Rational 
numbers, tor s, » and q are Rational numbers by ConſtruRtion;; thirdly, if in every 
one of thoſe three Triangles the Baſe be multiplied by the Perpendicular , every one 
of the three Products will manifeſtly be equal to 29rss = 2grry ; therefore the halves 
of thoſe ProduRs , that is , the Area's of thoſe three right-angled Triangles are equal 
to one another , as was required, ; 

8. And ſince the foregoing Leſt. 56. gives innumerable whole numbers anſwering to 
5s,r and q, you may find out as many Ternions of right-angled Triangles in whole 
numbers as thall be defired to ſolve this 57 Queſtion. Bur to have the nine (ſides 
of every Ternion expreſſible by whole numbers in the leaſt Terms, every pair of the 
ſaid numbers 5, - muſt be the leaſt Terms of a Reaſon , that is, rwo ſuch numbers as 
have no common Diviſor beſides unity. ; : EI 

9. The premiſſes give the following Canon to find out innumerable Ternions of right- 
angled Triangles in whole numbers to ſolve the Queſtion propoſed , after the Rational 
whole numbers repreſented by 5, 7 and q are firſt found out by either of the Canons 


of 2 zeſt. 56. 
_—_— CANON. 
Ss ol gr — 211 = h = Hypoth. | | 
l 55 6 sr = b =— Baſe, ; of Triangle 1, | 
-. 24> = þ = Fea 
« — TC TE 27+ 
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255 [+ 7 |-rr = bh = Hypoth. | 
Sr +7 —= b = Baſe, : of Triangle IT. 
295 = p = Perp. 
255 5 1-277 = H = Hypoth. 
my T = B = Baſe, ; of Triangle III, 
295+ 297 =P = Perp. 


Obſervations upon the Canon laſt aforegoing. 


Divers properties , beſides the equality of Area's, in the three right-angled Triangles 
found out by the ſaid Canon, do preſent themſelves to your view, and are worthy of Obſer. 
vation. The principal Properties are theſe four , 94x. p 


h 4- b 


I. h+b = K 

3. HB = 2b + 26. 

LF H—B = þb +6 = h+Þb. 
4. P = pF+p- 


That 1s to ſay, in words, 
; 1. The ſuram of the Hypothenuſal and Baſe of the firſt Triangle , is equal to the ſumnj 
of the Hypothenufal and Baſe of the ſecond. Og _ 
 -2. The ſfumm of the Hypothenuſal and Baſe of the third Triangle , is equal to the 
double-furm of the Baſes of the firſt and ſecond. . : ; 

3. The exceſs of the Hypothenuſal above the Baſe of the third Triangle is equal to the 
ſumm of the Hypothenuſal and Baſe of the ſecond, and likewiſe to the-ſumm of the Hypo- 
thenuſal and Baſe of the firſt. Ez 

4+ The Perpendicular of the third Triangle is equal to the ſumm of the Perpendiculars 
of the firſt and ſecond. | 
By the firſt of thoſe three Triangles is meant that which hath che ſhorteſt Hypothenuſal; 
by the ſecond, that whoſe Hypothenuſal is next greater than the ſhorteſt ; and by the third, 
that which hath the longeſt Hypothenufal ; in which order they are ſet in the Table, Bur 
the better ro explain the "Canon and Pan, I ſhall reſume the Table belonging to 
Left. .56. and call it Table I. whence ſix Anfwers in whole numbers to this 2xeſt. 57: 
are-deduced , and inſerted in the following Table 11. | _—_— 


Table 1. brought from Queſt. 56. 


Ab\ s,r}. 8 fr | r| 491 9 


+24 | 5, 2} 25] of us| 49h 2 
2 [3,1] 8, 7f 64| 49|_56| 16913 
3 (32/16, 5] 256] 25| 8| 36119] 


4 [453132 711089] 49]|231]1369|37 
5 |S»! 24,11]. 576|121 [264| 96131 
O15933|39,16|1521T 256 | 624 2401 49| 


Table II. deduced from Tab. 1. by the Canen in Set. g, Queſt, 57. 
k. | b. | p. SEAT T4 SW 23 


— - — eats Sammy 
58] 40] 42] 74| 24| 70| 13] 15| 112} 
218| 120 182 233 r05 | 208 39 $6] 390 

.386| 336| 190| 617/105 | 608| 802 | 8o| 798 
1418|1320| 518[2458|280 [2442 |2969 |23x | 2960 
1082 | $40) 682 I537 385 1488 [2186 [264 2170|- 
2657 2145| 1568 3922) 880 [3822 [5426 |624 Ho 


a[- [> WIN | 


The ConſtruQtion of Table I, hath already been expreſt in Lueſs. 56. whence the latter 
Table is deduced according to the Canon in Set. 9. of this 55" Queſtion , and contains 
tix Anſwers to it; the firſt of which is to be underſtood thus, . 
rs 2. NE # - _ a x — V .c.- =o - n 


Queſt. 58. | Diophantus's Algebra explain'd. 


23 


In the firſt rank, under , . h , b ,, p. #,t#, a 1 M,07 
you will knd . . «© 58, 40, 42. 74, 24 , 70. | 113, x5 "122; 
Which three Triangles have equal Area's, and ſuch other properties as before have 
heen declared , viz. h+ b = þ +6, &c. as will ealily appear by comparing the 
qumders anſwertng to thoſe Equations. The like is to be underſtood of the other five Anſwers, 


qpm_——— 


LUEST. 58. | 
[ This z Probl. 2.9. in pag. 131. of the introduttion to Algebra, tranſlated out of Hirh 
Dutch zxto Engliſh 52 1668. by Tho, Brancker, 2. 4. | din Y He 
To find three equicrural Triangles equal to one another in Area | and that the Perime- 


ters of. twa of thoſe Triangles may be equal to one another ; . and that the fides and Per. 
pendiculars of every one of thoſe three Triangles may be expreflible by rational numbers, 


TT 0” BB 


RESOLUTION. 

1, By the Canon in the ninth ſtep of the Reſolution: of the foregoing 2ſt. 57. find out 
three right-angled Triangles in rational numbers, and equal ro one another in Area 
fach are the three Triangles in any one of the fix ranks of numbers in T ab/e 11. be- 
longing to the ſaid Zeſt. 57. for example , rake thoſe in the firſt rank, 

: Wet, #, © þ 0» 
VIRs : . 
58 , 40 , 4% | 74, 245 70. 113, IF , HI2. 


# 


4, Then ( as is evident by the Diagram belonging to this Queſtion) the (ides of the three | 


equicrural Triangles delired ſhall be theſe following, - = 6 
i 4 of 0. 0 HH 28 
: FS , 58 , 80, 74 » 74 » 4$- &13. , 13's 3% | 
3. And the Perpendiculars falling upon the Baſes, v:z. apong P 3 ,.. 
2b, 26, 2B of thoſe three equierural Triangles, are theſe, .Y 42 , 70 , Iz. 
"Which three equicrural Triangles in rational, numbers above expreſt in. the ſecond ſtep 
will folve the Queſtion , as will be evident by | 
' "The Proof. 


© By ConſtruRion in the firſt ſtep the three —_—__ Triangles h, b, p. | b,6,p. | 


H, B, Þ are equal to one another in Area , therefore their double Area's are equal ro one 
another ; but the ſaid double Area's are the Area's of the three equicrural Triangles 
h, h, ab. | þ,h, 2b. | BH, H,2B, and therefore the Area's of thoſe three equicrural Trt- 
angles are equal berween therſelves , : | 


——— 


VIR, 40 x 42 = 24X 70 = 15X*1I12 = 1630, | 


5. Moreover , by the Giſt property in the Obſervations upon the Canon for reſolving 
ef. 57. this Equation is manifeſt , | | 
: h+b = h-6, : 453-0 (£3.09 
BB + =# = Wy 4. ES | 
== 2 $8449 = 74T 24 = 9. , 6. There: 


mm. 
— 
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6. Therefore the double of the firſt part of that Equation ſhall be equal to the dovble 
of the latter parr, | X 

- F 2zh-þ2b = 2h 4-26, 
—_—_ 3 I16 4-80 == i465 =|- 48 = 296. 


7. But the ſaid double ſamms ( if you view the Diagram belonging to this Queſtion) 


are manifeſtly equal to the Perimeters of the two equicrural Triangles h, h, 2b and 
h, h, 2b , therefore thoſe two equicrural Triangles are equal to one another in their Pe. 
rimerers as well as in their Area's, and each Area is equal to the Area of the third equi- 
crural Triangle H, H,2B , alſo all their fides-and Perpendiculats are expreſt by rational 
numbers, as the Queſtion required, In like manner five Anſwers more to this 5 $* 
Queſtion may be colle&ed from Table 11, in weſt. 57. and 'tis evident from the pre. 
miſſes , that innumerable Ternions of equicrural Triangles in rational whole numberg 
may be found out to ſolve the ſaid Zeſt. 5 8. 6 


LUEST. 59g. 


The three ſides of any plain right-angled Triangle being given in rational numbers; 
to find out another right-angled Triangle in rational numbers, which ſhall have the ſame 
Area with the former. | | 

[ 2ovſ.. de Fermat , ir his Obſervation upon Queſt. 8. of the fifth Book, of Diophantug, 

gives a Canon to ſolve the Dueſt.on above propoſed , but ſhews net the riſe theref, 
I ſtall therefore reſolve the ©ueſtion at large by Literal Algebra , upon the ſame 
grotnds by which it i reſolved by Numeral Algebra in pag. 11. of his Analytical 
Inventions, prefixed to the Iate Edition of Diophantus printed at Tholoſe zz 1 670. 


RESOLUTION. 
Let there be given a right-angled Triangle in rational numbers, as 3, 43 5, which 
may be repreſented by b, p, þ, whoſe Areas 2bp, then let b and a+|-p be aſſumed for 
the ſides about the right-angle of a ſecond right-angled Triangle , whence the Hypothenuſal 


will be y/: az + 2pa + ppb: that is, (becauſe hh = pp[- bb) y: aa + 2pa+th: 
and the Area of this nes Triangle is :ba-|-3bp : Now if this latter Area be divided by the 


former Area bp; and if by the ſquare Root of the Quotient © {= 1, 2jz, by y/: = +1; 


the three ſides of the ſecond Triangle be ſeverally divided , the Quotients ſhall be the three 
ſides of a thirdright-angled Triangle , whoſe Area is equal tothe Area of the right-angled 
Triangle firſt given : For if the ſides of the ſecond right-angled Triangle, to wit, b, a-+p 


and v: aa-2pa J- hh: be ſeverally divided by __ 1-1: the Quotients _— 
S -. +» il and 42 296+ bb: are the ſides of a third PR A cialge 
IP: ptr: 

' Whoſe Area _- . A is equal to ;bpthe Area of the firſt right-angled Triangle ; (for = 
TY 2 into pate ba-|- bp: ) So that if aa-ſ-2pa+ hb and © ob r Were ſquare 


numbers, then the Queſtion were ſolved : But how to make thoſe two Algebraick quantt: 
ties to be ſquare numbers, the following Reſolution ſhews. | | 


7, Let there be given, as befare, the three lides of a right-angled? 2 
-- Triangle, as E525 a SST. 
2. Then for one of the ſides about the right-angle of a ſecond 
—_—_—..... + 
3- And tor the other ſide about the right-angle, . . , .> a-- 
4+ Me - won ſumm - the Squares of thoſe two ſides muſt Sad ” 
ual tro the Square of the Hypothenuſal, rhe Square of > aa+{- 334 -{- pp -|-#v 
the Hypothenuſal of the ſecond righr. angled Erlarple Nia be , : a 
5: Thatts, (becauſe bb = pp 4-bþ,) 0, 4 ee, oÞ aefeipe bb 
; $ | p GC - wy _ G, From 


5 
> x 4 


1 £3 1 
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6, From the ſecond and third ſteps the Area of the ſecond right- > , T7 
angled Triangle is . . . ER == 
-, Which Area divided by 4p, the Area of the firſt right-angled > 4 
Tre , gives the LPR. oa a © © + K. ra +1 
$, Now according to the ſcope before-mentioned , each of the aaſ-2pa4-th=g 
quanticies in the fifth and ſeventh ſteps muſt be equated ro jp "= 
2 Square, ſo we are fallen upon this Duplicate equality, viz.Y * * * IP I = 
9. In order to reſolve that Duplicate equality, I multiply the 


ſaid = -+ x by the Square hh, to the end there may be the Is hh = © 
ſame known Square hþ in each Equation, ſo it produceth . , | 
10, Then the difference of the ſaid a4 +-2pa -|- hh and Ts abids 2pp—bb, 
p p 


+ hh, viz. the difference of the two Squares ſought is 
11, Which difference is equal to the Produ& of the multipl1- 
cation of theſe two quantities, to wit, . . . , , « » 


T ads == anda 


- 12, The half-ſumm of the two quantities laſt mentioned is . . $ a-{» PL< hh 
2 


13. Then the Square of the ſaid half-ſumm being equated to a4 2pa + bb, ( aflurtied 
(0 be the greater of the two quantities in the eighth ſtep) gives this Equation, v4. 


aa J-2pa-}- bh = aa 2 a+ 4pppp | bhhh — abbpp 


14. Which Equation, after duc ReduCtion, gives 5 | > @ = Mas —2bbpp 


15, Therefore from the ſecond, third and fourteenth ſteps [PP HM 
the two ſides about the right-angle of the ſecond nr 6 and EP wn hyp 
angled Triangle fought are © « © ©. « & » :: "- 

16. The ſumm of the Squares of rhoſe two ſides, by taking #6 = pp inſtead of the Faftor 
bh, and bbbb -{-- 2 bbpp -|- pppp inſtead of the FaRtor hbbb, will be found 


If I rp + *36%* + 36%p 4 3bby” 


The R f the ſi ee he Snares th | 
17. The ſquare Root of the ſumm of the Squares in the? , Fa 
laſt ſep hs the Hypothenuſal of the ſecond right-angled 4066þ a bp _ P 


| Triangle ſought, ro wit, 0, - ETA . TY . 
18, Which Hypothenuſal, by taking 4h inſtead 0 PP3/ 2bhbb -\- bb 
ind hbþh inſtead of 645þ = 2 bbpp -- pppp , may be ex- > = - _ 


ad ths,” Io nu en EE __ 
19. Therefore from the fifteenth and eighteenth ſteps, the three ſides of the ſecond rights 


argled Triangle ſought are theſe, to wit, 
s Popp-4þbkh —bbpp ng a+ bbpp 
”. 


p ; hhp TT | 
20. Therefore the Area of the faid ſecond right-angled  - ppppb {+ Zhhhkb — hhppb 
Triangle is - & - - ; S . pe 5 * . . . \ _ 2 bhp 
; . WY ep joht- 2 "EE 
2 Yun Area divided by 5 the Area of - rig : 2000 I 36h bhpp 
angled Triangle firſt given , gives the Quotient . . PP 
22, The ſquare Root of that Quotient is . « . 
23. By which ſquare Root, if the three ſides of the ſecond right- is be the hree Gides 


h | 
AP Triangle before 
expreſt in the nineteenth ſtep be ſeverally divided , the Quotients WI 
of the third right-angled Triangle ſought, to wit, 
; hbhpb ( LS bpb | 
; | pph — Ehbh - fp — 3bh 
2. | 2+ +bhbh — hbpp 
__ pph — 3hbh = 
« 2 hhhb -\- bbpp_ | 
a0: " 24, But 


— 0 <a ee a__— CC 
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24, Bur bbpp -|- ppp == hbpp, therefore inſtead of ſubtrating bbpp in the Numeratox 
of the ſecond of the three lides laſt before expreſt , we may ſubtra&t Bbpp -|- Pppp, 
whence that ſide may be expreſt thus I , and conſequently the three lides 
of the third right-angled Triangle ſought jhail be theſe, ro wit , 

hhpb ; 1hhbh ---. bbpp ' *hhhh -|- bbpp 
"ph — 3bbh pph — ;hbh pph — Ehbh © 

25. Or, (to avoid Fractions) we may multiply rhe Numerator and Denominator of every 
one of the three fides Jaſt above exprelt, by 4 , ſo theſe three following lides ( which 
are of the ſame value with thoſe ) will be produced for the third right-angled Triangle 
ſought, to wit, | 

ghlph , ſhhh —4qbipp , +hbhh\- abbpp 

4pph — 2hhh 4pph — 2hbh 4ppb — 2hhh © 

Hence ariſeth , x 


CANON nn, 


26, Let b, p, h repreſent the three {ides of any right-angled Triangle given in rational 
humbers , whereof the Hypothenuſal is þ, and p the greater of the two lides about 
the right-angle ; then from hh and 2bp form a right-angled Triangle , ( by the Canon 
in Obſervat. 8. upon the Reſolution by literal Algebra of the firſt Queſtion of this 
Book ;) that done, divide ſeverally the three ſides found out by 4pph — 2hbb, fo 
there will ariſe the three ſides of a right-angled Triangle whoſe Area hall be equal 

| to the Area of the given right-angled Triangle b, p, h. | 

27. Again, by ſuppoſition , hh--pp = bb+-2pp, and pb, therefore pp—tb 
— 2pp — hh, whence by multiplying each part into 2h it follows that 2pph — 26bb 
= 4pph — 2hhh : Therefore inſtead of the Diviſor 4xph — 2hbh in Canon 1. we 
may rake *2pph — 2bbh, and ſo there Will ariſe the following Canon , ( which is the 
ſame with Monſ. Fermat's in the place before cited; ) | 


CANUON 3c | 
 4bbpb bbbh — abbpp , _bbbh |= 4bbpp 
"2pph—246h * 2pph — 2bbh 2ppb —2bbh * 


In words thus , | 

28, Tet b, p, h repreſent the three ſides of aay right-angled Triangle given in rational 

numbers, 2s. h the Hypothenuſal , p the greater {ide about the right-angle, and þ 

the leſſer ; then from hh and 26bp form a ty 4 Triangle , and divide ſeverally 

the three ſides found out by 2pph — 26bh, ſo the Quotients ſhall be the three (ides 

of a right-angled Triangle whole Area is equal to the Area of the given right-angled 
Triangle 6b, p, < 

An Example in Numbers. 


Let there be given the three ſides of a right-angled Triangle? b 5: p «© h 
CT WW_, - -e- co 3 - &6'5:5 
Then by ecicher of the Canons theſe three {des of a right-? 4a «220 1201 
angled Triangle will be found out , towit, . . . . ,C 7? ? 79 2 79 
Which latter Triangle hath the ſame Area with the former , to wit , 6. 
Again , 
Let there be given this right-angled Triangle in numbers, ?' 4&6. . p 3 6 
ERP PERS ES CITE” E - oo 03 
Then by either of tke preceding Canons this right-angled > ,4:gz a5 4224 
"3094 3 3094 3 3094 


Triangle will be found out, to wit, . 


numbers. - | 


29. Moreover, from the nineteenth ſtep of the preceding Reſolution , ſeveral Canons 


may be deduced, to ſhew how by the help of any right-angled Triangle given in _ 
numbers, 


a— rw, 


TD wi RY 
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- jumbers \ tofind ont another , whoſe Area divided by the Area of the aire Teinnalome 
give the Quotient a{quare number, ' But I ſhall exhibic only this following —— 


| _ CANA - | 
Let h repreſent the Hypothenuſal, p the greater ſide abont the ri ht-angle, and b the 


leſſer in-any right-angled Triangle given in rational numbers ; then from hh and 2bp 
form a right-angled Triangle ; and divide ſeverally the three ſides found out by 4hbp ; to 


there will come forth the three -lides of a right-angled Triangle , whoſe. Area divided 


| by the Area of the given-Triangle , will give the Quotient a ſquare. number whoſe Root is 


4d —3hb or 2 p— bb 'o# | 
hp  _2hp "© An Example 1n Numbers. 
Let there be given the three ſides of a right-angled Triangle? b ; 
numbers, tOWIt, ''s of offs 0 os ole, 's SY "$1 . 
Then by the Jaſt Canon, this right-angled Triangle will be2: - "a 4 ad 
found out , to wit, '- . . s . a 5 - @ '* V $6 ®$ 3 9 4 


The Area of the latter Triangle i9'', . . . os «© > 242 
. Which Area divided by 6 the Area'of the given Tight-angledÞ - -_,, 
Triangle 3 , 4, 5 gives a ſquare number, towit,' '. «- , .F * * 7698 
The ſquare Root whereof is .. , . © » +» . . o$ «' © 532 


POE $T. 60, ( Quaſt, r2. Lib. 5. Diophant. ) 

Todivide unity into two ſuch parts , that if to each-part a given number , ſuppoſe 6 
beadded , the two ſumms may: be ſquare numbers. Bur the ſuram of the double of the 
given nurnber and unity muſt either be a ſquare number , or elſe compoſed of two Squares. 

RESOLUTION. 
AG B 


5-3 2 Toa . 
D | 2” fo ” 


| It AB be 1, and AD=BE bethegivennumber 6; therefore DE=13. Now 
we muſt divide A B , to wit, ufiity, into two parts, ſuppoſe in the point G, that GD and 
GE may be ſquare numbers, fo that in - we muſt divide DE, that is, 13 into 
two ſuch Squares that one of them may be greater than 6, but leſs than 7, But that 
may be done by the fourth Queſtion of this Book , where 1 3 is divided into the Squares 
23442 and £2484, whoſe (ides are 22 and £23, and cath of thoſe Squares is greater 
than 6, but leis than 7 5 therefore taking each Square from 7; the remainders 743+ 
and 224+ , ( that is GA and GB;) are the delired parts of unity : For if to each of 
thoſe parts the given number '6 be added , the two ſumms will be rhe Squares *738r 
and 22424, © ns BELT 44S 

It is alſo evident ; that inſtead of unity , any number may be given to be divided ; pro- 


vided that the ſumm of this number and of the double of the other number given make 


a Square, or elſe a number compoſed of rwo Squares. 


Le 


DUVEST. 61, ( Quafſt. 13, Lib. 5. Diophant. ) 


To divide unity into two ſuch parts, that to the one addiug 2 , (a number given,) and 
to the other 6 , ( another number given, ) the ſurams may be ſquare numbers. Bur the 
ſumm of the given numbers with unity muſt either make a ſquare number , or elſe a nuriber 


Compos'd of two Squares, | 
RESOLUTION. 
D nmnmmmmnmn eNOS nn 
Let ABber, AD=2 . BE=6; therefore DE = 9. Now we muſt divide 
AB, towit, t into two parts , ſuppoſe in the point G, that G DandGE may be ſquare 
fumbers- So that in effect we muſt divide DE, thatis, 9 into two ſuch Squares thar one 
May be greater than > , bur leſs than 3 5 or that one Square may be greater than 6, but 
leſs than 7, But the third Queſtion of this Book ſhews how to find out two Squares ſo 
qualified, as the Square 225% for GD, and the Square 533% for GE; the lides of 
N 


ths which 


—— 
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which Squares are $# and *3+: then ſubtraCting 2 from the Square 7338, and 6 from the 
Square z2:25 , the remainders 2435 and 3325 are the delired parts GA, GB of unity, 
For if the former part be added to 2 , and the latter ro 6, the ſumins are Squares, to wit, 
2256 and £3435, as Was required. WE 


— 


QUEST. 62, ( Quzſt. 14.:Lib. 5. Diophant, ) 

To divide unity into three ſuch parts , that if to every one of theni a given number 3 
be added ; the three ſumms may be Squares. Burt 'the ſutam of the triple of the given 
number and uniry muſt either be a iquare number, or elſe a nuraber cotnpoſed of two or 
three Squares. 7 ; | 


RESOLUTION, 

It is eaſie to apprehend that the ſumm of the three Squares ſought makes 10, and that 
the ſcope of the ſearch muſt be ro find out three Squares, every one of Which may fall 
between 3 and 4 , and that their ſumma may be.10,; tor then the three exceſſes of thoſe 


Squares above 3 will be. the three deſired parts of unity. .. Firſt then; foraſmuch as 10 i; 
compos'd of two Squares 9 and 1 , I divide 10 into two other Squares whereof one may 


be greater than 3, bur leſs than 4; ſuchare the Squares 3534 and\ 6323+, whoſe (ides 


are 2+ and 2+, for the ſumm of thoſe 5quares is 10, and the firſt Square 37H is be. 
tween 3 and. 4:. Then 1 take the Fraction 53Z# , ( ro wit, the exceſs of the hiſt Square 
above 3 ) for the firſt of the three dclired parts 0- unity ; for if ro that Fraction the giyen 
number 3 be added, it makes the Square - 525. * 

Then I divide the latter of the Squares firſt found, ro wit, 67234, whoſe fide is 2, Jatg 
two ſuch Squares that one. may be greater than 3, bur leſs than 3543+, or leſs than 3+; 
tor if ſuch Square be leſs than 3+ , it will neceſſarily be leſs than 3544+, becauſe + is leſs 
than >£#£. Burt the ſides of two ſuch Squares are 3+ and +££2 , therefore the Squares 
themſelves are- 25$2445 and 33737*£34 ; from each of which if 43 be ſubtracted the 
remainders 7+$223+ and 7555535, with the FraQtion 33+ firſt found , that is, ( inthe 
ſame Denominator with the former ) 5352235 hall be the three deſired parts of unity 
to ſolve the Queſtion. |. | | . 

After the ſame manner any number given inſtead of unity may be divided into three 
ſuch parts, that a number given being added to every one of them may make three Squares, 
But the ſumm of the number given to be divided, and the triple of the number to be 
added, muſt be either a/Square, or a number compos'd of two or three Squares. 

As, if it were delired to divide 2 into-three parts, that each part increaſed wih 4 
may make a Square : . Firſt, foraſmuch as 14 the ſumm of 2 and the triple of 4 is com- 
pos'd of three Squares 1, 4,and 9; let 1o the ſumm of g and 1 ( two of thoſe three 
Squares ) be divided into.two other Squares that the firſt may exceed 4 the number given 
to be added, but beleſs than 6 , to the end the exceſs may be leſs than 2 the number given 
to be divided ; then add the other of the two Squares found out to 4, ( the other of the 
three Squares before mentioned , whoſe ſuram made 14, ) and divide the ſumm into two ſuch 
Squares that each may be greater than 4, laſtly , from each of theſe rwo Squares laſt 
found out, as alſo from the Ft Square before found , ſubtra& 4 , ſo the Remainders (hall 
be the defired parts of 2. But the Operation I leave to the Learner's exerciſe. 


D2VEST. 63, (Quzſt. 15. Lib. 5. Diophant. ) © 


To divide unity into three ſach parts , that if the firſt be increaſed with 2 ; the ſecond 
with 3, and thethird wich 4, the three ſumms may be ſquare numbers. Bur the ſumm 
- the three numbers given and unity muſt either be a Square, or compos'd of two or three 

quares, . 

RESOLUTION. 


- Firſt we muſt divide 10 (the ſumm of the three pumbers given with unity ) that the ficſt 
may exceed 2, the ſecond 3, and the third 4, To which end, firſt, ( by 2eft. 4. of this 
Book, ) divide 10 into two Squares that one may fall between 2 and 3; ſuch are the 
»quares *23: and £3, whoſe Roots are £3 and £2; then from the firſt Square *$77 
fubtrat 2 , and take the Remainder 4£2 for one of the delired parts of unity. 

It remains to divide the other Square £5£+ into two other Squares , that one my fall 
| | erween 


— ——__ RX — _ -: ——_ |} 
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herween 3 and 4: But two ſuch Squares wil! be found 205 ==. 2624292 : whole 


ſides are =32+ and £$22 , then from the latter of the ſaid Squares ſubtract 3, and from 
the former, 4; ſo the two Remainders 345787 and 54*222 with 452 before found, 
that is, C in the ſame Denominator with the two tormer ) 3£24#2 (hall be the three deſired 
numbers , which will ſolve the Queſtion. For firſt, their ſumm makes unity ; moreover 
if 2 be added to 3282, that 1s, 42, ( the firſt number ) the ſumm is the Square ARES - 
and if 3 be added to the ſecond number 34337 , it makes the Square Aa4208 laſtly, 


if 4 be added to the third number 5$7337 , it makes the Square 42223424, 


PI 


GUEST. 64. ( Quzſt.16. Lib. 5. Diophant. ) 


To divide a given number 10 into three numbers, that the ſumm of every two may 
bea Square ; but the double of the given number muſt be either a Square , or elſe compos'd 


of two or three Squares. | 
RESOLUTION. 


Foraſmuch as the three numbers ſought are to be ſuch that the ſumm of the firſt and 
ſecond muſt make a Square , alſo the ſumm of the firſt and third muſt make a Square, 
likewiſe the ſurnm of the ſecond and third muſt make a Square ; therefore theſe three Squares 
are equal ro the ſaid three numbers rwice taken, And becauſe the ſumm of the three 
numbers 1s 10 , thereiore twice their ſumm, to wit, 20 ſhall be the ſumm of the three 
Squares, We muſt therefore divide 29 into three Squares, each of which may be leſs 
than 10 ; ( for every ore of theſe Squares muſt be equal ro two of the three numbers, 
and conſequently leſs than 10 the ſumm of all the three numbers, ) But 20 is compos'd of 
two Squares 16 and 4; therefore we may take 4 ( which is leſs than 10) for one of the 
three Squares ſought, and then divide 16 into two Squares , one of which may fall be- 
tween 1.0 and 6, for then the other will alſo be leſs than 10, ( becauſe both muſt make 16.) 
But ( by 2#eft. 4. of this Book, ) the lides of two ſuch Squares will be found #55 .and 
£:5.. wheretore the three Squares ſought are 4, #38532 and =3$+2s, which ſubtra- 
Red ſeverally from 10 leave three Remainders, 6, 3$#;% and 3322+ for the three 
delired numbers, whoſe ſumm is 10, and every two of them added rogether makes a 
Square, as was delired, 

Bur to make it more clearly evident that three numbers ſo found out will ſolve the Que- 
ſtion, ler bb, cc, dd repreſent three ſquarenumbers, then 

Suppoſe 1 . . + » >» » © » + &« +» ©< ,© e& on eo Ss 

And conſequently . © « «+.» +» +» © + © +» ob 200 ice 248 =0 

- 23. 1 2 \ Soo + 3dd — 2bb | 

Then from 10, that is, from $46 -{- £cc | 44d ſubtra&t Fr Aer Wy 

bb, cc and dd ſeverally , ſo the three Remainders are . . L "Ya by F 


— 


| ay thoſe three Remainders ſhall be three numbers to ſolve rhe Queſtion ; for the _ 


ſumm of the firſt and ſecond makes the Square 44, the ſumm ot the ſecond and third 
makes the $quare bb , and the ſumm of the firſt and third makes the Square cc. 


ne CO 


DB UEST. 65. ( Quafſt 17. Lib. 5. Diophant. ) 
To divide a given number , ſuppoſe 10 , into four numbers, that the ſumm of every 


three may make a Square. 
RESOLUTION. 


Foraſmuch as the ſumm of every three of the four numbers ſought muſt make a Square, 
theretore the four Squares ſought are equal to the four deſired numbers thrice taken. But 
the four numbers thrice taken make 3o, therefore 3o mult be divided into four ſuch 
vquares that every one of them may belels than 10, ( for every one of the four Squares 
mult be equal to three of the numbers ſought , and conſequently be leſs than 10 the ſumm 
of all four.) Bur 3o is compos'd of tour Squares, 16, 9, 4 and 1 , two of which, 
to wit, 9 and 4 may be taken for two of the Squares ſought, and then 17 ( the ſumm of 
the other rwo Squares 16, and 1 ) muſt be divided into two Squares that one may be leſs 
than 10, but greater than 7 , and then the other will be alfo leſs than 10; but the lides of 
two ſuch Squares will ( by ,2#e/# 4. of this Book, ) be found = and #2, and the Squares 


themſelves are #23 and £233, each'of which is \eſs than 10, Therefore the four Squares 
N 2 ſought 


———— 
——ﬀ 
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ſought are 9, 4» *i85 2nd ©2895 » which ſubtracted ſever-lly from 10, leave the Re. 
mainders 1, 6, 53% and $85 for the four numbers {cnght , whoſe fumm makes 10, and 
every three of them added together make the 5quares #335, v, 4 aid £235 , whole lides 
are £2,3,2 and 53. | : | 
Note. If the quadruple of the number given be a whole number , this Queſtion may 
be extended to five numbers ,*or as many as you pleaſe : for every whole number is com. 
pos'd of four Squares , which may be divided into any multitude ot Squares within any 


poſſible limirs, by the help of the third Queſtion of this Book. 


— 


L2UEST. 66. (Alemma, nſed in the followinrs Queſt. 67.) 


To find three ſuch Cube-numbers, that if trom every one of them a number given, 
ſuppole 1, be ſubtracted, the ſuram of the Remainders may be a Square. 


RESOLUTION. 


x. For the ſide of the firſt Cube put a-|- any ablolute number , as, .> «+1 
2, Thentake ſome ſquare number, as 9, and jrom its 7, to wit, from 3 - 
ſubtra&t 2 the abſolute number in the fide of the firſt Cube, and let 
the Remainder 2 be conneQed by -|- with — 4 for the ſide of the> —a+|-2 
ſecond Cube , the reaſon whereot will appear in Obſervation 1. upon\ 
EL I +» » + + ES». 
3. Let the fide of the third Cube be any known number whoſe ro 
exceeds the number given in the Queſtion, to wit, the fide . « 
4. Then the Cubes of thoſe three {des are theſe, to wit, 


I. aaa |- aa 3a 1, 
2. j —aaa|- 0a4 — 12a 8, 
- | 8 


5. From every one of which Cubes ſubrra& r the number given in the Queſtion, and add 
the Remainders together, ſo the ſumm will be 042 — 9a 4+ 1.4, which mult be equated 
to a Square ; but the {ide thereof muſt be ſo feigned that the value of a may be les 
than 2, to the end that —a-| 2, or 2 — 4 the {ide of the ſecond Cube may be greater 
than nothing. Now to cauſe that effe&, the ſaid (ide may be feigned 34 — any abl0- 
{ute number between 4/14 and 4/32 +|-6, (which limirs are found out after the me- 
thod before delivered in divers Queſtions of this Book ; ) let therefore the fide of the 
ſaid Square be feigned 34 — 4, and then the Square of 34 — 4 being equated to 
944 — gya+|-14 above mentioned, this Equation ariſeth , to wit , 

9aa— 94-14 = gJaa— 244-16. 

6. From which Equation, the value of 4 will be made known, viz. .> 4 = 55 

7. Therefore from the ſixth, firſt, ſecond and third ſteps the ſides of the three Cubes ſought 
are +7, #2 and 2 , wherefore the Cubes themſelves are #2}, 2525+ and 8, which 
will ſolve the Queſtion, For if from every one of thoſe Cubes the given number 1 
be ſubtracted , the ſumm of the three Remainders in its leaſt terms is *2+ , which 
a Oquire, as Was required. | | 


Obſervations upon Queſt. 66, 


7. Two things are remarkable in the preceding poſitions for the ſides of the Cubes 
fonght; Firſt, in the firſt ſide 2 4 1 there is put -|—- 4, and in the ſecond lide — a+ 2 
there is put — 4, tothe end that in adding together the Remainders mentioned in the fifth 
ſtep, -|- 444 and — aaa may deſtroy one another : Secondly , the unities in the ſecond 
iide muſt be choſen with ſuch Caution that the number prefixt to aa in the ſumm of the 
ſaid three Remainders may be a Square, for if 94a had not been a Square , then 944 — 
94-14 could not have been equated to a Square. Therefore that the number prefixt 
to aa In the ſaid ſumm of the Remainders may infallibly come forth a ſquare number , the 
number of unities to be conneed with — a by + in the ſide of the ſecond Cube, mult 
be the exceſs of one third part of fome ſquare number above the unit or unities in the {ide 
of the firſt Cube : The reaſon whereof may be thus manifeſted, Suppoſe a-|-b, and 
—4-+ 4d, and 2, to be the ſides of the three Cubes ſought ;, then from the Cubes 
of thoſe lides ſubtraQting the given number 1 ſeverally , the ſumm of the Remainders 15 
3baa =|- 3daa + 3bba — 3dda -|- bbb + ddd + 5 ; which ſumm cannot be equated to 
a Square, unleſs the number fignified by 36+|- 3d, which is multiplied into 44 be a _ 

| numver ; 
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number ; ſuppoſe therefore 36 4 3d = ff, whence by due ReduQion , 4 = $f — 6 , 
which ſhews that 4 the number of unities in — 4-1-4 the [ide of the ſecond Cube , muſt 
be the exceſs of one third part of ſome ſquare number , above 6 the unir or unities in 2 -i . b 
the.feigned lide of the firſt Cube , as was dire&ed in the ſecond ſtep of the Reſolution. - 

2, Ir is eaſe to apprehend that this Queſtion may be extended to as many numbers 
as you pleaſe : For having put (as before) 4-1 tor the lide of the firſt Cube, and 
(for the reaſons before given ) — 4-|- 2 for the fide of the ſecond Cube, you may put 
2 for the (ide of a third Cube, 3 for the (ide of a fourth, &c. provided that the Cubes 
of theſe abſolute numbers 2, 3, &c. do every one of them exceed the number given 
to be ſubtraed ; then from the ſumm of ali thoſe Cubes ſubtraRing the given number, 
the ſumm of the Remainders may be equated to a Square , becauſe by Conſtruction the 
number prefixt to 44 15 a Square. 


— 


QUEST, 67. ( Queſt. 18. Lib. 5. Diophant. ) 


To find three numbers , that if they be ſeverally added to the Cube of their ſumm, 
the three ſumms made by thoſe additions may be Cubes, 


RESOLUTION. 


1, For the ſumm of the three numbers ſought put . . .> 4a 
2 Then the Cube of their fam is . ,  o ' © 0 - $3» a4 
3. For the three numbers ſought pur . . ;  , . .> 7aaa, 2644aand 63447 


4. Whence it is manifeſt , that if each of the three 13ſt mentioned quantities aſſumed for 
the three numbers ſought , be increaſed with aaa which was put for the Cube of their 
ſumm, there will come torth the Cubes 84aa, 27aaa and 6444, ; but the ſumm of theſe 
three quantities 7444, 2644 and 634aa muſt be equal tro az therefore 96 aaa = a, 
and conſequently 9644 = 1 : where it 96 were a ſquare number, rhe value of 2 would 
be expreſhible by a rational number, and conſequently the Queſtion ſolved. Whence 
therefore comes 965 ? examine the Politions and you will find that by ſubtracting x 
(to wit, unity ) from the three Cubes 8, 27 and 64, the remainders 7,26 and 63 
added together make 96. Therefore we muſt ſeek three ſuch Cubes that if z be ſub- 
Irated from every one of them, the ſumm of the three remainders may be a Square : 
But the fides of three ſach Cubes are 74, ++ and 2,(found out by the preceding Lxe/#.66.) 
and the Cubes themſelves are $33, £332 and 8, from every one of which if 1 be 
ſubtracted, the three remainders will be 3+: , £8522 and 7, whoſe ſumm in its leaſt 

O 


þ 237 : 
terms is the Square 3+, whoſe fide is *5. Now by the help of thoſe remainders , 
let the work be renewed thus , vrz. 


he 


5. For the ſumm of the three numbers ſought put . . .> 4 

6. Whence the Cube of their ſumm is , . « « . «© » > aaa 

7, Then for the firſt number put « . . . © . «© © «> 3575448 
6 For the ferond  « 0 oo oo SS & © 6h » - mg 
9. And for the third . « + + . » « > © &< +: © © © 7448 
10, Then the ſumm of the three numbers laſt expreſt is -. . > . *i#aaa 


11, Which ſumm muſt be equal to a, which in the fifth ſtep my a6 
put for the ſumm of the three numbers ſought , theretore > 
12. Which Equation, after due Redu&tion , diſcovers the ſumm 
of the three numbers ſought, viz. «© «© © « © o© «+ 
Therefore from the twelfth , ſeventh , eighth and ninth ſteps, the three numbers ſought 
will be pp2532, 25522 , -235254 whole ſumm is 55, the Cube whereof is 583z 3 
which being added to every one of the ſaid three numbers, the ſumms will be Cubes, to Wit, 
ppt2iz 22252 22222 hoſe ſides are £2, 22 and 24 ; therefore the Queſtion is 
ſatisfied , and by the help of the preceding Zeſt. 66. may be extended to four, five or 


8 = v$ 


es 


L2UEST. 68. 


To find two Cube-numbers , that if their difference be increaſed with a given number, 
ſuppoſe 2, it may make a Square, and that the ſide of the greater Cube may be lefs than 1 


a number given, RESO 


| : 
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RESOLUTION. 


I. For the ſide of the lefler Cube ſought put . . . «© « «<p 4 
2, For the fide of the greater Cube put 4 -|- one third part of 
ſome ſquare number ; but ſuch third part muſt be leſs than 1 the c a | 
preſcribed limit, therefore let the {ide of the greater Cube be -, . 


3. Therefore the greater Cube is . . « + + « «© +» « Þ Aadfant {fat 


4. And the leſſer Cube is oo oC SR + 5. +» ono 

5. Therefore the difference of the ſaid Cubes is . . . < 

6. To which difference add 2 the number firſt given in the Que- 
TEES - - - + » oe > + = 

7, Which ſumm muſt be equal to a Square , the ſide whereof muſt be ſo feigned that the 
the value of 4 may be leſs than 5 , for then 4+j- 3 ( the fide of the. greater Cube ) 
will be leſs than 1 , as the Queſtion requires. Now to cauſe that effect, the {ide of 
the ſaid Square may be feigned to be either 4 -|-- any known number between +222 and 
1722, orelſe — a+ any known number between 17535 and 2735, (which limits may 
be found out by the method directed in the preceding 2zeft. 12.) let therefore the 
faid ſide be feigned a-F , and then rhe $quare ot 4 -|- + being equated to the ſumm 
in the ſixth ſtep, this Equation ariſcth', v:z. 

a8 = $a | = a6 + J4 Hh, 

S. Which Equation after due Reduct:on gives , « . « « op 4 = 7 

9. Therefore from the eighth, firſt and ſecond ſteps the lides off, 1 4 
TIT are. « c- +» 6» » » +» >» «1 *” P 

0. The Cubes of which ſides 5 and +, viz. -;5 and £5 will ſolve the Queſtion; for 
if to their difference 53 you add 2, the ſumm *$7 is a Square, and 7 the lide of 
the greater Cube is leſs than x , as was required. 


' 1 | < 
Aa, Amj3E 
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Example. 2. 
Let it be required to find two Cube-numbers whoſe difference added to 1458 (a given 
number ) may make a Square , and that the {ide of the greater Cube may be leſs than 9 
( a number given. ) 


Reſolution, 
1. For the (ide of the lefler Cube put . . . «. . a 
ſome ſquare number, but ſuch third part muſt be leſs than 9 > a+|-- 3 


the limit above preſcribed ;, therefore let the ſaid ſide be 
3. Therefore the greater Cube is . . « +» « . 
EIS BD . o «. co » © » | aaa 
5. Therefore the difference of thoſe Cubes is . . . . . [=gaa-|-274-|-27 
6. To which difference adding the number firſt given in this 2 ,. 2 
EE » + eco #4 += © + |  - » T4 
7, Sho fumm will be ; . to ooo o &- ob J0a6{-274+1455 
3, Which ſumm muſt be equal to a Square, the ſide whereof muſt be ſo feigned that the 
value of 4 may be leſs than 6, for then 4 {- 3 ( which in the ſecond ſtep was aſſume 
for the (ide of the greater Cube ſought ) will be leſs than the preſcribed limit 9 ; Now 
to cauſe that effe&, the ſide of the ſaid Square may be feigned to be 34+ any number 
between 26 and 39 , or — 34-þ any number between 38 and 63 » ſuppoſe therefore 
the ſaid ſide be fteigned 3a-ſ- 36, then the Square of 34 -|- 36 being equated tothe 
ſumm in the ſeventh ſtep , this Equation ariſeth , 3x. 
9aa *Þ 2164 | 1296 = gaa «|- 27a | 1485. 
9. Which Equation after due Redution gives . . . . .> 4 = T1 
10. Therefore from the ninth, firſt and ſecond ſteps of this 
iecond Example , the ſides of the Cubes ſought are . % 
I1- The Cubes of which fides 1 and 4, viz. 1 and 64 will ſolve the Queſtion ; for 
if their difference 63 be added to 1458 the number given in Example 2. it makes the 


Square 1521, whoſe ſide is 39; and 4 the lide of the greater Cube is leſs than 9  # 
was required, 


aaa-|=gaa-|-274--27 


eZ 
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2. For the ide of the greater Cube put 4+ one third part of - 
4 

P 

e 
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Queſt. 69. Diophantus's Algebra: explain'd. 
Example 3. Y 

Again, the ſame numbers 1458 and 9 being given as before in Exathple 2. the ſide 
of the Square mentioned 1n the. eighth ſtep may be feigned to be — 3a-|-48;' (which 
js within the limits there expreſt, ) and then the Square of — $a + 48 being equated 
to 944 | 274-j- 1485, ( before exprelt in the ſeventh ſtep, ) after due ReduRion the 
ſides of two Cubes to ſolve Left. 68. as it is before propos'd in Example 2. will be found 
21 and zz . therefore the Cubes themſelyes are 21:22-and 2532, whoſe difference 22255 
added to. the given number 1458 makes a Square , to wit, 42*2+ whoſe: ſide is 204, 
and =* the lide of the greater Cube is leſs than the preſcribed number . " 2 


CR — 
—— 


QUEST. 69... | | 
To find two ſuch cube-numbers , that if each of them be ſubtracted froin a given ſquared 
cube-number , the ſumm of the remainders may be a.$quare, 


RESOLUTION. 


1. Let the given ſquared cube-number.be. . « + ; > dddddd or # 
2. The Root or (ide whereof is . '.. 4 . » «© oF dc 
3. For the (ide of the firlt Cube ſought put . «f.4 


4+ The Cobe heredt is fo i a5 7 
5, For the ſide of the other Cube ſought put — a3 © +; 
the cube-root of the given ſquared Cube, viz. . - F — 444 
6 The Cube hereof is 4 + © roo tate > 
7. Then by ſubtracting the Cube in the- fourth ſtep from Þ- + 
the given ſquared Cube in the firſt , there will remain 1-4 — aaa 
8, And by ſubtraRting the Cube in the (ixch ſtep fr6m " 3 
the given — Cube in the fiſt, there will remain C 7-444 — 3 dans >| 344 
9, The ſumm of thoſe remainders ( in the ſeventh and 
epich ſteps } B- 0. ..< © = ee 6: © 40 ot — 3adadt- 30a at 
10. Which ſumm muſt be equal to a Square, the ſide whereof ( in regard & is a Square) 
we may feign to be either ea dad, or ea— ddd, ( where e repreſents a number 
yet unknown, and to be choſen according to the limit hereafter dilcovered : ) Firſt then 
let the ſaid (ide be feigned ea | ddd, and then the Square of ea+|- ddd being equated 
to the ſumm in the ninth ſtep, will give _ | 
— 3adaa -|- 34a {+ & = eean o+ 26 | &. 
344— 2043 
fore from the eleventh, firſt, ſecond; third can 
12, Therefore from the eleventh, firſt, ſecond, third? ._ ,, SIND 
and fifth ſteps the ſides of the two Cubes "ſought Fe. - T7 np and Ry 162 
will þe found equal to theſe quantities ; viz. CUE 8 
13. Again , foraſmuch as the (ide of the Square mentioned in the tenth ſtep may be feigned 
tO be ea -— ddd (as well as ca | ddd,) let the faid fide be ea — ddd, and then its Square 


being equated to the ſumm in the ninth ſtep, this Equation ariſeth , 03>. . 
— 3ddaa = 3d'a + 4, = eeaa — 26a + 


II, Which Equation afier due Redu&tion gives ©. Y: _ 


| | 4 WF; 
14. Which Equatiori after due Reduction gives , .> 4 = HE E 
I5. Therefore from the fourteenth, firſt, ſecond, third 3d Ja2ed , daee — we43 
and fifth ſteps the des of the two Cubes ſought will 221-a and ad j-we 
be found equal to theſe quantities, viz «. . + » G INN 
The two quantities expreſt by letters in the twelfth'ſtep will give 
CANOM 1. 


16. Suppoſing 4d to be the fide or Root of the ſquared cube-number given, take ſome 
known nomber, wich this Caution, Thar irs double may. be leſs than the triple of 4, and 
call the number taken e, then the ſides of the two Cubes ſought ſhall be theſe, v:z, 

3 —26b ig add i200 
34a -+ ce 34d je _ , 


An 
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An E xample- in -Natmbers. 


Let chere be given arp quared cube-m -number,, a9 G1 6's os oÞ 64. =id 
The Rootor [ide whereof 1s _.” +. id jp6'h}: o igitieÞ 222d 
Thya take a As; according tothe Caution inthe Canon, as > 2 = 7 
TA => 
_ "Then mm the Corn you avi bnd & * . | 8s the ſides of the Cubes ſought, 
5 ry: 


5:3 Cubes of which ſides x and 3s = I got” 27 will folve the Queſion propoſed 
exch of thoſe Cubes be ſubtrated from the given ſquared Cube 64 , the ſimm of 
the Hainders 63 and 37 makes a Square, tow, 1 00. 
; ; The, two quantities expreſt by letters in the fifteenth ſtep will give 


 CANOMX 2. + 
17. Suppoſing d to be the (ide or Root of a given-ſquared cube-number, take ſome known 
. mampber with this Caution , That it be my than the double of 4, and call the nam- 
ber taken 2, Hhefithe _ of the two Cubes ſought ſhall be theſe , oY 
3 a + 204 " and adee — 2e8Þ 


PEEII—_ 


3dd Fee "34d ce 
An Example of Canon 2. 5n\Numbers. 


Let there be giver) ary ſquared Cube, as .. . 5 © 3 « 3 5 6Þ 1 = & 
The ſide or Root whereof is « .. - » - + » »# T:_--f 
Then take a number for e, according to the Caution in Canon 2. as > 4 =& 
| iSp2eÞ 3s 
Then by Cam» 2, you will find, JENT<W the ſides of the Cubes ſought, 
| ddee — 264" = 7} 


3 ce 
The Cubes of which ſides 22 aid 54 , viz. $559 and £535 will ſolve Zxeft. 69: for 
if eath of thoſe Cubes be ſubtracted from x the given ſquared Cube, the ſumm vf the 
tetnainders makes a Square, to'wit, $z+, whoſe fide is =, 


DUEST. 70. 


 Tofind three ſuch cube-numbers, that if every one of them be ſubtraed from a give! 
Cube, ſuppoſe 1 , the ſumm of the three remainders may be a Square, 


| —C_— 


2. Firſt , by the foregoing, ft. 68. find two fich cube-numbers , that their difference 
| being added to 2, ( the dou of of the — en in this Queſtion,) the ſumm' may be 
;.. A Square, and that the greater of thoſe two Cubes tay be leſs than the given Cube 1- 
| But two ſuch Cubes are #5 and ==, whoſe ſides are © and *, ( found our in thefirſ 
Brample of DOwf63.J for if ke] difference of 'the faid | Cubes be added to 2, theſunn 
is 2$7.3 which'is a fquare fuitnber whoſe ſide is" LA. 
2, Li” for the fide of the firſt of the three Cubes ſought put 
a —F,($ Hed Re lide of the * preqter, of the two "Cubes —z 
For the Bide of the fees Cube 
3, For the fide of the Rs ou ut —44i,(1 
"being the ſideof the Cube giveniin eopdeTag Jo h 'F wy 
4. And et the fide of the third Cube be the ſide: of the leſſer __ 
of the two Cubes found out in the firſt ep , 'towit, , . c SRHeN: - 
- Then from the ſecond ſtep the firſt Cube will be , '. 5 > a44—*Za44454-535 
6, And from the third ſtep, the ſecond Cube will be |} , . . > —_— —— 
7. And from the fourth ſtep the third Cube will be . : 759 
8. Then according to the Queſtion fubira& thoſe three Cubes ſeverally from the giren 
Cube 1, ſo the three remainders ſhall be theſe, to wit, 
Þ — #44 | *24a4 — Ea + 222 


2. tha — 3X4 + 34, a 
3. 1-0 S& Sig © 28 20 7 nh 9, The 


Quelt, 70. Diophantus's Algebra explain'd. 


9, The ſumm of the ſaid three remainders is , . « .Þ> — fag $i, 252 


10. Which ſumm muſt be equal to, a Square, whoſe ſide , to the end the value of 4 may 
be greater than #, bur leſs than 1, ( as the Poſitions in the ſecond and third ſteps do 
require ) may be feigned to be either £3. any number of 4 between 224, and 
-2i-4, or elle +5 — any number of 4 greater than 333*£a4, ( which limits may be 
found out by the method before delivered in 2xef.. 13. of this Book; ) ſuppoſe there-= 
fore the ſaid (ide to be 44 = , then the Square of £4 | =; being equated to the 
ſuram of the three remainders in the ninth ſtep, this Equation ariſeth , viz, 

—fag+-$44-5-24} = $a4[- 124-242. 
11. Which Equation after due ReduCtion will give . .> @ = 2+ 
12, Therefore trom the eleventh, ſecond , third and fourth : 


I 
13, The Cubes of which (ides are theſe . , , , Þ 7385882, —362583 42.24 


The Proof. | 


By ſubtraQing ſeverally the ſaid three Cubes found out from 1, ( the Cube given in 


the Queſtion , ) the three remainders will be theſe, 
2837107 -2966390T _ 2981 $88 
2985984 I 29865984 I 2935984 ® 
The ſumm of thoſe remainders is . . « + ©. 5 « © £28529% 
Which ſumm reduced to its leaſt terms by the common PRITSE 
Inifor 144, vilthe oo ole > oe nm ; 
Which £5222 is a Square, whoſe ſide is #2 ; therefore the Queſtion is ſolved, and 
( as is evident by the tenth ſtep ) capable of innumerable Anſwers , the poſitions in the 


kcond, third and fourth ſteps ſtanding unaltred, 
Obſervations upon the preceding Reſolution of Quelt. 70. 


1+ The chief ſcope in the ſaid Reſolution is , to form the poſitions for the {ides of the 
three Cubes ſought in ſuch manner , that when the ſaid Cubes are ſeverally ſubtraRted from 
the Cube given in the Queſtion, there may be a poſſibility of equating the ſuram of the 
three remainders to a Square, which ſumm ( as you fee in the ninth ſtep) is — Zaa | £52 

262 which could not be equated to a Square if +$2 were not an affirmative ſquare 
number ; I ſhall therefore thew how the ſaid *$ doth neceſſarily become an affirmative 
ſquare number by the precedirig Operation. 

2. If the ſubtraRtion of every one of the three feigned Cubes in the fifth, ſixth and 
ſeventh ſteps from the given Cube 1, as alſo the adding of the remainders together be well 
examined , it will appear , that by adding the Cube 5£5 to 1 , and by ſubtrafting the Cube 
55> from 1, and then by adding that ſumm and remainder together, their ſumm is =$2, 
which (in regard by Conſtru&ion the greater of the ſaid Cubes, to wit, 745 is added to 1, 
and the leſſer >; is ſubtra&ted from 1 ) is the ſame with the ſumm that will ariſe by adding 
the difference ot thoſe Cubes unto 2, (the double of 1.) For if the greater of two num- 
bers be added unto, and the leſſer be ſubtracted from a third number, the ſumm and remain- 
der added together will make the ſame ſumm that ariſeth by adding the difference of thoſe 
two numbers to the double of the ſaid third number : But by ConſtruRion in the firſt 
ſtep of the Reſolution , the ſaid Cubes -£% and 3+ are found ſuch that their difference 
added to 2 makes a Square, tO wit, *$7, Whence it 1s manifeſt that the Algebraick quan- 
tity — £24-|-££, -|-£52 is capable of being equated to a Square, and that variouſly, 
as you ſee in the tenth ſtep of the Reſo]ution, 


Example 2. 


Let ir be required to find three ſuch Cube-numbers, that if every. one of them be ſub- 
trafted from a given Cube, ſuppoſe 729 , the ſumm of the three remainders may be 
a ſquare number, 


Reſolution. 


1, Firſt, by Laeſt. 68. find two ſuch Cubes that if their difference be added to 1458, 
tO wit, the double of the given Cube 729, the ſuram may be a Square, and that the fide 
of the greater of thoſe two Cubes may be leſs than 9 the lide of the given Cube 729 : 


But two ſuch Cubes are G64 and 1, { found out inthe ſecond Example of - Queſt, _ 
| O | or 


= 3 © 1) AAA Io ee A AE Ae Ie TOI OE IEEE OE EE DOI 


— —_— —_— 


106 


Diophancus's Algebra explain'd. Book 111. 


for if their difference 63 be added to the preſcribed number 1458, the ſumm 1521 
is a Square whole (ide is 29. | 
, Then for the (ide of the firſt of the three Cubes ſought ; 
8 4 


tI 


let there be put 4a— 4, (4 being the lide of the Cube 64, 
the greater of the two Cubes found out in the firſt ſtep,) 
. For the (ide of the ſecond Cube ſought put — a-|- 9, 
( 9 being the ſide of the given Cube 729,) . . » 
4. Let the ſide of the third Cube be 1, to wit, the {ide of 
the leſſer of the two Cubes fouhd out in the firſt ſtep, . 

F. Then ( according to the Queſtion ) ſubtract ſeverally rhe Cubes of thoſe three ſides 
(aflumed in the three laſt ſteps) from the given Cube 729 , and add the three remainders 
rogether , ſo the ſurm will be | 

— 15aa + 1954 = 1521: 

6. Which ſumm muſt be equal to a Square , whoſe (ide, to the end the value of. a may be 
greater than 4, but leſs than 9, as the ſecond and third ſteps require , may be teigned 
ro be either 39 + any number of a between 73334 and 1 55334, or elſe 39 — any. 
number of 4 berween 973224 and 2175324, ( which limits may be found out by the 
method delivered in 2weſt. 13. of this Book. ) Suppoſe therefore the ſaid (ide be 
feigned 39 -|- 4, then the Square thereof being equated to the ſumm in the fifth ſtep, 

this Equation will ariſe, to wit, | 

aa + 78a | 1521 = — 15aa | 1954+ 1521. 

7. Which Equation after due ReduQtion gives , , . .> @ = *#7 

8. Therefore from the ſeventh , ſecond, third and faurth? ,;; 2, q 16 
ſeps the ſides of the three Cubes ſought are theſe, . ,{C 75? 765 and 2 C0r3; 

9g. And conſequently the Cubes themſelves are , > **2222, 22627 4224 (ort) 
Which three Cubes will ſolve the Queſtion , as will be evident by 


The Proof. | 


By ſubtraRing every one of the ſaid three Cubes in the ninth ſtep from the given Cube 

7229, the three remainders will be theſe, 
2837107 2966301 2981888 
4996 J 4096. I 4096 ® 

The ſumm of thoſe remainders is . . . , . .> #2552 

Which ſumm being reduced to its leaſt terms by the? +;.,. 
Rc $6, be. . +» > co C 409 

Which is a Square, whoſe lideis . «© oc. © © > oo ZE 


GW 


— 4&9 


A B20 


2.6 
I6 
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Example 3. | 


1; Again, the ſame things remaining as before in the ſecond Example from the firlt to 
the ſixth ſtep, we may teign the (ide of the Square mentioned in the ſaid (ixth ſtep to be 
39 —104, and then the Square of 39 — 104 being equated to — 15aa-+ 1954 
-|- 1521 will give = Jt . - : 

2, Therefore from the ſecond , third and fourth ſteps of Zxample 2. the ſides of three 
other Cubes to ſolve the Queſtion propounded in the ſaid ſecond Example will be found 
theſe, to wit, . TY 3 > R and I ( or 5 

3. And conſequently the Cubes themſelves are 

s 234747 , THE2S , 2 Cor $H93.) | 

4. Which three Cubes being ſeverally ſubtraRted from the given Cube 729 , the ſumm 
of the three remainders in its leaſt rerms will be **=*£323 which is a Square , whole 
lide is *=27, as was required in Example 2. 


SS) 


LUES T. le. | 
[ Amther way of ſolving the preceding Queſt. 70. when the given Cube 1s a ſquared 
Cube , or the Cube of a Square. | 


Let it be required to find three Cube-numbers , ſuch, that if every one of them be 
ſubtradted from a given ſquared Cube-number, ſuppoſe 64 , the ſumm of the three remaln- 
ders may be a Square. ' | 

RE $0- 
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RESOLUTION 


1, Firſt, by the foregoing 2weſt. 69. find two ſuch cube-numbers ; that if each of them 
be ſubrrated from the given ſquared Cube 64, the ſumm of the remainders may be 
a Square ; ſuch are the Cubes 1 and >>, ( tound out in the Example of Cam t. of the 
ſaid 2ueſt. 69.) for if each of them be ſubtracted from 64, the ſumm of the remain- 
ders makes the Square 100, : 

2, Then for the ſide of the firſt of the three Cubes ſought | 

| put 4-| either of the {ides of the two Cubes found out> ©7* a1 
in the firſt ſtep, -_— : RY ef + 0 e, N 
, For the {ide of the ſecond Cube put — a+ 4 , ein 

the (ide of the given. ſquared Cube " "th 0 Re (4 , - — 5-4 

4. Let the (ide of rhe-third Cube , be the (ide of the other of? . 

- the two Cubes found out in the firſt ſtep, to wit, . ,C * * 3 

5, Therefore from the ſecond ſtep the firſt Cube is . > aad-\- 3aatÞ 3a 1 

6. And from the third ſtep, the ſecond Cube is , . . .> —aaal1 24a—48 41-64 

7, And from the fourth ſtep, the third Cubeis . . . .>. » 27 


8, Then ( according to the Queſtion ) ſubtraR thoſe three Cubes ſeyerally from the given 
ſquared Cube 64 , ſo the three remainders wili be theſe, to wit, 


I. — Add — 34a — Ja + 63, 
2. | aaa — 1244-|- 48a, 
3s Iz Gs 37+ 


9. The ſurmm of which remainders is  — 1 54a 45a 100, 


10. Which ſumm is to be equated to a Square , but the ſide thereof muſt be ſo feigned 
that the value of 4 may be leſs than 2, to the end the (ide a 1 in the ſecond ſtep 
may be leſs than 4, becauſe the Cube of a-þ 1 muſt be ſubtrated from the Cube 
of 4. - Now to cauſe thar cfte&, the (ide of the ſaid Square may be feigned 10 -| any 
number of 4 lels than 274, or 10 — any number of 4 greater than 6*a; ( which 
limics may be found out by the method before delivered in 2xeft. 1 3. of this Book : ) 
Let therefore the ſaid {ide be feigned a+ 10 , then the Square. thereof, to wit, aa | 
204-| 100 being equated to the ſumm of the remainders in the ninth ſep, this Equation 
ariſeth , v1. 


4a [204-100 = — 15444454100; 


11, Which Equation, after due ReduQion, gives -» 2-3 

12, Thereretore from the eleventh , ſecond, third and fourth 
ſteps, the ſides of the three Cubes ſought will be nth «a 2 ms 3 
theſe, towit, . + 04 , 


13. Therefore the Cubes themſelves PIT 
Which three Cubes will ſolve the Queſtion ; as will be evident by 
The Proof. | | | 
_ By ſubtraQting the ſaid three Cubes ſeverally from 64 , { the ſquared Cube given in the 
Queſtion,) the three remainders will be theſe, 


62224 | 322a3- ut6 
4096 3 40 and 27 


22 20282 IF1552 
| | = b == 5 "x 
The ſumm of thoſe remainders is . .  . « «. . > £42422 
Which ſumm being reduced to its leaft terms by the com- —_—_ 
mon Diviſor 16, will be ; . : : 256 


Which 422+ js a Square Whoſe lide is 225 therefore the Queſtion is ſolved. 
Example. 2. 


Let it be required to find three ſuch Cube-numbers, thar if every one of them be ſubtra- 
Cd from 1, the ſumm of the three remainders may be a Square. 
| Feſolution, 
1. Firſt, by the preceding weſt. 69. find two ſuch Cube-numbers that it each of them 
be ſubtracted from 1, to wit, the given ſquared Cube, the ſumm of the three remainders 
may be a Square ; ſuch are the Cubes 7% and ZZ , for if each of them be ſubtracted 


from 1, the ſurm of the remainders_will be #£ , which is a Square, .- _ 


T m— 
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2. Then for the fide of the firſt of the three Cubes ſought put a the 
ſide of one of the two Cubes found out in the firſt ſtep, to wit, . . 


. a | % 


3- And for the {ide of the ſecond Cube pur —a-|-1, (1 being the ſide of j + 
Rar Cae,) ;. . + - 2» 9 +» 65 0 » EM 
4. And let the lide of the third Cube be the ſide of the other of the rwo - 


Cubes found out in the firſt ſtep, rowit, . «» » - « «© ©» « « E* 4 
5. Then ( according to the Queſtion ) ſubtract ſeverally the Cubes of thoſe three ſides 
aſſumed in the three laſt toregoing ſteps from ( the given ſquared Cube, ) and adg 
the three remainders together , ſo the ſumm will be 
mn — Uaa+ Ha-j- 233 Cor 24. 
6, Which ſumm muſt be equal ro a 5quare , whoſe {ide muſt be ſo feigned that the value 
of 4 may beleis than 4}, to the end the fide 4 -+ in the ſecond ſtep of this ſecond 
Example may be ls than : , tor then every one ot the three retmainders of the ſub. 
tration mentioned in the fifth ſtep will be greater than nothing. Now to cauſe that 
effe&t , the fide ot the laid Square may be teigned + + any number of 4 leſs than 24, 
or elſe + — any number of 4 greater than *$2 ; therefore let the ſaid fide be feigned 
4 -|- £, then the Square thereof being equated to the ſumm of the three remainders 
in the fifth ſtep, trom that Equation you will find 
a = 573 | 
7. Therefore from the fixth,ſecond,third and fourth ſteps, the ſides of the three Cubes ſought 
will be * , 3 TS. 
8. And conſequently the Cubes themſelves are 
C8921 —I2IIL 
262344 5 262144% 5 262144" 
Which three Cubes wili ſolve the Queſtion before propounded in Example 2. as 
will be manifeſt by 


— — — — 


The Proof. 


By ſubtrating every one of the ſaid three Cubes in the eighth ſtep from x , (the 
given ſquared Cube, the three remainders will be theſe, to wit, 
193223 202825 _I51552 
| 262144 T 262144 p/ 262144 ® 
The ſumm of thoſe remainders is . . . . « . « . : 
Which ſamm being reduced to its leaſt terms by the common Di- 


vibe k&&, will be: o. © © » MEL EZ TEER 
Which is a Square, whoſe fide 4s 758 ; therefore the Queſtion is ſolved. 


Example 3. 


7; The ſame things being ſappoſed as in the firſt ſtep of Zxample 2. we may vary the 
{ides aſſumed in the ſecond, third and fourth ſteps , in this manner, v:z. 


| a1 45 a + 7 

LS of ...5 -» 3 — A "1 : we may aſſume ; — 4-1. 

4 3 4z* 

3. Then by ſubtraRting ſeverally the Cubes of the three ſides above-expreſt on the right 
' hand from 1 , and adding the three remainders together, the ſumm will be 

— tas ob 24 + 22, 

4+ Which famm muſt be equal to a Square, whoſe ſide muſt be ſo feigned that the value 

of a may be leſs than +, to the end the ſide 4-1-2 may be leſs than 1. Now t0 

cauſe that effect we may teign the ſaid ſide ro be &-- any number of 2 leſs than jo» 

or + — any number ot a greater than 104; -ſuppoſe therefore the ſaid ſide be teigned 

*4-|- 5, then the Square thereof being equated to the ſumm of the three remainders 

before mentioned in the third ſtep , from that Equation you will find 


4. = "pho 
5. Therefore from rhoſe three aſſumed fides which are placed on the right hand in the 
ſecond ſtep of this third Example,the fides of the three Cubes ſought will be theſe, to Wl, 
S. l 32 and 2z, 
6. And conſequently the Cubes chemſ?lves are = 
222261 £58502 —10643 ' 
Which three Cubes will ſolve the Queſtion before-propos'd in Example 2. for if ever 
one of them be ſubtracted from the given ſquared Cube 1, the ſumm of the three remainders 
11 1ts leaſt terms will be #83=* , which is a Square whoſe fide is 22. 
DUEST, 7% 
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GUEST. 72, 


To find four cube-numbers , ſuch , that if they be ſeverally ſubtrated from a given 
ſquared cube-number, ſuppoſe 64, the ſumm of the four remainders may be a ſquare number, 


RESOLUTION. 


1, By the foregoing ©eft, 71. find three ſuch Cubes, that if they be ſeverally ſubtracted 
from the given ſquared Cube 64 , the ſumm of the three remainders may be a Square ; 
ſuch are the Cubes £5237 , *;595 and 27, whoſe fides are #2, 22 and 3, ( found 
out in Example 1. of ©ueſt 71.) tor if thefaid Cubes be ſeverally ſubtraRted from 64, 
the ſumm ot che three reinainders in its leaſt terms will be *£25+, Which is a Square, 
whole lide 1s ++, 

2, Then for the lide of the firſt of the four Cubes ſought put | 
a-|-3, ( which 2 is the lide of one of the three Cubes «© 8@ | 3 
found out in-the fiſt {ep ) oe GG & 6 «45 

, For the (ide of the ſecond Cube put — 4+|- 4, ( 4 bein 

the Cube-root of the given iquared Cube LY . p —_— e_— 

4, Let the {ide of the third Cube be another of the ſides of F 4s 
the ſaid three Cubes tound out in the firſt ſtep, vzz. . .Q * * 75 

5. And let the (ide of the fourth Cuhe be the lide of the 39 
remaining Cube in the firſt itep, rawit, . . . . ,F * * 

6. Therefore (from the ſecond ſtep) the firſt Cube ſought is > aaa -|- gaan 274-27 

7. The ſecond Cubeis .  . © © « «© + «© «© «© > —aaa-12a4—484a-64 

$.. The third Cube |. co 6 eo + 0 6 > oe > Rm 

9, And the fourth Cube is . . . > _— 


1 | —aat— gtt—274þ 341352, 
2. -|- aaa — I244-|- 48, 
2123224. ' 
3. | . o = = Q » - ® 49963 
2228223. 
4+ = = - - oy g 409 6® 


11, The ſumm of thoſe remainders is > — 2144-|-214a-þ 332. 

12, Which ſuram muſt be equated to a Square, the fide whereof muſt be ſo feigned that 
the value of 4 may be leſs than 1, to the end the (fide a+ 3 in the firlt ſtep may be 
leſs than 4, ( becauſe the Cube of the ſaid a+{- 3 muſt be ſubtracted from the Cube 
of 4,) and if the value of 4 be leſs than 1, it will be much lels than 4, as the third 
ſtep requires. Now to cauſe 4 to beleſsthan 1 , the fide of the feigned Square may be 
1:5 | any number of a leſs than Z$5 , or elſe **£ — any number ot 4 greater 

than 2344, ( which limits may be diſcovered by the method in 2#eſp. 1 3. of this 

Book;) therefore we may feign the ſaid fide to be 34 -|- £5, whoſe Square being equated 

to the ſumm of the four remainders in the eleventh ftep , this Equation ariſeth , v4. 


Lan | Ei, | 24225 = —2144 + 214 **73G, 


13. Which Equation duly reduced will give , . . « «> 4 = 730 
14. Therefore from the thirteenth, ſecond, third , fourth and fifth ſteps, the ſides of the 


four Cubes ſought are diſcovered to be theſe, to wit, 


_4684 4836 _ 3485 _ 3315_ 
5 1360 9 » 1360 2 1360 ® 


1360 
I5. And conſequently the four Cubes are theſe , ro wit, | 


192766285504 113099929056 42326109125 36429280875 £ 
2515456000 YI 2515456000 3 25 15456000 ) 2515456000 
Which four Cubes will ſolve the Queſtion propos'd , as will be manifeſt by 


The Proof. 2 
By ſubtraQing thoſe four Cubes ſeverally from the given ſquared Cube 64. ( or 


125322184220) the four remainders will be | 
_58222898496 47890154944 * _118663074375_ ahem t + > + ++ 1: 
2515456000 YI 2515456000 I 2515456000 I 2515456000 
FORs : . : d 34933623 14429. 
The ſumm of thoſe four remainders 1s ©. » +» G 2515456090 


Which ſumm being reduced ro its leaſt terms by "my | 2568642 
common Divilor 1360, will be . , « «+ « +» +3 jy: 
Which is a Square, whoſe ſide is . ,, +» « + + »P + + 136 

| Therefore 


IIO 
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Therefore the Queſtion is ſolved ; and if the method of reſolving this and the prece. 
ding weſt. 71 be well examined , it wili not be difficult ro apprehend how to find ont as 
many Cubes as ſhall be deſired, which being ſeverally ſubtracted from a given ſquared cube. 
number, or from the Cube of a given Square, the ſumm of the remainders may be a-Square, 


LUEST. 73+ 

To find two numbers, that if each of them be ſabtraRed from the Cube of their ſumm, 
the remainders may be Cubes. Lo | 
RESOLUTION. 

Firſt , making choice of ſome ſquare number as 4, I put 4 for the ſumm of the two 
numbers ſought, the Cube whereof will be 64aaa then for the firſt number 1 put 56aas, 
and-for the other number 3744a, for theſe rwo being ſeverally ſubtrated from 64aaa, 
the remainders will be >4aa and 27444, Which are manifeſtly Cubes , whereby one part 
of the Queſtion is ſatisfied : It remains that the ſurm of the ſaid aſſumed numbers 5644, 
and 37444 beequalto 44, viz. 93444= 44 y whence by dividing each part by 4, there 
ariſeth 9344 = 4- Now if the ſaid 93 were a ſquare number, then the value of ; 
would be a rational number , and conſequently the Queſtion ſolved. 

But g'3 not being a Square , we mult enquire whence it atiſeth , and by examining the 
Operation it will appear , that the two Cubes 8 and 27 having been ſubtraRted ſeyerally 
from 64, the remainders are 56 and 37, the ſumm whereof makes 93 before mentioned, 
So that our firſt ſcope muſt be to find two ſuch Cubes that if each of them be ſabtradted 
from the ſquared Cube 64, the ſumm of the remainders may be a Square : But ſuch arethe 
Cubes 1 and 27, ( found out by Cay 1. of the foregoing Leſt. 69. ) tor it each of 
them be ſubtracted from 64, the ſurm of the remainders 63 and 37 makes the 5quare 190: 
therefore I begin the Reſolution a-new thus , v3z. 


1, For the {umm of the two numbers ſought I put -: 5+ »# + ».400 

LOND S ..o- + + 0 » #0 - * © 0 of + « Cqats 
3+ Then for one-of the two numbers ſought I put . . . . P » » 63aad 
4. And for the other number ſought I put . . . P » + 37a4h 


5. Which two numbers being ſeverally ſubtraRed from 644aa the 
I wil be Cubes, OW, ... + » - + & - » 
6. But the ſumm of the numbers aſſumed in the third and fourth ſteps +3. 
muſt be equal to 44 in the firſt ſtep, therefore . ... . . '- FOnny 4 
OS EQn ogy reduced, gives co os «+ » » > of o» © & = 4 
8, Therefore from the ſeventh , third and fourth ſteps the two num- 2 _;, 4 2 
bers ſought are ERS ca I ES a Ss © 125 And 73; 
Which numbers will ſolve the Queſtion propos'd, as will be manifeſt by 
1 | The Proof. 
9: The {umm of the two numbers found out, to wit, +£% and 5:2, is > . 
Io. Therefore the Cube of their ſumm is . . . . « + + » 
11. From which 7£+ ſubtra& each of the numbers £+ and 722 , ſo 
the remainders are Cubes, to wit, « » « . . » . ' 


C aaa and 27444 


2 - Th 
TI5 and 735 


Another Example. 
7, Firſt, I take ſome ſquare number, as x , then I ſearch out two ſuch Cubes that each 
of them being ſubtrated from 1 , ( the Cube of the Square firſt taken ,) the ſumm of 
the remainders may be a Square ; ſuch are the Cubes 44+ and £52, whoſe lides 
are 7; and 75, found out in the Example of Cann 2. Yueſb. 69.) for if each of 
thoſe Cubes be ſubtraRed from x , the ſumm of the remainders £442 and £443 will be 
2+525, or inits leaſt terms £25, which is a Square whole ſide is =; then by the help 
of thoſe Cubes and remainders I form the Reſolution as before in the firſt Example , 9% 
2. For the ſumm of the two numbers ſought I put @ or 14, 
( 1 being the ſquare number firſt MR) 0c.» - c 


YRS er me hit famm is . . , «co o o> 1.444 

4- Then for one of the two numbers ſought 1 put . . P 6&9 444 

5. And for the other number ſought, . . . . .. . . «> $i*Zaaa 

6. Which two numbers being ſeverally ſubtra&ted from 1aaa, the? . 33. d -i22444 
remainders will be Cubes, to wit, . , « © « « » © 6555444 AN0 3839 


7, Built 
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To But the {umm of the rwo numbers in the fourth and ftth "_ 
. L144 — .— 
3C1 

T9 


muſt be equal ro 12 in the ſecond ſtep, therefore . . . , 
$8. Which Equation duly reeuced gives '' . © . . + 5 3 az 
g. Therefore trom the eighth, fourth and fifth ſteps, the two numbers — ; 

ſonght, in their leaſt terms, will be found , . . , , , .C T5625 and 59557 

Which numbers will ſolve the Queſtion propos'd, as will be evident by 

The Proof. 


The ſumm of the two numbers found out in the ninth ſtep, to ys 


of $5457 and 55452 tinmkeleat wills .- 


2 
T5625 E 


The Cube of chat ſumm is . 4 6 4 9 6352 
From which Cabe 1t you ſubtraG ſeverally the ſaid numbers found 2 , : p 
out, the remainders will be the Cubes of theſe (lides, towit, . . .F ** and 7; 


— — Oe — 


LUEST. 74. ( Quaſt. 19. Lib, 5» Diophant. ) 
To find three ſnch numbers, that if every one of them be ſubtracted from the Cube 
of their ſurm, the three remainders may be Cubes. 


[ The text of Diophantus in the Reſolution of this © neſtion is ſo obſcure, that it affords 
not any ſatisfattory Anſwer , 1 ſhall therefore ſhew how to ſolve it by two different 
ways of my own , by the latter of which this 2neſtion may be extenaed to fonr , five , or 
as many numbers a4 ſhall be deſired. | 


RESOLUTION. 


1, Firſt, take any ſquare number, as 1 , then ſearch out three ſuch Cubes that if they 
be ſeverally ſubtracted from the Cube of the ſaid ſquare number 1 , the ſumin of the 
three remainders may be a Square : But three ſuch Cubes are 533**£3Z , 5533224 and 
572384, whoſe lides are 553, +42 and 73% ; ( found out in Example 1. of the pre- 
ceding 2ueſt. 70. ) for if thoſe Cubes be ſeverally ſubtracted irom 1 ( or unity , ) the 
ſumm of the three remainders 7337983, #585984 and 3355355 Will be £3755, Which 
is a Square, whoſe ſide is #2, Now by the help of thoſe three preparatory Cubes and 
remainders, I proceed thus , 

2, For the ſunam of the three numbers ſought I put 4, or 14, ( 1 being the? |, 
ſquare number firſt nalloſsy ol &. 64 8 En *O | 
3. Therefore the Cube of the ſaid ſummis , . , , «. ©» « © o > 1aad 
4. Then tor the firſt of the three numbers ſought I put 4332332444, (the x 

e 


2837107 
1444 


ſaid 2322432 being one of the three remainders before mentioned in > 758598 


298 8 
the firſt ſtep, ) On EEE Co nn E_S 
5. In like manner having multiplied theſecond remainder into aaa, I put? 2966323 —_ 
the Product for the ſecond number ſought, to wit, . .. . . «. .F *?059%% 
6. Likewiſe multiplying the third remainder into 444, I put the Product ? 252: 828, 
for the third number ſought, towit, . - « « oo +» oo ER 
7. Which three numbers in the three laſt ſteps being ſeverally ſubtrated from 14a , 
the three remainders will (by the Conſtruftion in the farſt ſtep) be Cubes , to wit, 


385904 448 > "Tgugne 44 > "aigne ft 
$. But the ſumm of che three numbers in the fourth , fifth and ſixth ſteps muſt be equal 
9 14 in the ſecond ſtep , whence this Equation ariſeth , 
S099 aa = 14, "OE 
9. Which Equation duly reduced gives « . , + - + + + + oP: 4 = 297 
10. Therefore from the ninth , ſecond, fourth, fifth and ſixth ſteps , the three numbers 


ſought will be made known, to wit, theſe, 
2837107 2966 30T 2981888 2 
I5069223 5 15269223 J 15069223 


Which three numbers will ſolve the Queſtion, as will be evident by 
| The Proof. 
* The ſumm of the ſaid three numbers is p#22£225, which reduced to? . 4, 
it ſmalleſt rerms by the common Diviſfor 61009, enaas — oe ein _ 
The Cube of the faid fomm is « +» ot o 5! 0 » «© » © an 
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From which Cube ſubtracting ſeverally the three numbers found out in the tenth ſtep, 


the remainders Will be theſe three Cubes, to wit, | 
148877 I9683_ 4096 _ 
I5069223 J 15069223 3 15069223 ® 

The lides of which Cubes are theſe, zz. 


—53_ JILJ,G,_. Rs ion is 
=" > 7 > elore the Queſtion is ſolved, 


But becauſe the operation in finding out the three numbers , as alſo the three Cubes 
with their ſides as aforeſaid will be exceeding laborious by reaſon of long fractions, unleſs 
fome Compendiums be uſgd , I ſhall give a Canon deducible trom the premiffes to leflen the 
work , reſpect being firſt had to theſe following 


Preparatory DireCions. 


1. Firſt, the Rules for multiplying and dividing Fra&tions in Sef, 22,26. of Chap. 6, 
B:ok, 1. muſt be diligently obſerved, that the Products and Quotients may come out in 
the imalleſt terms. | 

2. Secondly, when one, two or more numbers are to be ſeverally multiplied by ſome num- 
ber, and the ProduRs are to' be ſeverally divided by the ſame number , that multiplication 
and diviſion may be quite omitted , for the numbers firſt propos'd to be multiplied will be 
the ſarhe with the Quotients that ariſe by the ſaid multiplication and diviſion. Moreover,when 
one , two or more numbers are to be ſeverally multiplied by ſome number, and the Produds 
are tO be divided by ſome number greater or leſs than that multiplying number, reduce 
the ſaid Multiplicator and Diviſor into the leaſt terms ( when they are not ſuch already ) 
by their greateſt common Diviſor, and take the Quotients for a new Multiplicator and 
Diviſor inſtead of thoſe firſt preſcribed: * As, if 41, 39 and 48 be to be ſeverally multi- 
plied by 32 , and the Produts be to be ſeverally divided by 16 , I firſt reduce the ſaid 32 
and 16 to the ſmalleſt rerms in the ſame Reaſon by the common Diviſor 16, ſo the Quo- 
tients or new terms Will be 2 and 1, then multiplying 41, 39 and 48 ſeverally by :, 
(inſtead of 32,) and dividing the Products ſeverally by 1 , (inſtead of 16,) the Quotient 
will be 82; 8 and 96 , which are found out much ſpeedier and in ſmaller terms than thoſe 
that would be found out by multiplying the ſaid 41 , 39 and 48 by 32, and dividing the 
Produets by 16 as was firſt preſcribed. This Rule will oftentimes be very uſetul in the 
fourth branch of the following Canon. | | | 

3+ Thirdly , let the ſquare number firſt taken in the firſt ſtep of the foregoing Relo- 
lution of this 2weft. 74. be called bb, and its lide 6, 

4; Fourthly, let the other ſquare number which is equal to the ſumm of the three 
remainders found out in the ſaid brit ſtep of the Reſolution be called cc, and its fide c 

Theſe things premiſed , I proceed to the 


CANON. 


1. Divide the known number & by the known number c, and call the Quotient 4, 
which is gow a known number. ; 

2, Divide the Cube of þ by c, and let the Quotient be called 4, which known number 
is the ſuram of the numbers ſought by the Queſtion, | 

3. Reduce the numbers 4 and 4d to their ſmalleſt common Denominator. 

4+ Reduce: likewiſe the ſides of the preparatory Cubes ( found out in the firſt ſtep of 
the Reſolution ) to. their ſmalleſt common Denominator , then multiply ſeveraily the Nu- 
merators of thoſe ſides by the Numerator of the number a , and divide the Produtts 
ſeverally by the ſaid common Denominator of the ſides of the ſaid preparatory Cubs, 
and reſerve the Quottents for Dividends. 

5. Divide ſeverally thoſe Dividends reſerved, by the Denominator of 4 or 4, (for thele 
were above reduced to a common Denominator , ) ſo ſhall the Quotients be the ſides of 
the Cubes ſought. 

6, Laſtly, by ſubtraRing ſeverally the Cubes of the ſides laſt found out , from the Cube 
of the ſumm of the numbers ſoughr, ( which ſumm was above found by the ſecond ſtep 
of the Canon, )) the remainders ſhall be the numbers ſought , and the ſmalleſt that have 
a common Denominator with the Cubes found out in the Fr ſtep of the Canon. 

This Canon with the preceding preparatory Dire&ions may be practically illuſtrated 
4 55 Examples of the preceding Leſt. 73. and of this and the following 75 and 76 

veſtions. 


Example 2+ 
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Example 2. 


Let it be required ro find three ſuch numbers, that if every one of them be ſubtracted 
from the Cube of their ſunim, the three remainders may be Cubes. | 


1. Firſt rake ſome ſquare number, as 9g, then find three ſuch Cubes, that if they be 
ſeverally ſubtracted from 729 ( the Cube of the ſaid Square 9g ) the ſumm of the three 
remainders may be a Square : But three ſuch Cubes are #422, 42242 and 2224 (or ng} 
whoſe (ides are £5, #2 and 1, ( found out in the ſecond Example of ,2zeſt. 70.) for 
if thoſe Cub-s be (everally ſubtrated from 729 , (or #243232 » the ſumm of the three 
remainders *#27557 , £5$535+ and 42£:35* being reduced to its leaſt terms will be 
142287 which is a {quare number whoſe lide is 242, 

2. Then by proceeding according to the foregoing preparatory DireRions and Canon, 
the numbers and Cubes ſought will be tound to be the ſame as were before found out 


in the firſt Example of this 7 4** Queſtion. 
| Example .3. | 

1. Taking again the ſame ſquare number 9 as in the ſecond Example, I ſeek three other 
Cubes, that every one of them being ſubtracted from 729 (the Cube of the ſaid Square 9) the 
+ fomm of the three remainders may be a$quare : But three ſuch Cubes are #222222, £224 
and : , whoſe lides are £37, 3+ and 1, (or 4+ ,) found out in the third Example of 
Leſt. 70.. tor it thoſe three Cubes be ſeverally ſubtraRed from the ſaid 729, the ſumm 
of tne three remainders in its leaſt terms will be £+2££33 , which is a Square, whoſe lide 
jg 42.5.2, 

2. Then by proceeding according to the preparatory Dire&ions and the Canon, ( which 
follow the firſt Example of this 74®" Queſtion, ) the lides of the three Cubes ſought will 
be found 43+, 54+ an4 73+, and the three numbers ſought are theſe, to wit, 32222224, 
H6122% and 3£522524 whoſe ſumm in its leaſt terms is $22 , from the Cube whereof 
if th: ſard three numbers be ſeverally ſubtrated, the rhree remainders will be Cubes, 
Whoſe ſides are thoſe above found ont. Therefore the Queſtion is ſolved. 


7 L2UEST. 75. ( Another way of ſolving the preceding Quelt. 74. ) 


To find three ſuch cube-numbers, that if every one of them be ſubtraRted from the Cube 
of their ſumm, the remainders may be Cubes. 


RESOLUTION. 


I, Firſt rake ſome ſquare number, as 4, then find three ſuch Cubes that if they be ſeverally 
ſubtracted from 64 , ( the Cube of the ſaid Square 4 , ) the ſumm of the three remain- 
ders may be a Square : But three ſuch Cubes are ££33% , +3355 and 27, whoſe lides 
are #: 22 and 3, ( found out in the firſt Example of neſt. 71.) for if thoſe Cubes-be 
ſeveraily ſuvtracted from the (aid 64, the three remainders will be theſe, to wit, #27332, 
222325 and 252452 whoſe ſumm in its leaſt terms is *£455 , which is a Square whoſe 

Ide ts £55. 

2, Then by proceeding according to the preparatory Dire&ions and Canon which follow 

the firſt Example of the preceding 2ueſt. 74. the ſides of the three Cubes ſought will 


be found theie, to wit , 
78 96 


82 
"Shy 0 Ty * 
3- And conſequently the Cubes themſelves are 
551368 _ 474552 _ $84736_ 
6331625 9 6331625 » 6331625 ® 


4+ And the three numbers ſought are theſe, 
1545784 1622600 1212416_ 
"6331625 9 6331625 5 6331625 * 


Which will ſolve the Queſtion , as will be manifeſt by 
The Proof. : | 

5. The ſurmm of the ſaid three numbers is 4333 $35 » which reduced to _ — 
{malleſt rerms by the common Diviſor 34225 , gives « +» +» + + » : 
6. The Cube of the ſaid fumm is « + + +» + +» + + © ©» © oP 6331 
From which Cube if you ſubtra& ſeverally the three numbers before found out -in'the 
fourth ſtep, the remainders will be the three Cubes — expreſt in the third ſtep. - 


. 
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Amther Example. 


1. Firſt take ſome ſquare number, as 1 , then nd three ſuch Cubes that if they be 
ſeverally ſubrrated from 1 ( the Cube of the Square firſt raken ) the ſumm of the three 
remainders may be a Square : Bur three ſuch Cubes are 497323, £55224 and p$2244 
whoſe ſides are $2, £2 and ##, ( found out inthe third Example of ,2eſt. 71. ) for if 
thoſe Cubes be feverally ſubtraed from 1 , ( the Cube of the Square firit raken, ) the 
ſamm of rhe three remainders 352322, 782552 and £37557 being reduced to its leaſt 
terms will be £2£*+ , which is a Square whoſe {ide 1s 755. —  - 

2. Then. by proceeding according to the preparatory DireRions and Canon ( which 
follow the firſt Example ot the preceding Oeft. 74. ) the {ides of the three Cubes, ſorghe 
will be found theſe, towit, £3#, 32* and $£#, and the three numbers ſought vibes 
to wit, p22£5822, 55253342 and 7525$5324 , which will ſolve the ſaid 75" Queſtion, 


as will appear by the Proof, | 


— 


To find four ſuch numbers , that if every one of -them be ſubtrated from the Cube 
of their ſumm , the four remainders may be Cubes. 
RESOLUTION. 


1. Firſt take ſome ſquare number, as 4 , then find four ſuch Cubes that if they be ſeverally 


ſabtra&ed from 64 (the Cube of the ſaid Square 4) the ſumm of the four remainders may 


be a Square : But four ſuch Cubes are theſe *233$823 4124, 242232.90 222 46 43326122125 


and ££422232374. whoſe (ides are #$34 £234, 7422 and 3365, (found out in the Example 


of the ſaid 6tth Queſtion , ) for if thoſe Cubes be ſeverally ſubtraed from the ſaid 64, 
the four remainders will be theſe , to wit , *$325533536 42222 152244 A L661024425 


and ££142223:24 . which remainders being added rogether , the ſamm in its leaſt 
terms is 45552222, which is a Square whoſe fide is ££3 12, 

2. Then by proceeding according to the preparatory Dire&ions and Canon, (which 
follow the firſt Example of the foregoing 2weft. 74.) the ſides of the four Cubes 
ſought will be found theſe, to wit, 

9368 9672 + 69795 and _ 6630 


16027 I 16027 I 16027 I6027 ® 
3. Therefore the fonr Cubes ſought are theſe , | 
$22130284032 994792232448 _ 338608873000 2914 34.247000 


” 4I1677I011653 3 4116771011683 3 4Il677l011643 % 4116771011633 * 
| 4+ Which Cubes being ſcverally ſubtrafted from the Cube of £$3**2, ( which by the 
ſecond branch of the Canon will be found out for the ſumm of the four numbers ſought,) 
the remainders will be the numbers ſought, to wit, theſe, 
—$65783187968_ 9493945 99000 333121239552 996479225000 
4116771011683 9 4116771011683 3 4116771011603 I 416771011683 ® 
Which four numbers ſolve the Queſtion, as will appear by the Proof. : 
From the manner of ſolving this and, the preceding 75” Queſtion , it is ealie to ap- 
prbos , how five, (ix or as many numbers as ſhall be deſired , may be found out , which 
ing ſeverally ſubtraed from the Cube of their ſumm , may leave as many Cubes: But 
ſo many numbers as are deſired , ſo many preparatory Cubes muſt be firſt found out , ſuch, 
that if they be ſeverally ſubtracted from the Cube of ſome ſquare number choſen at pleaſure, 
the ſumm of the remainders may be a Square , which preparatory Cubes may be found 
out by the method before delivered in Qeſt. 71, and 72. 


2LUEST. 77. ( Qualt. 20. Lib. 5. Diophant. ) 


To find three ſuch numbers that if the Cube of their ſwnm be ſubtraRed from every 

one of them, the remainders may be Cubes. 
RESQOLUTION, 

I. For the ſamm of the three numbers ſought put  . . > 4 
2. And let the three numbers be . , , , « «. « « « «> 244d, 944k, 23444 
J. It remains that their ſumm 3944 be equated to 4, whence 3944 = 1; where | 

39 were & Square the Queſtion .would be ſolved by Rational gumbers. But 39 - 

ny 
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not a Square, whence therefore is it produced ? Examine the Poſitions , and you will 
find thar 1 being added ſeverally.to tfie three Cubes x, 8 and 27 , the ſumm of thoſe 
three additions makes 39, We muſt therefore ſearch out three Cubes whoſe ſumm 
increaſed with 3 may make a Square, to which end | 

4. For the fides of the three Cubes put '. , «> e; —e-þ-3; and 1 

5, Then the ſumm ot: the Cubes of thoſe three ſides increaſed : 
with :3., makes. 3-7 ode als 7% beunelf gee — 2764-38 

6, Which ſumm is to be.equated to a Square, but the (ide thereof muſt be fo feigned that the 
value of e may be lels than 3; now to cauſe that effe& the lide may be variouſly 
feigned within 1imits eaſte to be diſcovered from the method in divers preceding Que- 
ſtions of this Book, let it be 2e — 7, then the Square of 3e — 7 being equated to gee 
— 27e-|-31 will give e=+, theretore the ſides of the three Cubesare 5 , 2 and 1 
and the Cubes themlelyes are 24%; 222 and 1 , by the help whereof the work is to be 
renewed thus, vzz. ZO0! 

7. Add 1 to every one of the three Cubes before found, and the ſumms will be +++ , 354 
and £3+ 3 then inſtead of 24a, gaaa and 2 %aas ( in the ſecond ſtep ) put for the three 
numbers ſought, | | | 

t23aaa » E544 , - 135444, 


8, Then the ſumm of thoſe three numbers being equated to a, 
242 aa 


( which in the firſt ſtep was pur for the ſumm of the three = 4 
numbers ſought,) gives thi- Equation, to wit, . +» __ | 
9, Whence, atter due Reduction, ©. o&'o +: + 0 © oÞ'is © 8 = 72 
Therefore from the ninth and ſeventh ſteps the three numbers ſought are $2+5 , 5$5+ 
and 352 , for if from every one. of them, the Cube of their ſumm, ro wit, += be ſub- 
maGted , there will remain che Cubes 733%, 7343, 75:5 » Whoſe lides are 5+, 75, 5+. 


From the premiſles ir is evident that the Queſtion is capable of innumerable Anſwers, 
and may ealily be extended to tour, five, or as many numbers as you pleaſe. 


_— 


DUVEST. 78, (Quaſt. 21. Libs, Diophant. ) 
To find three ſuch numbers that their ſumm may be a Square, and that if to the Cube 
of the ſaid ſumm the three numbers be ſeverally added , the three ſumms may be ſquare 


numbers. | 
RESOLUTION. 


1, For the ſumm of the three numbers ſought, that it may bee b 
Square, put' jo ak ee Ei os 

2. Then for the firſt number put . . . . « © «© «© «> 3aaaaad 

3. For the ſecond, . S493 +ce fee. oe es 

4. And for the third, eG 6 4 Ee SHReoGﬀE6 ſl 

5- Whence it is evident that every one of them added to the Cube of their ſumm makes 
a Square ; But the ſumm of the three numbers ( in the ſecond, third and fourth ſteps) 
mult be equal to a4 which was firſt pur. for their ſumm , therefore 2 6444444 = aa, and 
conſequently, ( by dividing each part by aa, ).264aaa=1. In which laſt Equation 
if 26 were a ſquared ſquare number, the value of 4 would be a rational number : 
Whence therefore comes 26? Examine the Poſitions, and you will find that 'tis 
the ſucram of the three numbers 3, 8 and 1 5, every one of which increaſed with 1 makes 
a Square; therefore the ſcope of our ſearch muſt be to find three numbers, every one 
of which increaſed with x may make a Square, and that the ſumm of the laid rhree 
numbers may be a Biquadrate: To which end let the three numbers be aa44 — 244; 
aa-|-:a and a4 — 24, for every one of theſe increaſed with x makes a Square, and 
their ſumm makes a Biquadrate, to wit, 4444; and 'tis evident the value of 4 may be 
any number greater than 2, (for the third number'a — 24 ſhews that 44 mult be greater 
than 24, and conſequently a greater than 2.) Suppoſe therefore 4 = 3, whence the 
three numbers 4444 — 244; 4a -|- 24; 44 — 24, Wilt be 63, 15 and 3 ; now with 
the help of theſe three numbers the work may be renewed thus, viz, 

6. Ler the fumm of the three numbers ſought be ( as before) , > aa 

-*Atid the firſt nwnber . . 0 © © oo © +» | «|. « «© Came 

- The reond.. oo oo dE odd x 0 0 ST ons 


9. And the thitd | , .4 0 '@ 9b is 006 RO SRoRR_s 
F 3 10, There- 


&S2 J 
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ro. Therefore the ſumm of the three numbers is . . . {> S1aaaaaa 

11. Which ſumm muſt be equal ro a4, viz. « « +» «» «> SIdaaaaa = ag 

12. Which Equation after due Reduction gives . + «. « ap © 4. 4 = + 
Therefore from the twelfth, ſeventh , eighth and ninth ſteps the three numbers ſought 

are 5, <5 and 3, which will ſolve the Queſtion , for their ſamm is a Square, to 

wit, 5. Alſo the Cube of the ſaid ſumm is 5;3 , to which if the three numbers be feye. 

rally added there -will come forth three ſquare numbers, 75 , 3% and 5:4 , for their 


lides are 3#*, 5+ and 55. 


DUEST. 79. ( Quaſt. 22. Lib. 5. Diophant. ) 
To divide a given number, ſuppoſe 2, into three ſuch numbers, that every one of them 
ſubtracted from the Cube of their ſumm, viz. from 8 , may leave a Square. 


RESOLUTION. 


Foraſmuch as every one of the three numbers ſought being leſs than 2 is to be ſubtraed 
from $, each remainder ſhall be greater than 6 , but leſs than 8 ; and the ſumm of the 
three remainders, to wit, the three Squares ſought makes 22 : for the ſumm of the three 
deſired numbers , to wit, 2 , ſubtracted from three times 8 leaves 22 ; we muſt therefore 
divide 22 into three ſuch Squares that every one of them may be greater than 6, but leſs 
than 8, But 22 is compoſed of three Squares 9,9 and 4 ; therefore, firſt, ( by Que. 4, 
of this Book )) let 13 ( the ſumm of 9 and 4) be divided mto two Squares , that one 
may be berween 6 and 8, ſuch are the Squares #2£+ and 24£+ , whoſe ſides are £3 and +, 
then the leſſer of thoſe Squares, to wit , 4545 added to 9 makes £3*3 , which muſt alſo be 
divided into two Squares that each may be between 6 and 8; but by the ſaid 2nef. 4. 
the ſides of two ſuch Squares will be found *2224 and *25£+ , which with £2, (thaths, 
22422 ) before found are the lides of the three Squares ſought , therefore the three Squares 
themſelves are *$3555555 , *353755:5 and *3337+425, whoſe ſumm makes 22, and 
every one of them is greater than 6 , but leſs than 8, therefore thoſe three Squares ſeve- 
rally ſubtraRed from 8 , leave the three deſired parts of 2 , to wit, $$5325425 , 34526215 
and 53575625 * | 


————— 


DUVEST. 80. [ Thisss the 12" of the 4 Book of Vieta's Z eteticks. ] 
To find three right-angled Triangles in rational numbers, that the Solid of the Perpen- 
diculars may be to the Solid of the Baſes as a ſquare number to a ſquare number, 
Nee. By the Solid of three numbers is meant the Produ& made by their multiplication 
one into another , as, the Solid of 2, 3 and 4 is 24, thatis, 2x3 x4, 


RESOLUTION. 


1. Let h, b, p repreſent the Hypothenuſal, Baſe and Perpendicular of any right-anglel 
Triangle in numbers given er found out by the Canon in Ob/ervar. 8. Reſolut, 2. Queſt, + 


f this Book 
of this Book, "Y $ _—_— =_ . " 
2. Then from h and b (by the Canon above-mentioned ) form a ſecond right-angled 
Triangle, and let 2hb be called the Baſe, ſo the three ſides will be theſe, 
: Hyporth. Baſe, Perp. 
_ 1 hb -|- bb, . 2b « bh — bb 
3. Again, from þ and p form athird right-angled Triangle , and let 2hp be called the 
Baſe, ſo the three {ides will be theſe, 
YE Hypoth, Bafe, Perp. 
| —_ bh +-pp « 2hp 6 hh — pp 
_ 4. 1 ſay the Solid of the Perpendiculars of thoſe three right-angled Triangles is. to the 
Solid of their Baſes as a Square to a Square, to wit, as pp to 4hh; which I prove thus, 
_ The Perpendicular of the firſt right-angled Triangle is p ; the ſecond Perpendicular 
is hh— bb, thatis, pp, ( for by ConſtruQtion in the firſt ſtep , hb = bb pp, whence 
hh — bb — pp; ) and the third Perpendicular is hh — pp, that is, bb. So thas the thre 
Perpendiculars are p, pp and bb, which multiplied one into another will produce 


pppbb — the Solid of the three Perpendiculars. D 
Aga, 


oF n 
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Again , the Baſes of the ſame three right-angled. Triangles are 6, 2h, 2hp, which mul- 
tiplied one into another will produce | | | 
4hbbbbp = the Solid of the three Baſes. 
Now becauſe bby is a common Factor in thoſe two Solids, they ſhall be in ſuch pro- 
portion one to another as the Quotients that ariſe by dividing the ſaid Solids by bbp, viz. 
| pppbb . aqhhbbblp :: pp . 4bh 
Which was to be proved. 
An Example in Numbers. 
Let the firſt right-angled Triangle be 1  . . 5 , . , b,b,p 
Then by ConſtruRion in the ſecond ſtep, the ſecond right-angled Rt 
Tangle fall be 1 . cn a ee 34 , 30 , 16 
And by ConſtruRion in the third ſtep the third right-angledTriangleis> 41 , 4o ; 9g 
Which three Triangles will ſolve, the Queſtion'; for the Solid of the Perpendiculars 
4,16 , 9 hath ſuch proportion to the Solid of the Baſes 3, 3o, 40 as the Square of 4 
to the Square of 10. | 3% | 
Note. Inſtead of any one of the Triangles thus found out , you may take another like 
Triangle, as inſtead of 34, 30, 16, you may take 17, 15, 8, which with the other 
wo Triangles will ſolve the Queſtion, 


LUVEST.:- 81. ( Quaft. 13. Lib. 4. Zetet. Vier. ) 

To find two right-angled Triangles in rational numbers, that the Produ& made by the 
mutual multiplication of the Perpendiculars, leſs by the Produ& of the Baſes, may be 
a Square. k 

. RESOLUTION. 

1, Let h, b, p repreſent the Hypothenuſal , Baſe and Perpendicular of a right-angled 
Triangle, in numbers ſo given or found out that 2p may be greater than b, | 

_ m_—_—_ _—_ ; oa 

2. Then from 2p and 6 let a ſecond right-angled Triangle be formed, and let 4pb be called 

the Perpendicular , ſo the three ſides will be theſe , 
. Hypoth. Baſe, Perp. 
I” ; » 4pp —bb , 4pb | | 

3. Then divide the ſides of the faid ſecond right-angled Triangle ſeverally by & the 
Baſe of the firſt, ſo there will ariſe theſe following lides of a thicd right-angled Triangle , 

Hypoth. Baſe, Perp. | 
viz, < app bb _ app—bb 
Mn ER. 


I ay the firſt and third right-angled Triangles will ſolve the- Queſtion ; for if the 
Produtt of their Perpendiculars p and :4p , to wit, 4pp be leſſened by the Produdt of their 


Baſes b and 4PP _ oy , thar is, by 4pp — bb, the remainder will be a Square, to wit, 6b , 


which was required, | 
An Example in Numbers. 
d', © 8 


Let the firſt right-angled Triangle be . . . « - +» » 3 —— 


Then the other ſhall be . c 5 5.0 0 « 0% + © oP 83 4 Rome 
Which Triangles will ſolve the Queſtion ; for the ProduR of the Perpendiculars 
3and 12, to wit, 3.6, exceeds 20 the Produdt of the Baſes, by the Square 16. | ; 
Note. 1f the two Triangles found ont by this Queſtion be ſeverally multiplied or di- 
vided by the ſame number , they will produce two other Trianglesto perform the ſame effect, 


een 


J—_ 


DUVEST. $2, ( Quaſt. 14. Lib, 4; Zetet. Pier. ) 


To find two 'right-angled Triangles in rational numbers, that the Product made by 
the mutual multiplication of the Perpendiculars , together with the Product of the 


Baſes k S 
» may make a w_ RESO- 


-_ 
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—— 


| x RESOLUTION. "ap oe Þ 
1. Let h, b , p repreſent the Hypothenuſal, Baſe and Perpendicular of a right.angked 
Triangle, in numbers ſo given or tound out that p may exceed 26, 
: , Hypoth. Baſe, Perp, 
TIE \þ h Ex | 
2+ Then from p and 2b form a fecond right-angled Triangle, andlet 4bp be called the 
Baſe ; ſo the three lides will be theſe, | CLF | 
iz, 5 Hypoth. Baſe, © Perp. 
| " 2 pp-+ 4bb- .,, 4apb '« pp—4bb | 
23. Then divide the ſides of the ſaid ſecond right-angled Triangle ſeverally by p the 
Perpendicular of the firſt , ſo there will ariſe theſe tollowing lides of a third right-angled 


Triangle , Hpyoth, — Baſe, Perp. 
viz. 9 pp+-4tb , 1  pp-46 


| CC « _ Pit) 5025 HO SUS ; | 
4. 1 ay the firſt and third right-angled Triangles will ſolve the Queſtion ; for if to 
pp —4bb the Produdt of the Perpendiculats p and HB —L you add 4bb, to wit, the 


Product of the Baſes b and 46, the ſumm will be the Square pp. Which was required, 
An Example in Numbers. 

The firſt right-angled Triangle may be' ,- .. } & 6 0 o a> 13, 5 , 1: 

Then the other Triangle ſought ſhall be . 6 . ob $3,209, 8# 

Which Triangles will ſolve the Queſtion ; for the ProduR of the Perpendiculars t: 
and *+, to wit, 44 increaſed with 100, the Produ of the Baſes 5 and 20, makes the 
DqQuare I 44. | x | | 

Note, If the two Triangles found out by this Queſtion be multiplied or divided by 
the ſame number, they will produce two other Triangles performing the ſame effe&. So, 
It 13,5, 12 and £3, 20, =+ be multiplied ſevetally by 3 , there will be produced 3 9, 15, 36 
and 61,60,11 ; where 396 the;Product of the Perpendiculars , with goo the Produtt 
of the Baſes makes the Square 1296, whoſe Root 15/36. | 


DUEST, 83..( Queſt. 15. Lib. 4. Zeter. Vier. ) 


To find three right-angled Triangles im rational numbers., that the Solid of the Hypothe- 
naſals may be to the Solid of the Baſes, as a ſquare number to a ſquare number. 


RESOLUTION. 


1. Let h, 6, p repreſent the Hypothenuſal , Bafe and Perpendicular of a right-angled 
Triangle, in numbers fo given or tound out that 26 may exceed p, 
BEA, 5 hs 20 | _ 5: Perp. 
2. Then from 26 and p form. a ſecond right-angled Triangle, and let 46p be called the 
Baſe, fo the three fides will be theſe, E £3 
_ ; Hypoth. Baſe, Perp. 


Triangle will be theſe, 
21, 3 Hypoth, Baſe, Perp. 
"Wie 7 4bbh-4-pph © ppp « 4bbb4-3bpp _ 
I fay thoſe three right-angled Triangles will ſolve the Queſtion ; for the Solid of the 
Hypothenufals is to the Solid of the Baſes as the Square of 46bþ | pph is to the Square 


of 26bpp. 
PP 4 


i £% | 
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An Example in Numbers. 
The firſt right-angled Triangle may be ., . . . , , . , 
Then the ſecond in its leaſt terms will be found . . . , E - I : df : - 
And the third in its leaſt rerms is . . R + 0 nn "16 by 3 


Which three Triangles will ſolve the Queſtion ; for the Solid of th h 
{s to the Solid of the Baſes , as the Square of 65 to the Square of 2.4. e Hypothenufals 


Otherwiſe thus , 


1. Let þ, 6, p repreſent the Hypothenuſal , Baſe and Perpendicular of a right-angled 
Triangle, ſo given or tound out that p may exceed 2b, 
ks _—_— = . Perp. 


4: 
2. Then from p and 2b form a ſecond right-angled Triangle, and let 44p be call 
the Baſe , ſo the three (ides will be thele, 8 __ es 
. Hypoth. Baſe, Perp. 
"" ep . apb . pp—abb 
3. Then by the help of thoſe two right-angled Triangles find out a third by the latter 
Canon in Obſervar. 4. before mentioned , viz. for the Hypothenulal of the third right- 
angled Triangle take the ProduRt of the multiplication of the Hypothenuſals of the firſt 
and ſecond z for the Baſe, take the ſumm of the ProduR of the Baſes and the Produ of 
the Perpendiculars, and for the Perpendicular take the difference of theſe two Produts, 
to wit, the Produt of the Baſe of the firſt into the Perpendicular of the ſecond , and the 
Produ& of the Perpendicular of the firſt into the Baſe of the ſecond, So the three ſides 
of the third right-angled Triangle will be found theſe, | 
. Hypoth. Baſe, Perp. 
IA 2 ppb 46 * ppp + 30pp-+-4bbh 
An Example in Numbers, 


Let the fides of the firſt right-angled Triangle be . . . «> 13, F, 12 
Then-the ſecond in its leaſt terms will be found , . . . .> 61, 60, 1t 
And the third in its leaſt terms ſhall be . . . . . «© . > 793 , 432 , 665 
Which three Triangles will ſolve the Queſtion ; for the Solid of the Hypothenuſals 
js to the Solid of the Baſes, as the Square of 793 to the Square of 360. 


——. 


DUEST. 84. ( Quaſt. 24. Lib. 5. Diophamt. ) 
To find three ſquare numbers , that if they be ſeverally added ro the ſolid Product 
made by their continual multiplication , the three ſomms may be Squares. 


RESOLUTION. 


1. For the Solid of the three Squares ſought put . . , « « > aa 
2. Then find three Squares, every one of which increaſed with unity may-make a Square 
which Squares may ealily be tound out by the help of three unlike right-angled Tri- 
angles , tor if the Square of one of the lides about the right-angle be divided by the 
Square of the other ſide, the Quotient will be a Square , which increaſed with 1 will 
make a Square : /'5, if there be expoſed theſe three unlike right-angled Triangles, to wir, 
3343 3+ | $,17, 13. | 8, 15,17; then in the firſt Triangle the Square of the Baſe 3 
divided by the Square of the Perpendicular 4 gives the Square 73, which increaſed with 1, 
that is, 24, makes the Square 2Z , the reaſon whereof is manifeſt, for by Conſtruction 
the Numerators 9 and 16 added together make a Square, wherefore the whole Fraction 
2+ ſhall be a Square. In like manner in the ſecond Triangle the Square of the Baſe 5 
divided by the Square of the Perpendicular 12 gives the Square 745 , which increaſed 
with 1 , that is, £#* , makes the Square 743. And in the third Triangle the Square 
of the Baſe 8 divided by the Square of the Baſe 1 5, gives the Square 755, which increaſed 
with 1 , makes the Square £3. Thus three Squares are found out, to wit, 7%, T44 and 
z£+, every one of which increaſed with 1 makes a Square. Now multiply thofe Squares 
ſeverally by 44,and take the Products 7344,7 32a and £4 for the three Squares ſoaght; 
for every one of them added to a4, ( which was firſt put for the Solid mage by their con- 
tinual mltiplication,) makes a Square : It remains that the Solid of the faid 7544 » 
7::44 and ;**aa be equal to 44; But their, Solid by continual multiplication 1s 
2 <I$223 444444, 
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E422 a0aa4a, this equated to 4a gives 57325044444 = aa; Whence by dividin 
each part by 4a there ariſeth 718 40 0M44R, = 1, and by extracting the ſquare Root ouc 
of each part it gives 77544 =1 ; 10 which laſt Equation it 53* were a Square, then 
the value of 4 would be expreſlible by a rational number, and conſequently the Queſtion 
were ſolved. Whence therefore comes £33 ! Examine the work, and you will find that the 
Numerator 120 is the Solid of the Baſes 3, 5 and 8 of the three Triangles firſt expoſed , 
( for 14400 is the Solid of the three Squares 9, 25 and 64, and therefore the ſquare 
Root of 14400, to wit, 120 is the Solid of the (ides of thoſe three Squares, ) and 
the Denomimator 720 is the Solid of the three Perpendiculars 4, 12 and 15 ; ( for 
518400 is the Solid of the three Squares 16, 144 and 125, and therefore the ſquare 
Root of 518400 z to wit, 720 is. the Solid of the three Roots of thole Squares.) We 
muſt therefore find three ſuch right-angled Triangles, that the Solid of their Perpendicy- 
lars may be to the Solid of their Baſes as a Square to a Square. But by the precedent 
Lueſt. 80. three ſuch Triangles may be found out , as theſe, 4, 3,5. | 8,15,17,] 
9, 40, 41 ; the Solid of whole Bales 4,8, 9, towit, 288 , is to the Solid of their Per. 
pendiculars 3, 15, 40,t0 wit, 1 800, as 144 to goo; that is, asa Square tO a Square ; 

* then with theſe Triangles let the work be renewed as before, vz. 

3, For the Solid of the three Squares ſought put . . . . . > as 

4+ Then divide the Squares of the Baſes of the three right-angled 
Triangles laſt found out, by the Squares of the Perpendiculars, 
and multiplying the Quotients ſeverally by aa, put the Pro- 
du&s for the three Squares ſoughr, rowit, . , ., . . . 

5. The Solid of thoſe rhree Squares equated to a4, gives . «> 33*#2*Zaaaaaa = 4d 

6. Which Equation, after due ReduCtion, gives . . . . .Þ + . «© « a=t 

72. Wherefore from the ſixth and fourth ſteps the three Squares ſought are £22, £4 and 
—£+ , which mutually multiplied one into another make the Solid =Z, ro which if the 
three Squares themſelves be ſeverally added, the ſumms wiil alſo be Squares , to wit, £35, 
222 and *£2+ . for their lides are *2, #2 and #x. Therefore the Queſtion is ſolved, 
and manifeſtly capable of innumerable Anſwers. 


L2UVEST. 85. £ Queſt. 25. Lib. 5. Drwophant. ) 


To find three ſach Squares , that if they be ſeverally ſubtrated from the ſolid Produt 
made by their continual multiplication , the three remainders may be Squares. 
RESOLUTION. 
1. For the ſolid Produ of the three Squares ſought put . .> aa - | 
2, Then ſearch out three Squares, every one of which ſubtracted trom unity may leave 
a Square , but three ſuch Squares way be found out by the help of three unlike right- 
angled Triangles , for if the Square of one of the (ides about the right-angle be divided 
by the Square of the Hypothenufal ,, the Quotient ſhall be a Square , which ſubtrafted 
from 1 will leave a Square : Let-therefore three unlike right-angled Triangles be ex- 
poſed, as 3,45. | 12,5,13. | 15,8,17; then by dividing the Squares of 4, 5 
| and 8, which I ſhall here call Paſes, ( for it matters.not which of the ſides about the 
right-angle be called the Baſe, ) by the Squares of the Hypothenuſals 5 , 13 and 17, 
the Quotients will be the Squares 4, + and ;£+, every one of which ſubtraQted 
from 1 leaves a Square. Then multiply every one of theſe Squares by aa and afſume 
the ProduQs to be the three Squares ſought , ro wit, 3£4a, 752 £aa and ;£taa for every 
one of theſe ſubtrated from a4 ( which was firſt put for the Solid of the three deſired 
Squares)leaves a Square. It remains that the ſolid Produdt of the ſaid **44,, £2 a4 and ;$444 
be equal ro as; bur the ſaid Solid by continual multiplication will be found 5;* £622 ggAddhs 
therefore 753 #$374a4a4a = aa, whence after due ReduRion there will ariſe p*£244 
= 1 ; In which laſt Equation if 3$2 were a Square, then the value of 4 would be ex- 
preſſible by a rational number. Whence therefore comes 5242 ? Examine the work, 
and you will find that the Numerator 160 is the ſolid Produdt of the Perpendiculats 
4, 5 and 8 of the three Triangles firſt expoſed; and the Denominator 1 105 .is the 
Solid of the Hypothenuſals 5, 13 and 17. We muſt therefore find three ſuch right-angled 
Triangles that the Solid of the Hypothenuſals may be to the Solid of their Baſes as a Square 
ro a Square : But three ſuch right-angled Triangles may be found out by the prece- 
ding Lueſt. 83. ſuppoſe theſe, 5, 3, 4«' | 13, 12, 5. | 65, 16, 63 , here I ſhall 


call 3, 12 and 16 the Baſes, by thp help whereof the work may be renewed thus, _ 
: Jo or 


16 = NT, 
94A y 22544, T72544 
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3. For the Solid of the three Squares ſought pur . -; . .> aa 

4+ Then divide the Squares of the Baſes of the three Triangles ©) 
laſt found out, by the Squares of the Hypothenuſals , and a a 
multiply the Quotients ſeverally by a4, and pur: the Pro-C 754% 16944, J32 54A 
duds for the three Squares ſought, to wit, . . . c . 

5. The Solid of thoſe three. Squares being equated to aa, gives > 7432S anaaan = ad 
Which Equation, after due ReduQtion, will give , > 48 = 3 

6. According to which value of 4, the Poſitions in the fourth ſtep being reſolved, the three 
Squares ſought will be found $7, *2, 5; for theſe mutually nſplied make the Solid 
422+ from which 1: every one of the ſaid three Squares be ſubtracted, the temainders 


will be Squares; to wit, *£2., £25 , 44 whole ſides are 4+, 25, 22, 


DUEST. 865. ( Quzſt. 26. Lib. 5. Diophane. ) 


To find three Squares , that the Solid or Product miade. by their continual multiplication 
being ſubtraQted from every one of them, the three remainders may be Squares, 


RESOLUTION. 


' The Reſolution of this Queſtion depends upon the Lemma uſed in the laſt preceding 
Queſtion, for as there , ſo here, three right-angled Triangles are firſt ro be found out, thar 
the Solid of their Hypothenuſals may be to the Solid of their Baſes as a Square to a Square. 
Theri inſtead of 52a, tt$aa and 5*5$aa, aſſumed in the fourth ſtep of the preceding 
Yueft.85. to be the three Squares ſought , let *Jaa, 2a, and E332 a4 be put for the three 
- inthis 36® Queſtion; where obſerve, that the Numeracors of the three latter 
Squares which are maltip)ied into 44, are the fatne-with the Denominators of the:former, 
and the* Denominators of the Jatter the faine with. the Numerators of .the former, by 
which converſion ir will follow , that if from every one of the latter Squares, viz. trom 
2444, 22244 and £:++44 you ſubtrat aa, which ( as before in 2xeft, 85. ) is to be taken 
for the Solid of the three Squares ſought, the three remainders will be Squares ;, Then 
the Solid of the three aflumed Squares, that. is, of *$44, $344 and £32 aa, being equated 
to a4, gives *233242,aa0a4 = a4; Whence, after due ReduRtion, & = 2+, . according 
to which value of 4, the Politions being reſolved will give 7$+, >#, = tor the three 
Squares ſought , for the Solid made by their continual multiplication is 5&2, which Jub- 
tra:ted from every one of the three Squares , leayes the Squares 433+, '77F and E322 , 
Whoſe ſides are 3+, 54, 282. 


em 


LUEST. 87. ( Quaſt. 3o. Lib. 5. Diophant- ) | 
To 6nd three Squares, that if to the ſumm of every two of them, a given number , ſup- 
poſe 15, be added, the three ſumms may be Squares. | 


RESOLUTION. 


1. For one of the Squares ſought take any ſquare ets) 
« meaſure, a co Git 5 nn ES. 9 

2. Then we muſt 6nd two other Squares, ſuch, that each ot them added to 24 may make 
2 Square , for (ince 9 one of the three Squares added to the given number 15 makes 24, 
it will not be difficult to conceive from the tenor of the Queſtion, that each of the other 
two Squares taking to it 24 muſt make a Square. Now to find out thole two Squares, 
divide 2.4 by each of two fides about the right-angle of ſome right-angled Triangle , 
as 3 and 4; ſo the Quotiemts 8 and 6 (ball alſo be the fides abour the ri ht-angle of 
a right-angled Triangle, becauſe they are in the ſame proportion with the former ; for 
by Conſtration 8x 3 = 4x6 = 24, therefore 3.4::6.8; and conſequently 
the halves of 3 and 4, towit, 4 and 2 , andthe halves of 8 and 6, to wit, 4 and 3 
ſhall be alſo the ſides about the right-angle of a right-angled Triangle. Theſe things 
premiſed, 


3+ Let the (ide of one of the two Squares be the difference 2 2 
C JEOIy or wr IOER 


between 34 and —, towit, « «© « > » < « 
A 

4. And the ſide of the other Square the difference — : z z 

44 and =, to wit, 5 GEO ES Eero | 4 


Q_ F» There- 


"—_ 


122 Diophantus's Algebra explain'd. Book TIT 


—_= 


5. Therefore the Square of the ſide in the third ſtep is . > gas — 12. þ 4. 
24 


2 
I 644 — 12+ lt 
4a 


+ 6. And the Square of the fide in the fourth ſtep is 


P 

7, The former of thoſe two Squares increaſed with 42 SR 4 
makes a Square, to wit, « «» » +» + © « +» » 944 »[- I2 + = 

8, And the latter Square in the ſixth ſtep increaſed with 242 | - $22 2 
makes a Square, toWwit, . « . + + + «» , aa 


9. The ſides of which two Squares in the two laſt ſteps are Þ 34a-þ 2 and 46 + F- 
10, It remains that the ſumm of the Squares in the fifth and - 
fixth ſteps, rogether with the given number 15 may make > 25aa — g + — 
a Square, but it makes OG IS ws aa 
11. Which fſumm muſt be equated to a Square, v:z. either 


25 : 24 
to 2544, Or to —+ , let it firſt be equated to 25aa,Y 2544—9g9+— = 2544 
aa aa 


VIZ, ſuppoſe - o . o . "Ys = . . 
12. Which Equation, after due ReduRion, gives . . .> 4 = £ 
13. Therefore from the twelfth , third and fourth ſteps the fides of the ſecond and third 
Squares ſought are 7+ and #+, and conſequently 9, +55 and 4$*2 are the three Squares 
fought z for every two with 1 5 make Squares, to wit, #224 , £222 | £34 hole lides 
are 92, 23, *$0 a 
T1 2$ 2 ; 
But if 25as — 9g + oy be'equated to wy then the value of will be 2, yet the 
ame Solution will be found as before,becauſe here we muſt conceive _ — 34 and z — 44 


to be the (ides of the two Squares , which {ides being reſolved according to the latter value 
of a, towſt, a= +, there will come forth (as before) £+ and +. | 

This/Queſtion is capable of innumerable Anſwers upon a double ground , for firſt, the 
firſt ſquare may be any known ſquare number at-pleaſure , then the lides 0i the ſecondand 
third Syuares may- be variouſly feigned from divers numbers , which may be the ſides aboxt 
the right-angle of unlike right-angled Triangles ; as inſtead of 3 and 4 we may tle 
$ and 15, 5 and 12, and innumerable others. 


—_— 


2VEST. 88, ( Quaſi. 32, Lib. 5. Diophant. ) 


; To find three Squares that the ſumm of their Squares may make a Square , or , ( which 
is the ſame thing ) to find three numbers that the ſurama ot their ſquared Squares may be 


a Square. 
RESOLUTION, 


1. For one of the ſquare numbers ſought put . . . .> aa 
2. And for the two others put . . . . . . . .> bb and cc 
3+ Then the ſumm of the Squares of thoſe three Squares is > . aaaa -|- bbbb {- ceer 
4+ Which ſumm muſt be equated to a Square, let its fide be a4 — 44, the Square whereof 
equated to the ſaid ſumm gives 
b aaaa | bbbb -|- ceo = aaag — 2ddae | dddd. 


Fe Which Equation , after due ReduRtion, gives . , .> aa—= ddad — _ — Cece 
Zz 


6, In which Jaſt Equation, becauſe the Numerator and Denominator are not perfe&t Squatcs, 
the value of & is not expreſlible by a rational number , but to cauſe it to be rationa), 
we may diſcover by the ſaid Fraction that a certain number and rwo Squarcs mult be 
found out, ſuch, that if from the Square of the number the ſumm of the rwo $queres 
be ſubrraKed , the remainder may be to the double of the aid number as a ſquare mun- 
der to a {quare number-: Now to find out ſuch a number and two Squares , let rr wy] 
be put for the number, and xy for one Square, and 5s for the other , then trom the 5quare 
of 7+ 52, that is, from zrrr |< 27755 | 3555 ſubtrat the ſumm of the Squares af 
7 and-sr, that is, wr + 5555, and the remainder 27755 muſt be to the double of the 


number 774-48", that is , 10 377 4=250, #5 3 Square to a Squarez therefore al 
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the halves of 27rss and 27%-|- 235, that is, 755 and rr -- 55 ſhall be as 4 Square to 
a Square, for the Proportion is not changed : And lince yrs is a Square , whoſe (ide 
is 75, It remains only to make rr -|- 55 4 Square ; but ſuch ir will be if yr and £ repreſent 
the (ides about the right-angle of a right-angled Triangle whoſe three fides are expfeſlible” 
by rational numbers, for then +» -|-- 55 will be the Square of the Hypothenuſal. There- 
tore from the premiſſes the following Canon is deducible to ſolve the Queſtion propoſed. 


CANON. | 


| Take. for two of the three Squares ſought the Squares of the ſides about the right-angle 
of ſome right-angled Triangle in rational numbers; then divide the Produ& made bythe 
mutual multiplication of thoſe two Squares, by the Square of the Hypothenuſal My and 
there will come forth the third Square ſought, | "ry "Ong 

. As,, for example , let there be expoſed thie right-angled Triangle 3, 4, 5, then two 
of the Squares ſought ſhall be 9 and 16, (to wit, the Squares of 3 and 4 the fides abqut 
the right-angle ; ). and if the Product of 9 into 16, thatis, 144, be divided by 2 5 ( the 
Square of the Hypothenuſal, ) the Quotient ++ ſhall be the third Square ſought. 1 lay. 9, 
16.and **# are three Squares, which will ſolve the Queſtion , for the ſumm of their Squares 
makes, #*;$+, which is a Square, whoſe (ide is *Z5. Ke wr 


* 


git L2UEST.. 89, ( Quzlt. 33. Lib.5. Diophant.) be 

A certain Vintner made a mixture of two ſorts of Wines, whereof one colt eight pence 

the quart , and the other five pence , at which prices the whole mixture was worth a ſquare: 

number ot Pence, unto which 50 being added the ſumm would alſo makea ſquare number, 

whoſe fide was the number of quarts contained in the mixture, The Queſtion is, to find 
the number of quarts of each ſorc of. Wine in the mixture. WE 27 Ke 


RESOLUTION... 20; wer a 
1. For the price of the whole mixture pur ,- ., .: . . .> aa—60 
2, Then it 60 be added to that toral price the ſumm will be 


Tx : . - & 712 e , s p. ea 'n. _- you 

.. the Square aa ,, whoſe Roor ( as the Queſtion requires') 'mnſt(. PEN 11 wn, 
- © *'bethual'to the nitttiber; of quarts' of both ſorts ot Wine ih thief” c*! en wy 
CEEES. oe TGT 1.9) 230tl 25153 M8 


mixture, tO Wi, off? * ff * of o* of 3 OS OS EW CR TITO 
3 From the premiſſes we' may rightly inferr, that a& — 60 ( the tctal'coſt of the'mix® 
© ture)" greater than: 54, bur leſs than 8a; ( that is, greater -thahahe ProduRof the 
multiplication. of the toral number'of mixed quarts by the price*of the worſer ſort®ot 
* WihT if\ the mixthre / Hur leſs thari the Produ&t of the fame number of !quirrs multiplies 
into the dearer ſorr'of” Wine: ) Bat if” 44 — 60 be gteater thart $4%and'leſs than”8s, 
then the value of a (þy.. 2zeft. ro. of this Book.) is greater than 10755550055 » &c- 
but leſs than 1252222222  &c; Therefore az — 60/( which the: Quieftion-reqtires 
tO be a Square ) multche equared to ſome Square whoſe (ide muſt Ve: fo feigned rhac 
the value. of 4 may beWithin thoſe limits 9” Now to! eauſe” hat ette&t;,. the. fide of th& 
ſaid Square may be feigned — a+ any abſolute number berween 177555, &c:' and 
227824 &*4, or 4 — any abſolute number baween 27535, &c. and 37355, &c. ( as 
hath veen thewn-in2eſt.1 1. of this Book.:) Let then-the (aid 06mg d Oar te 
whoje-Square 44 -.444:|- 4 94 equated tO: 44 — 60 will give 4 ==/1 27, tor the dela 
number, or quar;s:3n. the; whole mixture. , 0. 4 490 wi LH SiO 51s Lipo 
4+ Then from #2424, the Square of rheſſaid 1 27+, ſubiraR; 60; , ang .the-remainder. ALSIG 
is the price of the whole mixture, which. is a Square, whoſe lide 'O I; and betauſle 
3222+ is the pumber of pence expreſſing the value of the mixture, ir muſt be equal 
- t6the'Produdt of 8 -miltiplied by a certain part' of 1 272, ( the ntimber'ot quarts' mthe 
mixture , ) tog-ther with the Produt of 5 multiplied by the remhin part-of 's 3527 
we mult theretore divide 127+ into two ſuch parts, thar if the one be multiplied þy "MN 
and the other by 8, the ſumm of the rwo Produtts may make **74$; but that 'may be 
done thus, © © X Brad 4 ares 35. os 4 
5. For one of the deſired parts of 1252 put 5 «ae 2 a en AD 
6, O_—_ other ſhall be . . "Be . ay ” no 1272 — £ Nc] 
7. Atd if the tormet partibe multiplied by 5, and the latrerby:: 'F US TT UT 
the: ſ\uram ofthe Products Wil = FEE END ER; | Þ 1 y Ty OSR4h e OS bis 
8. Which ſumm muſt be equated 1032475 , 52. 4 oP! 93334: 2958 
$3 ES Q_2 9. Which 
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9s Which Equation , after due ReduRion , makes known one of © c ED 


ro. Which ſubtracted from 122, leaves the other part, to wit, > oo 22534 
11. 1 fay the xotal mixture of Wine might be compoſed of {+# quarts of five pence the 


numbers ( by working as before ) will be found 22 and 42, 


rational numbers. | 


— _ " 


w = 7 ” oe OTA MRESLSIELTS p : | ak TY 7 /TITAIVETTTY 
L 


(> __2VEST. 90. | 
To find a right-angled Triangle in rational numbers, that one of the ſides about the 
Cight-angle may be to the Area in a-giveh Reaſon, ſuppoſe as r to 5. 
wy  ; RESOLUTION.  _ 
12+ For the Triangle ſought let a right-angled Triangle be formed > a.” 
from two numbers, vx; « the greater and: & the lefler., 10 7.. 444 ; 44—0;34 
the three ſides will be rheſe, towit, . . « « «© « ce 
&..FbaArexobthan Triangle I a 1 4:0 » of, AE —m—arſe, 
3«: Then (according.ta the Queſtion) Jer theſe four quantities be ſuppoſ;d ro be Proportional, 
; 204%! rr ett of. « $4, 3s A — 06 os GAdde — AFC, TIT ; 
4+:And becauſe, if the ewo latter terms of that Analogy be ſeverally divided by 94.0%; 
» tha Quotiems are. 3 and. ae, therefore that Analogy way be reduced to this , viz. 
wc $42 42-1-.ni F.-.-$:3% I «a Of | 
$5. And by comparing the ProduR of the extremes to the Produ&t2 :  _ 
--Of © nf Soanioyenieth, 299,09 - ts, ad... 
6;iAnd by dividing cach part of the laſt Equatioy by ra,this ariſeth > - 6 = —_ 
b: Henee 66.7 ro dot oy ac rrp | "eu 
eh I POT - p S...x CANO N. ! % $0 
7 *Take any tramber-at pleaſure, which may be called &, then divide-s the latter term of 
© the given Reaſon, by theProduR ot the firſt term » multiplied into the number: 4 , and 
.,Call the Quotient, the number e ; laſtly', from the ſaid numbers @ and e form a right- 
© angled Triangle; and-ir- ſhall be thar which is ſought. | $2 
Sig IC «il =—S £ o © ma | 
Leung yo pin 1 An Example in Numbers. EE TN noe 1} 
.;; Let it be required to find a right-angled Triangle, ſuch, that one of the ſides-about the 
right-angle may be;19 the Area, as. x to 10. | ” 


F 


WW [en d . ? 1 15740 "(4.3 4 
F — ——_ — —- 


> woke inm ct = .1 þ Ny 34 
d Suppoſe "OATIT 3 7 CTY LS [ the terms of the given Reaſon', 
| = 2 Þ takenatpleaſure, | 


Then þy the Capon,, 


Bs 3 a. G Cw OM \, HM | Th ſir fight 0 

| Laſtly, from 5.and 2:form-a right-angled Triangle, and the three ſides will be: 294 22 
and 20, which Ttiangle will olve the Queſtion.; for 21, one of the ſides abou the right- 
Age; irotheArta 219, a51 to 10, Which was required, , ©; |. + ng 
| | ewilc 


Mid? .o 


6 


g *-i% 
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Likewiſe by the Canon, this right-angled Triangle, to wit, 101,99 and 20 will be 


1 found to ſolve the Queſtion, for 99 is to the Area 990, 4s I [0 10, and innumerable 


right-angled Triangles in Fractions may be found ro perform the ſame effeR. 


——— 


To find a right-angled Triangle in rational numbers, that the Hypothenufal 
to the Area in a given Reaſon, ſuppoſe ae 7 to. 5. L e Hypothenuſal may be 


RESOLUTION. 


1, For one of the ſides about the right-angle punt . ; . « .%» 4 
2, And for the other fide about the right-angle put . . . .> þ 
: Then the ſquare Roox of the ſumm of the Squares of thoſe 
lides ſhall be the Hypothenufal, to wit, ., .  . . ; $ 
4 And the Area of the ſaid Triangle is . . . . . , '.>  « Las 
5. Now according to the Queſtion, the Hypothenaſal muſt be to the Area as # to s, there? 
fore trom the third and fourth ſteps this 4nalovy ariſeth , viz. 5 
| ” . 9 2: 4/iaa-jpee: . Tas. 
6, But the Squares of thoſe Proportionals are alſo Proportionals , therefore 
i » 55 37 aac , Lancet. 
7. And from the laſt Analogy , by comparing the Prody# of the multiplication of the 
' exiremes to the Product ot the means, this Equaiion ariſeth, viz. 
Errance = 3544 + SS. 
8, From which Equation, by tranfpoſition of 55ee, this ariſeth, 
IX airauee — $3 5 54s | 
9, And by dividing each part of the laſt Equation by Zrraa — %$ TC ; 1 
age will ariſe oo ge od wg Ear ES SS E744 — 58 
ÞÞ.: {p which laſt Equation the Numerator £548 is a Square whole (ide is 44, ard if the 
Denominator were a Square , then the whole EraQtian would be alſq.z Square, and cot= 
.. ſequenily the (ide thereof , to-wit, the number. e wauld be rational ; ir remains therefore 
 to'equate the Denominator ras — 48 to a Square, to which end , let the ſide thereof 
be fergned 274 — bz then the Square .of 5rs — b being equated to Jrrog— 52 , this 
* Equarton ariſerh , viz. 0 (ld | 
,  bpras — 88 = Erraa — vba + tb.. 


11. Whenge, after due ReduQtion, you will find ',. ., , « «p 4 = 2 # 

12, Now if we ſuppoſe r, s and 6 to repreſent known rational numbers, then 4, & and 
v/: aa |< ee; which in the three firſt ſteps were put for the three lides of rhe right-angled 
Trangie ſought, .will.alſo ( from the eleventh, ninth and tenth ſteps, ) be exprellible 
dy rational numbers, to wit, theſe , | | 

&5 | bh 2458 oþ- 23bb 8858 |= 1 35bb + bbbb. 
| eb; -:;.-4 rs — rbb rub — rbbbe : 

I3. Or the two firſt of the three ſides laſt expreſt may be reduced to the ſame Denomina- 

tor with the thicd , and then the: three lides of the right=angled Triangle ſought will be 


-- thee; ro wit. 


$58 bubb 2 851þ -|- > 5þbb. w_— + > bb «| 6bbb 
rih —rbbb ?. rab —rbbb 4 r&b — rbbb © 
Which hree lides, if they be expreſt by words, will give this 
CANO N. 


% 


14. Take for b any number leſs than s the latter term of the given Reaſon ; then from 


' the pymbers 2 and þ form a right-angled Triangle, and multiply the three lides feverally 


by the i ypothenujal; laſtly, divide thoſe three Produtts ſeverally: by the Produc mage 
by the KW Bo of the difference of the. Squares of the two. pumbers 4; and þ, 
| Chich formed the ſhid Triangle;) into the Produ$ of 4 the lefler of rho fame two 
Dumbcrs. and n the beſt term of the given Reaſon ;- (6; ſhall the Quotienty be-the thr®© 
lides ot a righc-angled Triangle , which will ſolve the Queſtion propoled. 4 


- 4 


—_ —_— 4 
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An Example in Numbers. 
Let it. be required to find out a right-angled Triangle whoſe Hypothenuſfal may be to» 
the Area as 2 I0 3. : 
: x P.-23 0 
Su ole LS > © JS 
T 3; = - > leſsthan 3, (or 5.) 

Then form a right-angled Triangle from 3 and 1, (towit, s and 6,) and the three 
ſides will be 10, $ and 6 ; theſe multiplied ſeverally by the Hypothenuſal 10 will produce 
100, $o and 60, which divided ſeverally by the Product which anſwers to 5s — bb into 
7b, that is, by 16, will give 5, 25 and *Z for the Triangle ſought ; for the Hypothenuſal 
254 , or +22, is to the Area +52, as 2 to 3. Which was required. 

In like manner, if it were deſired to find a right-angled Triangle whoſe Hypothenuſal 
might be to the Area as 3 to 2 ; then by the Canon, the three ſides will be found 42, 22 
and 3. | 
4 LUEST. 92. 

To find a right-angled Triangle in rational numbers, that the ſumm of all the three ſides 
may be to the Area in a given Reaſon , ſuppoſe as r to s. 

| RESOLUTION. 

x. For the right-angled Triangle fought let a Triangle be 
formed from any two numbers , ſuppoſe' from 4 the> aa op ee , a&—ce , 2a 
greater and e the lefler , ſo che three fides will be thele, 

2+ Then the Area will be . . . . . . . » « > 4aae— acct 

3- And the ſumm of the three ſides is , . « «© . «> 244-240 

4+ Now ( according to the Queſtion ) the ſumm of the three ſides muſt be to the Area, 
as F tO Fs, therefore, | h 


the Terms of the given Reaſon, 


—_— — 


| S 7 «. 4 2:2: 244-240 | ante — Ace. 

' 5. Or, by dividing each of the two latter terms of that Analogy by 4, this ariſeth ; 93; 

| > > AS Yr . 5 :: 2428 ., | ARC —CCo 

'6. Whence, by comparing the Product of the extremes to 
the Product of the means , this Equation ariſeth, viz. . 

7- Therefore by due tranſpolition,  .  . . «' .. . S Yeah — 254 = ree-|-24 

8. And by dividing all in the laſt Equation by re , this 25 _ reebis 
—_—_ > * r 


'reaa — rece = 254+ 


9. Which laſt Equation being reſolved by the Canon in hf - 2, 
Seft. 5, Chap. 15. Book 1. the value of «4 will be diſ-S . 5 4 = e+ — 
GS 0s» cov ve tet eretts! 3s LENT 
Hence this | CANON. , 
10, Take any number at pleaſure, which may be called e, then to the number e add 
the Quotient that ariſeth by dividing the double of the latter term of the given Reaſon, 
by the Product of the firſt term multiplied into the number e, and call the ſumm the 
number a; laſtly , from the ſaid numbers and e form a right-angled Triangle , andit 
ſhall be that which is ſought. | 
| An Example in Numbers. 2-01 
Let it be required to find out a right-angled Triangle, that the ſumm of all the three 
ſides may be to the Area as 1 to 5. | | 


Suppoſe "oe 3 # , | c the Tera of the given Reaſon, then 


Ec 


2 > taken at pleaſure, 
| a=7 =e+ — 1 
"Then form a right-angled Triangle from 7 and 2+; and the three ſides will be 5 33455 2% 
which: will ſolve the Queſtion , for the ſumm. of all the three fides , 'to wit, 126', "1s 10 
the'Area 630 ,/as tity 5, Which was required to'be done. £2,148 
Likewiſe if a tight-angled Triangle be formed from-11 and x , (to wit, # and c, 
found out by the'Canon, ) the three fides will be 122; 120, 2 2', Whoſe ſumm 26410 
the Area 1320, as x to 5, | | he arg thret, Len. 
| Aga, 


By the Canon, ; 


df 


t 
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Again , if a right-angled Triangle be formed from 11 and1o, the three ſides will be 


| 21, 21 and 220, whoſe ſumm 462 is to the Area 2310, as 1 to 5. 


Laſtly, you may find out as many right-angled Triangles in FraRions as you pleaſe 
to ſolve the Queſtion. Alſo, upon the ſame ground it vil not be difficulc &. Gn _ 


{ innumerable Hoſceles-Triangles, in every one of Which the Perimeter ſhall be to the Ares 


na given Reaſon, 


—— 


I p_—_— VI” 


L2UVEST. 93. 
To find a right-angled Triangle in rational numbers , that as well the Hypothenuſal 

# the difference of the lides abour the right-angle may be a Square. | 

TIL RESOLUTION. 

1, For the Triangle ſought let a right-angled Triangle be 
formed from two numbers, ſuppoſe from 4 and e, iS aa mee, aa —tt, 240 
let 4 be the greater , ſo the three (ides will be theſe,v:z 

21; Now (according to the Queſtion) as well the Hypothe- 
nufal as the difference of the (ides about the right-angle aaee = 0 
muſt be a Square, ſo we are falti upon this Duplicate a ec = Q 


enaiity ; VS. oo oe + EN © 0 
3 The difference of thoſe two quantities is , . . . 
4. Which difference is equal to the ProduGt of theſe two 

quantities, rowit, , 5 . 5 . +» oo. « 

5.. The halt-ſumm of thoſe two FaRors in the laſt flep is 
6, Then the Square of the ſaid half-furm being equated 
to the greater of the two quamtities ih the bond ſep, 

this Equation ariſeth,. viz. : «. +. +» +» 6 , 
7, Whence after. due Reduction there will ariſe , . 12e = 5&4 
8, And by reducing the laſt Equation into Proportionals, it ſhall be 

As W.- 4 -8-i# - & 
CANON. 
9, If from 142 and 5, or any two numbers in that proportion , a right-angled Triangle 
be formed , it will ſolve the Queſtion. 

As , for example, in the right-angled Triangle 169, 119 and 120, which is formed 
from 12 and 5 , the Hypothenuſal 169 is aSyuare , alſo the difference of the fides about 
the right-angle; co wit, 1 1s a Square» The ſame effe&t wil] be produced in a right-angled 
Triangle tormed from any wo numbers which have ſuch proportion one to another 
ds I2 0 Fe 


tw 


244 — 246 
1 24 —2e and 4 
> T4—@ 
aa | ee = fan — 34e-66 
py 


Hence this 


2 UVEST. 94: 
To find a right-angled Triangle, that one of the ſides about the right-angle may be 
a Square, Which added to a given mltiple , ſuppoſe the triple, of the Square of the dit< 
ference of the {ides about the right-angle may make a Square. 


RESOLUTION. 


1. For one of the lides about the right-angle , that it may be? 

a Square, ot ES oo 

2, _ tor the other put . » M op ”. » - «0 

3- The ſumm of their Squares muſt make a Square, to wit,? . _ 
the 5quere of the _Y therefore - 6 1: 26 6M 445-16 = 0 

4+ The difterence of the ſides about the; right-angle is . .> 4 4 

5. The triple of the $quare of that difference is . . + .p 344 — 244 -|-48 

6. To which ( according to the Queſtion) add 4 , the ſquare 
number firſt aſſumed tor one of the fides about the right- > 344 — 244+ 53 = 
angle, and the ſumm muſt be equal ro a Square, viz. . . ; 

7. Sin the third and ſ1xth ſteps we are faln upon a Duplicate equality , but the numbers 
prefixt to aa in the quantities to be equated, are not Squares, neither are the two known 
numbers in the ſame quantities both Squares, for 5 2 15 not a Square, whereby the faid 

en the Duplicate 


Duplicate equality is inexplicable ; bur if che faid 52 were a Square , then the l 
- _ TS : ES Rees equality 
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equality might be reſolved , therefore inſtead of the ſquare number 4 which in the firſt 
ſtep was aſſumed for one of the lides about the right-angle, we muſt ſeek ſuch a Square 
that if it be added to the triple of its Square the ſumm may be a Square. Suppoſe 
therefore that Square ſought to be ee, this added to the triple of its Square makes 
| 3eeee = ee to be equated toa Square, the (ide whereof may be variouſly feigned , let 
it be ee-|-e, then the Square of ee—|-e, to wit, ecee—|- 2 ece -| ee being equated 


to Zeeee|-ee, after due ReduRtion the value of e will be found 1, and ee is alſo 1, 


So we have found a Square, to wit, 1 , Which added to the triple of its Square makes 
the Square 4 ; therefore now the Reſolution may be renewed thus , viz, 

$. For one of the {ides about the right-angle put the Square . ,> 1 

9. And for the other ſide . . . . « © - - « +» oP 4 

10. The ſumm of their Squares muſt be equal to a Square , v#z. > aa +1 = 0 

11. The difference of the (ides about the right-angle is . .> av 1 

12. The triple of the Square of that difference is . . . .> 3aa—6a+3 

13. To which adding the (ide 1 in the eighth ſtep, the _ © 
TIC, vis co 8 - ». of COONEY S=0 

14. Alſo from the tenth ſtep,, . . . . « . © «© . oÞ © « aa = 

I5. So in the two laſt ſteps we have a new Duplicate equality | 
which may be reſolved thus , firſt, to the end there may be | 
one and the ſame known ſquare number in each of the two\ . 3a4a —64+4 = 0 
quantities to be equated ro Squares, | multiply the quantity in 4aa+ 4 =0 
the fourteenth ſtep, ro wit, aa--1 by 4, and it makes qaa-|-4 ; 
now each of theſe quantities is to be equated to a Square , vz. 

16. The difference of thoſe two quantities is . . . , .3 

17. Which difference is equal ro the Product of theſe two Fa- 
ELIE + +» o » +» » 

18. Half the ſumm of thoſe Fators's , , , « , . «> 

19. The Square of the ſaid half-ſumm is . . . . . . .> 


14444 + 2345-4 


. 20, Which Square equated to 444 + 4, ( the greater of the two quantities in the fifrcenh 


ſtep, ) will atter due ReduQtion give a = $32, | 
21, Therefore. from the twentieth, ninth and eighth ſteps the ſides about the right-angle 

are £3+ and 1, the ſumm ot whoſe Squares is £54224 , whoſe ſquare Root *#* is 

the Hypothenuſal ſought. 

I fay £2, 1 and 2+ are the ſides of a right-angled Triangle , which will ſolve the 
Queſtion ; for one ot the ſides about the right-angle is a Square, to wit, 1, andif 
this be added to the triple of the the Square of the difference of the (ides about the right- 
angle , it makes the Square 22£325 , whole [ide is £4*, From the premiſles it is evident 
that innumerable right-angled Triangles may be found to ſolve the Queſtion. 


—_— 


LUEST. gs. 
To find out a right-angled Triangle in rational numbers , that the Square of one of the 
ſides about the right-angle may be equal to the other of the ſame fides. 
[ T his is Problem. 1 5. ## pag. 8c. of the Introduttion to Algebra before cired 5n Quellt. 58, 
but 1 ſrall reſolve it after another manner, | 
RESOLUTION. 


7, For one of the ſides about the right-angle put 7a, (r repre- 


ſenting ſome known number , and a ſome number unknown, ) .C 7* 


 — ( according ro the Queſtion) the Square of that ſide muſt 4 ks 


be the other of the ſides about the right-angle, to wit, . 
3. The ſumm of the Squares of thoſe ſides is . , , , . «> rrrraaaan- ria 


4- Which ſumm muſt be equal to the Square of the Hypothenuſal, and therefore ir remains 
to equate the ſaid 7717aaaa | 7744 to a Square, to which end take ſome known number 
s greater than r, and then the fide of the ſaid Square may be feigned 54 — 7744 , the 
S_ _ being equated tO 7777 444d -|- 7144 , and dune Reduction made, you 
will fin ET TS 3 $ 


SS — 77 
fl = —— 
2 T7 
5. But 


> 3.1 
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5. But s and y were afſumed to repreſent two known numbers whereof £ is the greater; 
theretore from the premiſſes the three lides of the Triangles ſought ſhall be known alfo 
and may be expreſt thus, | : 


* $5 — FF 25557 — 2 


2.57 OT - : The ſides about the right-angle. 
S858 — 2.8577 |= rirr 
4 SSYY 9 
SSSS — 7Y77 
4QSSTY 


The Hypothenuſal. 


wu 


6, Moreover ,- becauſe the Square of —*7_ j 457 1 and che Gates 


SS — IT 7 $S5S5 — 2 $Srr |= rrrr 
of the Squares of the two laſt FraRions is equal to the Square of 27 + 20777» 

. —— —_— FE SSSS — 2857 -|-rrvr ? 
( as will eaſily appear by Multiplication and Addition ; ) therefore the three quantities 
laſt expreſt thall alſo be the (ides of a right-angled Triangle to ſolye the Queſtion 
propoſed , viz. 


25r 2 $557 — 2 $7 
a=n $558 — 2 S577 —rrrr | 
4409 The ſides about the right-anglez 


$515 — 2.5878 |= 17 


2 $55 |= 2.577 Th | 
——— 3 e Hypothenufal. ; 
7. If the three ſides of the Triangle ſought , as they be above expreſt in the fifth and ſixth 
ſteps be compared together, it will be ealie to deduce from thence this following 


Firſt, form a right-angled Triangle from any two unequal numbers; then multiply 
the three fides of that Triangle ſeverally by either of the (ides about the right-angle ; laſtly; 
divide ſeverally thoſe three ProduQts by the _— of the other of the ſides about the 
right-angle ; ſo the three Quotients ſhall be the (ides of the right-angled Triangle ſought, 


Examples in Numbers. 
Firſt ; find out three numbers to expreſs the fides of a right- A ; 
| b , 


angled Friangle , ſuppoſe theſe, . . « «© » «» «© « . 
Then multiply thole three ſides ſeverally by 4, the greater of the cg. 
ides about the right-angle,and the three Products will be theſe, wie, © , : 
Laſtly, divide thole three Produtts ſeverally by 9 , the Square 
of the leſſer of the {ides about the right-angle ; ſo the Quotients + - «4 2 
will be the ſides of a right-angled Triangle to ſolve the Queſtion” 3 , 
meetd, w wif, theſe, - oo: & ©. © & © * <9 
Again , 
: | 7 - . 
Let the right-angled Triangle firſt found out be here _—_— IF ; . 


_ 


= 


to Wit 5 pe - Ss -&-*4 A ©2445 0-0 ny, 
Then multiply thoſe three ſides ſeverally by 3 , the leſſer of _ a 
the ſides about the right-angle , and the Products will be theſe, 6 e: 0 
Laſtly , divide thoſe three Products ſeverally by 16, the Square 
of the greater of the lides about the right-angie ; ſo the Quotient , +: 
4 3 T6 16 


Que 10n 9 ro wit 3 . « = . -. 5 - ” - = 


will give theſe three ſides of a right-angled Triangle to ſolve. the 
{ ; . 


QUEST. Wy « Queſt. 1. Lib. 6- Diophant. ) 

To find a right-angled Triangle in rational numbers , that the (ides about the right-angle 
being ſeverally ſubrrated from the Hypothenuſal may leave cube-numbers, 
RESOAZAUTION. 

. Firſt, form a right-angled Triangle from two unequal h , 
numbers , rk. from 4 and e, and et 4 be the gteater, _—_ : _ - : _ 
ſo the three ſides will be theſe , vive « « +» » « ed © OO 

FEET of, = 9 a 1 R 2. Then 
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2. Then by fubtraQting the Baſe from the Hypothenuſal, the remainder is 2ee, which 
ſhould be a Cube, but it is not , yet it ſhews-that e (to wit, one of the numbers from 
which the deſired right-angled Triangle is to be formed, ) muſt be ſuch that the double 
of irs Square may make a Cube. Now that we may chuſe the number e with that con- 
dition , let 2ce be equated to the Cube bbbeee, viz. ſuppoſe 2 ee — bbbeee , ( where 
bbb may repreſent any known cube-number,) whence after due ReduRtion the value of e 


will be made known , 922. ; 

| " ”. m7 
3. It remains, that the Perpendicular ſubtraRted from the Hypothenuſal may leaye a Cube ; 
but the remainder is the Square 44 +|- ee — 24e, which is not a Cube, but if its Root 
a—e werea Cube, then that Square would be a Cube; (for a Cube multiplied into 
a Cube produceth a Cube , by Prop. 3, & 4. Elem. 9. Euclid.) Let therefore the ſaid 
Root a—e be equated to ſome Cube, viz. ſuppoſe 4 — e = add; hence, and from 


the third ſtep it follows, that FR x: 

<= e-|- — Tbh —_ . 

Now, if from Tt ddd and Fry ( the values of and e ) a right-angled Triangle 
be formed , it will ſolve the Queſtion, Hence this 
CANOM. 

4. Divide 2 by any cube-number , and reſerve the Quotient , then to the ſaid Quotient 
add any cube-number ; laſtly, from the ſumm and Quotient form a right-angled Triangle 
and it thall ſolve the Queſtion propoſed. ' 

As, for example, I divide 2 by the Cube 8, and reſerve the Quotient ; for one 
of the numbers by which the right-angled Triangle 1s to be tormed ; then to the Quotient 

z I] add ſome Cube, as 1, and the ſumm is +, laſtly, from + and + I form a right-angled 

Triangle and find the fides £3, £{ and-$, which will ſolve the Queſtion ; for the lides 


| about the right-angle, to wit, £4 and þ being ſeverally ſubtrated from the Hypothenu- 


ſal :, the remainders are the Cubes + and 1. 

But after one righv-angled Triangle is found out to ſolve the Queſtion , if you multiply 
or divide every one of the ſides thereof by one and the ſame cube-number, the ProduRs 
or Quotients will give another right-angled Triangle to ſolve the Queſtion : As, if the 


three [ides before found out, to wit, *}, £4 and þ be ſeverally multiplied by the Denomina- 


tor 8, they will produce 13, 12 and 5 , which will ſolve the Queſtion, Likewiſe, 
if 13, 12 and 5 be ſeverally multiplied by 8, there will be produced the right-angled 
Triangle 104, 96 and 40 , where the differences between the Hypothenuſal and the 
other two (ides are Cubes, to wit, 8 and 64. The reaſon is evident, for, 


Firſt , by ConſtruQion £3, £4, & are the ſides of a right-2 *3 — *$ = a Cube, 
angled Triangle that willſolve the Queſtion , viz: . . '> 4: — + = a Cube. 
And becauſe a Cube multiplied by a Cube produceth ——— 

a Cube, thoſe two differences or Cubes multiplied by es COT 0" 90 om 
Cube 8 ſhall neceflarily produce theſe differences orCubes,v:z. 0 


Wherefore the right-angled Triangle 13, 12, 5 ſhall neceſſarily ſolve the Queſtion, 
as well as *3, 42, 5, 


LUEST. 97, (This is a Lemma, uſed by Dioph. in reſolving the following neſt. 98.) 
To find a right-angled Triangle and a Square in rational numbers, thar if the Area of 
the Triangle be ſubtracted from the Square , the remainder multiplied by a given num: 
ber ( 4) may produce a ſquare number. 
RESOLUTION. 
: Ro aa + — = the Hypoth. 
2. Let a right-angled Triangle be formed, from 4 and =; 


re thee BUS will be © ©: 2 eo 2 4725 44 — — = thePerpend. 


the Baſe. 


[ 


2, Therefore the Area, (by multiplying the Per endicular - 1+ 
into half the Baſe, ) Is @ © - : _ ® » : E&1D:,-Y : oy "248. 
: {2 3. Then 
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3, Then feign the ſide of the Square ſought tobe , . .. TIO 4 24 


a | 
4; Therefore the Square TT RE 2 - > aa 4d 44d 
; . aa 
5. From which Square , the Area above expreſt being ſubtrafted, ? | , FA 4dd + 1 
hive will nds 5, RS _ 


i Theb, 15 oo NI SH  eenooſrſÞ 


| . aA 

1, Then the ſaid remainder being multiplied into the givet! num-F 4ddaz | 4ddd-|- 4 
ber (4) produceth . o » . o ” . . o . o 'T pe aa 

8, Which Produ& muſt ( according to the Queſtion) be a Square : But the Denominator 
44 is a Square, it remains therefore to equate the Numerator to a Square, viz. 4ddaa 
- 444d +- d muſt be equated to a Square, the ſide whereof may be variouſly feigned, ler 
it be 248 | d,; and then the Square of 2d4a-j-d being equated to the ſaid 4ddaa- 
44dd + d , this Equation ariſeth ; to wit , | 

4ddaa + 4dda -|- dd = 4ddaa - 4ddd += 4. 


0, Which Equation after due ReduRion gives , ;: 5 . . .> a = £ 


dd A 1 — 4 
4d 


From the ninth , firſt and third ſteps ariſeth this 


| | CANON: | 
to, From _ ws and = = 7 form a right-angled Triangle , which 
ſhall be that ſought by the Queſtion ; and the {ide of the Square ſought ſhall be 
4d 44d +- 1 —d_ 


Ain Example in Numbers. Y | es 

Suppoſe 5 = d tlie number given ; then form a right-angled Triangle from 2+ and 2, 
Þ the Hypothenuſfal will be 2423+, the Perpendicular +#5*5z, and the Baſe 2 ;, more- 
orer, the (ide of the Square ſought will be #32, and the Square ir ſelf £23282, or (inthe 
kane Denominator with the ſaid Hypothenuſal and Perpendicular) £££43S : which Square 
adTriangle will ſolve the Queſtion , for if the Area of the Triangle, to wit, #24332 be 
ſubttated from the ſaid Square £32225, the remainder £££*2£, that is, *<3*£ multiplied 
Nto the given number 5 , produceth the Square *243+ , whoſe Root Is £75 « 


Another Example. 


Sippoſe 3 = 4 the number given in-the Queſtion ; then let a right-angled Triangle 
be formed from £2 and 7+, ( which numbers are diſcovered by the. preceding Canon, ) 
{o the Hypothenuſal will be £#£52 , the Perpendicular £3435 , and the Baſe 2 : moreover, 
the fide of the Square ſought will be found £22, and the Square it ſelf 2355+ . from 

which Square ſubtraRting the Area of the Triangle, to wit, £3532, the remainder 
-14222 or inits leaſt terms ££3%, multiplied into the given number 3 , produceth the 
ure £*432 , whoſe (ide is £22. 


Note. Inſtead of 2 which is prefixt to d in the Numerator of the Fraftion 24 in 


the third ep of the preceding Reſolution , you may take the half of afy ſquare number 
and prefix it to 4 for a Numerator , over the Denominator 4; as, 434, 84, 1234, &c. 
and then by proſecuting the work as before from the third ſtep tothe end of the Reſolution, 
ious Anſwers to the Queſtion from one and the fame given number will be difcovered. 


| EIT 


LQUVEST. g8. ( Quzſt. 3. Lib. 6. Diophant. ) | 
To find a right-angled Triangle in rational numbers ; that the Area thereof increaſed 
wha given number , ſuppoſe 5 , may make a Square. 


RESOLUTION. | 
1. Let the ſides of ſome known right-angled Triangle, as 5, 4 and 3 b 
be ſeverally multiplied by 4, and take the ProduRts to repreſent > 54 , 44 , 34 


the ſides of the Triangle ſought , to wit, , . « » » + » 
| R 2 2, Ther 
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2. Then the Area thereof increaſed with 5 (the number given in e's 

the Queſtion ) makes  . fe fs » +» +» o © © » 
2, Which ſurm muſt be equal to a Square, ſuppoſe it be 9aa, 6 Eh 
7 therefore . . - o '. Ny” » 5 . 0 GE i . . . * 475 "T2 gag 
4. Whence by equal ſubtraRion of 644, there remains , , .> . , . F = 2ag 
5. Let each part of the laſt Equation be multiplied by 5 , and; 

ng "FREE QQRlÞa@ acCA Pr 
6, Now if x 5 which is prefix'd ro a4 were. a Square, then the value ot a would be rational : 


7. For the three {ides of the Triangle ſought put . . > ante, His, 26 
$. The Area thereof increaſed with 5 makes . « «> *HRqhgan o- 5F 


9. Which ſumm muſt be equated tq. the Produt Ne 


4400445 = $5325 4, 


£2225 (the Square before tound ) multiplied into aa, 14400 


fo this - -» f1 freak _—_— :- = 
Io. Therefore by ſubtracting +#=+£2 a4 from cach part en LSTLSS, — 44245 
of thar Boat this nn "10 - . S F= "144044 = MS7g08 
11. And by multiplying each part of the laſt Equation is wr £22030. 
LESSER... » o:. +, + 'F Fo 
12. And by extracting the ſquare Root out of each 
| ___ part of very Equarion , , re will ariſe . . , 
— T3. Whence by dividing each part þy *£< , the value — 
Pf a will de ". Jeeg rap i = __ wha. L 
14. Wherefore from the thirteenth and ſeventh ſteps the three ſides of the Triangle fought 
will be found theſe, to wit , 244422 , 24443, 42 the Area whereof is 2254+, to 
which adding 5 , the ſumm will be the Square $4322% whoſe Root is £34, There- 
fore the Queſtion is ſolved. © 


5 = *254 


| Vieta, in the g® of the 5" Book of his Z erezicks , ſhews how to find out a right-angled 
Triangle whoſe Area increafed with a number compos'd of two Squares may make a Square; 
whereby *tis probable*te rhought this Queſtion to be applicable only to a number com. 
pos'd of two Squares , becauſe Dzophantus propos'd the given number 5 , which is com- 
pos'd of two Squares ; but 'tis evident from the precedent Reſolution that the Queſtion 
may be extended to any given number whatſoever : And for greater illuſtration, let it 
be required to find out a right-angled Triangle whoſe Area increaſed with 3 may make 
a Square, 

Firſt 2 right-angled Triangle is to be ſought, and alſo a Square , that the Area of the 
right-angled Triangle being ſubtrated from the Square and the remainder multiplied by 
the given number 3 , the Produ&t may be a ſquare number : But by the latter Example 
of the preceding 97" Queſtion ſuch a Triangle and Square are found out , 94x. the Tri- 
angle whoſe Hypothenuſal is ##322 , the Perpendicular £2235 , and the Baſe 2; and 
the Square 445224 whoſe ide is #3+ : then for the three ſides of the right-angted Triangle 
ſought let there be put #22324, £3434 and 24, the Area whereof is £222,,7, to which 
adding 3 it makes #332tag <{- 3; which fumm equated to £54245 ,,, ( =£2224 being 
the Square above found, ) will give 42 for the value of @, by which 22 the three fides 
above put being reſolved, you will find the three ſides of the right-angled Triangle ſought 
0 be theſe, towit, 233432, 4$242 anq 2+, the Area of which Triangle is £332, to 
which adding 3 it makes the Square 4$32: , whoſe (ide is 42, 


| ne 
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| QUEST. 99. ( Queſt. 6. Lib. 6. Diophant. ) 
! Tofind a right-angled Triangle, that the Area thereof increaſed with one of the ſides 
| tour the right-angle may make a given number, ſuppoſe #. | 


RESOLUTION. 


| 1, For the ſides about the right-angle of the Triangle ſought put > & and 
| z Then BD che BE 6 GG ES i EE om 

| + Which increaſed with one of the (des about the right-angle muſt 8 ,_, + 

| * make the given number + , hente this Equation, . , . .$ * ” 


4 From which Equation, after due ReduQion, you will find © .> & = L ret. 


Y_ 
| | ; And becauſe a# +|- ze muſt be equal to the Square of the Hypothenuſal , it follows fromi 
] the firſt and fourth ſteps , that the Square of the Hypothenuſal muſt be equal to the 


| knmofthe Squares of « and —_ = - 5 that is, 


- | 
| _ 24444 + an —. 214 + 


: Laid ; ” 
1 £ Of which fra&tional quantity the Denominator Eaa is a Square, whoſe fide is #4; 
f therefore the Numerator were a Square the whole Fraion would be a Square : Jt | + 


remains then to equate the Numerator. 54444 | 44 — 24 7iz to ſome Square , 10 

which end, let its {ide be feigned £24 — », and then the Square of 4as — » being 

quated to the ſaid Numerator, this Equation ariſeth, viz. | 
Zerann | aa — 214 tin — Ladas — a8 | 11, 


{ + Whence the value of 4 will be made known, viz. . . » > 4 = 

| 4 -j-1I 
T 4, And according to that value of 4, the value of e will alfo be 

$ demade known by the fourth ſtep, viz.  . 3 . © . +» _ OY 
J 5 And becauſe the ſquare Root of 44 -|- ee is equal to the Hypo- 

JI thenuſal , therefore the ſquare Root of the ſumm of the Squares({ 25-1 


of the two quantities in the latter parts of the Equations in the # -|- 1 
krenth and eighth ſteps, will give for the Hypothenuſal ſought 
J !! Therefore from the ſeventh, eighth and ninth ſteps the three ſides of the right-angted 
Triangle ſought are theſe, ro: wit, | 4 
= . 27 ; ml an I 
nl, ( a Lab 
| Which three (1des if they be expreſt by words will give the followi Canon, Which 
Bike ſame with that delivered by Fermat in his Obſervation upon the {ixth Queſtion of 
ltefith Book of Diophantis. 


CANON. 


11. When the given number is greater than unity let a right-angled Friangle be formed 
from thoſe two numbers, and then divide the three fides feverally by the ſuram of the 
given number and unity ; ſo {hall the Quotients be the three ſides of the right-angled 
Triangle ſought. 7 

| An Example in Numbers. 


Let it be required to find a right-angled Triangle whoſe Area increafed with one of the 


ſdes about the right-angle may make 7, - 

Firſt (as the Canon directs) let a right-angled Triangle be _—_ — 
om the given number 7 and 1 , ſo the three ſides will be theſe, * : p 

Then divide thoſe three ſides (cverally by 8 , ( to wit, 7 1 ,) 
h » Quotients ſhall be the ſides of the right-angled Triangle> 65 5 G6, & 14 
—. WW... «coco co NN = 

| fa 62, 6, and 1 are the ſides of a right-angled Triangle , which will ſolve the 


Queſtion , for the Area = increaſed with 2 ( one of the ſides about the right-angle ) 


Makes 22 that is, 7, a5 Was required. | b 
- But becauſe the ſaid Canon takes not place unleſs the given number exceed unity , I ſhall 
in the next place explain Diophantts's Reſolution of this Queſtion, by which way, whatever 


hegiven number be, a right-angled Triangle may be found out ro ſolve the Queſtion yy 1 
notner 


4 
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Another way of reſolving the foregoing 9g" Queſtion, 


t, Leth, b, p repreſent the Hypothenuſal, Baſe and Perpendi- 
cular of ſome right-angled Triangle known in numbers, then 

© multiply thoſe three fides ſeverally by 4, ( which repreſents > ba , ba , pa 
a number unknown ,) and take the ProduRts tor the three lides 
of the Triangle ſought, to wit, .. . « « « + . » 

2. The Area ot which Triangle increaſed with one of the ſides 
about the right-angle , ſuppoſe with b4 , mult be equal ro the > 4bpaa-|-ba = » 
given number #, therefore . . . . « « « © « » b - 

3- Which Equation divided by Z#p gives . . « . « .F aa T7 = I;- 

4. Now to the end that the value of 4 in the laſt Equation may 2*Þ x 
be a rational number, the Square of half the Coefficient which 
is drawn into a, together with the abſolute quantiry which(_ 4% + 2bpn _ n | 
poſſeſſerh the latter part of the Equation muſt make a Square, n= 
(as is evident by the Canon in SeZ. 6. Chap. 15. Book 1.) : 
IE » ob o + » + © » © "0" 

5. And becauſe the Denominator *bbpp 1s a Square, it remains 2 2b | 1hpn = | 
only to equate the Numerator to a Square, Viz, . «+ +» . rm =0 | 

6. Or, to avoid Fra&ions, let the ſaid bb | *bpx be —_— 2 TRE OP 
LLSEEEES jo » >» io © © ooo © 6» :» arfreches 

5. Which laſt Equation ſhews, that in order to the ſolving of the Queſtion propoſed, 
a right-angled Triangle muſt firſt be found , ſuch , that the Square of one of the ſides 
about the right-angle, together withthe ProdnR of the quadruple Area multiplied by the 
given number zz, may make a Square, Now to find out ſuch a Triangle, 

8. For one of the ſides about the right-angte put . . . . .> e 

9. And for the other fide put ſome ſquare number, as, . . .> 1 

10. Then the quadruple of the Area is . » + 0: 0 | 

11. Which multiplied by the given number »,ſuppoſe by *, makes > e | 

12. To which ProduR add the Square of one ot the ſides about | 
the right-angle, to wit, the Square of 1, which is alſo x, and e41=0 
the ſurmm muſt be equal to a Square, viz. . , . . . . 

13. Alſo the ſumm'of the Squares of the ſides about the right- 
angle muſt be equal to a Square, to wit, the Square of the> ee {-z = 0 
pony Eq = nl __ _O"-- 

14. Now in ofder to reſolve the Duplicate equality in the " 

4 


laſt ſteps, firſt the difference of the two quantities which are 
2c ERnny © Squares is . . + » . » «© + + 
15. Which difference is equal ro the ProduR of the multipli- 
cation of theſe two quant:ties, or Faors, towit, . . 
16, The half-ſumm of thoſe two FaRors is Y” 
17. The Square of which half-ſumm being equated to ee {- 1, 
EE a ec» + oo: ew» x | 
' 18. And becauſe e and 1 were put for the ſides about the right-angle , therefore the 
ſquare Root of the ſurom of the Squares of #2 ( that is e ) and 1 , ſhall be the Hypo- 
thenuſal, to wit, 3 , fo we have found out a right-angled Triangle whoſe three (ides 
| are *,, 5 and 1 , whichare fit for renewing the ſearch of the right-angled Triangle 
ſought by the Queſtion, in this manner, +;z. 
19. For the three lides of the right-angled Triangle ſought put > 424, 424, and 4 
20. The Area of which Triangle increaſed with one of the tides 
about the right-angle, ſuppoſe with a, muſt be cqual ro theÞ 3244 -|- a = 5 
CT RR . . . . «. - . > » > 
21. Which Equation being reſolved by the Canon in Set. 6.7 - n 
TT war ... ... >, X* * = Ts 
22. According to which value of 4, the three ſides in the nine- 
teenth ſtep being reſolved , there will be produced the three'> 4+ , %2, It 
tides of the right-angled Triangle ſought, rowit, . , 


EE — E 


2e— 2 and Ze 


by 


—_-_ a 
CMS 'P 


I ay 5%, 4 and 52 arethe three lides of a right-angled Triangle which will ſolve the 
tt | ; : Queſtion z 


—— 
., 


" —— "ey wi 
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J _— 


! Queſtion, for the Area -& increaſed with 53, ( one of the (ides about the right-angle,) 
| makes £&, that is, 7 ; as was required, | 


DUEST. 100. 

| Tofind a right-angled Triangle in rational numbers , that the Area ſubtrated from one 

| of the ſides about the right-angle may leave a given number , let the given number be #. 

| RESOLUTION. | 

' 1, Fot the ſides about the right-angle of the Triangle fought? : 
44 _- 6 © 6 eg RE 2 


3, Then is the Area . . . 


OUT EE RES > ae 
| 4 Which ſubrraQed from one of the ſides about the right- : PS Pon 
| gle, ſuppoſe trom 4, leaves . . . « +» « . © OO 90 


| 4, Whence, after due Reduction, . , - . . . . 

! 5, And becauſe aa - ee muſt be equal to the Square of the 24 

Hypothenuſal , it tollows from the firſt and fourth ſteps, + DIE | 

that the Square of the Hypothenuſal muſt be equal ro the _— = 204-1 
4 


, A—N . 
ſumm of the Squares of 4 and I that is, 
Z 


{ 6 And ſince the Denominator £44 is a Square, whoſe-lide is £4, it remains only to 
equare the Numerator Zaaaa | 44 — 244+ nn tO a Square, whoſe fide may be 
fagned either £44 — 9» or $aa=|-7 ; firſt then, let the ſide of the ſaid Square be 
kigned £44 — 78, and then the Square of Jas — #1 being equated to the ſaid 4444s 
| 44 — 224 | #n., this Equation ariſeth , vzz. 


| Eagan | ag — 214 | ti — Zanad — a8 | 1. 

5, From which Equation the value of 4 will be made known, 2 
TR RRRRT©TTIR Oo orgs 
1 * According ro which value of 4, the number e will be? , __ 

3 diſcovered from the fourth ſtep, viz. . . . «» +» $ OY EY 

And the ſquare Root of the ſumm of the Squares of Te  _15-us 


| $1 wrap ©* + Pas 
and 1 — zz ſhall be the Hypothenuſal, to wit, . . . 
10. Therefore from the three Jaſt preceding ſteps , the three ſides of the right-angled 
Triangle tought are rheſe , to wit , | 
27 I — 7} T --- 224 
— ”, ( or = bank 4 
11, Bur if inſtead of Za — #2, Which in the ſixth ſtep was feigned for the (ide of a Square, 
we aſſume 4aa-|- 7, and equate the Square of this [ide to the betore-mentioned Zaaas 


|-a4—2714--1m, there will ariſe 4 =—=*— , according to which value , the (ides of 
I — ZB 
the Triangle ſought will be found theſe, ro wit, 
271 I— 1 -- 
1—#-. I —x 9 1 —# * 


The two laſt ſteps give this 
CANON. 


12, When the given number 1s lefs than unity , let a right- angled Triangle be formed from 
unity and the given number z then divide the three f1des ſeverally by the ſumm or dif- 
—_— of unity and the given number , ſo ſhall the Quotienrs be the fides of the Triangle 
ought, 


As, for example, if it be deſired to find out a right-angled Triangle, that the Area 
ſubtra@cd from one of the ſides about the right-angle may leave #, the Canon will dif- 
Over the (ides of two Triangles, to wit, £% , 22, 53 and £5, 27, 2s. each of which 
Triangles will ſatisfie your delire , for in the firſt Triangle the Area 3% ſubtrafted from 5s, | 
(one or the ſides about the right angle,) leaves the given nember #, likewiſe in the latter 
Triangle:, the Area £ ſubtrated from £5 leaves &. 

But how to ſolve this Queſtion when the given number is: any number whatever , I ſhall 


hereafter ſhew by Fermat's method, in 2#eſt. 130, of this Book, 
" FOE MET” 0 | ef , t QUEST, 191, 


36 Diophantus? Algebrs explaind. Book WM, | 


em 


QUEST. 101, ( Quaſt. 12. Lib. 6. Diophazr. ) 


To find a right-angled Triangle , that as well the difference of the fides about the 
right-angle as the greater of the {ame fides may be a Square; and that the Area, with the | 
lefler of the ſides about the right-angle may make a Square. 

The Reſolution of this Queſtion depends upon three Lemma's, which I ſhall firſt explain, 


LE MAMA TI. 


1. If a right-angled Triangle be formed from two numbers whereof the greater is the 
double of the leſſer, as well the difterence of the ({ides about the right-angle as the 
greater of the ſame {ſides ſhall be a Square, Moreover, if the Area of the ſaid Triangle 
be multiplied by the Square of a Fraction having unity for its Numerator , and the leſſer 
of the two numbers by which the ſaid Triangle was formed for a Denominator, the 
Produ& increaſed with the leſſer of the fides about the right-angle , will make a Square 
containing nine times the Square of the leſſer of the two numbers by which the ſaid 
Triangle was formed. 

' To make this manifeſt , let a right-angled Triangle be formed } _ __ - | 

from a and 24, fo the three (ides will be theſe, ro wit, . 48 , 344 , 444 
Whence 'tis evident, firſt, that the diftcrence of the {ides about the right-angle is a Square, 

to wit, aa; ſecondly , that the greater of the {ides about the right-angle is a Square, to 


wit, 444; and laſtly, if the Area 644aa be multiplied by the Square of =, that is, by =, 
a 4a 


the Produ&t 644 increaſed with 344, ( that is, the leſſer of the (ides about the right-angle,) 
makes the Square 944, which contains nine times the Square of the leſſer of the two 
numbers by which the ſaid right-angled Triangle was formed, Which was to be ſhewn, 


LE MM A 2, 

2. Twonumbers being given whoſe ſumm is a Square , to find innumerable Squares , every 
one of which being multiplied by one of the given numbers, and taking to the Product 
the other number , may make a Square. 

Let there be two given numbers 6 and 3, and let it be deſired to find a Square, ſuch 
that if it be multiplied by 6 , and 3 be added to the ProduR, the ſumm may make a Square. 


a he ge && the Square ſonght be , , 2 IS, Gb t 

Sonence che Square it fellis ©: . «  - oo of ache 241 

Which multiplied by 6 produceth . . . , , « . .> 6aa-b 12446 

To which Product add 3 and it makes . . . , . . .> 6aa-þ12a++9 

Which 64a - 124 +9 is to be equated to a Square, whoſe (ide, ( becauſe the abſolute | 
number 9 is a Square, ) may be variouſly feigned ; let it then be 3a— 3, the Square 
whereof, to wit, 944 — 184+ 9 being equated to the ſaid 64a-|- 124+ 9g will give 
4=10; Wherefore a-j- 1 the (ide of the Square ſought is 11 , and the Square it ſelf 
Is 121, Which multiplied by 6 produceth 726, to which adding 3 it makes 729, which 
is a Square whoſe {ide is 27. It is alſo evident, that inſtead of 121 innumerable other 
Squares may be found out to perform the like effe&, becauſe the ſide of the Square to be 
equated to 64a} 124-|- 9 may be feigned infinitely. | 

In like manner if i were defired to find a Square which multiplied into 3 , and taking 6 
to the Produft, may make a Square , let the Square ſought be feigned aa 24-þ 1 , this 
multiplied by 3 and the Produ&t increaſed with 6 , gives 3aa-|- 64 -|- g to be equated 
to a Square whoſe {ide may be feigned 3a— 3, whence a= 4, and therefore 4-1 
the {ide of the Square ſought is 5. 


LEMMA 3. 


3+ If two numbers b and c whoſe ſumm makes not a Square be given, ſuch, that by multi- 
plying one of them, ſuppoſe b , by a given Square 4d, and by adding to the Produ the th 
other: number.c, the ſumm 6d4+ c makes a Square ; we may find innumerable other 
Squares inſtead of the given Square 44 to produce the like effeR. 


b =: 2, 
; Suppoſe 6. ei "ao 0 Whence bad 4c = n6. 
% ad = 43 FP, 


Now 


lth. in be 
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Now it is required to find another Square inſtead of 4, or 4 , that if the Square found 


| ut be multiplied by 2, ro wit, 6; and the Product be increaſed with 8, ro wit, c, the 


a Lond 


(nou bits li 1h 


>> os 


he ſunim may be a Square, 
For the {ide of the Square ſought put 4 -{- the {ide of the given? . . | 
re edt bo ho, 
Whence the Square ſought is . . +» 


; . . . > * » > ag | qa __ 
Which multiplied by 2, (to wir, &,) produceth Þ. : 


* -Þ 2aa--8a4-8 


. | TowhichProdudt add 8, (to wit, c, ) and the ſumm is . .> 24aa-þ a+ 16 
| Which ſumm is to be equated to a Square, the {ide whereof ( in regard 16 is a Square) 


nay be varioully feigned, let it then be 24 — 4, the Square whereof being equated to 


te faid 244+ 844 16 will give 4—=12; wherefore 4-2 = 14. the (ide of the 


{ure ſought , and the Square it ſelf is 196 , which multiplied by 2, and taking 8 to 
teProduct makes the Square 400, whoſe {ide is 20. I ſhall now proceed to 


The RESOLUTION of the preceding DUEST. 101. 


4 Let a right-angled Triangle be formed from two ſuch num-; 

bers, that the greater may be the double of the lefler,, as from> 5aa , 3a , 44a 
4and 24, fo the three ſides will be theſe, towit, , ; «Þ. . 

Whence it is evident that the two firſt parts of the Queſtion are ſatisfied , for as well 


I te difference of the ſides about the right-angle as the greater of them is a Square. It 
I mains that we ſee whether the Area of the Triangle, with the lefler of the lides about 
I te right-angle makes a Square : But it makes 6aaaa + 34a, and by dividing all by aa 
I thre ariſeth 644+ 3 ro be equated to a Square, which is poſlible to be done, becauſe 


the amm of 6 and 3 is a Square , for if 4 be x, then a is alſo 1, and conſequently 


Þ G-{- 3 makes the ſame Square as 6 +3, towir, 9, Since then a is found r, a right- 


ngked Triangle formed from 1 and 2 (that is, a and 24) will ſolve the Queſtion. Where- 


I frethe fides of the Triangles ſought are 5 , 3 , 4+ 


j. Having found ont one Square for the value of a4, to wit, 1, we may by the help 
of the preceding Lemma 2. find out innumerable other Squares to perform the ſame 
effeft , ſo inſtead of 1 , the Square 121 is found out inthe Example of the ſaid Lemma. 
And therefore let a Triangle be formed from 11 and 22 , and the fides will be 605 , 
363, 484 , which will ſolve the Queſtion , for the difference of the [ides about the right- 
angle is the Square 121, and the greater of the fides about the right-angle, to wit, 484; 
isa Square whoſe ſide is 22 ; alſo the Area added to the lefſer {ide makes 88209, 
which is a Square whoſe ſide is 297. 

6, But for removing an Obſtruion which the Learner may meet With , let a right-angled 
Triangle be formed from 24 and 44, whence the {ſides are 2044, 12448 and I6a4z 
where as well the difference of the ſides about the right-angle , as the greater of them is 
a Square, But the Area increaſed with the lefler (ide makes 964aaa-| 1244, and 
by dividing all by as it makes 9644 | 12 , which muſt be equated to a Square, Bur 
how ſhall that be done, ſince 96 which is multiplied into 44 is not a Square, neither is 
the abſolute number 12 a Square, nor is the ſumm of 96 and 12 a Square ? This 
knot, though it ſeems to be a very hard one , may yet by the help of the laſt clauſe of the 
preceding Lemma 1. be eaſily untied : For lince 96 is the Area of a right-angled Tri- 
angle formed from 2 and 4, and 12 is the leſſer of the (ides about the right-angle, it 
will appear by Lemma 1. that if 96 be multiplied by ,- and the Product 24 be in- 
creaſed with 12 it ſhall neceſſarily -make a Square, to wit, 36 ; and conſequently by 
Lemma 3. we may find out innumerable Squares inſtead of 4, every one of which 
being multiplied by 96, and taking 12 to the ProduR will make a Square. As,for example, 
For the (ide of a Square to be found out inſtead of 4 , bw 

there be put 4 — the ſquare Root of +, viz. 6 wor 
Then the Square. of 4a—Z is . « » « oo of + +», + a 00 as 
Which multiplied by 96 produceth . . . ., « « + «7 9644 — g96a+ 24 
To which Produ& adding 12 it makes . . . + « +» +> 96aa— 96a 36 


Which 9644 — 964 + 36 muſt be equated to a Square, ( the (ide whereof in regard 
36 1s a Square,) may be variouſly feigned, let it then be 44 — 6, the Square whereof being 
tquyed ro 9644 — 964+ 36 will givea=2 , therefore 4— 4 , ( that is, 7$ — x5) will 
af 7s tor the fide of the Square ſought and the _— it ſelf 1s 5353, by which , = 

2 - | b; multiply 


43 
o A — 2 
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multiply 96, and to the ProduR add 12, it makes the Square #5, whoſe (ide is £4, 
Now foraſmuch as the ſaid ſide 75 is to be taken for the value of 4 in the 24 and 4a by 
which the Triangle was firſt formed, let a Triangle be now formed from + and 2, and 
the three ſides are £, 3+, 7+; where'tis evident that the difference of the {ides about the 
right-angle , as alſo the greater of them 1s a Square :  Butthe Area is 3, to which 
if you add the leſſer ſide 5+ , it makes the Square 755,, whoſe fide 1s 77. 


—_ 


LVES To I Os 


To find a right-angled Triangle , and a ſquare number, ſuch, that if rhe Square be mul. 
tiplied by the leſſer of the ſides about the right-angle , and to that Produd there be added 
the Produ&k made by the multiplication of the Area ot the ſaid Triangle into the difference 
of the ſides about the right-angle , the ſumm may be a Square, Moreover, that the 
greater of the ſides about the right-angle may be a Square, 

CANON. . | 


1. By the preceding ,2»eſt. 101. bnd a right-angled Triangle, that as well the difference 
of the ſides about the right-angle , as the greater of the ſame {ides , may be a Square: 
Moreover , that the Area increaſed with the leſſer of the ſaid {ides may make a Square, 
ſo ſhall ſuch Triangle be that which is ſought by this 2eft. 102, and the difference 
of the {ides about the right-argle ſhall be the firſt Square ſought. 

But that this Canon will ſolve the Queſtion propoſed, I demonſtrate thus , 

h = the Hypothenuſal ; 


+ Suppoſe . 3 - o» » © - < 6 = the greater ide ; 
3+ ouppoie » ) » = the = lide, C about the right-angle, 


CI FOR pants, 
3. Suppoſe alſo that by the preceding Queſt. 101. b P 


h, 6b, p are found ſuch, that . . . . . 2bp 4p 
4. 1 fay b—p is ſuch a ſquare number, that if ir be multiplied by p the leſſer of the 
ſides about the right-angle, and to the ProduQt there be added the Produ& made by 
the 'multiplication of the Area 3p, into 6 — p the difference of the ſides about the 
right-angle , the ſumm ſhall] be a Square : For, | 
$5- The Produt of b—pintopis . . . . . . > bp —pp 
6. To which if you add the ProduR of the Area into the 
7. 
S. 


j are three ſquare numbers, 


difference of the (ides about the right-angle, ro wit, . C 2bbp— :bpp 
The fumm is , , . «. , . « - « «© . > bp — pp+tbbp— bp | 
Which ſumm is a ſquare number , for it is equal to the Produt of b — p multiplied | 
into 6p 4-p -: But each of theſe Fators b — p and 5bp--p is a Square by Conſtru- | 
Qtion ; wheretore the ProduRt of their multiplication , to wit , bp — pp -|- *bbp— *byp 
is a Square. 
| An Example in Numbers. 
9. Take any right-angled Triangle which will ſolve the . . | 
na]. _ _- = RTE” Ty 3 + $ 
In which Triangle the difference of the (ides about the right-angle, to wit, 1, is ſuch 
a Square that if it be multiplied by 3 the lefſer ſide , and the Product be increaſed with 6, 
to wit, the Produdt of the Area multiplied by the difference of the ſides about the right-angle 
it makes the Square. 9g, Moreover , the greater fide about the right-angle, to wit, 4, i 
a Square; as Was required, 


10. But the ſame right-angled Triangle 5 , 3, 4 being retained, we may inſtead of the 
Square 1, (to wit, the difference of the ſides about the right. angle) find out innumerable 
Squares, ( by the help of Lemma 2. in zeſt. 101.) every one of which ſhall ſolve this 
Queſtion, and be within given limits if need require. So it it were delired to find out | 

| a Square greater thaf 6 , and ſuch as together with the ſaid right-angled Triangle 5, 3,4 
may ſolve this 1024 Queſtion , the ſaid Lemma 2. will diſcover the Squares 25 and 361, 
( among innamerable others,) which are ſach, that if each of them be multiplied by 3 , 
( the leſſer of the ſides abour the right-angle of the ſaid Triangle, ) and the Produtts 
75 and 1083 be ſeverally increaſed with 6, to wit, the Product of the Area multiplied 

| 


into the difference of the {ides about the right-ang}e, it makes the Squares 81 and 1689, 
whoſe lides ate 9 and 33, py ; 
It, An 
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J 1. Let the Hypothenuſal, Baſe and Perpendicular of ſome þ 
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i, And in like manner , by the help of any other right-angled Triangle which will ſolve 
| | thepreceding Qweſt. 101. as the Triangle 605, 363, 484, we may find ont innumerable 
Anſwers to this 2ſt, 102. For, firſt, the difference of the (ides about the right- 

| angle, towit, 121 isa Square, and ſuch , that if i be multiplied by the leſſer fide 363, 
| .andto the Product 43923 there be added 10629366, to wit, the Produdt of the Area 
nultiplied into the difference of the ſides about the right-angle, it makes the Square 

| 10673289, Whoſe (ide is 3267. And therefore by the help of the third Zemzma which 
| longs to the Reſolution of the preceding 2xeſ#. 101, you may inſtead of the Square 
121 find out infinite gther Squares to-perform the ſame thing , and each Square ſhall be 

| mithin given- limits if need require. | | 


by 
| 
i] 


Yr —— 


I QUEST. 103. ( Qualt. 13. Lib. 6. Diopham. ) 


; Þ Gnd 2 right-angled Triangle, that the Area thereof being increaſed ſeverally with 
| echof the ſides about the right-angle may make Squares, ; 


RESOLUTION. 


rghf-angled Triangle, in numbers! be repreſented by ...C_ * . 6 » Þ 


7 1,Then multiply thoſe fides ſeverally by. 4, and ſuppoſe the 


Products to be* the [ides of the right-angled Triangle ha , ba , pa 


1 byhr, towit, . . 


{ 3 Then ; ( according, to the Queſtion ;) the Area of : the 


| + Now ſuppoſe BE he » $78 o 230M ® @ @ "P 2bpan þ+ ba n—_ 


15 According to which value of 4, the latter of the two tans bpeed-*bbby—*bbpp a*P 
2 '- 2 =— | 


Triangle in the laſt ſtep being increaſed with each of the 26paa | ba 
ſides about the right-angle muſt make: a Square, hence” ibpaat- pa 
this Duplicate equality ariſeth to be reſolved , viz. , « 


I I] 
D 


| 

N 
ww 

D 


; Whence, after due ReduRion, you will ld 5-2: £6 Þ «6:4 


ee — £þ 


lities in the third ſtep being reſolved, inſtead of that quan- ; DT? 
ti this thar follows ariſeth to be equated to a Square, viz, ©**— 9P% 1-400pp 

7. But- becauſe the Denominator of the Fra&ion laſt expreſt is a Square, whoſe ſide is 
«—<bp, it remains'only to equate the Numerator to a Square : And becauſe'a Square 
divided by a Square gives the Quotient a Square, therefore if we ſuppoſe b in the ſaid 
Numerator bpee + $6bbp — £bbpp to be a ſquare number, then the ſaid Numerator divided 


by b gives pee-|- *bbp'— Zbpp ; that is, pee, {+ $6bp x b —p to be equated to a Square. 
5 ha ral 9. = m—_—_ to this, - muſt nd out a right-angled Te Ra 
that the greater of the (ides about the right-angle, ſuppoſe 6, may be a ſquare number - 
and we muſt alſo find another ſquare number , ſuppoſe ee, that may be greater than the 
| Area of the ſaid Triangle, ( as may be inferr'd trom the Denominator of the FraQtion 
inthe Gfch ſtep ,) and ſuch, that if ir be multiplied by p the leſſer of the lides about the 
right-angle, and to the Produ@ there be added the Product of the Area- multiplied into 
the difference of the (des about the right-angle, the ſurmm may make a Square : But 
ſuch a right-angled Triangle and Square, the preceding Qzeſ?. 102. ſhews how to find 
out, Suppoſe then the Hypothenaſal , Baſe and Perpendicular of the ſaid Triangle ſo 
found out ro be þ, -b,, p; and the Square to be ee, all which being known in numbers, 
the number reprefented by 4 ſhall conſequently be known from the fifth ſtep : And 
laſtly, if you multiply the numbers h, b, p ſeverally by the number 4, the ProdaRts ſhall 
be the three {ides of the Triangle ſought. From the premiſles there ariſeth the following 
| CANON. | 
firſt, by the Canon*of the preceding Peſt. 102, find out a. right-angled Triangle; 
( whoſe three ſides in the Reſolution of this Leſt. 103. are repreſented byh,b, p;) 
nd belides, a Square, call it ee, that may be greater than the Area of the ſaid Triangle, and 
ſuch that if it be munltiplied by the leſſer of the ſides about the right-angle , and to the Pro- 
duft there be added the ProduR of the Area multiplied into the difference of the ſame ſides, 
the ſuram may be a Square ; then divide the grezter- of the des abont the right-angle of 
the ſaid Triangle, by the exceſs of the ſaid Square ee above the Area , and by the Quotient 
Multiply ſeverally the three ſides h, 6, p, ſo ſhall the ProduRs' be the three lides of the 
ig fl. oo TEES 3 fire 
| | S 2 An 
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An Example 1 Numbers. 


Jr hath been ſhewn in Seft. 10. of the preceding 2uef, 102. that the right-angleq 
Triangle 5, 3, 4 and the Square 25 will ſolve that Queſtion; and beſides , the laid Square 
25 is greater than 6 the Area of the ſaid Triangle , therefore according ro the direions 
of the Canon above-delivered, 1 divide 4 the greater of the (ides about the right-angle, by 
19 the excels of the ſaid Square 2 5 above 6 the Area of the ſaid Triangle , and the Quotient 
is 5+, by which 1 multiply ſeverally 5, 3, 4 (the ſides of the Triangle firſt found) and 


197 


there comes forth $2 , 22, 2&., which ſhall be the ſides of the Triangle ſought ; for the 
Area'is 524, to which if we add ſeverally +5 and 75, (the lides about the right-angle,) 
there will be made the Squares 4+ and 43+ , whoſe lides are 75 and 75. 

After the ſame manner , the ſame right-angled Triangle 5, 3, 4 andthe Square 361; 
( found out alſo by the preceding Lueſt. 102.) will diſcover -757 555 and 37 for the 
three ſides of another right-angled Triangle to ſolve this Queſtion , as may ealily be projied, 
And becavſe innumerable right-angled Triangles and Squares may be found Out to. ſolve 
the ſaid 2ueſe. 102. infinite Anſweys may be given to this. | 


——— 


| QUEST. 104; ( Quaſt. r5. Lib. 6. Die 

To find a right-angled Triangle , ſuch , that if from its Area the HyPÞorhenufa) and one 
of the ſides about the right-angle be ſeverally ſubtracted, each remainder{may be a Square. 

The Reſolation of this and the. following x05 Queſtion depe 0% upon a Lemma 


' Which 1Ifhall here premiſe and demonſtrate. 


Le, LEMMA. Rs 
1, If a right-angled Triangle be formed from two ſquare numbers, or om two numbers 
in: proportion one to another as a ſquare number ro a ſquare number , I fay firſt , the 
Square of the difference of thoſe two {quare' numbers being maltiplied by the Product 
of their multiplicayon will produce a Square leſs than the Area of the {aud Triangle , 
ſecondly, if from the ſolid Produt made by the multiplication of theſe three numbers, 
to wit, the ſquare nambex above produced leſs than the Area, the Hypothenuſal , and 
that fide about the zight-angle which is the double Produdt of the- mulyplication of the 
two ſquare numbers forming the Triangle , there be lubtracted the ſolid ProduRt made 
of theſe three numbers, to wit , the Area , the. {aid fide about the right-angle, and the 
exceſs by which the Hypothenuſal exceeds the fame fide, the remainder Ga be a ſquare 
number ; thirdly and laſtly , the ſumm of thoſe two ſolid ProduRts ſhall alſo be a ſquare 


cuumber. | 
| Demonſtration. 


2, Let a right-angled Triangle be formed from two ſquare numbers, ſuppoſe bb the greater, 
and cc the lefler, whoſe fides are 6 and c, ſo the three fides of the faid Triangle will be theſe, 
 bhbb + ccce = the Hypothenuſal, 
83%, > bbbh — ccro — the Baſe, 
 _ 2bbee = the Perpendicular. 
3» The Area of the ſaid Triangleis . . .' . > b*eco —bbe& 
4+ The ProduQ of the multiplication of þb and cc, 
to wit , bbcc, being multiplied by the Square of > b*cc — 2H* -þ- bb$ 
bb — cc , produceth this Square, to wit, , .. | 
5. Which Square is Jeſs than the Area . . . .> bc — bbf 
6. = - is _—_ _ © RR MY ;  bbbe — beee =D bbhe 4-beee 
7, Therefore by multiplying each part into 6 5 
— bcce, it afcefferlts fol OWS that . +» C Vee —26'& + bb ec —bW* 
Which was affirmed in the firſt part of the Lemma. | 
8, In the next place, if aheſe three following quantities be multiplied, one into another , 
b*ec maſt -+-bbc*, ( the Square.in the fourth ſtep, ) 


Viz, 6*4-6*, &( theHypathenyſal, ) 
"=  26b6, ( thePerpendicular; ) 
will —_ m” ——_ 26% = 06 + 4b = 4b 206+ 


g. And 
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1g Adif theſe three following quantities be multiplied one into another , 0 wit, 

| b*c — bbe*, ( the Area, ) 2” hep x: 2 
_ +|- 2bbee, ( the Perpendicular, ) 4 

tb -|- ccco — 2bbce,, ( the exceſs of the Hypothenuſal above the Perpendicular :) 

| The ſolid Product of their multiplication will be & 26"'c* — 4b** 26% {= qb*6s, 

10, Which Hatter ſolid Product ſabtrated trom the m_— 4d — We b-4b tc 


leaves tiv's Square, tOWit, «© « » © & « @ > 
The lide whereof is''. . « 5 oo » ob ia Mct— 26bd, 
| Wherefore the _—_ of the Lemma is manitelt. ' 
' 11, Laſtly, the ſum of the two ſolid Products in the I2 "PY 
| eighth _ ninth ſteps makes this Square, towit, . . . 465 — 865 + 46% 
The fide whereof Ss: 0 © +40 0 + *o >: 206 = 24%, oo 

Wherefore the Lemma is every way proved. | 

| An Example in Numbers. 

3 Sippoſe 4 = bh, and 1 =cc, then ler a right-angled Triangle be formed from 4 and 1; 
7 vtherhree ſides will be 17, 15,8. Now lay, firſt, thar if 9 the Square of the diffe- 
I mce between the faid 4 and 1 , be multiplied by 4 the Produt of 4 and 1, there will be 
7 puduced the fquare number 36 , which is leſs than 60 the Area of the ſaid Triangle. | 
1 Secondly , it from'/4896, which is the ſo}id Product made by the multiplication of theſe 
I kre.numbers, to wit, - 36 the Square before found, the Hypothenuſal x7, and 8 the double 
7 'oduct of 4 and I ; there be ſubtracted 4320, which is the ſulid Product of theſe three 
FJ nbers, to wir, the Area 60 , the ſaid double Product 8, and g the exceſs of the Hypo- 
I tema] above the ſaid 8 , there will remain the Square 576, whoſe (ide is 2.4. 
J Thirdly and laſtly ; the ſuram of the faid ſolid Produts 4396 and 4320 makes the 
qure 9216 , Whoſe ſide is 96. | 


| Now followeth the RESOLUTION of LUEST. 104: before propoſed, 


1 Lat the Hypothenuſal , Baſe and Perpendicular of ſome n "Ee | 
-noty-angled Triangle in numbers be repreſented by . . 4 7 » Þ 
1, Then multiply thoſe (ides ſeverally by 4, and fuppole the , N 
Products to be the {ides of the Triangle ſought, to wit , fs Eo oO. 
+ Then, ( according to the Queſtion,) if the Area of the 
"Triangle in the laſt ftep be leſſened by the Hypothenuſal : bpaa — ba 
1 mndone of the {ides about the right-angle ſeverally , each > ? wo 
remainder mult be a Square ; hence this Duplicare equa- 20pas —'Þ 
lity ariſeth to be reſolved, viz. - « +» «© +» © + | 
4- Now in order to tefolve that Duplicate equality, ſuppoſe > *bpaa — pa = rear 


5. Whence after due ReduRtion you will find .  , .S, , . 4 = 5 on 
6, According to which value of 4, if the former of the _Vp vt 
two quantities in the third ſtep be reſolved , inſtead oft, hpee, — Sbpp x þ —p __ = 
that quantity:, (to wit , *bpas — k4) this that follow 2bbpp — bpee -|-- ceco © 
iſerh ro be equated to a Square , Viz. « « » « : 
7. But becauſe the Denominator of the Fration laſt expreſt is a Square , for its lide js 
3p—ee, it remains only to equate the Numerator to a Square. We mult theretore 
- Iquire into the riſe of the Numerater, fo we hall find that it imports the ſearch. of 
arighr-angled Triangle h, b, p in numbers, and a ſquare number ee leſs than the Area 
- &f the ſaid Triangle ; ( for the Denominaror of rhe FraRtion -in the fifch ſtep of the 
Reſalntion .thews that +bp muſt exceed ee.) Moreover , the ſaid Triangle and 5quare 
mult be ſuch, that if from the folid Produ made by the multiplication of the faid 
Square, the Hypothenufſal, and one of the {1des about the right-angle, rhere be ſubtracted 
the ſolid Product made by the multiplication of the Area, the ſaid ſide about the right- 
angle, and the exceſs of the Hypothenuſal above the ſame lide , the remainder may be 
2 Square. But the laſt preceding Lemma ſhews how to find out ſuch a Triangle.and 
vquare. Suppoſe then the Hypothenuſal , Baſe and Perpendicular of the ſaid T riangle 
fo found our, to wit, h,b, p, and the Square ee, to be all known'in numbers, then the num- 
ber repreſented by a ſhall conſequently be known from the fifth ſtep of che Reſolution ; 
and laſtly, if you multiply the numbers þ, b, p ſeverally by the number a,the Produzts ſhall 


be the three 11d he Triangle ſought, From the premiſles there artferh the following 
© the three {ides of the Triangle ſought, F prenarth CANON. 


o 
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8. Firſt , let a right-angled Triangle be formed from two ſquare numbers, or from two 
numbers which have ſuch proportion to one another as a ſquare number to a ſquare 
number ; then multiply the Square of the difference of thoſe two numbers by the Produ 
of their multiplication and reſerve the Product, which is a ſquare number , and may he 

called ee; that done, divide that ſide about the right-angle which is the double Produ& 
of the two numbers that formed the ſaid Triangle, by the exceſs of its Area above the 

Square ee before reſerved , and by the Quotient multiply ſeverally the three ſides of 

the ſame Triangle , ſo ſhall the ProduQts be the three lides of the right-anpled Triangle 

ſought. EP, | : EP 
wa An Example in Numbers. 

Firſt , I form a right-angled Triangle from the ſquare numbers 4 and 1 , fo the three 
ſides are 17, 15,8; then multiply 9g ( the Square of the difference between 4 and 1 ) 
by 4, the Produ& of 4 into t , and there comes torth the Square 36, (to wit, ee;) then 
I-divide 8, ( to wit, that (ide about the right-angle of the ſaid Triangle which is the double 
Produdt of 4 into 1,) by 24, which is the exceſs of 60 the Area of the ſaid Triangle 
above the Square 36, (to wit, ee,) and the Quotient is 7, by which I multiply feverally 
17,15, 8, ( the ſides of the right-angled Triangle, firſt found , ) and the Products *2, 2% 
and +: are the ſides of the- right-angled Triangle fought : For, it from the Area . 
the Hypothenuſal +3, and the (ide + be ſeverally ſubtracted, there will remain the Squares 


1 and. 4. | 
This Queſtion is capable of innumerable Anſwers in a double reſpe& , for. firſt, in- 


ſtead of 4 and 1 we may take any two ſquare numbers, or any two numbers which are 


in ſuch proportion to one another as a ſquare number to a ſquare number , for the forming 
of a right-angled Triangle as the Canon direQs : ſecondly, the fame right-angled Triangle 
I 7,15, 8 being retained, we may inſtead of the Square 36 , to wit, ee, find infinite others, 
every one of which ſhall be leſs than the Area 60, -and ſuch, that if it be multiplied into 
136, (to wit, hp, and from the Produ there be ſubtracted 4320, (to wit, *bpp x h—Þ,) 
the remainder fhall be a ſquare number. ( The finding out of which Squares may ealily 
be deduced from Lemma 3. in the preceding Qweſt. 101.) | 


OD VEST. 105. 5 
To find a right-angled Triangle , that if its Area be ſubtrated from the Hypothenulal, 
and from one of the fides about the right-angle , each remainder may be a Square. 
| RESOLUTION. 
I. Let the Hypothenuſal, Baſe and Perpendicular of ſome w-- 
right-angled Triangle in numbers be repreſented by © p i 
2. Then multiply thoſe ſides ſeverally by a, and aſſume 
the ProduRts to be the lides of the right-angled Triangle ha ; ba , pa 
ſought, rowit, . 


3. Then, ( according to the Queſtion, ) each of theſe ha — 3bpas = 
two quantities muſt be equated to a Square, 2iz. ,- .1L pa — Zbpas = O 
4+ Now in order to reſolve that Duplicate equality,ſuppoſe > pa — %bpas = eeas 
5. Whence after due ReduQtion you will fnd ' , .S5, , , a = —— 
ce 30 


6. According to which value of 4, if the former of the Fn 
= quantities 7 the mon ſtep be reſolved, inſtead off hpee, -- 3bpp x h —p _ q 

- - thatquantity , (to wit, ha — Zbpaa, ) this that follows | ITEbbop © 
arifcch to 1 (banc Sa MS - > a rae of = 

7, But becauſe. the Denominator of the Fraction laſt expreſt is a Square, for its ſide 1s 
ee -|-3bp, it remains only to equare the Numerator to a Square ; and the Numerator 
well examined, ſhews that we muſt find a right-angled Triangle h,b, p in numbers, a 
a ſquare number ee , ſuch, that if to the ſolid Produt made by the multiplication 
the ſaid Square , the Hypothenuſal and one of the ſides about the right-angle , there be 
added the ſolid Produ& made by the multiplication of the Area , the ſaid ſide about 
the right-angle, and the exceſs of the Hypothenuſal above the ſame ſide, the ſumm may 
be a Square : But the Zea prefixt to the Reſolution of the preceding 2ueſt. 194: 
ſhews how to find out ſuch a Triangle and Square ; Suppoſe then the Hypothenol 
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| Baſe and Perpendicular of the ſaid Triangle ſo found out, to wit, 4,6,p, and the Square 
| 4 to beall known in numbers, then conſequently the number & ſhall be known alſo 
| from the fifth ſtep of the ReſoJjution : Andlaſtly , the numbers h, b, p being multiplied 
| ſwerally by the number 4 will .give the three {1des of the Triangle ſought. From the 
| premiltes there ariſeth the following 
CANOXN. 


| |, Firſt, let a right-angled Triangle be formed from two ſquare humbers, or from two 
| tmbers which have ſuch proportion to one another as a ſquare number to a ſquare 
| number , then multiply the Square of the difference of thoſe two numbers by the Pro- 
| ut of their multiplication , and reſerve the Produt , which 1s a ſquare number, and 


\ }] maybecalled ee ; then divide that (ide about the right-angle which is the double Pro- 


da& of the two numbers that formed the ſaid Triangle, by the ſumm of its Area and 
| the Square ee before reſerved ; laſtly, by the Quotient multiply ſeverally the three 
4 ſides of the Triangle firſt formed : So ſhall the Products be the three lides of the right= 


vgled Triangle ſought, = 
| An Example in Numbers. 


7 fiſt, a right-angled Triangle being formed from the ſquare numbers 4 and 1 , the 
7 inc ſides will be 17, 15,8; then I multiply 9 the Square of the difference between 4 
JI ul, by 4 the Produt of 4 into 1, and it produceth the Square 36, (to wit, ee; ) 
IJ #1divide the ſide 8, by 96 which is the ſumm of the Area 60 and the Square 36, 
I (wit, ee, ) ſo the Quotient is z5, laſtly , the ſides 17, 15, 8 being multiplied feverally 
Ti; will give £2, £3 and 75 for the right-angled Triangle ſought. For if from the 


7 hyothenuſal #2, and from the ſide 7*, the Area ++ be ſubtrated, there will remain the 


| ares I and Z. 


After the ſame manner, among innumerable right-angled Triangles that might be found 


J mby the aid Canon to ſolve this Queſtion, theſe three will be diſcovered, ro wit, 


Ji 
Jun 
J atby Fermat's method, in the following Zeſt. 12 7. 


2,32 |22, $5, 22 | 242, #3, 74+, every one of which Triangles belides 


fel found, to wit, 32, 2, -# is expreſt by ſmaller numbers than that Triangle found 


This Queſtion is alſo capable of innumerable Anſwers upon another ground, as may 


J «ly be colle&ed from what hath been ſaid at the latter end of the preceding 2xeft. x 04. 


A. 


DUVEST. 106, ( Quzſt.18. Lib. 6. Diophanr. ) 


To find a right-angled Triangle in rational numbers, ſuppoſe AB C right-angled at B, 
that one of its acute-angles B A C being cut into two-equal parts by the line A D, the ſaid 
ln A D may be alfo expreſlible by a rational nutnber. 


_—— s 
| RESOLUTION. 
1, Let the Hypothenuſal , Baſe and Perpendicular of =? Eo 

tht-angled Triangle known m numbers be repreſented by F I , _ 

hs = 
2. Then multiply thoſe ſides ſeverally by a, ( which re- ba. = BD 
preſents a number unknown, and pit « . +» +» + , po = — n 

— bg = 


3. Now foraſmuch as ( per 3. Prop. 6. Elems. Euclid.) theſe WM | 
lines in the nat tif fake = Proportionals , viz. & BD . AB :; DG, A 
4- Therefore from the premiſſes theſe numbers ſhall be alſo? ,,,  ..; 1-2, 
Mgeinioncls, wiz... - co x ps. ghee "y 4 
5, And becauſe ( per 47+ Prop. 1. Elem. Euclid. ) the Square of AB together with the 
Square of BC is equal to the Square of C A therefore the Square of pa together = 
> hoe Bo yn 
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_—_ 
_ 


the Square of b, ( for ba-|-b — ba — 6, ) ſhall be equal to the Square of p- pg, 
whence this Equation ariſeth , to wit , 


ppaa =þ- bb = ppaa — 2ppa | pp. 
6. Which Equation, after due ReduQtion, gives , . . « . <4 4 = pp — bb 


2 pp 


# 4 
20PP 
nie => BG 
2PP 
| | MMTEE. =o 
7; Therefore from the firſt , ſecond and ſixth ſteps , all the lines | 2Pp 
ſooght ſhall now be known in rational numbers, viz. , , Þ hyp —bbb _ AD 
_— 
bpp — bbb BY 
2ÞPp 
pp + bbb — DC 
[ 2Þ2 


— p6b = AB 

$. And by multiplying all the FraRions in the laſt ſtep by , os — BC 
the common Denominator 2pp , the ProduRts will-give theſe Jppp | pbb = CA 
numbers which will alſo ſolve the Queſtion, and may ſerve Jhpp — hbb = AD 
as a Canon for that purpoſe, viz. . , 5 » « « « & om bbb = BD 
bpp-+- bbb = DC 


An Example in Numbers. 


Take any right-angled Triangle in numbers, as 5, 3, 4, then by putting 5 =h, 3=6b 
and 4 =p, ( the greater of the ſides about the right-angle , ) you will find 


ppp —pbb = 28 = AB the Perpendicular , 


2bpp = 96 = BC the Baſe, 
ppp + pbb = 100 = CA the Hypothenuſal, 
hyp — hbbb = 35 = AD thelinebiſeRing the acute-angle oppoſite to the Baſe, 
byp — bbb = 21 = 


bpp |- bbb = 75 _ 4 the ſegments of the Baſe. 


The Proof. 


28 ' - yoo 


. Firſt, theſe numbers are Proportionals , B D y AB - D = CA 


Therefore (per Prop. 3. Elem. 6. Euclid.) the angle BAD is equal to the angle 
DAC. The reſt of the Proof is obvious. | 


BUEST. no% 


To find out an oblique-angled Triangle, whoſe three ſides, as alſo the Perpendicular, and 
_ cutting one of the angles into two equal parts may be expreſt ſeverally by rational 
numbers. 


[ Jac. de Billy 7 probl. 5. cap. 4. of the /atter part of his Diophant. redivi. printed at 
Lyons 3 1670. reſolves this Durftion briefly by Numeral Algebra ; but to the end 
a Canon may be raiſed to ſolve the Dueſtion propoſed , 7 ſhall form the Reſolution thereef 
by Literal Algebra, | 


Preparation. 


Let there be an oblique-angled Triangle ABC, then ſuppofing A D to be perpendi- 
cular to the Baſe BC, and the line AE tocutthe angle BAC into two equal _ 
CUT TN | WO FA 
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| FABand EAC, let it be required to find out rational numbers to expreſs the quan= 
1 ics of the fides AB, BC, AC, as alſo of AD, AE, BE, ED, DC. 2 


: ; 


RY "a >. 
RESOLUTION. 


1 1, Firſt, ler 6, p, þ repreſent the Baſe, Perpendicular and Hypothenuſal of any right-angled 


Triangle known 1n numbers, and ſuppoſe the Perpendicular p to be greater than the 
Baſe b, then | x 


b. = DE. the Baſe, | os 
Put. . . 3; - .& pþ = AD thePap, > of A ADE. 
= AE the Hyp, 


, Secondly ,. making p , (that is, A D)) to be the Perpendicular of a ſecond right-angled 


Triangle , ſuppoſe ADB, find out the Baſe D B and the Hypothenuſal B A in rational 
numbers, which may be done thus, viz. Foraſmuch as the Square of the Perpendicular 
AD is equal to the difference of the Squares of the Hypothenuſal B A and the Baſe 
DB, let the Square of the given number p be eſteem'd to be the difference of two 
ſquare numbers , and find out the Squares themſelves , then put the ſide of the leſſer 
Square for DB, and the (ide of the greater for BA; but the ſaid Squares muſt be 
found ow: with this Caution , that D B the ſide of the leſſer Square: may have greater 
proportion to D E, (that is, b ) than 2pp hath to pp —bb,, as may ealily be inferr'd 
from the Canon of the preceding 2zeſt. 106. where it appears, that when the angle 
DAC in the Diagram belonging to that Queſtion is equal to the angle DAB, then 
the Baſe B C hath ſuch proportion to B D, as 2pp to pp — bb; but in the Diagram of 
of this Queſtion the angle E A B muſt be greater than che angle EA D, in regard by 
ſuppoſition the angle E AB is equal to the angle EAC. Now lince by 2ueft. >. 
of this Book, innumerable pairs of Squares having one common difference may be found 
out, ſuch , that the {ide of one Square of each pair ſhall be greater or leſs than a given 
number, let us ſuppoſe the ſides of two ſquare numbers to be found out agreeable to 


the ſaid Caution , 
b+d = DEbEB = DB, 
VIR, a = EB, 
— B&:; | 
4 Thirdly , the next ſcope is to find out E Cand AC in rational numbers, which muſt 
have the ſame proportion one to another as E B and BA; ( for by ſuppoſition the angie 
EAB is equal to the angle EAC, and therefore ( per Prop. 3. Elem. 6. Euclid. ) 


EB. BA :: EC. AC.)+ Moreover, the Square of EC—E D, thatis, of DC, 


together with the Square of A D muſt be equal ro the Square of AC. But E B and 

BA were before found out in numbers, to wit, 4= EB, andg =BA; now to 

find out two numbers in the ſame proportion as d and g, multiply theſe ſeverally by 4 

( which repreſents a number yet unknown,) and put the Products da and ga for E C 

and A C; whence thele are Proportionals , | 

EY 4 1+ a +. 
: EB «| BA 2: : EG - Af " 

4 And becauſe the Square of EC— ED, that is, the Square of D C, together with the 
Square of A D makes the Square of AC, therefore in the letters of the Reſolution, 
the Square of 4s — b together with the Square of p muſt be equal to the Square of g4; 
hence this Equation ariſeth, v:z, 

dadaa — 2bda-- bb +-pp = ggads 

5. And becauſe ( by the firſt ſtep of the Reſolution.) >. « » «- hb = bb-+fp 

6. Therefore . .  . «© «+ « «© » © o» ob dddfg-—2baarſhh = ggaa 

7." Whence, after due ReduRion , this following ads 2ba 5 
Equation arifath, viz. . oo © oo «in m7 —ad® RC... 


—_— 
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8. Which laſt Equation being reſolved by the Canon 1n Se, 6, Chap. 15. Book 1, the 
value of 4 will be made known, vzz. +> 
__ , bbad|-gobh —aahh _ _ . 
4 = of ZEK roi : 
gg — ad into gg — 46 gg — ad 
9. Now if the Numerator bb4d-]- gghb — dabh be a rational ſquare number, then the 
value of 4 is manifeſtly rational, tor the Denominator 1s a Square , whoſe ide is 
— dd ; but that the ſaid Numerartor is a rational Square I prove thus : In the Triangle 
B AE obtuſe-angled at E, the Square of BA lefs by the ſumm of the Square of BE 
and twice the rectangle made of BE and ED ts equal to the Square of AE, { per 
12. prop. 2, Elem. Euclid. ) therefore in the letters of the Reſolution, | 
. gg — dad — 2ab — bh. : 
Io. But if gg — dd — 24b inſtead of hh be multiplied into gg — 44d, and to the Pro: 
du&t there be added bbdd , then inſtead of the aforeſaid Numerator bbad -]- gghh 
— 4ddhh, this following Square will ariſe, to wit, 
gg -— 2ggdd — 2ggab 1 dddd -|- 2 dddb -- ddbb ; 
oo - > gf —dd{—& 


Whoſe ide is 


T1. Therefore from the eighth and tenth eps , the 4 — ££— 4d —2ab 
value of @ is expreſlible by a rational number, vx. o_ gg — ad 
12. Therefore from the third and eleyenth Reps, . 3 deg — ded — 24db => EC 


mn ad 
goo — Fa — 28h — 1 
ad = 


13. And fromthe third and eleventh ſteps, . . 


44 — 
14. And by ſubtraRting þ from the quantity in wo: _drg—aad—bgg—bad _ no 
twelfth ſtep, ( viz. ED from EC,) it gives gg —ad | 
I5. Laſtly, if the three FraRions in the three laſt preceding ſteps , as alſo 6, p, h, dz, 
be ſeverally multiplied by the Denominator gg — ad, there will come forth the following 
quantities in Integers, which may ſerve as a Canon to ſolve the Queſtion propoſed; 
provided that the numbers 6, p, h, d, g be firſt found out agreeable to the Caution betore 
preſcribed, 


= — 


CANOLM. 
£0d — ddd — 2ddbh = EC \y 
ggd — ddd —= EB 
200d — 2ddd — 2ddb —= BC 
_— gad = BA | 
LYLE | jo #6 ry an = > inthe Diagram belonging to this Queſtion, 
SS = AE | 
ggd — ddd — ggb — bid = DC 
ggd + ggb — add — ddb = DB ]J 


An Example in Numbers. 


: Firſt, take any right-angled Triangle in whole numbers,; as the Triangle 18 24; 303 
then | 


Y: | 3; — 
JJ ;::70ﬀ57%) <= 24 AD, 
| : 5 = 30 AE. 

Secondly, making 24, (to wit, p=AD) to be the Perpendicular of a ſecond right- 
angled Triangle, as well as of the firſt ADE, find out the Baſe D B , and the Hypothe- 
nuſal A B in rational numbers, but for the reaſon before given , the number of the Baſe 
D B muſt have greater proportion to the number of the Baſe DE, than 2pp to pp —th, 
v3z. 1n this Example, greater proportion than 32 to 7, and conſequently D B mult exceed 
DE taken 4# times: But by ſuppoſition D E — 18; therefore DB muſt exceed 827. 
Now becauſe the Square of the Perpendicular AD is equal to the difference of the Squares 
of AB and D B, therefore 576 the Square of the Perpendicular 24 (= AD ) being 
taken for the difference of two Squares, find out the Squares ſeverally , but with this 
condition , that the ſide of the lefler of them may exceed 82= : But two ſuch Squares 


( among innumerable other pairs of Squares that may be found our by the ſeyenth Queſtion 
EE INS WY Ls LEEEEE of 


« » 2 DD VA OA 


ite LAI, 


_ 
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| ofthis Book, ) are 20449 and 21025 , whoſe ſides are 143 and 145 ; therefore 143. 


| =DB, | 145 =AB, and 125 =E B, (thatts, DB—DE,) than. 


4 = 135 RE, 


Put . 0 ” 0 0 . 7; 2 


| Liſtly, by the help of the numbers before found out for the values of b,p,h, 4 and g, 
| tepteceding Canon will diſcover rational numbers, which reduced to their leaſt terms by 
| teir greateſt common Diviſor, will give the whole numbers here-under expreſt, for the 
' neafures of the ſides of the oblique-angled Triangle ſought ; as alſo of the Perpendicular, 


ndthe line cutting the angle oppolite to the Baſe into two equal parts, and of the ſegments 
of the Baſe made as well by the Perpendicular as by the line biſecting the ſaid angle, viz. 


LC = 341 

TB = 0 | 

BC = bs 

A = 850 | | 

_ _ wp P agreeable to the Diagram and Canon belonging to this Queſtion. 
AE = 180 
DE =— 108 | 

DC = I7 

DB = 858J 


The Proof. 
Fiſt, theſe numbers are Proportionals, viz 3 A ; <4 ” = aff 


Therefore , ( per 2. prop-6. Elem, Euclid.) the angle E AB is equal to the angle E A C. 


] The reſt of the Froof is obvious, 


C—— 


LUEST. 108, 


To find out an oblique-angled Triangle , whoſe three (ides , as alſo the Perpendicular, 
ad a line drawn from the angle oppoſite to the Baſe, and cutting the Baſe into two equal 


fats, may. be expreſt ſeverally by rational numbers. 


[ Jac. de Billy in his Appendix to the Problem cited in the preceding 107" Dneſtion 
reſolves this alſo , but very briefly ; 1 ſhall therefore form the Reſolution thereof at large 
by Numeral Algebra, by the ſteps whereof the more curious Analyſt may eaſily reſolve 
it by Specions Algebra, but the Canon thence ariſing will be exceeaing ns 

Preparation, 


Let there be an oblique-angled Triangle ABC; then ſuppoling A D to be perpendi- 
Ularto the Baſe BC, and the line AE to cut the Baſe B C into two equal parts in the 
point E, let it be required to find out rational numbers to expreſs the quantities of the lides 
AB, BC, AC; asalſo of thelines AD, AE, BD, DE. 


A 


_ T—o— E >C 


RESOLUTION. 
I, Firſt, take any right-angled Triangle in numbers, as 3, 4» FS; then, 
| 3 = BD theBaſe, ; : 
Put , , .< 4 = AD the Perpendicular, Fof the right-angled Triangle BDA, 
/ 5 = AB the Hypothenuſal, | 
2, Then for the diſtance between the foot of the 0" UK — DE 


and the middle of the Baſe BC. put 4, viz. ſuppoſe . . 
W | 6 & Dale »Þ , To . | 3; And 
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3. And becauſe by ſuppoſition, BE = EC, if to 4 you add ne «1-3 =BE =EC 


(ro wit, BD,) the ſumm ſhall be equal to half the Baſe, v:z. 

4+ And becauſe DEE C = DC, the ſurmm of the rwo | 
Equations inthe ſecond and third ſteps ſhall be equal tothe > 24-þ-3 = DC 
preater ſegment of the Baſe made by the Perpendicular, v4z. 

5. And becauſe the Square of D C together with the Square of A D is equal to the Square 


of AC, the Square of 24-{- 3 together with the Square of 4 muſt make a Square, viz, 
4aa-|-12a-|-25 = 0. 

6. And becauſe the Square of D E together with the Square of A D is equal to the Square 
of AE, the Square of 4 together with the Square of 4 muſt be equated to a Square, viz, 

aa 16 = 0D. 

7. So in the two laſt ſteps we are faln upon a Duplicate equality , which , in regard the 
Squares 25 and 16 are unequal, I reduce to another that ſhall have equal known Squares, 
viz. ( after the manner uſed in divers preceding Queſtions of this Book, ) 1 divide the 
greater Square 25 by the lefler 16, and by the Quotient #5 I multiply the quantity in 
the ſixth ſtep, to wit, aa 16, ſothe Product $344 + 25 15 to be equated to a Square, 
and therefore this Duplicate equality comes now to be reſolved, | 
| Te TY 

VIRs 25 cn of 
2667-25 = 

$. Now in order to reſolve the Duplicate equality laſt expreſt , firſt, by ſubtraRing the 

leſſer quantity from the greater , 1 find their difference to be 
+244 | 124 

9. Then I ſearch out two quantities, the ProduQ of whoſe multiplication may make the 
faid difference 2244 124z and that as well in the difference as in the ſumm of the 
ſame quantities there may be found 10, (to wit, the double of the fide of the 
Square 25 , ) ſo 1 find thoſe two quantities to be | 

$:2-|-10 and £4, 

10. Then the Square of half the difference of the two quantities laſt expreſt, v5z. the 

Square of 4:34 5 being equated ro #Zaa++ 2 5, gives 
1644-25 = To140044 + 3347-250 

17. Which Equation, after due ReduRion, will diſcover my Y 
2a ca TT ERS_SRRE9T 

12. Then by adding the Square of the ſaid number a to 16, ? 2 
and extraQting the ſquare Root of the ſumm, there ariſeth ; 

13- And by adding 3 (to wit, BD) to the number a, (to 
wit, D E,) the ſumm (hall be the meaſure of half the Baſe 
wi, D E) chun alle the mea al the Baſe 

14. Therefore the double of the number in the laſt ſtep is 
the meaſure of the Baſe BC, viz. . . . . . © 

I5. And by adding the number 2 in the eleventh ſtep to half 


the Baſe in the fourteenth, the ſumm is the greater ſegment > *#3#3#7: = DG 
of the Baſe made by the Perpendicular, viz. . . « 

26. Then by adding the Square of the ſaid greater ſegment ; 
DC to 16 the Square of the Perpendicular AD, and > 4222:£$5-—= AC 
extracting the ſquare Root of the ſumm , there comes forth 


17. Laſtly, by multiplying the numbers in the firſt, eleventh,twelfth, thirteenth, fourteenth, 
fifteenth and {ixteenth ſteps ſeverally by che Denominator 142311, there will come 
forth theſe following whole numbers for the meaſures of the lines ſought, viz. 


426933 = BD ? 

569244 = AD | 

7TIi5g5 = AB 

425600 = DE | 

710756 = AE ? 1n the Diagram belonging to this Queſtion, 
852533 = BE=EC | ; 
I705066 = BC 

1278133 = DC |. 

I399165 = AC J 


The 


4 
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| The Proof is ealie to be made, by comparing the ſumm of the Squares of the numbers 
| ſnering to the fides about the right-angle of every right-angled Triangle in the Diagram, 
| pthe number anſwering to the Square of the Hypothenuſal of ſuch Triangle reſpeRively. 


'4 
© — 


LUVEST. 10g. ( Quzlt. 21, Lib. 6. Diophant. ) 


f To find a right-angled Triangle in rational numbers, that. the Area theteof increaſed 
| jthone of the {ides about the right-angle may make a Square ; and that the ſumm of all 


&] 


'ethree ſides may be a Cube, 


| —_ 


RESOLUTION. | 
2445-241 — the Hypoth 
' 1, Let 2 right-angled Triangle be formed from & and | ep. A SIN 
3667-34. = ths Baſe, 


7 z-l-1 ; then divide the three fides ſeverally by 
+1, and take the Quotients for the ſides of A a+-1 


Triangle ſought, A - - + © © 620 2457 T = the Perpend. 


a1 
1 1, The ſumm of thoſe three ſides is . . ; . .5 44a 6aT2 
7 , Which ſuram reduced to its leaſt rerms ( by dividing a+1 


the Numerator by the Denominator according roG |, h-s 

7 thegeneral merhod of Diviſion in SeF, 9, Chap. . 4 

EF ISS | ERS TT 

{ Terctore ( according to the Queſtion ) the ſaid 44-4 2 muſt be equal to a Cube; which 

inthe foliowing ninth ſep I (hall ſhew how to find out. 

1 4 Moreover, the Area together with one of the ; 

ſides about the right-angle of the Triangle in the firſt”Q 2 444a-- 344+ 4 

ſtep muſt make a Square : But the Area (by multiply-C A IZEET 

3 inghalf the Baſe inco the Perpendicular)will be found 

7 j And one of the (ides-abour the right-angle ( to mg 24+ 1 

5 the Perpendicular ) is 4 a+1 
6 Which ſide reduced to the fame Denominator with} , ,, + 34+ 

5 the Area, (by multiplying as well the Nomeraorh Wha ot. rs we 

1 24+1,as the Denominator a-þ-1, by a1,) will be a eu 

1 7. Now if the ide in the laſt ſtep be added to the 2 aaa {= 544 | 44 + r_ 

Area in the fourth, the ſurmm will be . , . C aa + 24+ 1 

| 8 Which ſumm reduced to its leaft terms,(by dividing 2 4 

the Numerator by the Denominator ) will be . .\ 

9. Therefore ( according to the Queſtion ) 24 1 muſt be equated to a Square, and 
before in the third ſtep it was found that 44-|- 2 muſt be equated to a Cube, now 
becauſe 44-2 is the double of 24-1 , we muſt find out a Cube that may be rhe 
double of a Square ; but the Cube 8 is the double of the Square 4, therefore let 
44+2 beequatedtro 8, or 2a--1to 4; whence you will kind 4 = 3, and conſe- 
quently a-|- 1 = #. Wherefore according to the Polirions in the firſt iep, ler a right= 
angled Triangle be formed from + and +, and divide the three lides ſeverally by }, fo 
there will come forth the {ides of the right-angled Triangle fought, to wit, 23 45, &, 
which ſolve the Queſtion ; for the Area *+ rogether with # (ro wit, one of the ſides 
about the right-angle ) makes the Square 4 ; and the ſumm of all the three ſides makes 
a Cube, to wit, 8. | 

| tis alſo evident by the premifſes , that the Queſtion is capable of innumerable Anſivers ; 

In regard you may find out as often as you pleaſe a Cube and a Square, ſuch, that the former 

ſhall be the double of the latter : As , by equating aas to 844, it will give the Cube 512, 

nd the Square 256 , the former of which is the double of the latter, ws 


—_ 


ht 


2UVEST. 110, ( Quafſt. 23. Lib. 6. Diophant- ) 
To find a right-angled Triangle in rational numbers, that the ſumma of all the three lides 
May be a Square , and that the ſaid ſumm increaſed with the Area may make a Cube, 
a F RESOLUTION. AT 
L Let a right-angled Triangle be formed from a and x, fo Jie, - 
the three ſides will be theſe, ro wit, © . - » Ty 'F MP? Be 0-3” 5 pes 
; 2+ Ine 


e 150 Diophantus's Algebra explain'd. Book III, [W 
| 2, The ſumm of all the three (ides is 244 | 24, which muſt 

be equal ro a Square, let it therefore be equated to eeaa, > 244 -|- 24 = eas v8 

na ARR LOC I [27 

3- Whence, after due ReduQion, you will knd . . . .F + 4 = - | : 

C—2 | () 

4. Therefore by {quaring the laſt Equation , there arifeth .> aa = =Mpxx | ſo 

5. Which laſt Equation doubled, is . . , . ., , .Þ 244 = a. | fi 

eee — geen 4 | pho! 

6. And by adding the double of the Equation in the third ſtep, to wit , 2a = — to yr 

R VE 1 gol 

_ the Equation 1n the fifth ſtep , the ſumm gives this Equation , to wit, : 

= «6 - I vo 

-6} 1 Saba eece — gee + 4 nike 


7. The Jatter part of which Equation is manifeſtly a Square , and by ConſtruQion 'tis 
equal to the ſumm of al] the three (ides of the Triangle in the firſt ſtep, It remains 
that the ſaid ſamm with the Area make a Cube ; but from the firſt ſtep the Area is | 


aaa — 4, and according to the value of 4 in the third ſtep, the Area aaa — a will be Þ} 1 
reduced to this, ro wit,  8ee — 2ecee | | 1% 
 eeecee — Geree | lee —BÞ& * - i 
8. To which add the ſumm of all the three lides, to wit, the latter part of the Equation in 4.f 
the ſixth ſtep, that is, - was , ( which , by multiplying the Numerator and ; 
eece — 466 -- 4 accee — Bee 


Denominator ſeverally by ee — 2, will be reduced to ——— Jac ,) and 


there will come forth this ſuram, to wit, _ _ 


ececee — Gecee | 1340 — 8 
9. Which ſumm laſt produced muſt be equal ro a Cube ; and becauſe by ConſtruRion 
the Denominator is a Cube, to wit, the Cube of ee— 2, it remains that we equate 
the Numerator 2eeece to ſome Cube ; or by dividing 2 eece by eee it gives 2e to be equa: - 
ted ro a Cube, which is eaſie to be done, for we may put 2e equal to any known cubc- 
number, as dad; 


10. Suppoſe therefore ..: . © « . . þ  « > 2e = ddd 
11, Then becauſe the Denominator of the Fra&tion in the 

SS > - oc TS \ ed 
12. And conſequently by doubling each part, . . . .> 2e-— 8 
T 3. Jt follows from the tenth and twelfth ſteps, that . .> ddd == 8 q 
14+ Again, one of the ſides about the right-angle is by 

Conſtruction 1n the firſt ſtep aa —1 , therefore , . > Ih m—_ > a 
EEE, . . . . . + +. 0 oÞ —ancT7 = 4a : 
16. Therefore from the two laſt ſteps , : Sn. . —_ Eo 


ecee — 4ee|- 4 


. 
17. And by multiplying each part in the (ixteenth Rep by the 
{ Seawts, ox: eece _ x a4 "tis manifeſt thar : : 'C * 4 0” G406—4867-4 
18. Whence , by adding 4ee to eachpart, . , . , .> 4-þ gee © eece[-4 | 
19. And by ſubtrating 4 from each part in the laſt ſtep .> . . gee = ccce 
20. And by dividing each part in the nineteenth ſtep by ee, > . 4 = ee | 
21, And by extraRing the ſquare Root out of each part in 
'c . . I2 
P © 


22, And by doubling each part in the twenty-firſt ſtep, . , "Eo 

2 3. But by ſuppolition in the tenth ſtep, . . . »* «> dad = 2e 

24. Therefore from the two laſt ſteps, . .. ., . . > , 4 = ddd 

25, And conſequently, , oo EI IE Dux 

26. Thus in the 13% and 25" ſteps ir is found'that the cube-number repreſented by dad 
mull be greater than the ſquare Root of 8, bur leſs than 4, and then the half of the cube- 
number taken within thoſe limits ſhall be the number e , which being known, the number 
a will alſo be diſcovered by the third ſtep : Laſtly, a right-angled Triangle formed from 
the number a and unity , ſhall be that which is ſought, From the premiſles ariſeth =. 

_ CANON. 


the 2o® ſtep, 'tis evident that . . . 


& 
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| CANONM. 

|, Firſt, take any cube-number greater than the ſquare Root of 8, ( 24x; preater thari 
] 4822, Cc.) butleſs than 4 ; then rake the half of that cube-number, and call it e; 
| that done, divide 2 by the exceſs of the Square of the number e above 2, and call the 
| Quotient a, laſtly , ler a right-angled Triangle be formed from the number a and x; 
| folball this Triangle be that which is ſought, | 
An Example in Numbers. 


| firſt, I take ſome cube-number within the limits preſcribed in the Canon } as =z ] 
| noſe half, to wit , 42 is the number e; then I divide 2 by the exceſs of the Square of 52 


| bore 2 , fo the Quotient £3+ is the number a, laſtly , from {#3 and 1 I form a right- 
| aged Triangle and find the three fides to be theſe, to wit, 77335 » £47589 and 245535, 
} rich ſolve the Queſtion : For the ſuram of thoſe three ſides make the Square *3£43% , 
? rhoſe fide is ££+, and the ſaid ſumm of the ſides together with the Area *73328342 


wkes the Cube =2322322+ , whole ſide is $#2, 


IOZI 


emaead 


C———_——_— 


| QUEST. 111. ( Quazfl. 24. Lib. 6. Diophant. ) 

7 Tofind a right-angled Triangle in rational nambers, that the ſumm of all the three ſides 
J aybea Cube ; and that the ſaid ſumm increaſed with the Area may make a Square, 

| RESOLUTION. | 
7 For the ſumm of all the three ſides of the Triangle fought put 4 C 


5: td for che Ares . co od Ch ES SH xﬀC_ 
J ; Then becauſe the double of the Area is equal to the erg 


mide by the mutual multiplication of the fides about the right- > 28 
age, the Gi Proud BB co oo o 5% » © & «© et of 
I + For one of the ſides about the right-angle put . . . «: .pÞ —- 
I ; Then becauſe the Produ& of the ſaid ſides 1s 2.4, *tis manifeſt that ® © 


by dividing 24 by? > the Quotient ſhall be the other ſide, to wit, "_ 


I 6 Therefore from t he fourth and fifth ſteps the ſumm of the _—_ 246 | T 
£ 


_ about the right-angle is . © - » © © © © © o » 
7 :. Which ſurm ſubtraRed from 5s the ſumm of all the three ſides, 


Y Ren 
laves the Hypothenuſal , towit, . . « 3 « » - » 0 RN, Hy 
|. The Square of the (aid Hypothenuſal is 
2. 


$5 | 4aaee + — = 44 — 4546 — — 
1 5 And the ſum of the Squares of the ſides about the right-angle , to wit, of the Squares 
of — and 2ae 1s —_ + 4aaee. 


lo. But the 'Square of the 1Typothenuſal is equal to the ſumm of the Squares of the 
lides about the right-angle , therefore from the eighth and ninth ſteps this Equation 


anſeth . 41S, 2 25 I 


11, From which Equation, after d'ue ReduQtion in order to find out the value of e, by the 
letters & and 4, there will ariſe thi's following Equation, viz, 
LEE a= 2, 
454 454 
I, And by reſolving the laſt Equatioi? according to the Canon in SefF, 10. Chap, 55 
Bok 1. the two values of e will be for\nd theſe, to wit, 
| I8558 | 4448 — 61514 


ig 4-24 3 2 


FE ==- 2 
454 I 65544 

, = dots — 1, di ace Gre, 
454 165544 


73. But *is evident that thoſe values of e will not be rational unleſs the Numeratod 


$183 + 444 — 65:4 be equal to a Square, Moreover , the Queſtion requires _ 
DS ———_ —— - - =" <> oo Fl 6 


| — 
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the ſuram of all the three ſides with the Area, to wit, s-|-- 4 may be caual to a Square ; 
ſo we are faln upon this Duplicate equality , 


MH E$558 | 444 —_— n _ |. 
14. Now if in that Duplicate equality any known ſquare number be taken for the value | 4 
of 5, then we may diſcover the number 4 But the Queſtion requires s, (that js, | 
the ſumm of all the three ſides of the Triangle fought, ro be a Cube , therefore ſome 3 
number which is both a Square and a Cube muſt be taken for the value of 5 , Jet there. 
fore the ſquared Cube 64 be put equal to 5, and then the ſaid Duplicate equality will L 
will be reſolved into this, | 
| 44a — 2457644194304 = O [| 
VI&, oboe of 


x5. Or you may divide the firſt of thoſe two quantities by 4. , then inſtead of that firſt 
quantity the Quotient 1s to be equated to a Square, and ſo this following Duplicate ; 
equality ariſeth , ; 
| aa — 6144a-|-1048576 = Q | 
a -|- 64 = Q 3 
16, But becauſe in the Duplicate equality laſt expreſt , - the ſquare numbers 1048576 ; 
and 64 are unequa], I divide the greater of them by the lefs, and by the Quotient 16384 | 
I multiply 4 -|- 64 , and then the Produdt 163844 4-1 048576 is to be equated to , 
a Square inſtead of a+ 64 ; fo at length this Duplicate equality remains to be reſolyed | 

2 aa — 61444a-|-1043576 = 0 
| <p 163844 - 1048576 = | | | 
17. Now in order to reſolve that Duplicate equality , firſt , ſuppoſing the former of the 
two quantities to be equated to be the greater , their difference is aa — 225284, then 
according to the method uſed in divers preceding Queſtions of this Book , two ſuch 
numbers are to be found out that the Product of their multiplication may make the ſaid 
difference aa — 225284, and that as well in the half of the ſumm as in the half of the 
difference of the ſaid two numbers there may be found 1024, which is the {ide of the 
Square 1048576. But two ſuch numbers are 114 and 75*a— 2048, the half- 
difference of theſe is $24-j— 1024, and the Square of £74 -|- 1024 being equated 
to 163844 1048576 will give 4 = 324, to wit, the Area of the Triangle ſought, 


Since then the value of 4 is found to be #+3+, and s was before aſſumed to be 64, 
according to theſe values of a and s, the twelfth ſtep will diſcover the two values of e tobe 
5Z+& and #;2, by either of which if you reſolve the poſitions in the fourth and fifth ſteps, 
you will find the fides about the right-angle to be 422+ and £422 . therefore the Hypo- 
thenuſal is £35 , and the ſumm of all the three fides is the Cube 64, to which it you 
add the Area 23+ it makes the Square 452+, whoſe ide is =2=, 


VIRs 


- LUEST. 112. ( Queſt. 25, Lib. 6. Diophant. ) TB 


To find a right-angled Triangle in rational numbers, that the Square of the Hypothenuſal 
May be compoſed of ſome Square and its [ide ; and that the Square of the ſaid Hypothenuſal 
being divided by one of the lides about the right-angle may give a number compoſed of 
a Cube and its ſide. | | | 

| RESOLUTION. 


I, For one of the (ides about the right-angle put . . . {3 5% 3} > 4 


Cr . Sc +- 4 ES 3; aa 

3+ Theſumm of their $ 

"me, I... = __ * equal to "= — a ———, 2 ———— 

4+ Now 'tis evident that aaa#-{- 44 is compos'd of the Square aaas and its fide a4; but 
If the faid aaan + aa be divided by a, ( which was put for one of the 1ides about tie 
right-angle, ), it gives the Quotient aaa -|- a, which is compos'd of a Cube with its [ide ; 
ſo that it remains only to equate aaaa + aa to a Square, that is, to find out a right- 
angled Triangle that one of the lides about the right-angle may be equal ro the 5quare 
of the other of the ſame lides : But the preceding 95" Queſtion ſhews how to find 


- out ſuch » Triavgle ; rake if you pleaſe that in the firſt Example of the ſaid Queſtion, ( 
0OWit, 7, *5, *5 > Which will ſolve this 112" Queſtion , for the Square of the HY- | 
pothenuſal £2, viz, 422, is compos'd of the Square *££ and its lide *$. Moreover, 


if the 
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| £ the ſaid *$* be divided by *, ( one of the ſides about the right-angle, ) it gives the 
| Quotien =22, Which is compos'd of the Cube £<# and its fide +, Seals 


{Pro e& of all Diophantus's kinds of Duplicate Equality , ſh enjins aldd as = 
| ll ſizht in which of the preceding Queſtions they are reſolved. fo at fi 


| -1, The firſt kind of Duplicate Equality is, when each of two Quantities to be equated 
| oſquare numbers conſiſts of an unknown Root or number a, with ſome abſolute or known 


| wnber, and the numbers prefixt to the Root @ are equial to one another , as in the fie 


| flowing Examples, 


| It . .. »- 2-80-19 = 0 | l at | 

I, 3 And . - s 3 | 128 ——— Reſolved in ue . 8. of this Book 3. ' 
; / What is the number 4 ? W- - 

If - + » NO fg © © 

1 3 And '; + node © = 0 Reſolved in 2ſt. 8. 
? C What is the number a? | | | -- 
| po If - . * » I92 NI 4 — F q | . 4 
Gin and © 5 en 6 Wo" # _—__— See tlie like 
| What is the number « ? 6d 

TS Tf. * -. - mY Uo | EL 
Y 4 Ani '. : . a= m=i Reſolved in Lueft, 15, 

What is the number « ? | 


It . . . a TY I2 = 0 : 
Fo And . . . 4— 8 = 0 > Reſolved in 2neft.16. 
What is the number a ?. | 


.II, The ſecond kind of Duplicate Equality is , when each of two Quantities to be 
thuted ro Squares conſiſts of an unknown Root 4, and of one and the ſame known ſquare 
number. Alſo , when the numbers prefix to # in both Quamiries are unequal, and the 
bſolite numbers are unequal Squares ; as in the (ix following Examples, | 


If . EE OF. i 4 +4 or . | 
1 Cd And . 5 «© : 4—4 = 0 p Reſfolvedin 2vef. x7: 
What is the number &@ ? 


I >» «- - o « $4 =H 
2o = 


And .; . » 4—4 = 0 > Relolvedin 92zef. 18; 


What is the number 4 ? 


"ET... . Hs SH 
3, And «s « .  6a+4 = 0 C Reſolved in veſt, 33. 


What 1s the number « ? 
i . . «- « $<m_YLT 
4 And P . 0 4 — 384 = 0 


—_— 


Reſolied in Obſervar, 1. Queſt, 3.3. 
What is the number a ? Weſt, 33 


If . .- » 4 MED 
Fs And . . . 4—34 = 0 Reſolved in Ob/ervat. 1. Leſt. 332 
What is the number a ? | fe Wb | 


if ,» +» - Jo Sg m0 | | 
6, And . -- - $44 0 | Reſolvedin Obſervat. 2. Queſt. 33: 
What is the number a ? 


11I, The third kind of Duplicate Equality is, when' each of two Quantities to be 

quated to Squares conliſts of ſome number of a, and an abſolure number not a Square, 

t the numbers prefixt to 4 have ſuch proportion to one another as a ſquare number to 

a ſquare number ; as in the three tollowing Examples. TS In hot Is 
I, 


___ Diophantus's Algebra explain'd. Book 111. 
If . . . . a T2 = Ti 
I. And . » 4a12 = 0 } Reſolved in 2zeſt. 29, 
What is the number « ? 
= If . 1226+: = 0 | Rae: 
2. ) And - -+. Thar it = o f Reſolved in Lueſt. 35. 


What is the number a ? 


(L247 4 4 rene ; — 7 
. Zo. And 4 * oy ry 2 crc 3A 
: - - # Whar is the number. 4 ? 


[Wl 
a f Reſolved in 2ueft. 50. 


Il 1 


— 


IV. The fourth kind of Duplicate Equality is, when two Quantities to be equated 
to Squares are diverſly compos'd of aa and a, or of aa, 4 and abſolute numbers; in which 
caſes, to the end the Duplicate Equality propos'd may be explicable by rational numbers 
theſe two things are requiſite to be found therein , viz, Firſt, either the numbers prefix 
to 44, Or the abſolute numbers muſt be rational Squares : Secondly , the ditference of the 
Quantities propoſed muſt be either ſome ſole number of 4, or compos'd of ſome number 
of-a and an-abfolnte- number , or of ſome numbers of aa and 4; as in the following 


—- 


. | 
o : Reſolved in 2ueft. 19. 


2o 


Reſolved in ©xeſt. 20. 


3» 


he al 


in Oueſt. 22. 


+0 


— 


Reſolved in weſt. 20. 


w- : Reſolvedin 2neſt. 21, See the like 


Hl. 946-26 
a. And . . 4a4— a—1 
the number a ? 
8, > 
What is the number a ? 


aa{-d = | 


0 > ba -- da = 


SSIS ED 


—— _ 


Reſolved in 2zefb. 55. 


On 


[| 
o 


Reſolved in. weft. 59. 


mom 


Examples. TIE EO 
And ; . © Gaa -| —_ 
What is the nnmber a ? 
Wi. +» 4ga43-54 
Whar is the number @ .? 
| It . - . 4aa — I 54a 
And. . .. 4aa—a—4 
What 1s 
_, AE 
And 
If Li LY 
And «--- 444 | wy 
What is the number a ? 


: 


JAR — 64 =|- 4 


[| 


Reſolved in Leſt. 94. See the like 
in Queſt. 93. 


ES —————— 


3 aa -|- 4 
And . . . aa — 4 
What is the number 2 ? 
2 And , . © gaa 54 
What is the number a, ? 
MW j 444 + 34 —+ 1 
What is the number a ? 
If . ., 4aa|-aÞ+1T 
6, And , 34-1 
| What is the number a ? 
ifs . 
And . > + 2 
> c -- 84-5 
IO. A . o- '- » e-+ 1 
What is the number & ? 


2 


Ml 
o 


Reſolved in 2neſt. 99. 


If aa—6144 a-]-1048576 
And . ® @& A © By 64 
What is the number a ? 


Ilg 


: 


——_ 
—— 


on 


—_ 
— 


Reſolved in 2zeff. 111. 


az {1524+ \@2l 


| 


4 
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{ brief Expcſition upon Monſieur Fermat's Analytical 
Invention , inſerted in the late Edition of Monſieur 
Bachet's Comment upon Diophantus , printed at 
Toloze, Anno 1670, 


AC. de BILLY, who colle&ed the ſaid Invention out of Fermat's Letters , 
divides it into three Parts. The firſt is an Improvement of one of Diophantus's 
kinds of Duplicate Equality , ( to wic, the fourth and laſt kind in my preceding Pro- 
ſpe, but the ſixth with Bacher in his Comment upon 2ueft. 24. Book VI. Diophant.) 


I ix whereas Diophantis's merhod of reſolving that kind of Duplicate Equality , finds out 
J in one value or tyvo at the moſt of the Root ſought, and ſometimes the value found our 
I iNegative , viz. leſs than nothing , Fermat's method finds out innumetable affirmative 


nes. 
The ſecond part ſhews how to refolve two kinds of Triplicate Equality , by reducing 


E tmioa Duplicate Equality of the ſame kind with that above mentioned. 


The third part ſhews how to equate a Quantity compos'd of five Terms to a Square 


J liewiſea Quantity of four Terms to a Square or Cube , and tor the moſt part to find our 


imumerable affirmative values of the Root ſought. 

Theſe three parts I ſhall explain in order, and according to my uſual method put 4; 
(inſtead of N by Diophantus) tor a Root or number unknown ,. «4 for the Square of that 
loot, aaa for the Cube, &c. | 

Concerning the Firſt part of Fermat's Analytical Invention, 


Fermat's Rule to 6nd out innumerable affirmative values of the Root ſought , in a Du- 


ficate equality of the kind before mentioned , is this, 


Firſt, by the valgar merhod of Diophantzs , ( explain'd in divers preceding Queſtions 


this Book,) find out one value of the ſought Root, ( 4, it matters not whether it be 
I tfirmative or negative, then to 4 joyn that value with its own ſign , whether it be + or —, 


nd take the ſumm for a new Root inſtead of 4, then according to the ſaid new Koor ler 
new Duplicate equality be deduced from the firſt, and find out the value of & in the new 
Diplicate equality by the vulgar merhod. Thar done, connedt this latter value to the fir(t 
before found , with their own ſigns , and it will give a ſecond value of the Root ſought in 
the firſt Duplicate equality. . In like manner by the help of this ſecond value you may 
ind out a third , and from the third a fourth, and ſo infinitely. | 

Note. Atter one value of the Root ſought is found out In the vulgar way , there will 
aways certainly ariſe a known Square in each of the rwo new Algebraick quantities to be 
equated to Squares, in the ſecond , third, or.any following Duplicate equality deduced 
from the firſt as the Rule doth dire& , the reafon whereof will be evident ro him that dili- 
pently examines the Operation, But when thoſe two known Squares are unequal, the 
kffer muſt be reduced to the greater, (in ſuch manner as before hath been ſhewn in £ueſt 21, 
ad 111, of this Book,) to the end there may be one and the ſame known ſquare number in 
achof the two quantities to be equared, and then the difference of the ſaid quaniities will be 
compoſed of ſome nnmber of a4 and ſome number of a ; which kind of difference is ab- 
ſolutely. neceflary in the uſe of Fermar's Rule before expreſt. All which will be made 
Manifeſt by the tollowing Queſtions 113, 1145 IF, 116. | 


e. AER 


EY 


DD UEST. 113, 
- To find a number , that if to the Produ& of its Square multiplied by 32 you add unity, 
and from the ſumrm ſubtract eight times the number ſought, the remainder may be a Square, 


Alſo, that eight times the number ſought, rogether with unicy, may make a Square, L 
V 2 et 


An Expoſition upon Book 111, 


Let & be put for the number ſought » and then the Queſtion may be ſtated thus, +3, 


I. n "IS + of -» p__— wy - jo what 1s the number 4 ? 
2. n . . . . . . a . o TO 
RESOLUTION. 


3. To reſolve that Duplicate equality, firſt, ( according to the vulgar method before 
" explained in Queſt. 32. of this Book ,) I take the difference of the two quantities to be 
equated, and becauſe in this Example, elther of them may be taken for the greater, 
1 ſuppoſe the firſt ro be the greater, ſo their difference is 3244 — 1 64; then 1 ſeek 
two ſuch quantities that the ProduR of their mulriplication may make 3244 — 164, 
and that as well in half the ſumm as in balf the difference of the ſame two quantities, 
there may be found the abſolute number 2 , ( to wit, the double of the ſquare Root of 1, 
the known Square in each of the two quantities to be equated, ) ſo I find 44a— 2 
and 84, whole Product is 3244 — 164, and their difference is 44+]- 2 ; the half of 
this difference is 24+ 1, whoſe Square 444-441 being equated to 84-+ 1, 
( which was ſuppoſed to be the lefſer of the two quantities in the Duplicate equality,) 
will give, atter due ReduQtion, a= 1 , according to which value, the firſt of the two. 
quantities propos'd to be equated, to wit, 3244 — 84-]-1, makes the Square 25, and 
the other quantity $4 -+- 1 makes the Square 9 , wherefore the Queſtion is ſolved, 
and the ſaid value of 4, to wit, 1, is the only value either affirmative or negative that 
can be found out by the common method, But Fermatr's Rule, by the help of the ſaid 
firſt value finds out a ſecond, and from the ſecond a third, &c. As, for example, to find 
out another number, or value of 4 belides 1 to ſolve the Queſtion , let a+ x betaken 
for a new Root inſtead of a, (+ 1 , becauſe the firſt Root was found + 1, but if 
it had been found — 1, then 4 — 1 ought to be put for the new Root; ) then let a new 
Duplicate equality be deduced _ that — Og in this manner , viz, 
. Inſtead of 3244 take 32 times the Square of the new 
ine = uf —__ FF nr , , . 33447 644Þ- 32 
5. To that Product add unity , and it makes this fumm, .> 3244+ 648+ 33 
6. From that ſumm ſubtract eight times a+ 1, weF 4 te4- 8 


of 84 in the firſt Duplicate equality, ) thatis, . . ,<C 
7. And the remainder muſt be cqual to a Square, vzz., 3244+ 564-25 = 6 
8. Apain, inſtead of + 8, the Jarer quantity of the firſt A-. $a 4- 8 
Duplicate equality, take eight times 4 4- 1, that is, 7 
9. And to that Product add unity, ſo this ſumm mult we + $64 g'=0 
—_— 7 C, 9. - - © - » © © oF "8 
10. the ſeventh and ninth ſteps give a new Duplicate _— 3248 + 564-25 = 0 
EE » So =>.» + vv + 86 9 =0 
11. But becauſe in this Duplicate equality the Squares 
25 and 9 are unequal, and Fermar's Rule takes place | 
only in a Duplicate equality which hath one and the ſame 
known ſquare number in each quantity to be equated, > © . + 3234-25 = 0 
let 2 5 be divided by 9, and by the Quotient =£ multiply 
84+ 9; ſo this quantity comes forth (inſtead of 844-9) 
to be ws my "gy LIL . » - ©» ®. | 
T2. Thus at length, from the Duplicate equalty before _ 
expreſt in the firſt and ſecond _ mb is Abwoary nes T-56s 6 Mee 
and qualified as Fermat's Rule requires, viz. « . . « "007" 
I 3. Then by reſolving this laſt Duplicate equality in like 
manner as the firſt, you willind , , . . . . © a 
14. To which negative value of 4 if you add 1, becanſe 
a | 1 Was taken for the new Root , you will find ———— 
743£328 for a fecond Root or value of 4 in the Dupli- 475-1 = 7697808 
care equality in the firſt and ſecond ſteps, viz. . 


I ſay 7635325 , belides 1 firſt found, will ſolve the Queſtion , for, if you multiply the 
Square of 758*32+ by 32, and add 1 to the ProduRt, and from this ſumm ſubtraRt the 
ProduRt of the ſaid 5554334 into 8, there will remain a Square whoſe lide is £322453. 
Moreover , if the Produt of the ſaid 3:£*32% into $8, be increaſed with 1 , it makes 
a Square » Whoſe {ide is £224 : 
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In like manner , by taking or ſubſtituting a + 55$*222 for a new Root inſtea 


1 LO——— 


| l, If " . . . . . . . 244 — 44-1 — 
: % And . . . Ly o . 6 - — 24-1 —_—_ [(J 


| 6 To which double Square I add unity, (as the Queſtion C 


LUEST. 114. 
To find a number , that if to the double of irs Square you add unity , and from that 


7 mm ſubtraR four times the number ſought, the remainder may be a vquare. Alſo, that 
] from unity you ſubtract the double of the number ſought, the remainder may be a $quare. 


Let 4 be put for the number ſought, and then the Queſtion may be ſtared thus, viz. 
£ what is the number 4 ? 


RESOLUTION, 


1 3 If that Duplicate equality be reſolved by the vulgar method, the only value of 4 will 


be found — 4 , but this being leſs than nothing , I ſearch out an afficmative yalue of 4 
by Fermat's Rule , thus, | 


1 4 Inſtead of @ I take for a new Root , . «:. . > a—g4 
7 ;. Then inſtead of 2 44 1 take the double of the Square of the p | 
1 newRoot 4—4, viz « » 'F 244 — 164+ 3% 


requires, ) and it makes this ſfumm, . . + 248 — I64 33 


7. Then from that ſumm I ſubtract four times the new Root 


4— 4, ( inſtead of 44 in the Duplicate equality in the 6 0 4a—16 
frſt ſtep,) viz. I ſubtract . , , . hn " PSPT 7 


I & $o this remainder mult be equal to a Square, viz, «. +> 244 —204-[-49 = Q 


9. Again, if from unity, the double of the new Root 4 — 4 
be ſubtradted, the remainder muſt be equal ro a Square,vsz. 
to, So in the eighth and ninth ſteps there is a new Duplicate, 
equality deduced from that in the firſt and ſecond ſteps z i 
but becauſe in the new Duplicate equality the known Pr r_ 
ſquare numbers 49 and 9 are unequal], I divide 49 by 9, Po. —*$4p49 = 0 
and by the Quotient £3 I multiply — 2a +9 in the | 
. binth ſtep, andit gives to be equated to a Square . ed 
11, The eighth and tenth ſteps give this new Duplicate cag-—wre en 
equality to be reſolved, in which there is the ſame known © pg Ye ww 
ſquare number,(to wit, 49, as Fermat's Rule requires,)v3z. "PO 
12, Now to reſolve the Jaſt preceding Duplicate equality, 5 
according to the vulgar method, I rake the difference of —_— 
the two quantities to be equated , which , by ſuppoling the 29 TOON 
firſt quantity to be the greater, is . . + « « «+ » 
13. Then I ſearch out two ſuch quantities, that being mu- 
tually multiplied may make the ſaid difference, and that | 
as well in half the ſumm as in half the difference of the *3%4 — 14 and 52x 
faid two quantities there may be found 7 , ( the ſquare : 
Root of 49 ,) ſo 1 find the two quantities to be . , 
14, Half the difference of thoſe two quantities is . . «> $3324 —7 
5. Then the Square of the ſaid half-difference being equated 2 
to—22,-+ 49 (in the eleventh ſtep) will give . . . 
16, From which value of 2 1 ſubrrak 4, becauſe the new 432324 


Root was aſſumed to be 4 — 4 , and the remainder is 391500 
I ay 55422242 ſhall be a value of the Root 4 in the Duplicate equality in the firſt and 


ſecond ſteps , and therefore will ſolve the Queſtion propoſed ; for if 4 = ;53+#33$2, then 


M4— 44-+ 1 Makes a Square whoſe fide is $3454875 ; alſo, 1 — 24 makes a Square 
whoſe ſide is £22, Thus althongh a number leſs than nothing, to wit, — 4 was found out 
for the firſt value of the Root 4, yet by the help thereof an affirmative Root or number is 


found out to ſolve th jon propoſed.and from that ſecond Root you may find ont a third» 
ut to ſolve the Queſtion propoled;ai y T OVEST. 115. 


« — 24+ 9=0 


2 
I 


d of a; 
| nd proceeding as before, you may find our a third number, and from the third a fourth, Sc, 
| to ſolve the Queſtion propoſed ; but the operation in finding out Anſwers by this method 
! ſoexceſſively laborious , thar for the moſt part he that hath Sound out two Anſwers , will 
7 hirdly have patience to find out a third. | 
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. The ſumm of the Squares of thoſe {des ſhall be equal | 


4- So in the ſecond and third ſteps there is a Duplicate equa- 


6. Now if this Duplicate equality be reſolved in the vulgar way,i 


SVUEST. 1s, 
To find a right-angled Triangle in rational numbers, that the ſamm of the ſides abogt 


the right-angle may make a Square, Alſo, that either of the {ame ſides being added to 
the Square ot the other of them may make a Square : And that one of the ſaid ſides about the 
right-angle, rogether with a given multiple (ſuppoſe the triple) of the other of them may 
make a Square. | 


RESOLUTION. 


1. It is manifeſt by the Theorem in 2xeſ?, 24. of this Book, 


that if the Fraction 4 be divided into any two parts , 

then either part added to the Square of the other makes > a4 and £:— ; 
a Square ; therefore , to ſolve the firſt part of the Queſtion\ 

infinitely , put for the {ides about the right-angle 


ro the Square of the Hypothenuſa] , therefore | MT Ti=0 
. And becauſe the Queltion requires that one of the lides 
about the right-angle , together with the triple of the other, rd 5. 
. & = 


may make a Square, let *— 4 be added to 34, and then 
the ſumm muſt be equal to a Square, viz. , . » +» 

lity, which, (by the method in divers preceding Queſtions) oY " +1 = qo 
may be reduced to this having equal abſolute Squares , v4z. + 84-1 = 


5. Which Duplicate equality laſt expreſt being reſolved by the vulgar method pives bur 


one {ingle value of 4, to wit, unity, ( as hath been ſhewn in the preceding -aueh. 13.) 
Bur according to the Poſitions in the firſt ſtep of the Reſolution of this Queſtion, the 
number ſignified by 4' ought to be leſs than 5, and conſequently x = # will not ſolve 
this Queſtion by affirmative numbers, for if 4 be 1 , then Z— 4, ( which was put for 
one of the (ides about the right-angle) will be leſs than nothing. Therefore to ſearch out 
another value of @, I proceed according to Fermat's Rule thus , viz. Inſtead of a, 
I take for a new Root a+ 1 , by which the Duplicate equality in the fourth ſtep will 
be reduced to this that follows, ( as before hath been ſhewn in 2xeft. 11 3.) 

32aaÞ 56a-|-25 = O 


+ 2224-j-25 = 0 


VIZ 


the ſurmm of the lides about the right-angle makes a Square,” to wit, &, ſecondly , if 


a Square , whoſe (ide is 2£32$4= . and laſtly, if 2£222+ the latter fide about the 


right-angle, be added to the triple of the firſt ſide 522245, it makes a Square, whole 


————— 


: | LY UEST. 116. 
To find a right-angled Triangle, that the Square of the Area being added to the ſumm 


of the lides about the right-angle may make a Square, 


I. For the fides about the right-angle put 


2. Then the ſumm of the Squares of thoſe ſides muſt be equal to ch 
a Square, to Wit , the Square of the Hypothenuſal , therefore £ ps 
3- And the Square of the Area being added to the ſumm of the Þ , 

lides about the right-angle muſt make a Square, Viz » « *0 44-451 


RESOLUTION. 
> 4 and 1 
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4, $0 in the wwo laſt {teps there is a Duplicate equality qualified as Fermat's Rule pre- 
ſuppoſerh , but if it be teſolved in the ordinary way, it gives no value of 4 either affir- 
! mativeornegative, I therefore reduce that Duplicate equali:y to another that (hall have 
| equal numbers of aa, by multiplying 4a -|- a -{- 1 in the third ſtep by the Square 4, 
ſo it produceth a4 + 44 + 4, and now this following Duplicate equality comes to 


be reſolved , 
i aa-1 = 0 
;, Which Duplicate equality laſt expreſt being reſo]- 6 
a 


py TRY 


ES oa ee Ea Es 


| 
| 


ved in the vulgar way, (explain'd in 2zeſt 20, 31, 
* of this Book, ) will give this negative value of 4, viz. 
; 6, But that value of @ being Jeſs than nothing, I re- 
new the work according to Fermat's method, viz. > 4 — 4+ 
3 inſtead of 4 I take for a new Root , , , , 

1, By which new Root 4 — *+ 1 form this Duplicate ; 


equaliry out of that in the ſecond and third ſteps, aa—*fa ++ + = o 

(after the manner before explain'd in Queſt. 113.)( aa—*Za-- 2322 — 

wh. ou ee aL RR  EqvUcs 

| Then I reduce that new Duplicate equality to ano- ; | 

ther that ſhall have in each quantity one and the 64aa — 240a-|-289=0 


ſame abſolure ſquare number, ( as Fermat's Rule( 1 8496aa—693604-þ28g = 
requires, ) {0 this ariſeth, viz , .- . » a. Pao 
9. Now if the Duplicate equality laſt expreſt be reſolved in the vulgar way, the value of 4 
will again be found negative , and if 1 ſhould aſſume a third Root and proceed as before, 
the work would be intollerably tedious, and perhaps produce another negative value. 
This difficulty Teads me to another way by which Fermar hath ſolved divers knotty 
Probleins, but it ſeems to me to depend more upon chance than Art; however, I ſhall 
try whether it will find out an affirmative value of 4 to ſolve the Duplicative equality in 
the eighth ſtep or not, Co | | 
Firſt then, ſuppoling the latter of the two quantities in the eighth ſep to be the greater, 
their diff-rence is 184 3244 — 6912ca, then I ſeck two ſuch numbers that being mutually 
mutipiied may make 18.432, and that their ſumm may make 272 , ( to wit, the double 
of 136 the lide of the Square 18496 Which is prefixt to aa in the eighth ltep, ) ſo I find 
144 and 128, which are very luckily rational , and theretore fit for the pretent purpoſe ; 
then theſe two quantities 1444 — 540 and 1202 being mutually multiplied will produce 
the above-mentioned difference, and in half the ſumm of thoſe FaRors there will be found 
1364 the (ide of the Square 18496aa in the cighth ſtep : Then by <quating the Square 
half the ſurnca of the ſaid FaRtors 1444 — 540 and 1284, viz, the Square of 1364 
—270, tO 1849644 — 5936ca | 289 (in the eighth (tep,) there will thence ariſe 22454 
forthe value of a z wherefore 4 — *&, ( which was aſſumed for the new Root in the (ixth 
ſepinſtead of @ ,) gives £2 for the value of 4 in the firſt Duplicate equality in the ſe- 
ond and third ſteps, that 15, one of the [ides about the right-angle of the Triangle ſought , 
bur the other of the ſaid fides was aſſumed to be x , therefore the Hypothenuſa] ſhall be 
242 and the thrc-: ({ides of the right-angled Triangle ſought are £2282, 1, Riggs 
for it the ſumma of the lides about the right-angle, that is, of £343 and 1 be added to 
the dquare of the Area it makes a Square, whoſe (ide is *gE35. And if you delire a ſecond 
nzht-angled Triangle to ſolve the Queſtion, you may pur 4+þ- £33 for a new Root, and 
Proceed as before. 


— 


Concerning the ſecond Part of Fermat's CAmalytical Invention, 


Diophantus doth not ſo much as mention a Triplicate Equality , but Fermat ſhews how 
to ſolve two kinds thereof. The firſt is, when three quanticles ro be equared to Squares 
we ſuch, that every one of them is compos'd of ſome number of a, either affirmative or 
egative.,, and one and the ſame known affirmative ſquare number. The ſecond kind of 

riplicate equality is, when three quantities to be equated to Squares are ſuch, that every one 
0f them is compos'd of tbe ſame affirmative number of aa, and ſome number of 2 either 
aicmative or negative, without any abſolute number. How each of theſe kinds of Tri- 


Plicate equality may be reſolved the followin ieſtions will make maniteſt. 
te equality raay be reſolved the following Queſttons wi QUEST. 117, 


—— 
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SUOEST. 119. 


To find a number , that if it be multiplied by three given numbers ſeverally, ſuppoſe by 
1,2, 5, andtoevery one of the Produtts one and the ſamie giveti Square , ſuppole 1, 
be added , the three ſurms may be Squares. 

RESOLUTION. 


1. For the number ſought put . « - © «© © «, © « op & 


2, Then the Queſtion requires that every one of theſe three ſumms | _ T , - 
may make a Square , Viz. « « = == thou 


'3. Now to reſolve that Triplicare __ , firſt form a Square from any number of 4 | 

the ſide of the given Square 1, as from 4-|- 1, whoſe Square is aa-þ 24-1; 
then divide aa - 24 (the two firſt terms of that Square) by any one of the three num- 
bers prefixr to 4 1n the ſaid Triplicate equality, as by 1 , which is tacitly prefixt to 
a in the firſt quantity 4-1 , and take the Quotient 44+ 24 tor a new Root inſtead 
of 4, ( which was put for the number ſought, ) whereby the firſt part of the Queſtion 
is ſolved indefinitely ; for if aa -|- 24 be put for the number ſought , then unity added 
tO it makes a Square, to Wit, aa 24-1, Then multiply the ſaid aa + 22 by 2 
which is prefix to 4 in the ſecond quantity 24-1, and it produceth 244 + ga, to 
which add the given Square x , and it makes 244 + 44 + I tO be equated to a Square. 
Again , multiply 42 + 24 by 5 which is prehixt to 2 in the third quantity 5a + 4, 
and it makes 544 + 104; to this add unity and it makes 544-1041, to be 
equated to a Square ; hence the following Duplicate equality ariſerh , 

24a + 4a--1i = DO 

aa 10a+1 = 0" 

4. This Duplicate equality being reſolved by the vulgar way , will give = — 6, by 
which value of 4 if 44 + 24 be expounded , it makes 24 ; ( for the Square of — 6 is 
+ 36, to which if you add — 12 the double of — 6, it makes -4- 24.,) wherefore 
24 is the number ſought, and will ſolve the Queſtion : For if unity be added firſt 
to 24, then to 48 the double of 24, and haſtly, to 120 the quintuple of 24 , the 
three ſurams are Squares, towit, 25, 49 y 121. 
If yon defire another number beſides 24 to ſolve the Queſtion propoſed, you may 

afſume a — 6 for a new Root of the Duplicate equality laft reſolved, and thence (by 

the method before explained in the firſt Part ) find out a ſecond number to ſolve that Du- 
plicate equality , and conſequently the Queſtion. | 

Note. When in a Triplicate equality of the firſt kind before defined , the greateſt 

of the three numbers of 4 is equal to the ſumm of the other two, then in ſuch caſe that 

Triplicate equality , although it may be poſſible in it ſelf, is inexplicable by the method 


Q 


[IL 


VIL, 


. of reſolving the preceding 2ueſt. 117, As, for example , if theſe three quantities be 


propoſed to be equared to as many Squares, viz. 5a 1; 164-1; 214-1; 
where the greateſt number of 4 15 equal to the ſumm of the other two , ( for 21 = 16 
-|- 5,) and the ya]ue of the Root 4 1s 3 , according to which , thoſe three quantities being 
expounded will give theſe three Squares, 16,49, 64; it will be in vain to ſeek out any 
Anſwer to that Triplicate equality by Fermar's Rule, for it will produce an abſurd or 
fruitleſs Equation, as you will find upon tryal. 


—— ——— 


LUEST. 118, | 


To find a number , that if it be multiplied by three given numbers, ſuppoſe by 3, 4,5 
and the Products be ſeverally ſubtraſted from x a given Square , the three remainders 
may be Squares, 


RESOLUTION. 
I cr fought put . . . +. . 6 © 4 5 oS © 


2, Then the Queſtion requires that theſe three Remainders may Ro 3" 


ERR. .. .,. . : | — 44 
th , "OE none £8 [0 


3- This Triplicate equality may be reſolved like that in the foregoing Queſt. 117, For 
brit, I form a Square from 1 — any number of a, as from x — 3a, whoſe Square 1s 
944 — 64-1, then I divide 944 — 64 ( the two firſt terms of that Square , ) os 

$52 6 : vyhic 
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which is prefixt to 4 in the firſt quantity 1 — 34, and the Quotient is 344 — 24, this 
with its contrary ſigns is — 344-24, Which | put for a new Root inſtead of 4 
(the number ſought , ) whereby the firſt part of the Queſtion is ſatisfied infinitely , for 
if the triple of — 3aa-+ 24 be ſubirated from the given Square 1 , the remainder is 
a Square, to wit, 944 — 64-|-1. Then I multiply the ſaid new Root — 3aa-|- 24 
.by 4 and 5 ſeverally, ( which are prefixt to 4 in the ſecond and third quantities of the 
Triplicate equality in the ſecond ſtep, and ſubtrafting the Produtts — 1 24a | 84 
and — 1544 -|- 104 ſeverally from the given Square 1, the remainders 1244 — 8a + r 
and 1544 — 104+ 1 are to be equated to Squares, fo it remains only to ſolve this 
following Duplicate equality , 

> i244— 84-i1 = 0 


UVIR Rn 
p I5a4 —loa-|-1 = 0 


| 4 This Duplicate equality being ſolved in the ordinary way , gives 4 n 7+, by which 


nalue of 4, the new Root — 344 = 24 being expounded will give 52+ for the value 
of 4 in the Triplicate equality in the ſecond ſtep. Wherefore 54% will ſolve the Que- 
ſtion ; for if ics triple , quadruple and quintuple be ſeverally ſubtrated from unity, the 
three remainders are Squares, to Wit, 7#7, 74, 73t» 


—__T_ 


Y 


bm 


DUEST. 119. 


To find a number, as alſo four other numbers in Geometrical proportion continued, 
tht if from theſe Proportionals ſeverally the firſt number be ſubtraRed , the three remain- 


ers may be Squares. 
RESOLUTION. 


1, For the firſt number ſought put . . . . . © « - . .> a—1 

1, Then multiply 4 into any four known numbers continually pro, 
ntional , as into 1, 2, 4,8, and aſſume the ProduQts to be the> #, 24 , 44 , 34 
our Proportionals ſought, viz. « . 0 +» » « «© » «© » 

5 Then ſubtra& the number in the firſt ſtep from thoſe four Pro. * Books 
portionals ſeveraily, and every one of the remainders muſt make wh 8 
2 Square 3 but the firſt remainder is manifeſtly the Square 1 , ir 3 ned ack 
remains therefore to reſolve this Triplicate equality , viz. , . pes 


Now to reſolve that Triplicate equality you may take a4 + 24 for a new Root inſtead 
0 «, whereby the firſt part of the Triplicate equalicy will be ſolved indefinitely , for 
i 42+ 24 be increaſed with 1 it makes a Square, to wit, 4 24+ 1 , then the two 
oher parts of the ſaid Triplicate equality ( by the like Operation as was uſed in 
Qt 117. ) Will be converted into this following Duplicate equaliry , 

. FT 3aa+ 6a+1=0 
7% 2 7aa-14aþ1 = ot 
4. Which Duplicate equality being reſolved in the vulgar way gives 4 = — 12 , whence 

44 + 2 4 (the new Root) will be found 120 ; ( for the Square of — 12 is 4-144, to 

which if you add — 24 , that is, 24, it makes 120.) Therefore the firſt number 

ſought by the Queſtion is 119, (thatis, 4a— 1,) and the four numbers required to be 

In continual proportion are 120, 240, 480,960; ( which anſwer to a, 24, 44, 8a, in 

the ſecond ſtep: )) for if 119 be ſubtracted from thoſe four Proportionals ſeverally , 

the remairders are the Squares 1 , 121 , 361, 841. 


en... 


LUE S T. 120, 


| Three ſquare numbers Geometrically propottional being given, to find a number, that 
| it be added to thoſe Proportionals ſeverally , the three ſumms may be Squares, 


RESOLUTION. 


!, Let the three given Squares in continual proportion be { { .> 1,4, 16 == 
2, For the number ſought put . . « + © «. + » + « > 4 
: C a 1=0p 
3. Then the Queſtion requires . . . + + - + + «+» +3 8 4= 0 
e a-|-16 = 0 
d. 4+ Now 
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4. Now in regard the three known Squares in that Triplicate equality are unequal , they 
muſt be reduced to the ſame Square , which may be done thus, viz. Becauſe a Square 
multiplied by a Square produceth a Square , multiply the firſt quantity a-|-1 by 64, 
(the Product of 4 into 16,) and it makes 644-J-64 to be equated to a Square. Aoain, 
multiply the fecond quantity a +|-- 4 by 16, ( the ProduRt of x into 16,) andit gives 
164-| 64 to be equated to a Square, Likewiſe , multiply the third quantity 2+]- 16 
by 4, (the Produtt of 1 into 4, ) andit producerh 44-- 64 to be equated to a 9quare, 
So this Triplicate equality comes forth to be reſolved , 

64a 4-64 = O 
VIg ; I6a-64 = Oo 
4a + 64 = D 
5+ This Triplicate equality having in every one of its three quantities the ſame Square 64, 
' may be reſolved (like that in the foregoing Queſtions 117, 119.) thus, +4z. Firſt}, 
form a Square from any number of a+ the {ide of the known Square 64, as from 
24-8, the Square whereof is 4aa -|- 32a 64; then divide 44a + 324 by 4, 
which is prefixt to 4 in the third quantity 44+|- 64 , and take the Quotient aa | 8 
inſtead of the Root a, ( which was put for the number ſought ,) whence the 1aft parc 
of the Triplicate equality in the fourth ſtep is ſolved indefinitely, tor four times aa-l- 84 
rogether with 64 makes a Square, 10 wit, 444-|- 324+ 64. Apain, by taking the 
faid aa + $4 inſtead of the Root 4, the firſt and ſecond parts of the ſaid Triplicate 
equality will be reduced to this Duplicate equality , 
EP 3 64aa+|-5124+|-64 o 
I6aa 4+ 1284+ 64 og” 

6. Which Duplicate equality being reſolved in the vuigar way gives 4 = 22+, whence 
aa + 84 ( the new Root ) will be found *#733%, which is the number ſought by the 
Queſtion for if .', 4, 16 be ſeverally added ro the ſaid +#2224, the three ſumms 
will be the Squares of theſe ſides £35, £3%, 22+, 


I ſhall now proceed to the ſecond kind of Triplicate equality , and explain it by Queſtions! 


_ ——_—— 


DUEST. 121. (Probl, 4. cap. i. part. 2. Dioph. redivivi. ) 


To find a number , that if it be multiplied by every one of three given numbers Ceo- 
metrically proportional , ſuppoſe by 1, 2, 4, and the Products be added ſeverally tothe 
Square of the number ſought , the three ſumms may be Squares. 


RESOLZUTION. 


x. For the number ſought put GI Sa a> 0d 

2. Then multiply chat number 4 by the three given Proportionals = a 
I, 2, 4, and to the Products ſeverally add the Square of the ſaid a4 Bla penis 
number 4, fo (according to the import of the Queſtion) theſe three 4407-28 = - 
TIONS, viz. . . .:. + >» » 33 © --44=0 

3+ Now that Triplicate equality being of the ſecond kind before defined, muſt be reduced 


to a Triplicate equality of the firſt kind thus, viz. Take I inſtead of the Root 4, 
A 

(the number ſought,) whence the firſt quantity aa -- a will be converted into — 4- — 

the ſecond quantity aa 4 24 will be reduced to — -|- 2- , and the third quantity 
aa A 


I 
aan 4a to — +=, Then becauſe a Square multiplied by a Square produceth 


aa 


a Square, if every one of the three new terms — + ©, © 42 and _y + 4 5 
ad A aa A 
which are to be equated to Squares, be multiplied by the Square 44, that Triplicate £quz* 
quality will be reduced to this, 14 S—. 
VIg, I-24 = D » 
I-44 = 0 


4+ This Triplicate equality falling under the firſt form may be reſolved like that in the 
preceding Oueſt, 117. thus, viz. Inſtead of « Itake for a new Root a4 + 24, whid 


increaſed with x makes a Square, to wit, 44 -|- 24-1, whereby the firſt part - the 
| Triplicate 


PREV N , 
4 act PAY” 1-0 24 


17 


Nas & a = a _ " C ers nf 
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| Triplicate equality 1s ſolved indefinitely ; then b multiplyin aa | 24 by 2 «nd 

| ecrally , and adding 1 to each ProduR , this Diplicate ky ariſeth ; y 
! ; 2aa + 4a1 = 0 | 

reg 4aa-|- 8a +1 = 0' 


| 6 Whence A = — = 3 by which if aa 24A ( the new Root ) be reſolved it makes 
| 282 this divided by 1, becauſe 1- was taken inſtead of 4 in the fir Triplicate equa- 


A 
ly, gives 743 , which will ſolve the Queſtion ; for if 743 be multiplied ſeverally by 
1,24 , and the Produts be added ſeverally to the Square of the ſaid 7+3, the three 
famms will be Squares , whoſe fides are 725 , 208, 206 | 


DUEST. 122, | 
To find three ſquare numbers , whoſe ſumm added to their three fides ſeyerally , may 


] nake dquares, | 


RESOLUTION. 


' Squares , that the greateſt may exceed the ſumm of the other 
two, ſuch are 4, 36, 81 ; then for the three Squares ſonght put 
1! The ſides of thoſe Squares are . «» « «© «© » «© «© o> 24 , 64 ; 94a 


444 , 3644 , Bias 


k ed FUG. 3 


1 r, Divide ſome ſquare nutnber , ſuppoſe 121, into three _ 
> 
4 


; And the ſuram of the ſame Squares is . . « . +» «» t2144 
4 But if the ſaid ſuram 121 44 be added to the three fides in the 5 1 2144 + 24 
kcond ſtep ſeverally , every one of the three ſumms muſt make © 12144 | 64 


Str 


J Square , hence this Triplicate equality ariſeth, viz. . -I 121a4+ 94 
5, Which Triplicate equality ; ( by the method delivered in they 121 24. = 

5 preceding 2weſt. 121.) will be reduced to this Triple I21-64 = 
quity, Sit. .. © 53 4 5% 0:56.05» 6 ct RES 


6, Now to reſolve the Triplicate equality laſt expreſt, I take ( according to the Rule 
before given ) 244 + 224 for a new Root inſtead of 4, whence the firſt part of the 
Gaid Triplicare equality will be ſolved indefinitely , and the fecond and third parts will 
be converted into this Duplicate equality , WET: 

EP I24a + 1324121 = 0D ' 
OY 3 1844 198a+121.= 0Q* | 


| 7. Which Duplicate equality being reſolved in the ordinary way will ive 4 = — £22] 


acording to Which, the new Root 244 + 224 will be tound £7222, and this divided 
by r, ( becauſe — was puit inſtead of 4, in reducing the Triplicate equality in the fourth 


ſtep to that in the fifth,) gives $3222 for the value of 4 in the Tripticate equality in the 
fourth ſep ; according ro which laſt mentioned value , the three (ides in the ſecond ſtep 
are 74444 22254 42387 whoſe Squares will ſolve the Queſtion; for if thoſe ſides 


- 


be ſeverally added ro the ſumm of their Squares, the three ſurams will be Squares , whoſe 


224 224k 24291LT 
lides are aTS0S . 323 20 3 629230 *® 


T hoain, if this Triplicate equaliry were propoſed to be re), —_ vw R_ o 
4 6 ls es by, PRs 

W, 5. «4 4 5 6 © © ESTES 1644464 = Q 
EO. 11-245 = O 
It may be reduced to this by putting — for a4, 3 . + 4-34 = D 
A 16-- 64 = O- 
And that laſt expreſt, (by what hath been ſaid in Oueſt. 120.) )- = +4 _ wy j- 
WUpdronduend enihle. vo a SR, 640. +þ4 = 0 


UE. for the value of 4 in either of the two laſt receding Triplicate equalities ; and 


lſtly, by dividing 1 by ***$+s, it gives 573£22 for the value of 2 in the Triplicate 
Qulity propoſed in the eighth ſtep. 


And this Triplicate equality being reſolved like thoſe in ok I17, 120. will give 


ono 
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DUEST. 123. (Probl. g. in cap. 1. part. 2. Dioph. redivivs. ) 

To find a number , that if it be multiplied by three given numbers in Arithmetica] Pro. 
greſſion, and the ProduRs be ſubtracted from the Square of the number ſought, the three 
remainders' may be Squares. But the following Reſolution prefuppoſeth , ( for the reaſon 
before given in the Note at the end of Zeſt. 117.) that the greateſt of the three numbers 
given is not equal to the ſumm of the other two. Ler therefore the given numbers be 3, 4, 5, 

RESOLUTION, 


x. For the number ſ{onght put . . - « + + © «© «© «P 4 


2, Then ( according to the import of the Queſtion ) this Tri- m_— _— =O 
plicate equality muſt be reſolved, viz. «.  . +» + . CR = - 
3+ Bur that ( according to the Rule in Lueft. 121, will be n on = oy 
= 0 


[ VIR, @ o bd LI * » * .* . =» . 
| reduced to this , on 


In which Triplicate equality laſt expreſt the value of the Root 4 was by 2uef. 118; 


found 72+, bur becauſe in the reduQion of the Triplicate equality in the ſecond ſtep, | 


T2 was taken for a new Root inſtead of &, we muſt divide by the ſaid 52+, fo there 


4 >> | 

ariſeth *== for the number ſought by the Queſtion; for if £45 be multiplied by 3, 4, 5 
ſeverally , and the Products be ſeverally ſubtracted from the Square of #3, the three 
remainders will be the Squares of 22, ££+ and 5+. 

Note 1. Sometimes , when four, five or more quantities are to be equated to Squares, 
they may be reſolved by the method before explain'd ; As, for example, | 
20a+h464 = 
12aH16 = 

8+ 4 = i 
244+ 1=0. 
2044-64 = O 

You may ( by the method in the preceding 2#eſt. 120.) J) 4844+64 = 0 

reduce that four-fold equality to this, viz. « . . « «» +» ) 1284 +64=0 
1284 -|- 64 = O 

Which laft Quadruplicate equality is in effe&t but a Triplicate equality , for there 
are two-Terms which happen to be the ſame, towit, 1284462; and therefore you 
may reſolye that Triplicate equality by the method before delivered. - 

Note 2. Sometimes alſo by the preceding method of. reſolving a Triplicate equality 
of the firſt kind , you may reſolve one of Diophaztus's kinds of Duplicate equality , (to 
wit , that explain'd in the preceding ©xeſt. 33.) more eaſily than by his method , as will 
appear by the following Qzeſt. 124,125, 126. 


If this Quadruplicate equality be propos'd to be reſolved , 


_ ; — 


LUEST. 124. ( The ſame with the foregoing Queſt. 33. ) 
To find a number leſs than 2 , and ſuch, that if it be multiplied ſeverally by two numbers 


given, ſuppoſe by 6 and 8, and to cach of the ProduRts there be added the ſame given 


Square 4, the two ſumms may be Squares. 


RESOLUTION. 


ET Regt  : .. 5 oo > 8 
2. Then the Queſtion requires this Duplicate equality to beF 644-4 = 0 
LT io ole 3:3 of 4 © +. 5T bers = 0 
3. To which end you may. proceed thus, Firſt , ( according to the method of reſolving 
a Triplicate equality before delivered ,) form a Square from a+|- 2 , ( 2 being thelide 
of the given Square'4.,) ſo that Square will be aa 4a 4; then rake £ patt oi 
4a-)-4a , (' part, becauſe 6 is prefixt to 4 in' the firſt part of the giveri Duplicate 
equality, and it is *4z + 2a, which is to be aſſumed for a tiew Root inſtead of 4- 
Whence 'tis evident, that if the given Square 4 be added to fix times £aa -|- 5, it makes 
A S uare , to Wit, 2a 4a+-}-4, whereby the firſt part of the Queſtion is ſolved 
» mmdetmitely, Then multiply the new Root *aa -|- Fa by 8, and to the Produt add + 
0 


| mm 

| Quelt. 125. Fermat's Analytical Inwertion. 165 
| f there comes forth aa -|- *£4 4- 4 to be equated to a Square, the (fide whereof muſt 
he ſo feigned that $44 -|- 32 ( the new Root ) may be leſs than 2 ; but if £aa-|- 2a be 
les than 2 , it will follow that 2 is leſs than 2. Wherefore let #aa |. *£3 þ 4 be 
| equated to a Square, ſo, as that 4 may be leſs than 2 ; to which end the (ide of the ſaid 
| Square may be feigned — 2 -|- any number of 4 greater than 32£a, ler therefore 
| thefaid (ide be feigned 44 — 2 , andthen the Square of 44 — 2 being equated to *az 
+ 254+ 4 , will give 4=72> by which, it the new Root 444-22 be reſolved, 
| makes +£2 for the number ſought by the Queſtion propofed : For firſt, it is leſs 
than 2 ; ſecondly, fix times 33 together with 4 makes a Square, to wit , **#*, whoſe 
fide is #* , and laſtly, eight times £5 together with 4 makes the Square £22, whole- 
fide is X=. 


| Again , if this Duplicate equality were propoſed,  . « » 


1 
1 
: 
"1 


4 — 64 = D 
4—3% = oO 
You may put £4 — £44 for a new Root inſtead of 4, and then proceed as before. 
| tgin, if this Duplicate equality were propoſed, Þ . . 3 47 - gw 2 
| You may take 244-]- #4 for a new Root inſtead of 4, and then proceed as before. 


LUEST. 125. (Probl, 10. incap. 1. part. 2. Dioph. redivivi. ) 


To find a number , as alſo three other numbers in Geometrical proportion , that if from 
&&e Proportionals ſeverally the firſt number be ſubtracted , the three remainders may 
| Squares, 

h RESOLUTION. | 
1. For the firſt number ſonght put . . . . . op 24—I 
1, And for the three continual Proportionals ſought put , .> 4, 24 , 44 
1 From which if -you ſubtra& the firſt number ſought , the | 

_—_—__* IE RR PT oo 2 42 a ak doo 
4 Among which remainders the mean is a Square, wherefore? 1 — 4a = Q 

it remains ro equate each of the two extremes to a Square, we I: = O 


Now to reſolve that Duplicate equality, you may take 244 -|- 24 for a new Root 
ſtead of 4, whence 1 -| 24 will be converted into the Square 444+ 44-|-1 , and 
I—4 into 1 — 24 — 244, Which muſt be equated to a Square, but with this Caution, 
That the new Root 244 --- 24 may be leſs than 1, andthar 44a 44 may exceed 1, 


OT 9) 


1 nlconſequently that the value of 4 may fall between 753 and 53+; to which end, the 
{ ite of the ſaid Square may be feigned 1 — 24 , Whoſe Square 444 —44-þ 1 being 
1] <quated to 1 — 24 — 244, gives 4a=73 therefore the new Root 244-t24 is 3, and 
the firſt, number ſought ,- which was repreſented by 24 — 1 , is conſequently 3 , andthe 
three deſired Proportionals are Z , *&, #3 3 which will ſolve the Queſtion, as may eaſly 


be proved. 


—— 


Y 


SD VEST. 126. 


To find two numbers, ſuch, that if their ſumm be increaſed and lefſened , as well by 
their difference as the difference of their Squares, the ſumms and remainders may be Squares. 
RESOLUTION. 
1, If unity be divided into any two. parts their difference is, 
equal to the difference of | their Squares , ( as hath been thewnC «+ $6. £6 
In Qzeſt.5 3, of this Book, ) therefore for the two numbers({ * i 
fought pur ds I CS oe I Es RR RE. 
2, Whence their difference,as alſo the difference of their Squares is Þ 24 
3 It remains therefore that the ſumm of the two numbers tn , 
the firſt ſtep, to wit , unity , being increaſed and leſſened by(_ 1+] 2.4 
28, the ſuram and remainder may be Squares ; hence this{ 1-— 24 
Duplicate equality ariſeth, viz, «. » + +» erp 
4- Now to reſolve that Doplicate equality, you vo far Laa -|- 4 for a new Root inſtead 
of a, whence 1 -|- 24 will be convened into the Square aa + 24+]-1 , and I — 24 
into 1 — 24 — 44; Which muſt -be- equated to a Square, but with this Caution, Thar 
the new Root £44 + 4 may be lefs- than 7 , and-conſequently 4 les than 4/2 _ 
ka - PE that 


Il !] 
a 


_ 
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feigned to be 1 — any number of 4 greater than 4, as 1 — 3a, the Square whereof 
being equated to the ſaid 1 — 24 — 44 will give 4 = F, therefore the new Root 
24a1-4 is 2+ , according to which , the Poſitions 1n the firſt ſtep being expounded, 
will give 22 and 55 for the numbers ſought : For if ro their ſumm, which is 1, you 
you add and ſubtract their difference 45 , the ſumm and remainder are Squares , to wit, 
<2 and 523 and theſe will alſo come forth when the difference of the Squares of the 
two numbers £2 and 52 is added to and ſubtracted from their ſnmm 1 , becauſe the 
difference of the two numbers is equal to the difference of their Squares. 


that is, leſs than 522% ; but to cauſe that effe& , the (ide of the ſaid Square may be 


—_—— 
—— 


Concerning the third Part of Fermat's CApalytical Invention. 


I. The Scope of this third Part is chiefly to ſhew how to equate a quantity compos'd 
of five Terms , viz. of ſome numbers of aaaa, aaa, aa, 4 With an abſolute ( or known ) 
number, to a Square z as alſo ro equate a quantity compos'd of four Terms to a Square 
or Cube ; and that in ſuch manner , that for the moſt part innumerable values of the un- 
known Root 4 may be found our. 

II. In equating a quantity compos'd of five Terms to a Square, one of theſe two 
things is abſolutely neceſſary , viz. either the firſt Term muſt be a Biquadrate , or elſe 
the laſt Term, to wit, the abſolute number, muſt be a rational Square, Likewiſe, in equa- 
ting a quantity conſiſting of four Terms to a Square, one of the extremes muſt be a Square. 
And laſtly , in equating a quantity of four Terms to a Cube, one of the extremes muſt be 
a Cube. 

III. When a quantity compos'd of five Terms is given to be equated to a Square, and 
the firſt Term is a Biquadrate , bur the abſolute number , that is , the laſt Term, hath not 
a rational ſquare Root , then the fide of the Square muſt be feigned ſo , as that in the Square 
it ſelf there may be found the ſame numbers of aaa, aaa and a4 as are in the quantity 
given ro be equated , to the end that thoſe three firſt Terms may by ReduRtion deſtroy 
one another, and conſecuently an Equation remain between ſome number of a and an 
abſolute number, whence the value of the Root a, if it hath any poſſible value, may be 
expreſſible by ſome rational number either affirmative or negative ; but how to feign the 
ſaid ſide ſo as to cauſe that eftet , the following Propolition and Canen will ſhew , where 
ro evidence the certainty thereof, I ſhall aſſume 5, c, 4 to ſtand for Coefficients or known 
numbers prefixt to aaa, aa and a, and 7 for the abſolute number, ( or laſt Term,) 
which in this caſe 1s: ſuppoſed to have no rational' ſquare Root. 


PROP. 


Is —_— RY be given to be equated to *. acts becoces 4: ledon=0 
3 s Ly * -* « ” Li . * oy » oy 


CANO MN. 


2. When Zc exceeds $66, then let the ſide of the : Hp 
Square fought] be feigned . .:. . » » » 4aT-:0a-|-36 — $bb 

3. But if 36bþ exceeds *c, then let the ſide of the 
TSR - . » ,- .- - ©» © 'c 


Examples in Numbers. 


Thb — 36 — Zbs — 44 


j g L hi o . 
4+ Let this quantity be given to be equated to a anne |-4444-|-6as-[-24-|-7=0 


2 _ RE rm 
Fo —_, px 8 ' m_— 3bb , viz. half 6 ex-, 
ceeds 2 of the Square 0 the firſt part of the > aa 2a +1 
Canon gives this Cignel lide of a ns, 7 _ ode 
6. Then by equating the Square of the {aid lide a4 24-1 to the given quantity 
aaan + 444a + 64a + 24+ 7, the value of 4, atter due ReduQion, will be found 3, 
by m_ if wy given quantity be reſolved, it makes the Square 2 56, whoſe [ide is 16. 
» Again 
7 . S G "a b x —_— " _ _y " n—_— aaaa+44a444-2a4—64+11=0 
3, Here , becauſe $bb exceeds ic , viz. + of the 
Square of 4 exceeds the half of 2, the latter part of > 3, — 2.4 — 44 
the Canon gives this feigneg ſide of a Square , viz. © 
I x Then 


| 


1 
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per nn n———_—_— 


J 9, Then by equating the Square of the ſaid feigned fide 1 — 24 — aa to the given 


quantity aaaa + 4444 + 244 — 6a + 11, the value of the Root 4 will be faund F, 
by which if the given quantity be reſolved it wakes the Square 1156, whole (ide is 34. 


|V. When a quantity compos'd of five Terms is to be equated to a Square, and the 
the firſt Term is not a perfe& Biquadrate, but the laſt Term , that is, the abſolute number 


k45quare , then the [ide of a Square muſt be feigned ſo, as that in the Square ir (elf there 
JI my be found the fame numbers of aa, 2 and ablolure number , as are in the quantity given 
I tbe equated , to the end that thoſe three laſt Terms by due Reduction may vanith our 


of exch part, and an Equation remain between ſome numbers of aaaa and aaa, whence 
the value of the Root 4, if it hath any poſſible value , may be exprellible by {ome rational 
mmber either affirmative or _— But how to feign the ſaid (ide fo as to cauſe ſuch 


1 neffeR, the following Propolition and Canon will ſhew ; where to evidence the certainty 


thereof, I put b, c, d to ſtand for the Coefficients or known numbers prefixt to aaa, aa, A; 


| a, rr ( whoſe lide is 7) for the laſt Term, which in this Caſe is a rational {quare 
] nober, and f, which is prefixt to aaaa , ſtands for a number not a Square. 


P &K © F: 
1, Let this quantity be given to be equated We faaaa bans + caa-[-da rr = 2 


$SQUErE, Vie © <- o- © ©» + © 8 
CANOM, 


1 When 4cyy exceeds dd, then let the fide of } 4cr —dd \, 4d 
the Square ſought be fejigned . . . » © $rrr aa” Sls 
But if dd exceeds 4qcrr , then let the (ide of = ref Mgr 
Square be feigned «© « © ++ +: « 1 
Examples in Numbers. 


3 Let this quantity be given to be equated 
2 Square, Wh. s » » » » x '& 

4, Here , becauſe 4cyr exceeds dd, viz. four 
times 19 x 9 x 9 exceeds the Square of 6,( _ 
the firſt part of the Canon gives this feignedp 5 I 34-3 
ſide of a Square, Viz. «© , « » +» » 

5. Then by equating the Square of the ſaid lide 342-]- 34-]- 3 to the given quantity 
Ioggan | 4444 + 1944+ 644-9, the value of the Root 4 will be found 2, ac- 
cording to Which the ſaid given quantity being expounded makes the Square 289 , whoſe 
ide is 17. 

6. Again , let this quantity be given to be equa- 
tal © 2 Sat, We » - + «© © 

7. Here, becauſe dd exceeds 4crr , viz. the 
Square of 6 exceeds four times 3x1x1, 
the latcer part of the Canon gives this 
feigned [ide of a Square, viz. « » « +» 

8, Then by equating the Square of the faid fide 1 -|- 34— 344, to the given quantity 
2 4444 -|- 3 aa4 + 3aa—| 6a-)-1, the value of the Root 4 will be found 3 ac- 
cording to which , the ſaid given quaniity being expounded makes the Square 289. 


I 0aaaa-|- 4444-1 94aa4-6arj-g = 0 


2 aaaa | 3a4a-3aa-1-6a-|-1 = 0 


I | 34 — 344 


V. When a Quantity compos'd of five Terms given to be equated to a Square is ſuch, 
that the firſt Ferm 1s a Biquadrate , and the Jaſt Term ( that is, the abſolute number ) hath 
a rational ſquare Root, then the fide of a Square to be equated ro ſuch Quantity may be 
varied fix ſeyerel ways , { including into this number the two laſt preceding Canons, ) by 
every one of which the value of the Root 4 may oftentimes be found out , and expreſt 
by a rational number eicher affirmative or negative, . To evidence this, I (hall ( as before) 
put b, c, d to ſtand for the Coeflicients or known numbers prefixt to aga, 4a and 4 ; and 


!r (whoſe lide is r,) for the rational ſquare number which is the laſt Term, As, for example, 


= makes qr be propos'd to be equated to j e446 + bang d- canrhodadorr 
1, Then to the end that 4444 + da j- rr may be p 
found in a Square to be equated to the quantity > #44 m_ 045 7 


propoſed, the (ide of that Square may be feigned | 
| | 2. Or, 
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OD — 


3. Again, that caa--da+-rr may be found in a Square 


oo  ——————_——_—_ 


a 


2. Or, to cauſe the ſame effe& , the ſide of the ſaid pode La—as 
2 


Square may be feigned 


to be equated to the quantity propoſed, the [ide of ſuch army — dd 
0777 


Square , when 4crr exceeds dd, may ( agreeable to aa |- LE +# 
the Canon in the preceding Sef&. 4.) be feigned . 

4. But to cauſe the ſame effect, if ad exceeds 4cy7 , then 
then ler the fide of the Square be feigned , . . 


'5. Again, that aaaa + baaa -|-77 may be found in 2 


»+- La. 4 —4or,, 
27 Cry 


Square to be equated to the quantity propoſed , Jet 
the fide of the Square be feigned . . . . . . 
6. Or, to cauſe the ſame effe&, the [ide of the ſaid Square 
1 may be feigntd  « © « » + » +» + » 
7. Again, that aaaa + baaa | caa may be found in- 
a Square to be equated ro the quantity propoſed, the 
ſide of that Square, when $c exceeds z6b, may (agree- 
able to the Canon in Set. 3.) be feigned . . . . 
S, But, to cauſe the ſame effe& , it gbb exceeds Zc, let the 
fide of the ſaid Square be feigned . . . . b 


aa + tha br 


: aa + iba —r 
aar+ iba + 3c — £bb 


2hh — 3c — Sha —4a6 


Examples in Numbers of the preceding ſides of Squares expreſ# by Letters, 
Let this quantity be propoſed to be equated 


LET. Vit. '- © ©. « © © 

x. Then fuppoling 6, c, d, 7, to ſtand for 4, 10, | 

20, 1, the firſt of the preceding literal rae aa |-10a+r 
RE foes > eo s © » o ©» © 


The Square of which ſide a -]- 104 1 being equated to the propoſed quantity 
aaan | 4aaa- 10aa-|- 2044-1, there will ariſe, after due ReduRion, 164484 = 
— 9244 ; Whence by dividing each part by 1644, there comes forth — = for the value 
of the Root a, according to which, the propoſed quantity being expounded will give the 


£ aaaa+4-4aaa+Ioaa20a-bi=0 


Square £*2£++ , whoſe (ide is 225. 
2. Again, the third literal ſide gives , > 1 +104 — 44 

The Square of which fide 1 + 1c4 — 44 being equated to the propoſed quantity 
aaaa + 4aan +-1Caa + 204 + 1, Willgive 4 = ++, according to which , the lame 
quantity being reſolved, makes the Square of £*Z, 


3. Again, becauſe in the quantity propoſed, dd 
exceeds 4crr, the fourth literal ſide gives . 
The Square of which fide 1 4+ 1c4 — 45 44 being equated tothe propoſed quantity 


aana + 4a4a +- 10aa + 204+ 1, Will give a= 42, according to which , the ſame 
quantity being expounded makes the Square of the fide. 222228, 


| a —— 


4+ Again, the fifth literal ſide gives . . «> aa+24 +1 


The Square of which {ide a4 4+ 2 4 4+- 1 being equated to the propoſed quantity 4444 
+ 4aaa + 1044 +204 +1, will give 4 = — 4, according to which , the ſame 
quantity being expounded makes the Square 81. 


5. Again, the ſixth literal ſide gives . . > aa{-24a—rx 
The Square of which fide aa -|- 24— 1 being equated to the propoſed quantity 4444 
+ 4aaa + 1044+ 204 + 1, will give a=— 3, according to which the ſaid quat- 
tity being reſolved makes the Square 4. 
6. Laſtly , becauſe Zc exceeds 244, the ſeventh 
literal ſide gives >” ky —=——— 'F ———F 
— The Square of which fide az + 24+ 3 being equated to the propoſed quantity 444 
+ 4444 + 1048 +204 +1, Will give 4=1, according co which the ſame quantity 
being reſolved makes the Square 36. 
YI, Some- 


A cam oo—_— I I—_ po 


3 


i 


F 
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4 
1 


| quntity propoſed will give this fruitleſs 
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YI, Sometimes, when a quantity compos'd of five Terms is equated to a Square 


1 firmed from one of the eight lireral (ides before expreſt in Se V. no value of the Root 4 
| cher afficmative or negative can thence be diſcovered. As, for example, | 


If this quantity be propos'd to 
nated ro a Square, Viz. « « «» 
The Canon in SefF. III. ( or the ſe- 


PR adttl-1Bac2-[-12046-[-35 14-1579 =0 


! enhliteral ſide in SefF. VI.) will gies aa + 9a-|-195 


this feigned (ide of a Square, viz. 


The Square of which (ide TY aan | 1844 12040 Þ 35104 5 


DS 5 a + Se. 
Which Square being equated to the, 
1238% = © 
nd abſard Equation, viz. ,  , , | 
VII. When negative Terms are intermingled with affirmative, in a quantity com- 
xd of five Terms given to be equated to a Square, the fide of the Square, ( when ſucft 


7 nfquation is poſſible ,) ſhall be one of rhe eight lireral ſides before expreſt in Seb, V. 
| ſing thar one, and ſometimes two of its ſigns + muſt be changed into —, As, 
1 fr example, | 


If 4444 — Ba4a -|- 2844 — 40a + 4 be given to be equated to a Square, it may 


] krariouſly done, in regard the extremes aaa and 4 are Squares. Firſt then, I imagine 
1 4 the Terms of the propoſed quantity to be affirmative , fo it will be aaaa + 8aas + 


$14 404 + 4 ; now to feign the lide of a Square, that aaa4+-8444-4-4 may by due 


RduRtion vaniſh out of each part , the fifth literal fide in Set; V, being reſolved into num- 


bes will give 4a + 44 4+ 2 for the feigned ſide; but here two of its ligns + muſt be 


7 changed into — that in its Square there may be tound aaaa — 84aa + 4 to deſtroy 
7 «u— 8444+ 4 in the quantity given to be equated , to which end, the ſaid (ide a4 + 


444-2 muſt be converted into 44—44—2, and then the Square of this {ide being equated 
bthe propoſed quantity 4444 — 8444 + 2844 — 404 4 will give 4=2 

Again, to feign the {ide of a Square to be equated to the ſame given quantity aaas — 
lus + 2844 — 404-44, fo, as to deſtroy the firſt , ſecond and laſt Terms in each 
put, the firſt of the licera) ſides in SetF, V. being reſolved into numbers, gives a4 -+ 1 04 
+2 for the feigned (ide, it all the Terms of the given quantity were affirmative ; but 


7 tht 4444 — $4aa-+ 4 may vaniſh out of each part, the ſaid ſide as +- 1 04 + 2 muſt 
1 changed into 44 — 104-2 , and then the Square of this {ide being equated to the 


Men quantity 4444 — $444 + 2844 — 404+ 4, Will give 4=22. 


Again, to feign the (ide of a Square to be equated to the ſame given quantity 4444 — 


Me + 2844 — 404 + 4, in ſuch manner that a44s — 404+ 4 may vaniſh out of 


ech part , the firſt of the eight literal ſides in Self. V, being reſolved into numbers, gives 


u+104 + 2 for the feigned (ide, if all the Terms of the given quantity were affirma- 
te; but that 4444 — 404 + 4 may be expunged out of each part, the ſaid fide aa + 
108-42 muſt be changed into 2 — 104 — 44, and then the Square of this (ide being 


cuaed to the given quantity 4444 — Baaa + 2 84a — 404-4 , will give 4 = —*Z,. 


Other (ides might likewiſe bc feigned, as is evident by the foregoing SetF, V. and to him 
tht is a little exercis'd in this Method it will not be difficult ro change the Signs in any 


poſiible caſe, 


VIII. When a quantity confiſting of five Terms is to be equated to a Square , and 
"Me or more values of the Root a are found out, either affirmative or negative, by the 
Rules before given , you may from every one of thoſe Primitive Roots or values, find out 
her values of the Root 4, even as many as you pleaſe , which latter, Fermat calls De» 
tive Roots of the firſt, ſecond, third , &'c. degree. As, for example, 


Tofind a Derivative Root of the firſt degree out of the quantity 4444 + 4444 += 1044 


+204 + 1, before propoſed in SefF. V. to be equated to a Square, take one of its Pri- 


| Mitive Roots there found out, to wit, — 3, and conne& it to 4, ſo it makes a— 3, then 


Nitead of 4 take 4 — 3 for a new Root , according to which the propoſed quantity 
Mia + 4444 -+- 1044 +204 þ I Will be converted into adae — 5444 + 2 844 — 
4944 4, as here you ſee , 
| Y __ 
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aaaa \anaa — 124aa +5444 — 1084+ 8 
gaaa | {| 4aaa— 364a-|-1084 — 108 
1044 + 1caa — 6oaÞ 9go 
204 | 204 — 60 

I 4 
\|Suram, auaa — B8aas -|- 2844 — 40a 4 


This ſumm muſt be equated to a Square, whoſe ſide ( as before hath been ſhewn in 
Set. 7.) may be feigned 42 — 44 — 2, the Square whereof being equated to the faid 
ſumm will give 4 = 2 ; but becauſe the new Root was put 4— 3, our of 2 ſubtract 3, 
and there will remain + for a ſecond value of the Root 4 in the propoſed quantity aana 
4aaa | i048 204-1, which ſecond value may be called a Derivative Root of the 
firſt degree. y 

In like manner by the help of the ſaid ſecond value 3 you may find out a third, by 
joyning & to 4, and taking 4-7 for a new Root, according to which, the giyen 
quantity 4444 | 4444 + 1044 2ca-|- I will be converted into aaaa | 6aaa+ 
2L1a + $24 + #4 to beequated to a Square , the fide whereof may be feigned as + 
23a + *£, ( agreeable tro the fifth literal ſide in Sef. 5. ) the Square whereof being equa- 
ted to the given quantity, there will thence ariſe 4 =— 11, therefore the new Root 
4 + + gives 4 = — #7 for a third value of the Root & in the given quantity, that is, 
a Derivative Root of the ſecond degree. | 

Nor will the Operation be otherwiſe to find out a fourth value, or derivative Root of 
the third degree, by putting for a new Root 4 — #2, for according to this, every mem- 
ber of the propoſed quantity 4aaa |- 4444 + 10444 204 1 being reſolved , there 
will come forth aaas — 3 844aa+ *22Laa — $225 g |- 2532 this ſumm is to be 
equated to a Square , whoſe {ide may be teigned a4 — 194 — *£3, and the Square of this 
ſide being equated to the ſaid ſumm will give 4 = #25, from which if you ſubcra& ==, 
( becauſe the new Root was put 4 —=**+,) there will remain 2+ for a fourth yalue of 
the Root &, that is, a derivative Root of the third degree , out of the quantity firſt pro- 
poſed to be equated to a Square, 

| Laſtly, as by the help of one of the primitive Roots of the propoſed quantity a4a« + 
4aaan|- 1044 204 -|- 1 other Roots have been derived, ſo by the help of any one 
of the reſt of the primitive Roots of the ſame quantity , found out in the Examples of 
Seft. 5. you may proceed to find out other derivative Roots, but ſometimes you will meet 
with fruitleſs Equations. 


IX. A quantity compos'd of four Terms may be equated to a Square , when either 
= abſolate number,, that is, the laſt Term is a Square , or the firſt Term a Biqua- 

rate. | 
- Firſt, let 20444 544 -|- 40a 16 be given to be equated to a Square. Feign 
the {ide ſo, that 4o04-|- 16 may vaniſh out of each part , to which purpoſe , let the (ide 
be 544+-4, (5 being the Quotient that ariſeth by dividing 4o in the 44, by 8 the 
double of the ſide of the given Square 16; ) then by equating the Square of 54 4 
to the given quantity 20444 + 544 + 404 + 16 you-will find 4— 1-, according/to 
which, that quantity being reſolved makes the Square 81. Now to find a ſecond'value. 
of the Root 4, you may put for a new Root 4 + 1, according to which, the given 
quantity 20444+ 5444-40416 Will be converted into 20444-+6 5444-1 104-+8L 
to be equated to a Square, the {ide whereof, (that 1 1 04 += 8 1 may vaniſh out of each part,) 
may be feigned +542 4-9, whence after due ReduRion, there will ariſe 4 = — **; 
therefore # + 1 (which was put for the new Root.) gives 1 — +42, that is, = for a ſecond. 
value of the Root a, ( or a derivative Root of the firſt degree,) and by putting a+3? 
for a new Root you may find out a third value, and ſo infinitely. | 
Secondly , an Example where the firſt Term is aaaa may be this, viz. Let a4aa+ 
4444 — 344+ 24 be given to be equated to a Square. That aaaa -+ 4444 may vanilh 

out of each part , feign the ſide of a Square.to be aa +24, ( 2 inthe 24 being the 
of 4 prefixt to aaa in the given quantity ; ) then the Square of aa 4- 24 being equated 
tO aa4d + 444d — 3aa + 24 Will give a=; and to find out a ſecond value of 4 you 

may.put 4+; tor a new Root, and proceed as in former Examples, Third] 

| . Ir0}y, 
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Thirdly , alchough ſome intermediate Term be omitted ih a quanticy compos'd of four 


1 Terms, ſuch quantity may be equated toa Square : 'As, [0 equate 542444 -|- 16444 | 2 444 
| +16 to a Square, you may feign its [ide ro be 344 +4 , ( 3 in the 3aa being the Quo- 


tient that ariſeth by dividing 24- which is prefixt to aa in the given quantity , by $ the 
loyble of the {ide of the given Square 16, ) and thence the value of 4 will be found 4; 
then you may put 4 + 4 tor a new Root to find out a ſecond value of a, * | 

In like manner, if 4444 + 6044 + 8c + 50g be propoſed to be equated to a Square, 


{ youmay feign its fide to be aa + 30, ( Zo being the half of 60 which is prefixt to as 


n the propoſed quantity, ) whence you will find a= , and for a derivative Root you 
may put an F. '# |  F-4b5 oe EE SIEES $13 , 

X, A Quantity compos'd of four Terms may be equated to a'Cube , when either the 
jſolute number , ( that is , the laſt Term, or the firſt; Term is a perfe& Cube. 

Firſt, let 2444 | aa + 34-|-1 be given to be #4 ro a Cube. That the two 
kt Terms may vanith out of each part, feign the (ide of a Cube to be a+|- 1, ( 1 being 


the fide of the given Cube 1, and « being the Quotient that ariſeth by dividing 34 in. the 


given quantity by 3 the triple Square of 1; the cubick Root of the given Cube -1,) then 


the Cube of @-|--1 , that is, aaa} 344+ 34 1 being equated to the given quan- | 


ty 24444 aa + 34+ 1, will give 4= 2; then to find out a ſecond value of 4 you 


/ mayput. 4+ 2. for a new Root. h 


Secondly , bur if the firſt Term be a rational Cube as, If 8aaa - 2444 -|- 24 -|- 48 


| kegiven ta be equated to a Cube ; that the firſt and ſecond Terms may vaniſh out of each 


ut, feign the {ide of a Cube to be 24-2, ( 24 beiog the. fide of the Cube 8 aaa, 
ud 2 being the. Qyotjent that ariſeth by dividing 24 which is prefixt to aa, by 12 
he triple Square of 2 the cubick Root of 8 in 842 3) then the Cube of 24k. 2 being 
equated to the given quantity 8444] 2444 24 48 , will give 4=#2, whence 
you may find out derivative Roots as before. / ; 


(NI. IF the firſt Term of a Quantity compos'd of four Terms giyen to be equated 
"a Cube be a rational Cube, and the Jaſt Term, to wit , the abſoJute number be alſo 
iCube , then thar given Quantity may be equated to a Cube in a threefold manner. | 
As, for exampie, if- 444 24a 44 +1 be propoſed to be equated ro a Cuhe ; 
fiſt, that the firſt and laſt Terms may vaniſh out of each part, feign the (ide of the Cube 
tobe 4+ 1 , (which is compos'd of the cubick Roots of qas and 1 3 then the Cube 
o 4-1 being. equated. to the quantity proppſed will give 41, Secondly , that 
the firſt and ſecond Terms. may vaniſh out of each part , you may feign the fide to 
te «1-2, ( 4 being the ſide of the Cube aaa, and 5 being the Quotient that ariſeth 
by dividing 2 which is prefixt to-a# , by 3 the triple Square' of the cubick Rot of 1 
which is prefixt tO 444, ) whence 4 = — 7%. And Jaltly, that the third and fourth 
Terms may vaniſh, .you may feign the ſide ro be Fa 1, ( 1 being the ſide of the 
given Cube 1 , and £ being the-Quotient that ariſeth by dividing 4e by 3 the triple 
Square of the cubick Root of the given Cube 1 ,) whence a = 33 ; and by the help 


& thoſe three primitive . Roots 'you may find . out derivatives, in like manner as be- 


fore. | 
X11. Sometimes when a Quantity compos'd of four Terms, - whereof one or both 


| the extremes are Cubes , is to be equated to a Cube , no value of the Root & either 


dirmative or negative can be found out by any of the Rules betare delivered. | 
As, if 4448 -|- 344 + 34-1 be given to be equated to a Cube, its (ide can only 

be feigned a—{-1', the Cube whereot being equated to the given quantity will give 

J44& —=0, and therefore the given quantity cannor be.equated to a Cube. l 
Alſo, it aaa-\- 244+ 34+ 1 be to be equared to a Cube, there can but one pri- 


\ litive Root be found out, alttiough there be a threefold way of teigning the (ide of the 


Cube according to Set?. X 1. which primitive Root will be diſcovered trom the feigned 

ide 4-4þ- =, but neicher of the other two ways will prove efteAual. oa 
I ſhall now add a few Queſtions to illuſtrate the foregoing Third Part of Fermat's 

Ihyention, and fo conclude this Book. 7% | 
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2U ES ; of I'27, 
( The ſame with the foregoing Queſt. 105, but reſolved after andther manner. ) 


To find a right-angled Triangle , that the Area being ſubtracted as well from the 
Hypothenuſal as from one of the ſides about the right-angle, each remainder may be 


a Square. | 
RESOLUTION: 


"1, Let b, b, þ repreſent the Hypothenuſal , Baſe and Per- 
| pendicular of a right-angled Triangle in numbers. Divid 
thoſe three (ides ſeverally by 4, and put the Quotients for 
the three (ides of. the Triangle ſought, 9iz. .  : . . 


2; Then by ſubtraQing the Area 2, as well from , (one) TS | 


o 
Y « 
RY ON DEI TITEIS 4 Aut re th X _ 


A 8 1 
EC a 


of the ſides about the right-angle, as from the Hypothenuſal | y, —*» — 
-, each remainder muſt be equal to a Square , and by C ha— i= 0 


multiplying each remainder by the Denominator as , this 
Duplicate equality arifeth, #7. . . *. « « «© « » 

3. Ler the firit of thoſe two quantities be equated to ſome ba—*bp = bb 
LSE i. co. 2 +» + . +» 0o'q + EV 

4. Whence, after due ReduQtion , . + TE Wap 

5- Therefore by multiplying h.into þ- 3p, ( inſtead of a, ) q 
the latter of the two quantities in the ſecond ſtep , will beC 4th 4p = | 
converted into this quantiry, which muſt be equated tro op — = 
a Square, —_—_——F-e:oo.-oe 0 


6. Now ſince h, b, p, were put for the vs wm , Baſe and Perpendicular of a right- 
angled Triangle , the quantity in the fitth ſtep ſhews thar a right-angled Triangle muſt 
be tound out ſuch, that if the Hypothenuſal be multiplied into the ſumm of one of the 
fides about the right-angle and half the other (ide, and the Produ be leſſened by the 
Area, the remainder muſt be a Square : But ſuch a right-angled Triangle, by Fermat's 
method, (before explained,) may be found out thus , viz. | | 


7. Form a right-angled Triangle from two num- X aa + 24-2 = Hypoth, 


bers taken at pleaſaure', as from a-|-1 and 1,> aa-+ 24 — Baſe, 
ſo the three (ides will be theſe, viz. . . —+ 24-|-2 = Perpend. 


8. The Produ& of the Hypothenufal into the fumm 
of the Baſe and half the Perpendicular is C anna -|- Faan + gaa- SaÞ3 
. + aaa+ 3aaÞ24 


9. The Area is 1%% ZE ITWM NEG. 

10. Which ſubtracted from the ſaid Produt leaves 

this quantity to be equated to a Square , v2. <444-1-4444-6a45-6a52 = 

11. Feign the fide of that Square, (according to the 
7" literal ſide in the foregoing Set. 5, Parr 3.) jo 45-281 

I 2. Thenthe Square of the ſaid ſide a4+|- 24 + 1 being equated to the quantity in the 
tenthſtep will give: a = —7 , therefore a -- 1 and 1 the numbers forming the Triangle 
ſhall be ; and 1, or (in Integers in the ſame Reaſon) 1 and 2 , by which, it a right-angled 
Triangle be formed, one of the ſides about the right-angle will be leſs than nothing, to wit, 
—3z (forthe Square of 2 is to be ſubtraed from the Square of 1, becauſe 1 and 2 anſwer 
to a-j-1 and 1 the numbers that formed the Triangle in the ſeventh ſtepz ) to cauſe there- 
fore all the (ides to be affirmative, the work muſt be renewed in manner following, vi% 


13. Let a right-angled Triangle be formed from : aa 2a-|-5 — Hypoth, 


a1 and 2, fo the three ſides will be theſe, > aa + 24—3 = Bale, 
—- -\. -- -. . - - I 44-|- 4 = Perpend, 
14. The Produt of the Hypothenuſal into the | 0 
ſamm- of the Baſe and half the Perpendicular is c a1: 6. nd WrcaeR a dia 
15. Thc AfReNS .. ./.*.. » . 0 - o  oÞ'o 0 oo 24444 Cag— 24-6 
16. Which being ſubtraQed from the ſaid ProduR, BN! 
leaves this quantity to be equated to a Square,vsz. C © T-4444]-6444-204T-I=0 
I7. The 
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| 17, The (ide of that Square may be variouſly feigned, according to the 
| preceding ett. 5; ) let it be the ſecond literal lide in that Set VIZ, 1 | ICA— 44 
18, Then che Square of the ſaid fide 1 -þ- 104 — aa being equated to the quantity in thie 
ſixcenth ſtep will give 4 = 25 ; therefore 4 -{- 1 and 2 ſhall be 42 and 2, that is, 
in Integers in the ſame Reaſon, 29 and 12, by which if you form a right-angled Tri- 
angle, the three (ides will be 985, 697, 696, that is, h,b, p. then according to the 
Poſitions in the firſt ſtep, divide every one of thoſe ſides by 1045 , that is, by 6 |= 2p 
= 4, (as appears by the fourth ſtep,) ſo the Quotients 5225, -422, 752% (hall be the 
fides of a right-angled Triangle to ſolve the Queſtion : For if the Area be ſubtracted 
from the Hypothenuſal 735+ and the Baſe £32 ſeverally , the remainders will be the 


1 Squares of theſe fides 5££3 and 7£32, 


| And becauſe the quantiry in the fixteenth ſtep is capable of being equated to innumes 
nble Squares , ( according tg the Method before explained, ) che Queſtion is alſo capable 
| 


ef innumerable Anſwers ; but in Jarger numbers than thoſe, that may be found out by the 
ſregoing 2xeft. 105. which is the ſame with this, 


— a ” 


LUEST. 128. ( Probl. r. incap. r. part. 1. Dzoph. redivivi. ) 


To find a right-angled Triangle, that if the double of its Area be ſabtraRted from every 
| meof the three (ides, the remainders may be Squares: | 


RESOLUTION. 


1, Let b, p, þ repreſent the Baſe, Perpendicular, and Hyothenu- 
of 2 right-angled Triangle. Divide thoſe (ides ſeverally by a, 
and aſſume the Quotients to be the three lides of the Tri- 
myo (Rn , VIE oi oo oc $6 4 66:6 > 4 


1, Then by ſubtraRing the double Area X from every one of } 


| = 0 
thoſe thiree (ſides, the remainders muſt be Squares, and multi-% pa — bp = 09 
tplying the remainders ſeverally by the Denominator aa,t ha—bp = a 
this Triplicate equality ariſeth to be reſolved, viz. . ; . 
3 Now in order to reſolve that Duplicate equalicy, let the firſt2 ,, _, __ 3b 
of its three quantities be equated ro ſome Square, vz, lappoſe © wg 
4 Whence, after due Redution to find out the value of 4, you? , _ b4- 
will diſcover . o . o . . $:=Y . @ @: &: 0 'c ER P 
5: Then by multiplying & + p, inſtead of a, into p, the ſecond * | 
of the three quantities in the ſecond ſtep ( ro wit , pa — bp, ) by ah pp— by =oO=pp 


|—_— 


|; 


: 


will be converted into this quantity, which is manifeſtly 
dee, Se > ie CE 4 eee eee ei. 2 

6. And by multiplying 4 -þp, inſtead of 4, into þ, the third / | ; | 
quantity in the ſecond ſtep will be converted into this quan- > hb + hp — bp = © 
tty to be equated to a Square, Vis. . . +» + » » «©, | - 

7. Thus the Triplicate equality in the ſecond ſtep is reduced to a Duplicate equality in the 
fifth and (ſixth ſteps., and becauſe the firſt of the two quantities inthat Duplicate equality 
happens to be a Squiate, to wir, pp, it remains only to equate hb -þ- hp — bp (in the ſixth 
ftep, ) to a Square , which diſcovers the Scope of onr fearch muſt be this, 2z. to find 
a right- angled Triangle, ſuch, that if the Hypothenufa] be multiplied by the ſumm of the 
ſides about the right-angle , and the Produ be leſſened by the double of the Area , the 
remainder muſt be a Square : But ſuch a right-angled Triangle may be found our thus,vzzs 


8, Form a right-ang!ed Triangle from two num- / aa + 2a-+ 5 = Hyp. 
ts taken at pleaſure, as from 4a-j-1 and 2, aa 24—3 = Baſe, 
” = three (ides will be theſe , _— — -|- 44-4 = Perp. 
9. The Product of the Hypothenufal into the | | | | 
ſurm of- the Baſe and Perpendicular 4 © ——_— — 
10. The double Area is . . . . +» + +» > «© «© + 4444 + 1244 — 44 
11, Which ſubtracted from the ſaid ProduQt , 
leaves this quantity to be equated to a Square, > a##4-|-4444-}-6an4-3 64-17 = 0 
> Wi a 2 dS &@-2 ©. © Ou RES 


12. Feign 


8 
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12, Feign the (de of that Square according to the Canon in the Þ Wy 
Cn Gol 3. Part 3. and it will be ..  . « . .. + aa -2a-|-1 

I 3-. Then the Square of the ſaid fide aa + 24 + 1 being equated to the quantity in the 
eleventh ſtep, will give 4 = — 2 ; therefore a +1 and 2, the numbers forming the 
Triangle in the eighth ſtep, ſhall be Z and 2 , or, (in Integers in the ſame Reaſon, ) 
x and 4, by which if a right-angled Triangle be formed , one of the = about the 
right-angle. will be leſs than nothing, to wic, — 15 ; ( for the Square of 4s to be 
fubtrated from the Square of 1 , becauſe 1 and 4 anſwer to a-|-1 and 2, the num- 
bers that formed the Triangle in the eighth ſtep, where a-|-1 was ſuppoſed to exceed 2.) 
To cauſe therefore all the lides to be affirmative, the work muſt be renewed thus , +;z, 

14+. Form a right-angled Triangle from a + 1 pr - ja 5d mY —_ 

and 4, fo the three (ides will be theſe, 222. + th ES Perp. 

15.-The Produt of the Hypothenuſal into the | | Y 
__ of the Baſe and Pependicalar is anan_—I 2448-3 0aa-.-1 564—11g 

16. The double Area is . ... + .: + «. «> » . þ 84444-2444 —1044—120 

17. Which ſubtraed from the ſaid Product, | | 
leaves this quantity to be equated to a Square, > aaaa-|-4aae|-6aa-[-2 604-1 = g 
VI «© E_WL__—> 2c © 0-9 © is ; 

18. The ſide of that Square may. be variouſly 
feigned, ( according to the preceding Set. V.) 
let. it be the ſecond literal fide in that Set. 
TE os oi © — ©..:0 20 | e443 

19. The Square of the ſaid {ide 1 4-1 304 — 42 being equated to the quantity in the 
ſeventeenth ſtep, will give 4= #4 , therefore a+ 1 and 4 ſhall be #32 and 4, 
or, ( in Integers in the fame Reaſon, ) 4289 and 4223 , from which , a right-angled 
Triangle being formed , the three [ides will: be 18465217, 18325825, 2264592 , 
that is,' b, b, p : Then according to the Poſitions 1n the firſt ſtep , divide thoſe three lides 
ſeverally by 20590417, that is, by b+p—#, (as is evident by the fourth ſtep, ) ſo 
the Quotients 23353717 » 20555477 » 20550417 hall be the lides of a right-angled 
Triangle to ſolve the Queſtion , as may ealily be proved. | 
Vote 1. Although 7, A be truly ſolved, yet 'tis evident that it was by chance 

that the Triplicate equality in the ſecond ſtep came to be reduced to a ſingle equality'; for 

if the quantity to þe equated to a Square in the fifth ſtep, had not happened to have been- 

a Square, there would have been an inexplicable Duplicate equality, - | 

| Nvte 2, It is cafie to perceive by the ſecond, third and fourth ſteps , that inſtead of bp 

the double Area , the Produ&t of bp multiplied by any ſquare number may be given in the 

Queſtion : As, if it were required to find out a right-angled Triangle, that 4bp, that is, 

eight times the Area being fubtraRed from every-one of the three {ides may leave Squares, 

ou need anly ta multiply the Denominator 20590417 of the three ſides before found 
dy 4, without altering the Numerators ; or, if 94p, that is , eighteen times the Arca, were 
preſcribed, then to multiply the Denominator by g. : | 


I = 1304—aa 


—_— 


——__ 


DUVEST. 129. ( Probl. I. In Cap. 2. Parts I. ;Dioph. redivivi ) 


To find a right-angled Triangle , that the Produ&t of the Hypothenuſal into one of the 
oo about the right-angle, being ſubtracted from every one of the three ſides, may Jeave 
quares. 


RESOLUTION. 
7, Let bh, 6, p repreſent the Hypothenuſal , Baſe and Perpendicular > n Nl ' 
of a right-angled Triangle, and for the three ſides of the Triangle> — ; -=- , - 
ES ST HY oa 3 A © +8 


2. Then from 2 : ( the ProduR of the Hypothenuſal into the as, . | 
a — bf 


pendicular ,) ſubtra& every, one of the three ſides, and the re-t_ vin hp = 0 
mainders muſt be Squares ; therefore alſo thoſe remainders muhti- + bo'= 0 
plied into the Denominator a4 muſt make. Squares ; hence this 7 OW 
Iriplicate equality ariſeth ; viz. . .- ©» © « 4 0 -@ » 


Queſt. 130, Fermat's Analytical Invention. E 75 


3. Now in order ro reſolve that Triplicate equality , let the firſt 
of its three quantities be equated to ſome Square, vx. ſuppoſe 
Whence, after due ReduRion to find out the value of 4, you 
ll RET > oo an un  REEERHC 
1 5, Then by multiplying h | p, inſtead of 4, into b, the 
J ſecond of the three quantities in the ſecond ſtep will be redu-> Bb-[-hp—hp = 
1 ced to this to be equated to a Square, viz. , . , . . 
1 6, Likewiſe by multiplying h -|- p, inſtead of a, into p, the 
third quantiry in. the fecond ſtep will be reduced to this hp-l-pp— hy = oO =pp 
quantiry, which is manifeſtly a Square, 232. . . . . . 
, Thus the Triplicate equality in the ſecond ſtep is reduced to a Duplicate equality in the 
fifth and ſixth ſteps ; and becauſe the latter quantity in that Duplicate equality happens 
to be a Square, to wit, pp, it remains only to equate the former, that is, hb + bp — bp 
to a Square , which (hews that a right-angled Triangle muſt be found, ſuch, that if 
3 the ſumm of the Hypothenuſal and Perpendicular be multiplied by the Baſe, and from 
J the Product you ſubtra&t the Product of the Hypothenuſal into the Perpendicular , the 
remainder may be a Square :. But ſuch a right-angled Triangle may be found out thus, zz. 
{, Form a right-angled Triangle from a -|-2> 44-|-4a-| 5 = Hyp. 
and, , ( 2 and 1 being numbers taken aC —_—— 3-== Baie, 
24+ 4 = Perp. 


pleaſure,) ſo the three (ides will be thele, viz. 
9. The ſumm of the Hypothenuſal and —_— 401641 patsþ 3646-5 46h:57 
ndicular 15' . « +» 2444+ 1244-26420 


cular being multiplied by the Baſe, produceth 
. ”» - bd Gi - - . - 
1. Which latter Produ& being ſubtraQed from ja ac{tab$2rccotietoty = 


6 ha — hp ==> kh 


4s = hp 


10. The Product of the Hypothenuſal and Per- 
the former, leaves to be equated to a Square, 

1:, Feign the ſide of that Square according to Z 
the Canon: in the preceding Sef. III, Part 3.> aa+ 441-4 

"WT WwEHdH. ; v o - > j- « © : 

tz. Then the Square of the ſaid (ide being equated to the quantity in the eleventh ſtep will 
olve'a = — 7, and therefore'4 + z and 1, which were the numbers forming the Tri- 
angle in the eighth ſtep, thall be — 1 and 4, but one of theſe being negative, the work 
muſt .be renewed'; and now a right-angled Triangle may be confidently formed from 
4—Tr and 4, which Triangle being uſed like the former in the ninth, tenth and eleventh 
ſteps, ar length there will remain aaa#—44aaÞ-6aa—2 604-{-1 to be equated roa Square, 
the ſide ritfereof may be variouſly feigned , let it be 1 — 1394-{- 4a, then the Square 
of rhis- (ide being” equated to the ſaid! anus —'4aaa <= bas — 2604 | 1, Will give 
4=66 , therefore a — 1 and 4 the numbers forming the Triangle ſhall be. 6.5 and 4, 
by which if you'form a right-angled Triangle, the three ſides will be found 4247 , 
4209, 520, thats, h, 6, p, Then according to the Poſitions in the firlt ep, divide 
thofe three numbers ſeverally by 4761; that is, by þ + p = a, as appears by-the fourth 
ſtep; and'the Quorienes 454% , 4222 +_ £22 aſl be the lides of a right-angled Triangle 

to ſolve the Queſtion, as may eaſily be proved.” | | 


: 


DUVEST. 130. (Probl. 39. in cap, 1. part. 1. Dioph. redivivi.) _ 
To find a right-anpled Triangle, whoſe Area ſabtratted from' one of thie (ides abons 
the cight- angle , may leave a given number, ſappoſe 2\,*( or #7 oO 
RESOLUTION. 
lth, bp repreſent the Hypothenuſal , Baſe and -_ 
pendicular of -a-right-angled-Triangle;, then multiply thoſe - en 
hides ſeverally by mw = put the ProduQts for the lides 26 » be , þ 
of the Triangle ſought, vis... 2 «© © « go » ' 
2. The Area of which Triangle being ſubtrated-from one). 
of its ſides about the right-anple, ſuppoſe from be, mult ' 4. lee es 
_— remainder equal to the given number 2, ( or z,) a ED: 
ONT  - oo 6 SS SS IRRESSY 


3- Which Equation divided by 55p, gives - , s » 3 ... fl == if = If 
ih bp 29 
| . 4+ Now 


176 
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4. Now that the value of 4 in the laſt Equation may be expreſ- 
fible by a rational number, it is evident by the Canon in Sett, i o, 
Chap. 1 5. Book 1. that if the abſolute quantity in the Jatter abb — 2bpy _ 
part of that Equatior- be ſubirated from rhe Square of half — 
the Coefficient which is drawn into 4, the remainder muſt 

- have a rational ſquare Root , therefore . . . . . . . 

5. And becauſe the Denominator Zbbpp is a Square, it remains only 
ro equate the Numerator to a Square, therefore go 

6. Or, to avoid FraC&ions, let the ſaid 466 — j{6pr be multiplied 2 
by 4, and then it remains to equate . , . . » +. '$ : 

7. Whence it appears, that in order to ſolve the Queſtion propoſed, a right-angled Triangle 
muſt firſt be found , ſuch , that if from the Square of one of irs fides abont the right. 
angle , the Produ&t of the quadruple of the Area multiplied by the given number 3 
be ſubtraRed , the remainder may be a Square ; But ſuch a right-angled Triangle may 
be found out thus , v2z. we 


:bb — 3bpn = q 


bh — 2bpn =-0 


- $. Form a right-angled Triangle from two 
numbers raken ar pleaſure, as trom 4—1 = SN = ” = - _ 
= 4» ſo the three lides __ - _ Site © ns mk 


9. The Square of the-Baſe is . . . .> aaaa — 4444 — 2644 | boa 215 

10, The Produ& of the quadruple of the p p 
Area into the given number 2 is . . 'S « © I 32444 — g646— 4164-480 

11. Which Produ& being ſubtraRed from 
the ſaid Square of the Baſe , leaves this aaaa — 36aaa-|-70aa 1-476A— 255 
quantity to be equated to a Square , v5z. | EE ot. | 

12. Feign the ſide of the deſired Square to be > aa — 18a— 127 

23. Then the Square of the ſaid fide being equated to the quantity in the eleventh ſtep, 
will give 4 = — 4. But becauſe this value is negative, let 4— 4 be put for a new 
Roor, and according to that let all the members of the quantity inthe eleventh ſtep be 
reſolved ; ſo. this new. quantity aaaa — 52444 +5 9844 — 20684 +1521 comes 
forth to be equated to a Square , the ſide whereot may be feigned 39 —*23#a 4 as, 

| whence 4 = #2453%., therefore 4 — 4 (the new Root) ſhall be $2222, and therefore 

' 8— x and 4 the numbers that formed the Triangle .in the eighth ſtep ſhall be $2422 
and 4 ; or in Integers in the ſame proportion, 67609 and 1560. Wherefore the 
preparmory Triangle tormed from thoſe numbers, and agreeable to the Scope mentioned 
In the ſeventh ſtep, ſhall be 4573410481 , 4568543281 , 210940080 z For if its 

| quadruple Area be multiplied by the given number 2, and the Produd be ſubtraRted from 
the Square of the ſecond ide, there will remain a Square, whoſe ſide is 4125146321. 

14. Now let thoſe three ſides of the preparatory Triangle be taken for the valnes of 
h,b, p, and thegiven number 2 for », in the Equation in the third ſtep, then that 
Equation being reſolved will give a = 75557557573 245252 ; and if this number be 
multiplied into the three (ides of the preparatory Triangle it will give the Triangle ſought, 
whoſe three fides conliſt of theſe three Numerators, 25347953801 344222, 
25320977530297822, 1169127377676960, having 12046111064720031, 
for a common Denominator, y 


Note. This Queſtion is very eaſily ſolved when the given number is leſs than unity; 
by the Canon of the preceding 2ueſt. 100. of this Book, ot | | TM 


The End of the Third BOOK, 


| Chap. I. 


*/ 


of of ef fo af> en» of of> ofs of ofa of E of ofr> 
CER? EX CVD Ents £22 CUP CUP OUlI CUI EUN EU OLD CNY EVO 


| a r Fr 3 IRS 3563-6 IC 2, IC TEDCRSSD © CES 5S0 523 
BI Go 03 OB ED ED GOOD G9 IBID I CITI GIG I HG 


ELEMENTS 


ALGEBRAICAL ART: 


B OOK- IV, 


CHAT L 


(mcerning the Scope of this fourth Book,, and the Signification 
of CharaGers, Abbreviations and Citations uſed therein. 


Wali H E Deſign of this Fourth Book is, to ſhew the excellent Uſe of the 
A Algcbraical Art in the Reſolution and Compolition of Plane Problems, 
- to wit, ſuch as may be ſolved or effe&ed by drawing only Right ( or 


Altbraical Elements. 


The Explication of the Signs or Characters, 


+ - \ ll Are. 
—_ | Leſs. 

x Tito, or By. 
Proportionals. 
| Continual Proportionals. 

The Square Root, ur Side of a Square, 
| Equal 
| Greater, 
> Signifies < Leſſer. 
[| Parallel. 
A plain Angle n general. 
A Right-angle. 
Perpenaicular. 
A Circle. 
A Square. 
A long Square. 
4 plain Triangle in general. 
TL 


FOES $ 


> —— 


.” 


Pp OnobkLlA 


VG 


Examples, 


Explication | of CharaGters. Book 1V, 


| 
C2. | 
Examples , ſhewins more at large the tonification of the foregoing CharaQers, 
; N% 


a-|-b . .< Signifies the ſumm of the right lines or numbers repreſented by a and b, 

| \ Theexceſs by which the right line or number 2 exceeds' the right line 

a—b , ; or number b, or, it imports that the latter.quantiry 6 is ſubtracted, 
or to be ſubtracted froin the former Quantity a. . 

The ReQtangle or Product made by the multiplication of the right 

axb, or ab line or number 4 , by the right line or number 6. 

aa « +<& The Square of the right line or number lignified by 4. 

© The right line ariſing by the Application of the Square of the riphe 

Rs | ? line 4, to the right line c , or, the Quotient ariling by the Divilion 
of the Square of the number 4, by the number c. 


7  . , © The right line or number ariling by the Application or Diviſion of 
c 3 the Reangle or Product of 4 into 6, by c. 
a. b::c. d, wiz. ASaistob; ſoc to d. 


# , b , ce =, viz. ASaistob, ſobroc. 
The ſquare Root of the Product of 2 into þ ; or, the (ide of a Square 
3 equal to the Rectangle ab. 
_—— TT. The ſquare Root univerſal of aa -|- bb ; or, the ſide of a Square equal 
v/: as -|-bb: 3 to the ſurmm of the Squares aa and bb. 
FG The ſquare Root univerſal vof a2 — bb; or , the ſide of a Square equal 
EY 3 to the exceſs of the Square aa above the Square bb, 
a=b . .4 The line or number 4 is equal to the line or number 5, 
a=5Cc + «o< Thelineor number a is equal to five times the line or number 6. 
a=34 « -< Theline or number 4 is equal to half the line or number 4, 
af « «< The lineor number 4 is greater than the line or number f. 
a—g <- «< Theline ornumber 2 is leſs than the line or number g. 
A'BI\lICD .49 Theline AB is paralle to the line C D. | 
<—ABC ; The _ ABC. Obſerve here, that when an anyle is expreſt by 
"C threeſetters, the middle letter ſtands at the angular point, 
<A . .9 Theangle A. 
<wABC 6 |< Theargle ABC is a right-angle. 
 _ABLBC. .« Theright-line AB is perpendicular to the right-line BC. 
ABCD is o 3 ABCD is a Circle. Obſerve here, thar the firſt terter towards 
the left hand is uſually ſet at the Center. 
ar dikes either the Square A D when the letters A and D ſtand at 
[ 


the oppolite angles of the Square z or elſe, the Square of the right- 
/ line AD, when Aand D ſtand at the ends of the lide of the Square, 

OA . .< The Square of the right-line A. 
TAB, BC &< The long Square, or ReQangle, made of the right-lines A B and BC, 


I AB,C < The Rectangle of the right-lines AB and C. 
GA,B .e The Rectangle of the right-lines A and B. 
A ABC .< The Triangle ABC. 


Explication of Abbreviations and Citations. 


Probl. ©. 4.4 Problem, 
Suppoſe. . ,S Suppolitions. 
Reg. . .S It is ( or, let it be) required. 
Prepar. , .< Preparation. 
Conſir. . .,4 Conſtruction, 
Reg. demonſtr. 4 It is ( or, let it be) required to Demonſtrate. 
Concluſ, , .g Conclulion. 
Coroll, , .4 Corollary. 
Annot. , .< Annotation, 
Explicat, .< Explication. 
Per Prop. 11, By th th Þ Gri f the fifth Book of Fxcl:d's Elements 
Elem. 5. y the 11 Propoſition of the fifth Book of Fxcha , 6 


- 


Sf 7 = 


| Chap: 2. Explication of Axtoms: 


| Per - bes £ By the 29" Dchfinition of the firſt Book of Excl;a's Elements, 


| m_— ” C By the firſt Axiom of the ſecond Chapter of this fourth Book. 


' Note. In the handling of every Propoſition, whether it be a Theorem or Problem, 

| I proceed-from the beginning to the end by Steps numbred in the Margin by 1, 2, 3, 
' 65, &c. that by referring to preceding Steps, the riſe of the following may be apparent : 
| $0 when tis ſaid, | Therefore ont of , or , From 3%. and 4*. } it imports, that the thing 
| aferted or inferr'd is maniteſt by the third and fourth Steps of the Propoſition in hand. It 
' ny other Abbreviations occurr , their meaning will be obvious to every intelligent Reader. 


CnakK 3h 


| The explication of Axioms, or common notions , upon which the force 
of. Inferences or Concluſtons , about the Equality , Majority and 
Minority of Quantities compared to one another , doth chiefly 
depend. 


A X10 I. 


J bs each of two Quantities be equal co a third , thoſe two are equal betweeti 
| themſelves. | 
Explicat. 
if AB=—=EF, acts th 
Then AB = CD, per Ax.1. C— D | 


That is to ſay, 
If AB be equal to EF, and C D be equalto EF, then AB is equal to CD, by 


the firſt Axzom of Chap. 2. 


CAx100 2, 
:, Quantities which are equal to equal Quantities, are alſo equal between themſelves, * 
| Explicat. 
CD, * eo 
If ; a =, | 
Then A=—=B, per Ax.2. | | 
A x!10m 3, 


3- That which is greater or leſs than one of two equal Quantities, is alſo greater or leſs 


than the other, 
Explicat. 


Yy -B= CG; SR IIS 
Ad A&B, | A ————— 
Then ATC; per Ax. 3. C 
That is to ſay, 
If B be equal ro C, and A be greater than B, then A is greater than C, by Av. 3. 


A X1098 4. 
4. If one of two equal Quantities be greater or leſs than a third , the other of thoſe two 
ſhall be alſo greater or leſs than the ſame third. | | 
E xplicat. 
If A = B 5 Tas gap 


And Arc, 
Then B - C; per Ax. 4: 


T 2 Axiom 5 « 


i180 Explication of Axtoms. Book IV. 


CAX1098 5. 
5» That which is greater than the greater of two Quantities, is alſo greater than the leſſer « 
and that which is leſs than the lefſer of two Quantities , is alſo leſs than the oreater, , 


Explicat. 
Ss SEC, A —— "ION 
And AS B, meer, 
Then A —- C, per Ax.5. ; Co nm _—_— 
£X!0/8 G6. 
6. The exchanging of equal Quantities doth not alter equality. - 
Explicat. 
If A--EB = C-þD, A— _ 0 ——E 
And E = B, B —— D ————— 
Then A+E = C++D,; per Ax. 6, E—— 
CAX10 7, 
7, Interpretation doth not change equality. | 
Explicat. E EF H Fa 


oOAF=0odcG, | CERT 


Surpol. - AF 56 ona AB 
ons} CG is © CD, 


"That is to ſay, 
The Square AF is equal to the Square CG, by ſuppoſition, 
AF is the Square of the {ide AB, by ſuppoſition. 
CG is the Square of the ſide CD ,. by ſuppoſition. 
The Tues of the ſide AB is equal to the Square of the ſide CD, by theſeventh 
Axiom of Chap. 2. E 
CALx1092 $, 


8. If to equal Quantities you add equal Quantities, or one and the ſame Quantity , the 
wholes ſhall be equal. 


Explicat, 
If aB = CD, B 
And BF —= DG, A—— — F 
Then AB-+BF —= CD--DG, 
Thatis, AF = CG; per Ax.8. C_— ————G 
CAX1092 9, _t 


9. If from equal Quantities you take away equal Quantities, or one and the ſame 
Quantity , the Quantities remaining ſhall be equal to one another, 


Explicat. 
If AB = CD, E 
And aS EGF, : — B 
Then AB — AE = CD—CF, | 
That is, EB = FD, per Ax. g. CC — | -D 


A X109%8 10. 

Io. If from a whole the half be taken away , half will remain; and if more than half 

be taken away , leſs than half will remain ; bur if one-third part be taken away , two 
thirds will remain , &c. 


| Explicat. 

If =gC= AE; | | C 

Then CB — ZAB, per Ax. 10, A ——— —— ' 
If DF =3SDE, F 

Then FE —+iDE, per Ax. 10. D [ —E 
If Bl = $GH, L 

Then LH = & GH, per Ax. 10. G———— Hh 


is 
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AxX1098 It. 


11, If to unequal quantities equal quantities be added , the wholes are unequal. 


Explicat. B 
ASCE A he E 
And BE — DF, 
Then AE © CF, per Ax.n, C VEPETA IT 
H A x10 12. D 
| 12, If to equal quantities you add unequal quantities , the wholes are unequal. 
Explicat. B 
f AB = CD, MH Þ 
And BE & DEF, 
Then AE © CF; per Ax. 12; Conn nome from 
Axiom 13. U 


| 13. If to unequal quantities unequal quantities be added , the greater to the greater ; and 


the leſs ro the leſs, the wholes are unequal, to wit, the former the greater , and the 
later the lefſer.- 


Expluat. B 
If AB © CD, Arr —— FE 
And BE © DF, .. D 
Then AE &- CE; per Ax. 13- (orange 
CAx10977 Ig, | 


14. If from unequa] quantities equal quantities or one and the ſame quantity be taken 
away , the remainders will be unequal, 


Explicat. = 
ASTD, Af ——— 
And EB = FE D, 
Then AE &- CF, per Ax.14. C——- 
CAX1098 IF. F 
15. If from equal quantities unequal quantities be taken away, the remainders are unequal, 
Explicat. E 
AB UCD, f, CESEIEN B 
And AE & CF, F 4 
Then EB FD; per Ax. 15. Cor ————————D 
Axiom 16, 


16. If from unequal quantities unequal quantities be taken away , from the greater 


the lefſer, and from the leſſer the greater , the remainders are unequal; ro wit, the 
former the greater, and the latter the leſſer. ; 


Explicat. E 
 AaScCoth, A— po B 
Mi CCFL AE, F | 
Then EB - FD; per Ax. 16. C VSG WORRY | 
A xX1088 17, 


17. Quantities which are the doubles of one and the ſame quantity , or of equal quan« 
tities, are equal between themſelves. Conceive the fame of triples, quadruples, &s. 


Explicat. 
It A = 2C, } | Lmm—_ —_— : 
And 'B = 2G, C ——— 
Thin A = By pr Ja 177 B —_ 
Axiom 18. 
18, The double of the greater of two quantities is greater than the double of the.leſler, 
Explicat. 
GD, A— C 
If A = 2C 


I 


= 2 5 | 
Then aA TB; per Ax.18. 


Explication of Axioms. Book IV. 


mmm... 


CAX!108 19, 
19. That which is the double of one of two equal quantities, is alfo the double of the other, 
Explicat. 
If B =C, RI 
And A = 2B, A ——— ——— | 
Then A = 2C, per Ax. 19- | > 


CAX10 20. 


20, If one of two equal quantities be the double of a third ,- the other of thoſe two 
is alſo the double of the ſame third, | 


Explicat. 
If A = B, A— 
And A = 2C, Co ——— 
Then B — 2C, per Ax. 20. B- : 7 


CAX1092 21. 


21. Quantities which are the halves of one and the ſame quantiry, or of equal quantities, 
are equal between themſelves, Underſtand the ſame of thirds, fourths, &c, 


Explicat, 
If  Y —$4*A A 
And D = MM, C- — 
Then A = B, per Ax. 21. B— c— L 
CAX102 22. 
22. The half of the greater of two quantities is greater than the half of the lefler. 
| Explicat. 
CoD, A DO ws 
If ; Mz oC, 
= 3D, B TE RG—— 
Then A &- B; per Ax.22. 
| Axiom 23. 
23. That which is the half of one of two equal quantities is alſo the half of the other, 
| Explicat. 
If B = C, | h B — 
And A = =B 3 A ———— 
Then A = 4$C; per Ax. 23. CC _—_—— 
X10 2.4. 


24. If one of two equal quantities be the half of a third , the other of thoſe two (hall 
be the half of the ſame third, 


Explicat. 
If Ai=B, A — 
And A — ZC, Cr ——_— i 
Sent = 2C, per Ax. 24.  B —_ 


What hath been ſaid in the eight laſt preceding Axioms concerning the double and 
the half, may be alſo underſtood of the triple , quadruple , quintuple , &s, and of thirds, 
fourths , fifihs, &c. 
| CAX1092 25, 
25, Every whole is greater than its part. 

| CAX1098 26. 
26, All right angles are equal between themſe]ves. 
Explicat, 


= jCA be J, 
And <B be _), A 4 B | 
Then TA = <B, per Ax. 26. 


That is to ſay, if the angle A be a right-angle, and the angle B be a right-angle ; 
| then the angle A is equal to the angle B. 


Axiom 37» 
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CAX100 27. 


| 17 1f one of two or more equa] angles be a right-angle ; every one of the reſt of thoſe 


equal angles is alſo a right-angle. . 
Explicat. 
 Cain=GCh ac 
And < A be j, At, Bt; a 
Then PB and LC are _|, yer Ar, 27. 
That is to ſay, If the angles A, B and C be equal to one another, and the angle A 


| be a right-angle , then the angles B and C are alſo right-angles. Per Axiom. 24. Chap. 2. 


CAX109 28, 
18, Every whole is equal to all its parts taken together, 
AX1998 29. 


29. If a quantity be neither greater nor leſs than another quantity , thoſe quantities are 
equal between themſelves, 


Explicat. 
If A be netther © nor == than B, A . 
Then A = By per Ax. 29. Þ 
CHnraP. IIL 


The explication of Definitions, concerning the ways of arguing 
aſed by Mathematicians , to inferr one Analogie from another. 
HE ways of arguing about Reaſons, or Proportions, are principally ſix , which 


are explain'd in this Chapter in ſuch order as they are expreſt by the 12", 13®, 
14", 15", 16" and 17" Definitions at the beginning of the fifrh Book of Zxclsd's 


Elements, ro which ſix ways of reaſoning , ſix others are alſo here inſerted as Anno- 


ations, being the Scholies of Clavins and Herigonins upon ſuch Propoſitions of Euclid's 
Elements as. are hereafter cited. All which are very uſeful in Mathematical Reſolution 


ad Compoſition , as will appear in the following 7, 8, g® and 10® Chapters. 
| Definition I. | 
I» Alterzate Reaſon is the comparing of the Antecedent to the Antecedent , and the 


Conſequent to the Conlequent. 
| Expluat. 


- 
© Q 


If this Analogy be propoſed, . . 43 ; : by Ka . 


SO D.. 


Then alternately , or by permutation, . 3 - x : - £5 : ; 


That is to ſay, If 4 hath ſuch Reaſon (or Proportion) to b, as c to 4; then alter- 
nately , or by permutation of Reaſon, as 4 is to c, fo ſhall b be to d. 

But note <{ligently , that in this firſt way of arguing, all the four Proportionals in the 
Analogy propounded muſt neceſſarily be Quantities of one and the ſame kind , that is, 
elther all Lines, or all Planes, &c. For although it may properly be ſaid, as the line 4 
5 to the line þ, ſo is thePlane c to the Plane 4d; yet it cannot be thence inferr'd by 
Alternate Reaſon , that th: line 4 is to the Plane c,, as the line 4 to the Plane g, becauſe 
there is no Proportion between a Line and a Plane , which are quantities of different kinds : 
But in all the following ways of arguing , the two firſt Proporrionals way be of one 
find, and the two latter of another , as is manifeſt by the Demonſtrations in the fifth 


Book of Exclid's Elements, Define 


184 Ways of arguing by Analogies. Book IV. 
Definit, I I. | S 
2. Inverſe Reaſon is the taking of the Conſequent as the Antecedent , to compare it 
tro the Antecedent as it it were the Conſequent, 
Explicat. 


” ; A - b E | Fl 

If ON - ® oo 3 * - e * * LY - } 6 : 4 1 2 . g 

Per Coroll, Then inverſ] . SEE WT 9 3 b - a C 

prop. 4. ; i ; 4 6 ) - Id 
mT Definit. LIL 


3. Compoſition of Reaſon, is the raking. of the Antecedent and Conſequent both as one, 
to compare it to the ſame Conſequent. 
Explicat. 
0: 22 " "2-2 


SS ga, Sa. 


Per prop. Then' by Compolition, . . . .» 


18, Elem.s. Wo it -18 -. 


Þ- 4 
. pou # 1t uid, 
ELO1n0t, I. 


4+ Compoſition of Reaſon converſe is the taking of the Antecedent and Conſequent both 
as One , tO compare it to the ſame Antecedent. 


Explicat. 


| SE © 47 73 
—_—_— 34 "i 
A 
6 


12 
Per Schol. ; TE % hr 
7. Clavii Then by Compol. converſe, ; , . + J- Bhs : 6 + ag A 
in prop.18, C . : 
oF CAnnot. 2. 


5. Compoſition of Reaſon contrary is the comparing of the Antecedent to the Antecedent 
and Conſequent raken both as one. 
| Explicat. 
, « b s » c 0 d 
If - o - o . - s' 0 . o o . ] X 4 i * 12 


£14 
a|-b:: ce . 6+d 
20 


Jha JJ 


Per Schol. 

>. Clavii Then by Compol, contrary 3 © @ " - ] ; IO :©: 12 * 
## prop.18, . 

Elem. 5. CAnnot, 3. 


6. Compoſition of Reaſon inverſly comrary is the comparing of the Conſequent to the 

Antecedent and Conſequent taken both as one. 
Explicat. L 

a4::44 


A 
It . . . o ® S - 4 v 6 Ns : J 6 od + * 5 I2 ” 8 
Per Schol, b 4- bb :: fd c-[-d 
_ Then by Compoſition inverlly contrary, . 3 4 2 rE +” Y | 230 
prop. 18. . | 
Elem, 5. Definit. IV. 


7. Diviſion of Reaſon is the comparing of the exceſs whereby the Antecedent exceeds the 
Conjequent , to the ſame Conſequent. 


E xplicat. 
; | ES: | ES 7 a 8 
It & <> ® © #6 . . o . . . 6 . 4 = I2 . 8 
Pe . 8... _ » A — b » b *3: C0 — d . a 
oy, 4 | Then by Divilion, . « . . - «+ «+ 3 SE  « + ® 
- But in this way of arguing by Diviſion of Reaſon, 'tis manifeſt that the Antecedent 


muſt neceſlarily be greater than the Conſequent. 


Anne. 1, 


7 TEIN 
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CAnn0t, I. 


8, Diviſion of Reaſon converſe 1s the comparing of the Conſequent to the exceſs whereby 
the Antecedent exceeds the Conſequent. | 


| Explicat. 
| = | | | $ 3 M=< b : > C " d 
JI . 4 © o . a o n 2 © © 6 _ 9 . + © © I 8 . 
” ; PR 2 p 2g Per _ 
* #©,% a - as . © . _ T. aylk 
Then by Divilion converſe, . . + + J 4  £:16: 4 8 in prop. 171 
Elem. x 


CAnn0t, g. 


1] 9, Diviſion of Reaſon contrary is the comparing of the Antecedent, to the exceſs whereby 


the Conſequent exceeds the Antecedent. 
Explicat. 


If | : 3 A " b Cc » d 
3 N s bd LI . * LL) o © % . 4 ; 6 . . 8 F I 5 
; a ORE RD yo Per Schol. 
Then by Diviſion contrary, « « «+» +» 1 yo 6-4 :: : « d—6 mY Clavis 
| my 9 INS. in prop,17s 
But here 'tis manifeſt that the Conſequent muſt be greater than the Antecedent. Elem. 5. 


CAnnot, 3, 
10. Diviſion of Reaſon inverſly contrary is the comparing of the excels whereby the 
Conſequent exceeds the Antecedent , to the ſame Antecedent. 


Explicat. . 
. -: IR 4 | 3 #8 i "8 
= BOM LT Or» 2 On on FTP 0+ hes S* 
y- gd 2 | b-4 . 6:1 de 1 @ Per Sc = 
Then by Diviſion inverſly contraty, . « 3 S469 >= | 
"Ki , Prop. 17. 
Definit, V. Elem, 5. 


11. Converſion of Reaſon is the comparing of the Antecedent to the exceſs by which the 


Antecedent exceeds the Conſequent. 
Expliat. 


If 7 I > 8. I. Mr. ” ] 6 . &4 I2 n 8 
; | WS YT nd Per Coroll, 
Then by converſe Reaſon; 5 « « +» + 3 : = « I9, 
y 5 C 6 «<8 2308 0 lb _ 5. 


Definit, V 1. 


12; Reaſon of equality is , when more than two quantities in one Rank , and as many 
in another are ſuch, that if two to rwo be compared, they are in the ſame Reaſon z and 
it alſo happens , thar as the firſt is co the Jaſt in the firſt rank of Quantities , ſo is the 
firſt to the laſt in the latter rank. Or otherwiſe, 'tis a compariſon of the extremes 


to one another , the mean quantities being taken away. 

But there are two ways of arguing by Reaſon of equality , to wit, one when the Pro- 
Portion is Ordinate, the other when the Proportion is Inordinate or- Diſturbed , both 
Which are explain'd in the two following Definitions. 


Definit. V I1. 


13- Ordinate proportion is, When in the firſt rank of quantities ; as. the Antecedent is 
to the Conlequent ; fo in the latter rank is the Antecedent to the Conſequent : and 
when in the Fn rank as the Conſequent is to ſome other , ſo in the latter rank is the 


Confequent to ſome other. @ "tk 
Aa | Zxplicat. 


Ways of arguing by Analogies. Book 1V, 


Explicat. 
, A _ =" 6 D, 
If to theſe quantities propounded , ; > 2k 4 "ge 
Ag  - WE 1: eo ig 
Theſe Analogies do happen, . . <4B,6 . ner Fas  . Gao 
| C, ., MS 3: Gao - tas 
Then by Reaſon of equality, : .. < A,4 «- DS :: Eto . Hao 


That is to ſay , when the proportion in both ranks of quantities propounded is ordinate, 
( according to Defin. 7. ) then by Reaſon of equality, as the firſt is to the laſt in the firſt 
rank of quantities, A, B, C, D; fo fhall the firſt be to the laſt in the ſecond rank of 


quantities E, F, G, H 
Definit, VIII. 


14. Juordinate proportion is, when three quantities ſtanding in one rank and three in ano- 
ther do afford theſe Analogies , viz. as the firſt quantity in the firſt rank is to the ſecond 
inthe ſame rank; ſo is the ſecond quantity in the ſecond rank to the third in the fame 
rank : and as the ſecond quantity in the firſt rank is to the third in the ſamerank 
ſo is the firſt quantity in the ſecond rank to the ſecond in the fame rank. 


E xplicat, 


If to theſe quantities propotinded , 35, 2 . 


Theſe Analogies do happenz . . 5 - o; 


Then by reaſon of Equality, * . <A4 «+ C3 


That is to ſay, when the proportion in both ranks of quantities propounded is inordinate; 
( according to Defin. 8.) then by Reaſon of equality, as the firſt is ro the laſt in the firſt 
rank of quantities, A,B, C , ſo ſhall the firſt be to the laſt in the latter rank of quantities, 


D,E, FE. 


PRI dt. 


CuaaAa?. IV. 


Various fundamental Theorems frequently uſed in Mathematical 
\ Reſolution and Compoſution. 


Theorem TI, 


Rectangle ( or right-angled Parallelogram ) comprehended under 

any right-line and the difference of any two right-lines, is equal 

to the difference of two Re@angles comprehended under the firſt line 
and each of the two latter. 


Swppoſ. 
r. AD isa right-line , 
2. AC and BC are right-lines , 
3- ABC isaright-line, 
4 AB = AC—BC, A Ss 0 


D E F 


5 '« » Reg, demiſe, , Þ | i DADAB = DADAC — QAD,BG 


Preparat. 


6. Make (5 AF to be contain'd under AD and AC, 
7. Make BELAC, _ LE 


X 
A 
* 
* 


? 


— ce 


PS. nn : 
" [MENPEOANTS os (9343/46 2 DIR 
I , p: 


Y | # ob 3 

Let three right-lines be repreſented by . . . . <4 #6... 46 

| G = © 
* Suppoſe alſo _. Ybe-ec 


Chap. 4. Fundamental Theorems demonſtrated. 


Demonſtration, 


J 3. By Conftr. in 5, and 7% (andy pg 1 pp — DAE 


er prop. 1. Elem 2.) 


g. Therefore , by ſobrraRting OBE b 
” from each part of that Equation , $ QAE = AF — QBF 
10, That is, ( per Ax, 7. Chan. 2.) > QADAB = DOADAC — DOADBEC 


Which was to be demonſtrated. "BE 
Illaſtration ef leebraical. 


Then if the rſt line be multiplied by the difference of _=y oe" | Ry eve 


, fcond and third, that 1s, 4 * b — c, the Produc will be 


; Which Produt is maniteſtly the difference between the Produ&t of the firſt line 4 
info the ſecond b , and the ProduG of the firſt line 4 into the third & , according to the 


tnour of Theorem 9 


— 


Theorem I1. 

"If a right-line be cut into any two parts, the Square deſcribed upon the 
whole line is equal to the Squares deſcribed upon the parts , and to twice 
the Rectangle COOgURRON under the parts. 


E. : NES: 
Suppoſ. | | | 
AB is a right-line, | | | 
) | H|P——— = L 
2 AC and CB areparts of AB, G 
+» AC CB = AB. | A T B 


4. - © Reg. demiſlr. . | © QAB =O AC+ oa CB-þ2Q AC.CB. 


Prepar. 


5. Upon AB deſcribe the GAD, ( per prop. 46. Elem. 1. ) 

6. Draw the Diameter E B 

s Draw CE || AE (or BD,) and cutting EB in G, CHnrpnge 31. Elem. 1.) 
8, By the point G draw HGIY AB, (or ED.) 


Denſities 


9. By Conſtr.in 5*, . . AD is oOAB. | 
10, Therefore , ( per 29. Deſi. I Elem.) > <A, <AED, <D, <TD BA are _J. 


mg our of ol ms TY ; (per 396. << Þ HG, <F FG, <HGF are _). 
0 EM, . 
12, And out of 5 *\ (per 29.defin t. Elews. )> SE = AB = BD = DE, 
13. Therefore out of 10?, and 12* v0Y <AEBis -j 
Pro). 5, & 32. Elem. % ©» 
14. Likewile, out, of 10 — ans 23*, ». <# <DEB1is rr 
15, Likewiſe out of 11® 's and 13; .> <HGE us 3... 
16, Likewiſe out of 11 c and -1 4*; _ pet E is 5 Je 
17. Therefore out of 1;®, and 153; (pe "& HE <= MO. 
prop. 6. Elem. 1.) . 
18, Likewiſe out of 14* - and 169; > E = FG: 
19, And from 7*, and 8*; ( er pro 34 
Elem. 1.) . | per prop *— theſe 
20. Wherefore out af va . _ o 189 19? ; | 
(per2g, defin. 1. Elem.) . « « '& HF is QHG, or DAG. 
21, And in the awe reſpeet , -. A CE Ou 
22, Therefore from 21, « > CG = CB. 
3, And trom 22% (per 36. prop. 1, Elem.) P —— , (or Q AC,CG,) = (IAC, oh. 
24. 


F undamemtal Ibeorems demonſirated. Book 1V. 


24. But (per 43- prop. 1. Elem.) + IAG = DoD 
25. Theretore our of 23*, and 2434 Gn — AC CB. 

( per Ax. 1. Chap. 2.) . 
26. Gur Cp er Ax. ry recs 2.) od oAD=OoONHF--oCl4-CGAG4 GG, 
2 Wheretbed out of 5®, 20®, 21? E NY L 

35, 2 6*; ( per Ax.7. Chap... ) oO AB=o AC-po CB4-z CAC, CB. 

Which was £0 be dem. 
Coroll, 1. 


Hence it is manifeſt that the Parallelograms which are about the Diameter of a Square, 


are alſo Squares themſelves. 
Coroll, 2, 


It alſo appears that the Diameter of any Square divides its angles into two equal parts, 


Illnſtration Algebraical. 


Suppoſe a right-line to be cut into two ide towit, F 4a and b , . | 6andz 
Then the ſumm _ = _ D 2A 4 , : I S# ». - {8 
Which ſumm multiplied by it ſelf pr acet the Square | 
of the whole line , wo, ; . —_ . , © aa-1-2ba-]- bb | 64 
Which Product or Square doth manifeſtly conbl & the Squares of the parts 4 and 6b, 
and rwice the Product (or ReCtangle) of the ſame parts, according to the tenour of the 
preceding Theor. 2. 


—— 


Theorem III. 


A Square deſcribed upon any right-line is equal to four times the 
Square of the half of the ſame line, and conſequently, a quarter of the 
former Square is equal to the latter, 


CC 


Suppsl. | 


. AB is a right-line , 
. AC = CB, therefore 
. AB = AC-þCB = 2AC or 2CB. - C B 


ogOAB=—= C, (or 4Q CB,) Alf, 
TT. . . . * 210 AB= |  ( CB. 
Demosſtratios. 
. By ſuppolition, . -P - 6 
Theretore,(per Sch.ofp prop, 46. £t.a i.)> = AC = 
. And out of 5*, (per prop. 36.Elem.1.)> DOAC = 
. And out of 7*, (fer Ax.17.Chap.:.)> 2 GAC = 
9. Andour of 6*,( per Ax.8.Chap2.) > 2 D AC — 
10. And out of 8*, and 9®; (per Ax.8.)> 4O AC = on AC-| og CB-{- 
11, But per Theor, 2. of this Chap. FP OAB = G0 AC-|-o CB-þ DA, C6. 


o h f, F, 
pe duh.) roy ? and 11* £ 68 Lndec tacock) 


i (of + BY 0 per Are 21. 2 :OAB = OAC, (or OCB.) 


Which was to be dem. 

Tliyftration Algebraical. 

\ Tet a right-line-be 1+ by - LO & « Anh 0 

The halt thereof is , . m_ - »Þ 4 5 

The Square of the whole line 24 is . . « , « «+ . .> 4aa | 100 

| The Square of the half, towit, ofa is . . . , . .> aal 25 
The firſt of thoſe Squares i is evidently equa] to four times the latter , and conſequently 
A x Quarter of the tormer is equa] to the latter ; as is affirmed by T heor. 3. 


Theor, 1 V. 


2) 
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Theorem TV. 


A Rectangle (or long Square ) comprehended under any two unequal 
right-lines 1s equal to four times the Rectangle comprehended under the 
half of each of rhote lines ; and conſequently a quarter of the firſt Rect- 
angle is equal to the latter, | 

E F G 
Suppoſ. | 
, AB and AE are right-lines , D H | x 
AC = CB = ZAB, | 
AD = DE|= ZAE. 


3 LS) r_ 


X  OABAE = 4 DAC,AD. Alf 
4. © -« Req. (demonſtr. . «QABAE = DOAC,AD. 3 


Prepar. 


Make CI AG to be contain'd under A B and AE. 
. Draw CEliAE, (or BG.) Likewiſe, DIIlEG, ( or AB.) 
Demonſtration. 
7. By Conſtr. in 5%, . .}F AG is CIAB,AE. 
[nin fe. f CARE <n. 
9. And becauſe by Conftr.2 Gp ap || BG, 
SU a2 nee) : 
10, Likewiſe by Conſtr.in 6%, > DI || EG || AB. 
11. Therefore [out of 8®, 9®, | | 
and 10%; ( per prop. 29, AH, DF, HG,CI are ©. 


VV. on 
> 


an 3 45 
12. And becauſe by "_— AT — C B Alſo A D — D ER 
in 2* and 3?, «4 $6 s I ; 


13. Therefore out of 11* | | 
6 OAH = ODF = CIHG = CICH 


and 12%, ( per prop. 36. 

SY Cog Ta” 
— pomp hg ; (FEY CAH+DODFDOHGOCI = 4DA8. 
15, But(per Ax.:28%. Ch.) ? AH DODF + OnHG+QOCI = CAC. 


16, Therctore out of 14* and Q oy 
15*, ( per Ax. 1.) +. 9 JAG = 4QAH, 


17. That is, ( per Ax. a DABAE = 4DQAC,AD. | 
Fa, _ infequenty from D Ream 
: FAB,AE = QACGAD. 


17*, ( per Ax, 21.) 
Which was to be dem. 


Illuſtration Alegebraical. 


Let a right-line be repreſented by . . « « « «+ +» « oF 24] 6 
And anather right-line-by . . o © 5/0. + 0 0 ng 
The half! of the former line ®& þ co. oo 0 0 © » + MY 
And rhe;thalf of thi lanner i © bo a of fe oo SS. 
The Product or Rectangle of the two whole lines is , « +» «> 44 | 24 
The Produ& of the half of each line is . « ;: + +» » > ab[ 6 


The firſt of thoſe ProduRts is evidently equal to four times the latter , and conſequently 
a Quarter of the former is equal to the latter , according to the tenour of Theor, 4+ 


Theor, V. 


a ”" FF v A 


Fundamental Theorems demonſtrated. 


Book IV, 


Concluſ. 1. 


Concluſe . : 


T] heorem V. 


If a right-line be cut into any two unequal parts, the Square of the 
difference of the parts is equal to the Squares of the parts, leſs by twice the 
Rectangle (or long Square) comprehended under the parts : Alſo , the 
Square of half the difference of the ſaid parts is equal to a quarter of each 
of the Squares of the parts, leſs by half rhe — of the —__ 


| | E 'T 
Suppoſ. | 
1. AB is aright-line, _ K 
2. AC and CB areparts of AB. 
:þ AC ECB. | hi | | 
A ES 


Prepar. 
4. Produce ABto D, fo, tht AC= CD, then 'tis manifeſt that BD is the difference 
of the parts A C and CB; for CD (or 'AC) — CB = BD. 
5. Upon CD deſcribe the oGCH; ( per prop. 46. Elem 1.) 
6. Draw the Diameter E D. 
7. By the point B draw BG || CE (or DH,) andcutting ED in F. 
8. By the point F draw LFK || AD, or EH. 


9. By the poimt A draw AL || CE. 


OBD = OAC-+ rn CB—2QAC,CB. Als, 
3 O:BD = 3}0AC-E: GCB—Z DAC,CB, 
Demonſtration. 
11. By Conſtr. in 4*and5*,> CH is GCD or OAC. 
12. Therefore ( per Coroll.1, £ BKis OBD., 


T heor. 2. of this Chapt. + : 
13. Likewiſe . . . .> IG is OEG or QCB, 


+ Say #4. Ge COCcCF = OFR. 
Elem. 1. . | 
Ts Thanks (p wth. '$ 
Chap. 2,)by adding als = QOIH 
to each part of the m_=_ : 
tion In I 4* * 


I6. Again , (by Conſtr. F CE i 


4* and 5*, 
17. And 'tis evident that CB = CB. 


18, Therefore from 1 6® and 
- There rom 16 and OCE,CB (or 2CG) = DAC,CB. 


19. Theretore our of 15* and | 
18*,(per Ax.6, G8 Cho Ne DoOCGH QIIH = 2 DoAGCGOB. 


20. And becauſe ( per Ax. 
28, & BY. Chap. ) © OBK-QCG-ODIR = oCH-þolG. 


2I, Therefore out of 19? 
and 20*,(per.4x.6.Ch 2.) oOBK- -2JIAGCB = OCH+ als. 


22. Therefore from 21*, 
( per Ax. 9. Chap.2.) '& OBK = OCH--oIG — 2 DOAC,CB. 


23. Therefore our of 22*, 
12%,11%,13*; (per Ax.7. 
aPÞ. Bo 7? © ” 
Which was to be dem. 
M I 
1g ng 1 pk — 5 :O0BD =+GAC++incB—!'DAC,CB, 
FE. +4 7 eg phe > :O BD = niBD 
6, Therefore out of 
= 47 pategbnile, "to O:BD = 4OGAC-+20CB—<*DAC,CB. 
Which was alſo to be dem. 1''uſtra- 


IO. , + Req, demonſtr, 


OBD = GAC-EoOCB—2QAGC,CE. 


_ 
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Illnſtration Alpebraical. 


3 Suppoſe a right-line to be cut into two unequal | | | h 

1. ng pen 3 £ > Load '$ 4andb . . .|16 and to 
Suppoſe alſo 435 i oo ESI ET. 
Then the difference of the parts is + ee 4 ——# »:: 452 
And half the difference of the parts is . . .Þ $4—#b « « | 3 
The Square of the whole difference is . .> aa-bh—1ba | 36 
The Square of the half difference is ; . . .> 4aa+3ibb—tbal 9g 
Which two Squares do manifeſtly prove the certainty of what is affirmed in the fote- 

going Theor. 5. 


| — 


—_ 


Theorem V1. 


If a right-line be cut into any two unequal parts, the Square of the 
whole line together with the Square of the difference of the parts is equal 
totwice the Squares of the parts; and conſequently half the Square of the 
whole line together with half the Square of the difference of the parts is 
equal to the ſumm of the Squares of the parts. 


Suppoſ. 
I, AB is a right-line 3 | D C | 
: AC and CB are parts of AB, A noRnSs 


AC © CB. 
| Prepar. ALD 

4 From CA cut of CD = CB, thence it follows that AD(=AC—CB) is 

the difference of the parts A C and = pak FI i 

= 2 2 Dn CB. Alb 

f.'* » Reg. aemonſtr. 3 Rog - EIETS CB. iſe, 
Demonſt; ation. 4 

6, By Theor. 2. of this Chapt, > OAB = OAC4-oOCB-h2O4668. 

7. And by Theer. 5. of this Chapt. > OAD = GAC+OCB—-:2CACG,CB, 


$, Therefore out of 6* and 7*, ( per | GO OP Tu 
Ax. 8. Chap.?.) +- «+ Is 6: DAB + 0AD = 20AC+ 20'CB. 


f-vedpr, in (per Ax. Ty +0 AB-iDOAD = GAC+OCB. 
Which was to be dem. - | 
Illuſtration Alegebrascal. 


_ ſs OY _ 4 m_ odd. Aa 
Suppoſe alſo + -'o o 5s 0s +6 >: 0: 6 6 ſ 
Then the ſumm of the parts is -. *'.. » « « -Þ 4 +6 . . +»| 10 
nl the pong of the parts is « "REI, -- a—b...| 2 
he Square of the whole line, that is , the Square © Po I 
the rok er the $0, Bo /o Ec ae » 5 as +bh 4-264 Fw 
The Square of the difference of the parts is . « .> a4 4 bb —2ba} 4 
The ſuram of thoſe Squares is 0. 40 .Þ 2444-28) , .| 104 
| Which ſumm, ( according to the tenour of the preceding Theor, 6.) is manifeſtly 

equal to twice the ſumm of the Squares of the parts. | 


Font 


Theorem VII. 


| If a right-line be cut into any two unequal parts ; the Square of the 
whole line is equal to four times the ReQangle (or long; Square) com- 
prehended under the parts, together with the Square-of the difference 
of 'he parts : Alſo, the Square of half the ſaid right-line , (or of half 
the ſumm of the parts,) is equal to the Re&angle of tlie parts rogether 
with a quarter of the Square of the difference of the parts, = 
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Suppoſ. 
1. AB is a right-line, D C 
2, AC and CB are parts of AB, A + | * EINE p 
3. AC © CB. 


Prepar. 
4. FromCAcun of CD = CB, whence AD{=AC—CB) is the difference 


of the parts A C and CB. _ R 
| OAB = 4DAC,CB+oAD. Alfp 
Fo o » - Reg. demonſtr. . . OZAB — GAC,CB +: cGAD. 2 


Demonſtr ation. 


6. By Theor. 5. of this Chapt. .> CAD = GAC+OaCB—2DAAC,CE. 
7, Therefore by adding 4CIAC, 
CB to each part of that rque'6 4DAC,CB-|-nAD = oOAC+oOCB-:DACCE, 
tion this ariſeth,(perax.8.ch.2.) 
8, ETT 2. of this Chap. 5 DAB = QGAC-+aECB+:QAC,CB, 
. Therefore from 5* and 8*,7 Sa | , | 
n (per Ax. 1. Chap.2.) . & O AB. = qCOEGCIT-OAD. 
Which - hf be dem. . 
Io. Moreover, irom 9?, (per? , — 6 of | 
Ax. 21. Chap.2.) . 4 'c +O0AB = QHACGCBH-{oAD. 
11. Andb | ce hay Cha.> ZOAB = QO3AB. 
12. Therefore from 10® and 119, ine I AER 
( per Ax. 1.) CE. 5 OiAB — COACCB-+:ioOoAD. 

Which was alſo to be dem. | 
| | Ilaftration Algebraical. 
Suppoſe a right-line to be cut into two parts, to wit, > 4 and 6 , . , | 6 and 4 

a. [OF RET... | 
Then the ſumm of the parts is . , , . © «> a +6 . . .| 10 
= nan nm oy ages Wa 4 oP a —b , .. 2 

e Square of the ſumm of the parts, that is, the 

es xv whole line is . F $"<. «M0 '$ 9-71-00 3 266 a 
And 'the Square of the difference of the parts is . > aa--bb —2ba| 4 
To which Square of the difference if you add the at as 

quadruple ProduR of the parts, to wit, | 'c © « -46a| 9 
The ſumm ( according to the tenour of Theor. 7.) makes the Square of the whole line, 

to wit, 4a + 6b 26a. 


te On 


Theorem VIIL 


If a right-line be cut into any two unequal parts, the Rectangle (0r 
long Square) comprehended under the whole line and the difference of 
the parts is equal to the difference of the Squares of the parts. Allo, the 
Rectangle under half the ſaid right-line, (that is, half the ſumm of the 
parts) and half the difference of the parts, is equal to a quarter of the 
difference of the Squares of the parts. 


Suppoſ. RT | 
1. AB is a right-line. | L. 1 SIE K 
2. ACand CB areparts of AB, | 4 
3: AC & CB. Abc 
E aA: -; = 2 " D 


Prepar. 


4. Produce ABto D, fo, that AC= CD, thence it follows that BD is the difference 


of the parts AC and CB, for CD (or AC) — CB = BD. 
| 5. Upon 
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— 


5, Upon CD deſcribe the 7 CH. 
6, Draw the Diameter E D. 
1 7. By the point B draw BG || CE (or DH)) andcutting ED in F 
{ 8, By the point F draw LFK || AD, or EH. 

| 9; By the point A draw AL CK 


| © DABBD = GAC—OoOCB. Alſo; 
10 © *© Req, aemonſtr, þ © CLABZBD _ :DGAC — ZQ0CB, : 
Demonſtration. 

CH BO CD. 


IG = OIF, and BK = oO BD, 


11. By Conſtr. in 5%, .. « «+ 
12, Therefore out of 6* and T1*, 
( per Cor. 1. The. 2. of this Cha, 
13 And from 12*, ( per 29. af BE — BD 
1. Elem.) " , 


1 

14 By Conſtr, in 7 © and 8, -» GE SM 
15, Therefore from 14, 362 BE = C1: and IF = CH, 
prop. I, Elem. "I . @ | 

16. And from 13? and 15?, ( per 
” > X 
17, By Conſtr, in 4 and 5 . *P 

18, Therefore ont of 16*%and 17*, TR bs 

(per 36. prop. 1. Elem.) . " I BD,DH = QCl,CA. 

t9. That 1s, ( per Ax. 7. Chap. 2)” OBH=.QAL 


20, Therefore by adding CI CF to OO IEP PL an DN DEA 
each part of the Equation in 199, 5 Gnomon, I CDHG = AF=(TAB,BD(BE.) 


BD = CI. 
DH = CA. 


21, But 'tis manifeſt ( per Ax. "M 
Chap. 2.) that . 

22, Therefore from 20® and 2 a+ 
(per Ax. 1.) 


* Gnmn, ICDHG = © CH—noIG; 
23, Fad becauſe from J A 5* ; _— Ty, CD (or GAC)—oCB (Q1G) = QCH-BoIG: 


CDOAB;BD —= oCH —alG, | 


md 15% « - + 
24, Therefore from 22 and 23, 
( per Ax.1.) . 
Which was to be dem. 


25, Moreover , from 24%, (pert i— ir Þr £ E | 
Ax.21. Chap. 2. ) "op + DAB,BD *OAC—{0CcC8B. 


26, And ro 4. of this Chapt. > +#DAB,BD CDIiAB, = BD; 
0 


27,- Therefore out of d ] - | | 
Cy in re eos - B;ABIBD = ;0HAC—;0CB, Contluſ. 2. 


Which was all. ow to be den. 


COABRBD = GAC-noCB: Concluſ. 1. 


[ 


[ 


1//aſtration Algebraical. 


Suppoſe a right-line to be cut into two parts » fo wit, > a and b | 6 arid 4 
Suppoſe alſo . . . oo * os SD 
Then the ſumm of the parts +4 oe ee RR 2 
And the ditference of the parts is . > 4 — þ 2 
Therefore ihe ReQtangle ( or Produl of the ſum and 

ference of the parts is — bb | 20 


Which ReQangle ( according to the tenour of Theor. 8. ) is | mnteſty equal to the 
literence of the Squares of the parts 4 and 6, And by multiplying {a+ 36 into , 
14—16, the latter part of the ſaid Theorem will be alſo manifeſt, 


—_ OT 


_— 


-” 


Shoes LL; 


If a right-line be cut into any two unequal parts, the greater part 
ſhall be equal to half the whole line, together with half the difference 
of the parts: And , the leſſer part ſhall be equal to half the whole line 
lls by half the difference of the parts. PS 

nppeſ. 
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Suppoſ. = © 2 
1, AB is a right-line, A —L——p———— B 
2. AEandEB arepartsof AB, =—— 4 
3% AE —- EB. 
Prepare 


4. From A B cut off AD —= EB, thence it follows that DE is the difference of the parts 
AE and EB, for DEXAE — AD (EB.) 6 
5. Divide DE into two equal parts in 9 therefore DC = CE — * DE, 
"OM E.= ZAB++EDE. T ; 
2p” Reg. demonſtr. WY E B. = :AB—ZDE. 


Demonſtration, 

7”. Becauſe by Conſtr. in 4%, 5 .> AD = EB. 
8. And by Conſtr. ins, . . .> DC = CE =— £DE. 
9. Therefore the ſumm of the Equa- 

tions in 7* and 8*, gives (per AC = CB = 3A 

Ax.8. __ R LC. 
10. And the ſumm of the Equations BR” OS 
In 8* and 9? gives . . $ , AE = LAB4-4DE. 
11. And the Equation in 8* ſubtra- ws A 

&ed from the Equation in Pale | ED, = LOWS 

Illaſtration «A lgebraical. 

Suppoſe a right-line to be cut into two unequal parts, 
wa. - EEE. . WO '© « and 5 | 6 and 4 

a te + od f oe SS See] 

Then half the whole line, that is, half the ſurmm of thepd , ; , N 
parts 1s o7 *- . . © @& - « . . = . . $ 2412 , 

And half the difference of the parts & .  * Þ> Za —# [1 

Now ( according to the import of Theor. 9. ) the ſumm of the ſaid half ſuram and 
half ditference doth manifeſtly make 4 the greater part : And the exceſs of the ſaid half 
ſumm above the ſaid difference is manifeſtly equal to 6 the leſler part. 


Tvwhih was to be Der] 


CHnaPp. V. 


A Collefion of Canonical Geometrical Effe&ions , frequently uſed 
in the ConSiruSGion of Plane Problems ; more eſpecially of thoſe 
whoſe Solutions are found out by the Algebraical Art. 


S all Aritkmetical Operations are compris'd under five kinds, to wit , Addtim, 
| Subtraftion, Multiplication , Diviſion and the Extraftion of Roots, 1o all thoſe 

Geometrical Conſtrutions which are formed according to Canons deduced from 
the Algebraical Reſolutions of Problems, do principally depend upon the like kinds of 
Operations, or Effe&ionsz but how theſe Geometrical EffeRions, ( or the Arithmetick of 
Geometry) may be Rony ſo far as is neceſſary to the Conſtrution of Plane Problems, 
to Wit , ſuch as may be ſolved by drawing only right-lines and deſcribing the Circumferences 
of Circles, I ſhall ſhew in this Chapter , the Contents whereof are extracted out of the 
_ - Books of Exclid's Elements , wherein I preſuppoſe the Reader to be competently 
verſed, 


| Problem 1. 
To add a given right-line to a right-line given, 
Let AB and C be two right-lines given to be added Oe 
together, vx, let it be required to find out a right-Q A — —D 


line which ſhall be equal to both the given right-line 


taken together as one right-line, . . . « «  » by 


= SO. rot ow 
- - - 


wo £8 


E 


- 
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Conſtrultion. 
By prop. 2. Elem. x. produce (or continue) the given line AB to D, that BD may 


I be equal ro C,, ſois AD the right-line ſought ; for by Conſtruction AD = AB-|-BD, 


nd BD = C, therefore ( per Ax. 6. Chap.2.) AD = AB+C, as was required, 


Probl. 11. 2s 


Two or more Squares being given, to find a Square equal to them all. 
: S 


— 


uppoſ. . 
11.A,B, C are the ſides of three Squares given. 


Reg. to find 


| 1 DG a right-line,, ſuch , that 6 DG =— oA+oB+oc. 


DE = 16 = A 
A. — EF —= 12 = B 
: 7 DF = 20 
F G-=:212. = Q 
DG = 29 
i Mike DE = A. 
4 Make EF L DE. 
6, Draw DF 
7. Make FG L DE. 
9. Draw D G, which ſhall be the {ide of the Square required. _ HEN 
lo, , « » Reg. demonſtr. « aGD = nA+oaB+oc : 


' Demonſtration. 


11, Becauſe by Conſlr. in 7® and 4%, > <DFG = _J = < DEF, 

12, Therefore,(per prop.47.Elem.1.)> GDG = OF G+OoOFD. 

13, Likewiſe. . |. -  . - +» OFD- = GDE-+QOERF. 

14. Therefore from 12% and 13?, od E he ig. 
(fer Ax. 6. Chap.2.) . . 'S ODG=oDE+oEFtoOFG=0Aj-ABJ-OC. 


Which was to be done. : 
After the ſame manner of ConſtruRion , as many Squares as one will may be added 


Into one, But if Planes of any other kind, as Long-Squpares , Rhombs, Rhomboids, 
Triangles, &c. be given to be added, they mult firſt be transformed into Squares , which 
My be done by Prop. 1 4. Elem. 2. or by various ways delivered in the practical Geometry 
of divers Mathematicians , and then they may be added together as before, | 


Probl, TIT. 
Toſubtract or cut off a right-line given from a greater right-line given. 


. The ſubtraQing or cutting off one right-line from another, ro wit, a leſſer froma greater, 
s perform'd by Prop. 3. Elem. 1. For, if cwo unequal right-lines be given , ſuppoſe 
C the greater, and A the leſſer, then by 


—— 


deſcribing a Circle from B as a Center, A. _ 

Wh the diſtance or Semidiameter B D equal $ 

0 the lefſer line A, the right-line B E — D-. 

8D or A will be cut off from the greater Ps . 

line B C, and conſequently, E C is the ex- ARS 
& whereby B C excceds A or BE, BE E: 


Bb 2 Probl. IV. 


CC ——— 
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Probl, TY. 


Two unequal Squares being given , to find a Square equal to th 
excels whereby the greater exceeds the leſs. L T « 


Suppoſe ; D-. | C=20 

1. C and AB are the (ides of two Squares given, 2K AB=16 
$. C _—_ AB. | * BE 

=12 


Reg. to find A | AE=206 


3- BE a right-line, ſuch, that Q BE = QC— Fi 5B 
Oo AB. ee co 
Conſtrattion, 
4. Upon the point B, (one of the ends of the given line A B,) cre a Perpendicular, and 


draw it forth at length, as BE. 
5. From A as a Center, at the diſtance of the given line C, deſcribe thearch DE, to 


cut the Perpendicular BF, ſuppoſe in E , for by ſuppoſition the line C is greater than 
AB, and therefore a Circle deſcribed upon the Center A, at the diſtance of C ſhall 
neceſſarily cut the Perpendicular B F produced infinitely, 

6. 1 ſay BE ſhall be the {ide of the, Square required. 


Ts . . ® Reg. demonſt. « - « - . OBE = OC-NnAB. 
Demonſtration. 
8. By Conſtr.in 4* and 5*, . . . '.> WABE is _), and C — AE. 
9. Therefore ( per prop. 47. Elem. 1.) .> OAB-þOBE = AE = aC; 
Io, Therefore ( per Ax. 9g. Chap.2.) . .>, ., , OBE = QaC—nAB., 
Which was to be done. | 
| Another Conferuftion of Probl. 4; 
Suppoſe | D 
11: AB and D are the ſides of two Squares given, 


Reg. to find © % 
13. EB aright-line, fuch, that .EB=OAB-nD. &A B 


Conſtrution. 


Cc 
I 4. Upon the given line A B as a Diameter, deſcribe the Semicircle CA EB, and inſcribe 
AE — D, which is poſſible ro be done, for by ſuppoſition AB &- D., Laſtly, 
draw E B which ſhall be the {ide of the Square required, 


15. +» « Req. demonſlr. .  . COEB = gGAB—n£D. 


—_ 


Demonfiration, 


6. By Conſtr, i ©, and b. 31s 
CT 2-7 oO PW 306 ABB in), ind AE =D. 
17. Therefore, per prop. 47. Elem. 1.. .> QAE(or BD) +OEB = oAB. 
18, Therefore per Ax. g. Chap.2 . .> OGEB = QAB—DOD. 


Which was to be done. 

Note. If many Squares be given to be ſubtrated from a Square given, thoſe to be 
ſubtracted muſt firſt be added rogether, by the preceding Probl. 2. of this Chapt. and then 
ſubrraction may be made by either of the two foregoing ConftruRions of Probl. 4. But 
if Planes which are not Squares be to be ſubtracted , they muſt firſt be reduced ro Squares, 
by Prep. 14. Elem. 2, 


Cr 


Probl, V« 


— 


3 


” 
— 
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Probl. VN. 
Concerning Geometrical Multiplication. 


1. Aright-line is ſaid to be multiplied by a right-line , when a right-angled Parallelogram, 


whether it be a Square or a Long-{quare, is comprehended under one of the (zid right- 
lines as a length, and the other as a breadth, As, if the right-line A C be conceived 
to be moved along the line 'AB, fo, as that | 


AC always makes arighr-angle with the line C D 
AB, until the point C be come to the point D, es 
and the point A to the point B, then the | 

right-angled Parallelogram ACDB is de- 

ſcribed by ſuch moving of the line A C, and WY B 


imports the ſame thing with the Produc of 
the multiplication of che line A B by the line | 
AC. Wiich Product, or right-angled Parallelogrami, is alſo uſually called a Reangle; 
2, A ReQangle ts alſo implyed by the Product of be multiplication of any two numbers; 
for the Area of a ReQangle is equal to the ProduR made by the multiplication of the 
number exprefſing the meaſure of one of | : 
the ſides about the right-angle , by the num- g  -& 8 s G 


ber expreſſing the meaſure of the orher ſide | * 

about the ſame angle. As in the ReQtangle 4 T9 2.504 
or long-Square E G, if its length E H or | 

FG be 5 feet, and the breadth EF or HG, |_| | 

3 feer, then the Product of the multiplication A. D ZE 


of 5 by 3, to wit, 15, imports the Area, RE : 
or number of ſquare feer contain'd in the ſaid ReAangle, Likewiſe, if AB or AD the 
| fide of the Square AC be 3 feet, the Area is 9 ſquare feet. All which evidently 
appears by the Diagrams here in view. ROY. OY 
2. If a right-line be to be multiplied by a whole number , it may be done by Addition; 
(by Probl. r. of this Chape.) As, if the line B C 
AB be to be multiplied by 3, it implies A 'D 
only the producing or continuing of the fard 4 
line to ſuch a point D, that the whole line A D may be equal to the triple of the given 
line AB. - 
4. But.if a right-line A D be to be multiplied by a Fraftion , or ( which is of the ſame 


P—— 


' import,) if it be required to cut off ſome ſegment, as 2 parts from AD firſt, (per. 


Schol. of Prop. 1c. Elem. 6.) divide the line A D into three equal parts, which ſuppoſe 
0 be AB, BC, CD, then the ſegment A C which is compos'd of two of thoſe three 
parts is manfeſtly + of the line A D. 


5. If a Square be ro be multiplied by a whole number , the [ide of the Square ſought 


may be found out by addition of Squares., 


as before in Probl. 2. Soif the Square of the D c 
right-line AB, or B C be to be doubled , AB= 3} 
or multiplied by 2, it implies only the BC = 3 


finding of the right-line A C, ( by Probl. 2. 

of this Chape. } whoſe Square is equal ro 

the double of the Square of AB or BC. For LL. 

f AB=BC, and BCLAB, then ( per | 

Prop.47. Elem.t.) CAC = OAB-- OBC = 2cAB or206BC. Thelame 

thing alſo may be done by the way delivered inthe following Set. 6. | 
6, If a Square be to be multiplied by a whole number , or by any Fration whatever, 

whether it be a proper or kmproper Fraction, 


AC=—=y18 


that is, if it be required to find the lide -_ Am=:2 

a Square that (hall be equal to any preſcri 

Multiple, - or to any part or parts of a given M FARP 
Square, it may be done thus ; Let the right- A\ $OGA=20 
line A be the (ide of 2 Square given, and M=y/20 


let it be required to find a Square which ſhall 


contain five times the given Square whole 
lide 


Canonical Geometrical EffeStions. Book IV. | 


—— 


fide is A. To effeR this, find ( per Probl. 9g. of this Chape. ) a mean Proportional 
between the given (ide A, and a right-line equal to five times A, which mean ſuppoſe - 
ro be the right-line M : 1 ſay the line M is the Square required z which 1 prove thus, 


EST. ... - - -.-- - . OM = 50A 
Demonſtration, 


By Conſtr. theſe are Proportionals, viz. . . .>Þ A . M :: M . 5A 
——_— ( per prop. 17. _ rc EY No. COA 5A = OM 
Burt ( per prop. 1. Elem. 2. reſpe& being had to the | 4 | 
laſt  Lheeran , ) EEE» -. | © QAAzA=;OA 
Therefore from the two preceding Equations , 2 : Ys | 
c OM =5oA 
(per Ax. 1.) . « « ©» «© «oe m_—— 
Which was to be done. | 
In like manner a mean Proportional between A and 5 A ſhall be the (ide of a Square 
equalto #0) A. Alſo a mean Proportional berween 3 3 A ( or zA) and A ſhall be the 
ſide of a Square equal wo ZOnA, or 3XQA. The ſame thing may be effeed by 
Probl. 11. of this Chapt. the proportion of the Square gtven to the Square ſought being 
firſt expreſt by two right-lines, by the help of the foregoing Sett. 3, or 4. of this Probl. 5, 


Probl. VI. 
Concerning Geometrical Diviſion, or Application, 


That Geometrical Effe&tion which anſwers to Dzz+ſfon in Arithmetick is called App/;- 
cation , the Scope whereof when Tis exercis'd about the Conſtruction of Plane Problems is 
only this, 2zz. A ReRangle, (or right-angled Parallelogram) being given, as alſo a right- 
line, to find ont another right-line , ſuch , that a Rectangle contain'd under the line found 
out, and the line given ſhall be equal to the ReRangle firſt given, which EffeRion (or 
ConſtruQtion ) is called the Application of a given Re&angle to a right-line given, and the 
right-line arifing our of the Application is called the Parabota, or the Geometrical Quotient, 
which is found out by the Rule of Three in right-lines by the following 7* or 8 Problems 
of this Chapter : For as the line given 1s to either of the ſides about the right-angle of the 
given Rectangle, ſo is the other {ide about the ſame angle, to the line ſought, to wit, 
the Geometrical Quotient. 

This will be made manifeſt by the two following Examples, in the firſt whereof the 
ReQangle given is a Square, in the latter a long-Square, 


Suppoſe. 1. A 
T1. A is the (ide of a Square given, C | Az6 
2, BC is a right-line given, | | BC = 4 
Reg. to find B : D BD=g 
3- BD, a right-line, ſuch, that CIBD,BC =oA. 
Conſtruftion. 


4+ By Probl. 7. of this Chap. let it be made as B C 
to A, fo A to a third Proportional , which ſup-> BC . A :: A , BD, 
poſe to be the line BD, therefore, . . . . | 
F. I fay BD is the right-line ſought by the Probl. propounded ; it remains then to prove 
ou a ReQangle contain'd under the right lines BD and B C is equal to the Square of 
ine A. 
/ Prepar. 
6. Let a ReRangle be made of the lines BD and BC, as CICD, (per prop 46. Elem,1.) Then 
> 1- Sw. en. . . - - - + > ID = nk 
Demonſtration. 
EST . - -- . - BC. 4 : 4A BD 
9. Therefore, ( per prop. 17. Elem. 6,) « « .Þ> OA —= QOBC,BD. 
10. But by Conſtr. m 6%, . ., . . . . .> DCD = EBC,BD. 
11. Therefore ( per Ax. 1. Chap. 2, } > CCD = nA 
Which was to be done. a: | 
Suppoſe 2+ 


wv SS » VT” TS a FF U*W:S $S . 


—— 
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Suppoſe 2. 
12, EG is a CI whoſe ſides E F, FG are given feverally, 
13, BC 1s a right-line given. 
| Reg. to find 
t4. BD a right-line, ſach, that . . . . MBC,BD = BEG. 


Do—— EF = 12 
G | | FG = g 
EE BC = 6 
| | | BD = 109 
E F B C 
Conſtrubtion. 


as BC to EF, ſo FG to a fourth Proportio- > BF 3; BO; 


nal, which ſuppoſe to be the line BD, therefore, | | 
16. I ſay BD is the right-line ſought; it reniains therefore to prove that a ReQangle 


. contain'd under BC and BD is equal to the given Rectangle E G. 
Prepar. | 
17, Let a Reftangle be made of the lines BC and BD, as [5 CD, ( per prop. 46, 


Elem, 1.) Then 
if; . , « Np ant. « +» cos - OT a CIR 


= Demonſtration. | | 
19- By Confir., in 15%, © & tÞ 6 . o i» BC + ER 15 E9.3.,000 
20, Therefore, ( per prop. 16. Elem,6.) . .> COEF,FG = QBC,BD, 
21, Burt by Cayfir. in 17%, . . - - > OCD = CIC 


22, Therefore from the two laſt preceding Equa: | ES 
tions, ( per Ax.1. Chap.2.) . . . . + OCD = CNS OO 


16, By Probl. 8. of this Chapt. let it be = Fa, 


Which was to be done. | 

23, From the premiſles 'tis evident that Geometrical Application znſwers to Diviſion 
in Arithmetick , for the Reangle applied is correſpondent to the Dividend, and the 
right-line rv which the ReQangle is applied anſwers to the Diviſor , and the right-line 
arifing out of the Application, the Quotient: Therefore, 
if the Area of a ReQangle and either of its- ſides be F £ a 
given, the other fide is alſo given; for if the Area be —) 1 
divided by the given (ide, the Quotient is the other (ide. 
Soif FG, or EH, one of the lides of the Re&- 
angle EG, be5, and FE, or GH, the other 
lide, 3, the Area 15 divided by 5, (to wit, FG,) 
gives 3 for FE. Likewiſe the Area 15 divided by 3, 
(to wit, FE,) gives 5 for FG, or EH. 


Probl, Y IL. 
Unto two right-lines given to find*a third Proportional. 
Suppeſ. 
i, A and B are two right-lines given. 
Reg. to find 
% HE a righr-line , ſuch, that . - 5 5 » A - B :: B ; HE. 


A — 
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A, — | I 
B | | A = 4 
B = 6 
HE = 9 


F' KL 


Conſtruftion, 


4. Make an angle at pleafore ; as CIDK. 
2. Make DG = A. Alſo GE —B, and DH = B. 
5. Draw the right-line H G. 


6. By the point F draw FE || GH. 


7. I ſay, HE is the third Proportional ſought, 


- - LT. - . - - -. » - & +» B +: B- , 
Demornflration, 

9. Becauſe by Conſtr. itt 6%, ' . « . . » -Þ HG IIEE (m ADEFE.) 

10. Therefore, (per prop. 2. Elem. 6.) . 0 . GF-:;: DH . UE 


x1; Therefore out of 4* and 10*, by — A Wt HE 
IIS. lo » + +» + » «.5s + ; 4 ne ng 
Which was to be done. 


Probl, VIII. 
Unto three right-lines given to find a fourth Proportional, 
| Suppoſe 
T1. A, B, C are three right-lines given, 
Reg. to find | | 
Ta, Sb, tr . . . os - & #£ B ::5 © oh 


A = 27 
B = 28S 
C = 84 
GH = 16 


Conſtrution. 
3: Make an angle at pleaſure, as I DK, | 
4 Make DE = A-allo EF = B, and DG = C. 
5, Draw the right-line EG. 
6. By the point F draw FH || EG. 
7. I ſay, GH is the fourth Proportional required. 


Ws. LIE - - ci + SB 15 © OB 


Demonſtration, | 

Re Dy Camfr. ih 6%, . ... . » .> EG || FH (in ADHE.). 

xo. Therefore, ( per prop. 2. Elem. 6.) . > DE . EF':: DG . GE 
T1, Therefore out of 4* and 10*, by exchangin ; {E: 

equal right-lines, . . "OE F : by 2 Th. os GC , GH 

Which was to be done, 


Con 


I, 


J- *. Draw the right-lines, AE and DE. 
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Concerning the extraction of the Square Roof, 
Probl. TX. 


B:tween two right-lines given to find a meati Proportional ; or , 
To transform a Long-fquare into a Square. 


E AB= #9 

Suppoſe BD = 16 
1. AB and BD are two right-lines viven. [/ | = un bo | 
Keg. to find Ad 1 D AC= 125 


| » W-. 
2, BE a right-line, fuch, thit ;: . . . .> AB , BE +: BE ©; BUY 
3. Whence conſequently, ( per prop. 17. Elem. 6.) > QBE = ClAB,BD. 


Conſtruftzon. 
4 Joyn the given lines A B and. BD ſo together in the point B, that they may make 
one right-line, as AD. | 
5, Upon AD as a Diameter, deſcribe the Semicircle C A E D. | : 
6, Upon the point .B where the given lines A B and BD are joyned together , erect 
a Perpendicular and extend it to. the Circumference of the Semicirccle CAED, as BE, 
which ſhall be the mean Proportional required. 


5 .. + +. Boyne: i, :. ca 6 3 8D I RIES 
Prepar, 


» Demonſtration. } 
þ: By prop. Jt. Zh. 3. 5 ooo 6s dS ARE I : 
10, And by _ in gh. - - 6:60:04 RAS SS 
11: Therefore from g* and 10®,' ( per Corell, of? , q = '* TY 
foes, & Ela 6}: - 3 © co» & * 4 'F AB : BE :: BE BY 
Which was to be done. Ss} 
Corollary; 


12, Hence *cis manifeſt , that a-right-line drawn in a Circle from any point of the Dia- 
meter perpendicularly , -and extended to the Circumference , is a mean proportional 
between the two ſegments of the Diameter which are made by the ſame Perpendicular. 

13: Moreover, becauſe from the preceding eleventh ſtep, ( per prop. 17. Elem. 6.) 
OBE —= CIAB,BD, therefore, if A B and BD be the lides of a Rectangle, 
a mean proportional B E between thoſe ſides ſhall be the ſide of a Square equal to 
that Reaangle or Long-ſquare. 

14. Here alſo by the way , the Learner may take notice, that a mean proportional num- 
ber between two given numbers, is found out by extraRing the ſquare Root of the 
Produ& made by the mutual multiplication of the two numbers given : As, if it be 
required to find out a Mean between 16 (or BD,) and 9 (or AB,) the ReQangle 
or Product of 16 into 9g is 144 , Whole ſquare Root r2, (or BE,) is the meal 
proportional ſought; for 16 . 12. :: 12 « 9. 


Re Hon c ————— 


Probl, N. 


To find a right-line, to which a given right-line may be in the pro- 
Pottion of- two Squares gtven. | 
Suppoſ- | 
AC is a Square given, whoſe (ide is A B. 


2. DF is a Square given, whoſe fide is DE. 
3 R i a right-line given. | 


Ce Re: 


a third proportional , which _ 


to be the line T, theretore 


. AB 


6. Again, ( by the. foregoing Prob1. 8.) 


let it be made as AB toT, fo R to( 
a fourth proportional, which ſuppofe 


ta be the line S, therefore 


- AB 


- 
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ww. Reg. to find 
4. S a right-line , ſuch, that . - DAG gDEF R d 
—— & AB = 6 
FT OAB — 36 
| | Wh = 4&6 
| DE = 16 
[a E &. v3. 3$ 
Sm 
SY — . = & 
| Conſtruition. 
5; By Probl. 7. of this Chapt, let it be 
made as AB to DE, {ſo DE to . DE . DE ". 7, 


T *ſ RE © 


I fay the line S is that required by 'the Problem, therefore 


To 0 Reg. demonſtr, "0 


TAC 
Demonſtration. 


8. Becauſe by Conſtrufion in 5%, , oÞ , AB 
9. Therefore , ( per Coroll, Prop. my AB 


Elem. 6, ) 


t0. And becauſe by Conſty. in 65, +.» a. 
71, Therefore from 9* and 10%, ( per 


Prop. 11. Elem. 5.) . . 


OAB 


12, That is, (per Ax. 7. Chap. 2.) .> OAC 
Which was to be done. 


'021 


= 2 KK x 2& 


T GaABR . oDE, 

T K: +4. 
.O0DE ES. 
ODEF GM 


E—_ —_ —_— ” — — 4 — 


— — 


Probl, XI. 


A Square being given, to find out another Square greater or ll 
than that given, according to a Proportion given. 


Swppoſ. 


rt. AF 1s a Square given, whoſe (ide is AB. 
2. Rand S are two right-lines expreſling the given Proportion. 


Req. to make 
3- CE a Square, ſuch, that 


F 


i 
® - £3 . * 


-: OAF . oCE. 
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Conſtruftion. 


4. By Probl. 9. of this Chapt. find a mean pro- 
portional between the given lines R and $, 
which mean ſuppoſe to be the right-line M ,( 
therelort oo of ov - © ms 

5. Again , ( by Probl. 8. of this Chape. ) let it 
be madeas Rto M, ſo AB (the lide of the R 
given Square,) to 2 fourth proportional, which 
ſuppoſe to be the right-line CD, therefore 

6, Upon the line-C D deſcribe a Square, as CE, which fhall be that required by the 
Problem , therefore NO hs | | | | 

1. - - »- ig - ant co 0s oo» «© Bo © nn Hons 


Demonſtr ation. 


8, Becauſe by Conftr. in 4% «© Þ +» » » R , M a>. 
9. Therefore, ( per Coroll. prop. 20, Elem.6.) > OR . GM WK  .- 
10. And becauſe by Coyſtr. in 5%, . , , > R ..M AB ; CD. 
11. Therefore, ( per prop. 22. Elem. 6.) . .> OR . OM OAB . aCD. 


12, Therefore out of 9* and 11?, (per prop.11. = 
_ Elem. _ er ES 8 S * » OGAB « oa CD. 


R 
13, That is , ( per Axe. 7. Chap. 2.) os # RB : $# + 8 ns 
Which was to be done. 


Probl, XII. 


The mean of three proportional right-lines being given ; as alſo the 
difference of the extremes , to find the extremes. h 


Soppoſ. 
1, M = the mean of three proportionals is given. 
2. D = the difference of the extremes is given. 
Reg. to find | | 
3 AF and FB two right-lines, ſuch; tht AF-FB =D; Allo, that 
4+ AF» M 2» MW - FM 


M — I2 AF — 18 


D —10 FB-= 8 ME ror—_——_ 
EF = 10 AE = 8 Pd | D —— 
FG =— 12 CA=13 


EC = 5 CG=13 A'FTYF "B 


CF = 5 CB — 13 
| Conſtrution. 


5. Make EF = D ( the given difference. ) 

6, Upon the point F eret FG 1 FE. 

7, Make FG —= M {( the given mean. ) 

3, Divide EF into two equal parts in C. 

9. Draw the right-Jine C G. | No! 

1o,,From C as a Center , at the diſtance of CG deſcribe the Semicirccle CAGB 
11, Draw the Diameter AECFB. . 

12, lſay AF and F B are the extreme proportionals required. 

Jo.” Req. demonſtr, L 3 _ My agvr5 M ; FB, 


one Demon- 


TE 
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_ A —_— — 
_ — —_ 
 —— DEF 3G CIITA EDS” RL 57 


14- Becauſe by Conſtruftion in 10%, CAGB 
is a Semicircle whoſe Center 1s "ok — CA — CB = CG. 
( per deſin, 15, Elem. 1.) . « « « « 
I5. And becauſe by Conftr. in 3%, . . . © 
' 16. Therefore the Equation in 15 being ſub-, 
trated from that in 14*, gives ( as Is evident 
by the Diagram) . 
17. It Is allo evident by the Diagram that , ,> AF—EA = EF. 
18, Therefore out of 16* and 17*, C od Ax. 6 SY A 
5 
> AF 


Chap. 2 


19, But by Conſtr. in 5o Te ; 
. 1,20. Therefore from 183% and 1 9", ( per Av. 1 ) 
Which was to be dem. 
21. Again, becauſe (per Coroll. Probl. g. of —_ AF za -- FC FB 
Chapt. ) Y Dy : ; 


yo, And 


- Therefore from 21® and 22* ; by exchanging AF = os 

1B right-lines, . . . «2 : 5 
Which was alſo to be dem. 

Therefore the Prob/em propounded is ſatisfied z and out of the premiſſes the following 

Theorem is deducibie , for the ſolving of the fame Probl. 12. Arithmetically. 


_ bu hal 

r ſquare Root) of that Square which is equal to the Square of half the difference of 

the extremes together with the Square of the mean , the ſumm ſhall be the greater 

extreme : But if the ſaid half difference be ſubtrated from the ſaid fide , the remainder 
ſhall be the leſſer extreme, Hence, 


25. AF, FG, FB are —, vis AF FG :: FG ; FB. 
26. AF EE" FB. 

27. FG 

28, EF 


29, AF and FB in numbers, 


ISR ma, . . ..-.. » »Þ . » BY = 10, 
LENT - + « - + « © - «© eÞ S$EF = CF= $o = CE 
32. And conſequently, >. 4 MES oaCF = 25, 
33. Alſo from 27*, . *- » - DFO = 14 
34. The ſumm of the Equations i in oY * and 3% CG ; 
gives ( per Prop. 47» mo "Y. PW - = 169. 
5. The ſquare Root of each part of the E uation _ 
3 in 34* Tikes J 's ©. © © 0 CG — I 3 — CA 


36. Theretore the ſumm of the Equations i in y rot "Wa 


and 35* 


37. And by ſubtrating the Equation in I FN FS 
ESI +» » + »::0 k £ EA FB = $8 


38. It is manifeſt that theſe are Proportionals , 3 
for the Produd of the extremes is equal to the> |, 
* Square of the mean, vis. . . . . , 


_ 


Demonſtration. 


Es = CE. 
— FB. 


F—FB 
—_ = 


[ 
try 
Fr) 


i as 1, 


by Confty. ii in 7* "= 2 Mm Fc 
. FB, 


Theorem. 
if the difference of the extremes of three Proportionals , be added to the ſide 


The CArithmetical ſolution of Probl. 12. 
Suppoſ. 


— . 
om 00 FR. '+ Given, 
Reg. to find { 


A_ECF B 
Operation Av ithmetical. 


gives 


| 
5» © 
Faves 
en 
© 
% 


The Proof. 


= Oo SP 
AF . FG :;; FG . FB 
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39. Alſo the mean proportional is 12, and the difference of the extremes is 10, as was 


preſcribed. 
Coroll. 1. 


40. From the premiſles it may be inferr'd , Thar if the Algebraical Reſolution of a Geo- 
metrical Problem diſcovers an Equation ſo conſtituted , that the Square of an unknown 
right-line leſs by a ReQangle contain'd under that unknown line and ſome known right- 
line , is equal to a known Plane ; the ſaid unknown line ſhall be given by the preceding 
Geometrical Conſfruttion of Probl. 12, Bur here is to be noted, that If the ſaid known 
Plane be not a Square , ir muſt firſt be reduced to a Square, by Probl. 9. of this Chape, 
or by prop. 14. Elem, 2. | 

41. As, in this Equatiom . . . . . . « » « «© « aa — da = mn; 

If we ſuppoſe 24 to repreſent an unknown Square whoſe (ide is 4, alſo da a ReR- 
angle contain'd under the ſaid unknown lide 4 and ſome known right-line repreſented 
by d, and that the ſaid unknown Square 44 leſs by the ſaid Reftangle da is equal to 
ſome known Square , as 22m, whoſe (ide is yz then the ſaid unknown fide or right- 
line 4 may be tound out by the Geometrical Conſtrubtion of the preceding Probl. 12. 
42+ For ( by prop. 1 4. Elem. 5.) the Equation above propos'd in :41® may be reſolved 
into theſe Proportionals , 
8$—4-.,. w :: w - £62 | 
Of which three Proportionals the mean »» is known by ſuppoſition , as alſo d the 
difference of the extremes a and 4 —d, ( for 4 exceeds a— d by 4,) therefore by 
the Conftruttion of the foregoing Probl. 12, the extremes ſhall be given ſeverally , the 
greater Whercof is the line 4 ſought. 

43- Morover, if in the Equation above propounded, to wit, a4— da = mm, we ſup- 

ſe » — 12, and 4= 10, then the quantity of the line a ſhall be alſo given in number, 

- for by the firſt part of the preceding T heorems in 24* , | 


a = id+- y: dd mm: = 18, 
Coyoll, 2. 


44- It alſo follows from the preceding Conſftrattion of Probl. 12. that if by the Algebrai- 
ca] Reſolution of a Geometrical Problems, an Equation be found out, ſuch, that the 
Square of a right-line ſought, together with a ReRangle contain'd under that un- 
known line and ſome known right-line , is equal to a known Plane ; the ſaid unknown 
line ſhall be given by the Geometrical Conſtruttion of the ſaid Probl. 12. But if ( as 
before hath been ſaid ) the ſaid known Plane be not a Square , it muſt firſt be reduced 
to a Square, 

45+ As, in this Equation, . . - . . , + +. « » 44 + da = 0m; 

If we ſuppoſe as to repreſent an unknown Square whoſe fide is 4, alſo da a Rectangle 
contain'd under the ſaid unknown (ide a, and ſome known right-line repreſented by 4; 
and that the ſaid unknown Square 4s together with the ſaid ReRangle 4a is equal to 
ſome known Square, as 9m, Whoſe (ide is #2, then the ſaid unknown fide , or right- 
line «, may be found out by the Geometrical Coyſtrattion of the preceding Probl. 1 2. 

46. _ the Equation above propounded in 45* may be reſolved into theſe Proportio- 
nals, Viz, 


ad ..m :: m . 4; | 


Of which three Proportionals the mean ms. is known by ſuppoſition , as alſo d the 
difference of the extremes a -|- 4 and 4, (for a {-d exceeds a by 4,) therefore by 
the Conſtrufton of the foregoing Probl. 12. the extremes ſhall be given ſeverally , the 
lefſer whereof is the line 4 ſought, 

47. Laſtly , if in the Equation above propounded in. 45%, to wit, aa + da = mm, 
we ſuppoſe »» = 12 and 4—= 10, then the quantity of the line 4 thall be alſo given 
in number ; for by the latter part of the preceding Theorem in 2 4®, 


aA = y: Zdd-|-mm:— jd = 8, 


P-ab/ WNT, 
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Probl, XIII. 


The mean of three proportianal right-lines being given, as alſo the 
ſumm of the extremes, to find the extremes. But the given mean muſt 
not exceed half the given ſumm of the extremes. 


pang xr Abi 
1, M = the mean of three Proportionals =o A 
is given | GTA o__ 13 
? En Bo 13 
2. AB = the ſumm of the extremes 15 given. Gee? 
Alſo M not 2 AB. l/ \ SR 
Reg. to find F : | DB< 8 
3. AD and DB two right-lines, ſuch, EF © Þ - &4 Ban 
that AD-DB = AB. Alfo, that Me. CD=:; 
4e AD o M > M . D B., CF _ | 
Conſtruttion. 


5. Divide AB into two equal parts in C. 
' 6. From C as a Center, with the diſtance CA, or CB, deſcribe the Semicircle C AHB. 

7. Upon the Center C ere& CH LAB. 

8. From CH cut of CG = MM, ( the given mean Proportional,) which is poſſible to 
be done, for by-the Determination annex'd to the Problem propounded , M not = CH, 
or 5 AB. 

9. By the point G draw GE || AB , which GE wil} either touch the Semiciccle in H, 
when M=CH=7AB, orelſe cut the Semicircle, when MC H , (or *AB,) 
ſuppoſe then in this Example that MD CH, and conſequently that GE cuts the 
Circumference , as in E. 

10. From the point E ler fall EDL AB, then ſhall AD and D B be the extremePro- 
portionals required , tor firſt their ſumm, in regard ADB is a right-line, (to wit, 
the Diameter of the Szmicircle C AH B,) is equal to AB the given ſumm z it remains 
to prove that as AU istoM, ſo M to DB, therefore 

EL. _RRWTSTTR. .. . -. - - « BD - M :: M.; .vs 

| Demonſtration. 

x2. Becauſe by Confiruttion in 5* and 6%, , ; .> CAEB is a Semicircle, 

13. And by Conſtr. in 10%, , . . , . . .> DE L AB. 

14. Therefore from 12? and 1 3*, (per Corel. in wot AD . DE :;: DE . DB. 

P 
FP 
7 
4 


of Probl. 9. Chap. 5.) Es _- R 
15. And becauſe by Confty. in 7®, 9®, 16*, . « 
16. Therefore ( per prop. 34. Elem. 1.) > # 
= ST Cay. m8, . ... . : 

18, don ts yo of 16* and 17*, (per Ax. 1,) > DE = M 
19. Wherefore from 14* and 18*®, ( by taking M}? Fa 
2 'S _ i Mo 
| Which was to be done. | 
20. The reaſon of the Determination annex'd to the Probleys , to wit, that the line pre- 
ſcribed for the mean muſt not exceed half the line given for the ſumm of the extrems, 
will beevident by this that follows. Firſt , if the right-line M be leſs than CH, or 

+ AB, and at the diſtance of M a line be drawn parallel to the Diameter AB, as the 

parallel GE, it will neceſſarily cut the Semicircle, as in E, in which caſe the extreme 

Proportionals, to wit , the ſegments of the Diameter which are made by the falling of 

the Perpendicular ED, will always be unequal, Secondly, if the line M be equal 

to CH,or ZAB, and at the diſtance of M or CH a line be drawn parallel to the 

Diameter AB, ſuch parallel will rouch the. Semicircle in H , and conſequently HCG 

which is perpendicular to A B will be a mean between AC and CB, in which caſe, 

the three Proportionals AC, C Hand C B are equal to one another , for each of them 
is the Semidiameter of the-Semicircle. Laſtly, if the line M be greater than CH, or 

z AB, then 'tis caie to perceive, that a right-line drawn parallel to the Diameter AB 

at the diſtance of ſuch line M cannot rolfibly either touch or cut the Semicircle , but 

will lye altogether without the ſame, and conſequently ſuch line M cannot be a mean 


pto- 


rr TH 
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proportional between any two ſegments of the Diameter ; for a mean proportional line 
between two extremes is a right-line within a Circle , drawn perpendicularly to the 
Diameter, and extended only unto ( not beyond ) the Circumference : And therefore 
that there may be a poſlibility of ſolving this 'r 3 Problems , the line given for the 
mean Proporttonal muſt nor be longer than half the line given for the ſumm of the 
extremes ; Which is the Determination annex'd to the Problem, 

The premiſſes being well underſtood , it will not be dithcult to apprehend how the fot- 
lowing Theorems is thence deducible , for the ſolving of Pro/. x 3. Arichmetically, 
Theorem, 

21. If half the ſumm of the extremes of three Proportionals be increaſed with the lide 
( or ſquare Root) of that Square which is equal ro the exceſs whereby the Square ot the 
faid half ſumm exceeds the Square of the mean 5 the ſaid half ſumm fo increaſed ſhall be 
equal to the greater extreme : But if the ſaid balt ſumm be 1cfſened by the (ide ( or 
ſquare Root ) aforeſaid , the remainder ſhall be the lefler extreme. Hence , 


The Arithmetical ſolurios of Probl. 13. 


Swppoſ. | | 
t: AD,DE, DB are ==, vis AD , DE :: -DE -; DY. 
*. DOES at B2.. «5 <4 FF |: Wd 
14, AB = 26 = AD-þDB. & Given, | 'G E 

Reg. to find Fa AN 
153. AD and BD in numbers. | A — FE DB 


Operation Arithmetical, M ———— 


P --- +... AS = 


26. By Suppeſ. in 24%, oc <4 a +. » | 
a > 13=CE=SCA 
= 


* Nm ET . 
, . OCE = 169. 


28, And conſequently, . . « «+ » v1 
- « - DDE —=144: 


29. And from 23%, - - | o'% ©» 
30, Therefore by ſubrraRing the Equation 1a 2 92, , 
from that in 28*, there will remain ( per prop. « « . BCD= 25. 
$9 EMT] oo oo oo ee 4 i 9tad 
31, And conf. quently , by extraQting the _— IG phy 
Root out of each part of the laſt Equation, $'* * * _ 
32, Theretore by adding together the Equations > 6% 
= & FF ERS - s. - « AD= 18. 
33- And by ſubrraing the Equation in 31* from 2 = 
SP, .- «tx _ DB= 8. 


f Sought, 


Coroll, 

34. From the premiſſes it may be inferr'd , Thar if the Algebraical Reſolation of a Geo- 
metrical Problem diſcovers an Equation ſo conſtituted , that a ReQangle contain'd under 
ſome Known right-line and a right-line ſought, leſs by the Square of the ſame line 
ſought, is equal to a known Plane ; then the faid right-line ſonght ſhall be given by the 
preceding Geometrical Conſtrxuttion of Prob] x3, But here is ro be nored, that i 
the ſaid known Plane be nat a Square , it muſt firſt be reduced to a Square , by Prep. g. 
of this Chapt. or by Prop. 14. Elem. 4, | 

35. As, if this Equation be propoſed, . . . « . « S$4— 44 = mm; 

We may ſuppoſe 4 in that Equation to repreſent a tight-line unknown, 44 the Square 
of that line, s a right line known, and that 54 the Rectangle contain'd under thoſe ines, 
leſs by the ſaid unknown Square 44 , is equal ro ſorve known Square , as mm , Whole (ide 
wh Ip ſhall the ſaid unknown right line & be given by the preceding Canſirudtion 
ot Probl. 13. 

36. For the Equation before propasd in 35%, may be reſolved into theſe Proportia- 

. nals, viz, 

$—4 «- m ww 


2 az ; 
Of which three Proportionals the mean m is known by ſuppoſition, as alfo - the _ 
Q 
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of the extremes 5— 4 and a therefore, by the foregoing Conſtrattion of Prol1.r 2. the 
extremes ſhall be given _— either of _ may be taken for the line 4 ſought, 
. For (viewing the Diagram belonging to Probl, 1 3.) Ke 
Flee EL af 5» - +» «© © 0 '$ AD . DE :: DE . DB 
CETPEENE o- « - - » + +» + © © 6 D-E. 
EI » oo. -» + +. oo © AB. 
AD. 


: 

LI oo » +» <4 + » » 0 of | 

41. It follows that . - « +» + « « «© © oÞ DB = AB— ap, 
| 0, UW WOW, jmog 


JS J 
(IMI8! 


EI I oo > 4+ +5 + o. © on 

43. Wherefore, by comparing the ReCtangle of the 
extremes to the Square of the mean , this Equation 
is productd; .: . - + «to * © < + 

Which is the ſame with the Equation before propos'd in 35% 

44. Again, the ſame Equation will ariſe if we put =DB, the Suppoſttions in 39* 
38® and -39* remaining unalter'd; for, +: Ba 

45. Then it will follow that . , . . . . - .> 5-4 = AD. 

EI > *# +>» +» + s 6-0. © ef $=8» Wt: w 4 

EL fo o - >: +» + +< ,0 '- + + oo AD . DE :: DE ,. DB, 

48. Therefore from 46%, . - . © » . « oP SA—dA = MM | 

Which is the ſame with the Equation before produced in 43*. 

49. Whence 'tis manifeſt that the right line a ſought in all Quadratick Equations of the 
ſame form with that before propos'd in 35*, may be either of wo right lines, repre- 
ſented in the Diagram by AD and DB, for which cauſe ſuch Equation is called Ambignu, 

5o. Laſtly, if in the Equation above propounded, to wit, 52 — aa= mm, we ſuppoſe 
m—12, and 5 —= 26, then the quantity of the line & ſhall be alſo given in number; 
for by the preceding Theorem in 21, 


a = Eb yi — mm: 
Or, a = Zi — y/: i5 — mm: 


I8. 


F. 


I 1 


Probl, XIV. 


To divide a right-line given into two parts, ſuch, that another right- 
line may be a mean Proportional between the parts. But the line given 
for the mean muſt not exceed half the line given to be divided. 


Suppoſ. G AB =26 - 
1.AB is aright line given tobe cut into two parts, (> E AC=12 
2. AC is a rightline givento be a mean Pro- AD=13 
portional between the parts. | DB = 13 
3. AC not —iAB. AF = 8 
Reg. to find HO; FE =1z 
4 AFandFB ſuch parts of AB tha AF-|- LS Þ D —S rp=i8 


FB = AB; Alfo, that | 

TSF 1 AC :::AC . EB. 

Conſtrultion. 

6. Upon A one of the ends of AB, eret AC L AB. 

7. Divide AB into two equal parts in D. | 

8. From D as a Center, with the diſtance D A, or D B, deſcribe the Semicircle D A EB. 

9. By the point C draw CE || AB, ſo ſhall CE (by what hath been ſaid in 2 0® of Probl.13.) 
either touch or cut the SemicirccleD AEB, for by Suppoſ. AC not ©&AB, (or DG;) 
ſuppoſe then in this Example that AC2DG, or DA, and conſequently that CE 
cuts the Semicircle as in E. 

x0. From the point E let fall EF LAB, then ſhall AF and FB be the delired parts 
of AB, between which parts, AC is a mean Proportional, as 1 ſhall in the next 
- place demonſtrate, 

SS ING OE” . + + - - « 83 -. AC 2: AC .: FR 

Preparat. 
12. Draw the right lines AE and EB, 
y | : Demon- 
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Demonſtration, 

1 13. Becauſe by Corſtr. in 8%, DAEB is aSemicircle , 

| FG ( per prop. 31. Elem. 3. v, a 6-4 _ <AEB is 1, 

1 14, And _— by Conſtr. in R » £« cc of EF A Aalk 

15- Therefore from 1 3* and [4 per Coroll. _— "va — | 
Ib. 6.) - == AF . FE :; FE ;\'FB; 
16, And becauſe by Conftr. in 6* * and 10, . þ CF is 0. 

17: ua Kia prop. 34: Hon 3.}J:.-.+, > &G wn #1 

7 18, Therefore from 17* an a . FIG 0 in- 4} | 

| ſtead of FE, 4 ; G © AF o AC . © AC . F B, 

| Which was to be done. 

1 Noe. This Problem may be ſolved Arithmetically in the fante manner as the pre- 

ceding Probl. I3. 


———_———— 


__ 


Probl, XV. 


The mean of three Squares in-continual proportion being given, as alſo 


1 2Square equal to the difference of the extremes, to find out the extremes. 
Or thus ; 


The Baſe of a right-angled Triangle being given, as alſo a mean propor- 
tional between the Hypothenulal and Perpen TO to o find the Triangle. 


Suppoſe —M__ 


1, AB = the Baſe of a right-ahpled Triangle i is 
given, 

2, M= a mean proportional between the Hy- 
pothenuſal and Perpendicular is given. 


Reg. to find out the Triangle. | 


3. Making the given Baſe AB the firſt of three 
Proportionals, and, the given Mean M the 
ſecond, find out a third, (per Prob1.7. of this 
Chapt. ), which ſuppoſe to be B C, therefore, 

4 Upon B one of the ends of the given Baſe AB, make BC L AB, whence <ABCis.), 

5. Divide A B into two equal parts in D. | 

6, Draw the right-line D C. 

7. From'D as a Center , at the diſtance of D C, deſcribe the Semicircle DFCE L kvkeg 
FADBE for-its Diameter. 

8, Upon AE as a Diameter deſcribe the Semicircle A GE. 

9, Continue C B to the Circumference in G. 

10, Draw the right 'lines AG and EG, 

II, I fay AB G is the right-angled Triangle required ; now we muſt ſhew that it. will ; 
fatisfie the Problem propounded.. Firſt then, by. Suppoſation AB is equal to the given 
Baſe, but that the angle ABG is a right-angle, and that the given line M is a mean pro- 
portional betweet the Hypothenuſal A G and the Perpendicular BG, the following 
Demonſtration will make manifeſt. 

. <—<ABG is oy Alſd, 


AB 3 M + 'M 5 BE. 


12, E * . Age demonſtr. ; | O G AG F: M M « B Gs 
| OE. a | 

I3, Becduſe by Coyftr. in the fourth ſtep, -* TABCis J, 

14. And by Conſtr.in 9%, « » » -> CBGisa right-line ; . 


15, Therefore, (per Coroll.Prop.1 3. Elem. I.)> <ABG is .}. Which was to beDem, 
16. Again, becauſe by Conſtr, in -*, . .> DF = DE = DC, 


17, And by Conftr. in 5%, - ., *£ DA = DB; 
18. Therefore by fubtraQting the Teak AF = BE, 
in 17* from that in 16%, « +» +» » P 


' Dd | x9. And 
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19. And by adding AB toeach parr of the laſt} > 
preceding pens F 7 . " nh Fþ get <2 ns __ 6 

20. Again, out of 4* and 7" ( per Coroll, Frobl 9,0 pp & | 
of this Chapt. . < - . > » *o ep oo FB be B C My BC by BE, 

21.” Therefore from 20, (per prop. 17. Elem.6.) 3 AFB, BE = OBC, 


22. And from 19, ( per prop. 1. Elem. 6. ) 0 _ 
taking BE as a common altitude, - . » QFB,BE = CAE, BE. 


23. Therefore out of 21* and 22* ( per Ax. 1 


Chap. 2.) 


il ; - EBC = DCAE,BE 
24. Again, becauſe by (orftr. in 8% «© +» » 
2 


> AGE is a Semicircle. 
< AGE 1s _}, 
OB BA. 


25. Therefore, ( per os 31. Elem. 3.) «+ 
26, And becauſe by what hath been proved m 15® 
27. Therefore from 25* and 26*, ( per Coro/l,, 2 


prop. 8. Elem.6.) . «© « « + . + . 
28. Therefore out of 27*, (per prop. 17. -Efem.6.) Þ OGE = CQQAE, BE. 
29. Bur it hath been proved in 23®, that . .Þ ABC = CBAE,BE 
30, Therefore from 28* and 29® , (per Ax. 1.) Þ DBC = OGE, 

31. And conſequently, . , . >> BS == GE 


32, Again, out of 2.5® and 269, (per prop.$.E1.6.) > AABG and AGBE arc like, 

33: Theteforefrom 32*, ( per prop. 4. Elem. 6.) > AB AG'':: BG , GE, 
34. And fron 33", ( per prop. 1 . Elem, 6.) + DAG,BG = QOAB.,GE, 
35+ And out of 31*, by taking AB —— QOAB,BC = QAB.GE. 


mon altitude, EE. «© 
36. Therefore from 34* and 35*, (per Ax.1.)> QAB,BC = 

37. Butby Conſir iq 3®, and per prop. 17.Elem.6: þ E3AB,BC = OM. 
38, And PD EPan'y from 36* and 37*, ( per DAG,BG = OM 

Ax. I. » o ... . - o . - _ ® ,O0i,. IF) oy. s (i 
39. Therefore our of 3 8*, (per prop.14. Eeml.6.)p AG . M :: M , BG, 
Which-was to be dem. And therefore the Problem Is ſatisfied. 
Coroll. 1. 


40. From the premiſſes it may be inferr'd,,” That if the Alp bfraical Reſolution cf 
a Geometrical Problem diſcovers an' Analogy cotlifting of titte” Planes in contined 
proportion, ſuch , that the greater extreme is 4 S$quite unkhoWn; the mean a Kiiown 

= DEE 2 and the leſſer extreme, the exceſs, whereby that unknown Square exceeds fome 

' * khown Square , rheti the fide of the ſaid unknoWn Square Thall*be given by the Geo- 
metrical Conſtratt;on of the preceding Probl, 15. oP OGG TE 

- As, for example, let there be propos'd the following Analogy., where as repttleits 

A Fm unknown , and 4 its (ide; alſo 7m and bb two known Squares, whoſe lides art 

” and v5; = 24 _—_— | wy | 

aa — bh . mm ;:: mm « 4a ry 

41. Then, (becauſe, by prop. 2 2. Elem. 6. the ſides of propottienal Squares are proporiic- 
nals alſs,) froth. rhe Analogy ptopoy'd :this artſeth, wiz, ': fi. 

Og mb =bpic. uh to om. a0 Ow 

42, Which three Proportionals laſt expreſt being wel] conſider'd , it will be manifeſt that 

' the greater extreme, to wit, 4, may be cltecm'd. the Hypo thenuſal of a right-anpled 
Triangle whoſe Baſe is 4, and e Be þ i 4: aa —bb: the leſſer extreme : Now 


in that right-angled Triangle the Baſe 6 is given by ſtippoſtidn; 4s alſo -»» « right 
ine which is a mean proportional between. the ſaid Hypothenufal and Perpendicular, 
and therefore the Hypothenuſal and Perpendicular ſhall. be,given ſeverally by the pre- 
ceding ConſtruZtion. of Probl. 1 5; veliich Hypodienufal ſhall be” ihe tne repteſttifed by 
- tl Pryor. a, LE. IT TOE, 
43+ Iris alfo miiteſt, char if the Terms of the Ktiatbpy Sropod fortdn Examplte'th 26 
be ſuppos'd to repteſent tiumbers , thin by corhpxring t $630 e bf the rhe extretnts 
to the Reftangle of the means , this followlng *Biqualratick Equation will thehce be 
produced, viz, "oy LDL Mio Wo JC Vi; 


aaas — bbas = "mim, * 


Where, 


— 
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1 - where, if we ſuppoſe bb—=56; alſo mn=,/27, ard 4 to ſtand for: forme number 
1 .. unknown, that Biquadratick Equation may be expreſt thus, - v52. 0762;0t 
| £7 0p ., » AG — Gan = 27, . DY02 2th 3 1: , Choi 
1 44. In which laſt Equation, the unknown:number a -may be found out, either by an Arith- 
| Metical Operation deducible from the preceding Geometrical Conſfrut#i0ni of Probl. 15. 
or elſe after the ſaid Equation is reſolved into theſe three;continual Proportionals 
| | 46 —-0 #27: $% af29. ron dgrnnn} i aierienrtd hl 
The greater extreme a4 may firſt be made known after the manner of the Arithmetical 
Solution of the foregoing Probl. 1:2. and then the ſquare Root-of that number found out 
for the value of as thall be the number @ ſought, All which will be manifeſt by. the 
' following Operation ard Diagram. 43 36 rabayl 


b 


| Suppoſ. Ya * 

45, AF, FG, FB =—;, viz. AF EG :; FG .-FB. - VR On 
46..AF ZZ FBii: ng! . f-j'*4; * 

47» artG = 2To L 0: [20175205 © ©.:'8 ; | | | 475 

3, AF—FB =6:;= EF. F 8.  — > 20 bhes 
: "E:CEK..0 


Reg. to find out m2 | 
49. AF the greater extreme, ſignified by a4 in the Analogy before expreſt in.44* 


| | Operation Arithmetical. | 

50, By Suppoſition in 48%,  . , ,. . 5 , , ; EFi= 6. 3: 
ſl. Theretore \..  . © . « - «© » «Sp ZEB = OF = 3= CH - 
52. And conſequently, . ... . ; . > OoOCF'= g.. 
$3, By Soil. 10.47 - » « bb &! a3 _ , -MFO = 27. 
54 The ſumm of the two laſt Equations gives $ EEE Le 

(per prop. 47- Elem. 1.) ape; en nt ALB E30 
55. The ſquare Root of the laſt Equation gives - CG=:6=CAZ 
56. The ſunm of the Equations in 51* and ant: pI : 

on OPT RE Co Pn” 2 _—_— * va | —S 
j7, Wherelore, _ xs © + 5 o © o. > oo 5 oiS ISS 
58, Moreover, out of the premiſſes ariſeth the following :Capox, .for: £& Axzichmetical 

Reſolution of all Biquadratick- Equations fatling under the ſame form. with. that, before 
1 expreſtin 43 "and here-undet repeated , where 4 repreſents ;a, number. oats, bus 
| þ and » two numbers given; viz, he”: 
If 1 5% nane— bbaa = mmm, _ © * x 27 1:1 mon 


| AF = Ju"! 


bo 


WF CTFfLit VHS 
»mef}.. - a n , : - am +» L Ai of ' & 43 3s! V f . 
i Then Ws v4 0 =": bf moms OO! 
ad SL3 ELEC + 401 ; TLIRETE e hs es 
- Coroll. - 2. in "T0: L247 * & 


$9. :Frofi the premifles alſo it may-be inferr'd, "That if the Algebraical Reſolution 'of 
a Geometrical Problem diſcovers an Analogy conſiſting *of 'three- Planes 'in*contintal 
proportion , ſuch , that the lefler. extreme is a Square unknown, .the mean. a known 
Square , and the greater extreme 1s compoſed of the ſaid unknown Square,gnd ſome 
known Square ;* then the fide of the ſaid unknown Square ſhalf be given by the Geo- 
metrical Coxſtruttion of the foregoing Probl. 15. As, for example, 
3 ;.If_ chis Analogy. be propos'd, -where as repre-2 - na 
ſents a Square; unknown, and; # its. ſide -a}ſo{; 
.mm and. bb two. known Squares, whoſe lides( 
SOV mM: and b, > 412 61 z . "6 we . hg —_—" more 
0, Then ( per prop. 22. . Elem. 6.) thele allog- ,j—aj ts hel GH 
Ao be Ponportimnalss - news =} bs 
61, Which three- laſt preceding,,Proportionals being well examined [it will be; matifeſt 
"that the greater extreme, to Wit, y/: 4# + bb:; 'may/be eſteem'd-the Hypothenuſfal: of 
- 2. right-angled Triangle whoſe Baſe is 4 , and Perpendicular 4, (rhe lefler extreme. ) 
Now in that right-angled Triangle-the Baſe þ.is given by fuppotiion, as alſo »s aright- 
line which is a mean Proportienal between E000 Hypothenuſal and Perpendicular , and 
therefore rhe Hypothenuſal and Perpendicular ſhall be given ſeverally by the preceding 
Conftruttion of Probl. 15. which Perpendiclar fhalt be the line repreſented by 4 n 


| Dd z 62, It 


a4 | bb mm ir mn : PP 


_. the Analogy propesd in 59% + © +», 
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62. Ir is alſo manifeſt, that if the Terms of the Analogy in 59® be ſuppoſed to repreſen; 
numbers, then by .comparing the Rectangle of the extremes ro the' ReQanyle of the 
means, this following Biquadratick Equation will thence be produced, wiz. 

\ O87 | aaa + bbas — mnemmm. 

Where, if we fuppoſe bb —6,, alſo mm —= 
+/1 35, and # to repreſent ſome number unknown, > aaan + Can = 35: 
that Biquadratick Equation may be expreſt thus, 

63. In which laſt Equation the unknown number 4 
may- be found out either by an Arnhmetical Ope- 
ration, deducible our of the preceding Geometrical{ PSS ND 27 a 
Conſtruftion of Probl. 15. or elſe after the faidp FS * 035 *% v135 3.6 
Equation is xcſolved into theſe three continual 
ET 3 © +» 456. ci nt. | 
The leſſer extreme 44. may firſt be diſcovered after the manner of the Aricfumetical So: 

lution of the foregoing Probl. 12. of this Chapr. and thenthe ſquare Root of that number 

found out for the value of as ſhall be the number 4 ſought.. AN which will be manifeſt 
by the following Operation and Diagram. RY 


. Suppoſe. 
64. AF,FG,FB, — viz. AF . FG :: FG , FB, 
65. AF — FB, : 
G6. o FG = #1 ZFe | 
67. AF—_FB = 6 = E FE. , 
Req. to. find out. bs + oth 
68. F B the leſſer extreme, which anſwers to 44 g 
in the Analogy befpre expreſt in 63*. 
| '* © "Operation Arithmetical,- | 


69. By Swppeſe in 65%; 24 3 ob 10; EF="6. 
70. Therefore. . {/. +» « . +6 5 » >» ZEF = CF=" 3=CH, 
71. And conſequently, . . 5 fo fe Se 5 7 CF= Og 
72, B Smuppoſ. tm 66® Gs. . ' © - T3 . 0 » QE: 3'=135z ; 
73. The form of the rio laſt preceding Equations rage — CG ng peo rigerm= 
gies ( = 1% (rem ohh ME 2 — OCG= 144 
74- Theta of the'Equation in 73* gives .. '; . » CG= 12 = CB} 
75. And by ſubtraRting the Equation in 709%, 2. - Lia bd 

from that in 74*, Rac "Ce yy ©, o D= 9=4, 
76. Wherefore . Roe Ss. Ss 6,0 © 2 . -4 * 9 == 3 =# 

. Moreover , out of the premiſles ariſeth the following Canon, for the Arithmetical 


$15 ov © ©» @# anna -|- bbaa —= mmmn, 
Then . . 5%, « 4 = 4: y/ibbbb + mmm — bb; 
Coroll, 3. 


78. From the premiſſes alſo it may be inferr'd, That if the Algebraical Reſolutton of 
. a Geometrical Problem diſcovers an Analogy conſiſting of three Planes in continual 
proportion , Tuch, that the' mean is a Square known , and in each of the extremes onc 
and the ſame unknown Square is found Affirmative, ( that is, with the Sign _- 
to it, ). together. with ſome known' Square having either - or — prefixt to it, Ot 
when in each of the extremes 'one and: the ſame- unknown Square is found negune, 
| (that is, with the fign — ſet before ir, ) together with ſome known Square Having 
> ſign 5 by 00 a it ; _ in COS _ Cafes, the [ide of _ m_— 
uare may be fond: our Geometrica . the /preceding Conflruftion of Prodi. 15+ 

- as Will be manifeſt by: the four Conn, Evuapter ” i | 
| | ” . "Example 1. 


o- 6 _ 4-4, Bf 


« = 


hn {i Suppoſe . © + a4j-bb | mm :;: mw 5 aa £6; 
" 1] bo A BRGES 1 w 38; "} « x a6; 
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4 In which Analogies, let as repreſent an unknown Square whoſe (ide is 4, but &þ, 
1 ww and ce three known Squares, whoſe (ides are 5, # and c,- fuppofe- alſo thatih is 
greater than c , and conſequemly a4 +- bb © as-+ecc. I fay then, that the unknown 
ide 4 ſhall be given by the preceding Conſtrattion of Probl. 15, For the difference of: the 
extremes of the three Proportionals in the firſt Analogy above propos'd is &þ — cc, which 
by Suppoſ. is given , therefore the [ide of a Square equal ro that difference , to wit, 
4/:bb — Cc ; may be eſteem'd the Baſe of a right-angled Triangle , by ihe help of which 
given Baſe , and of the right-line y, which by S»ppoſition is a given theah Proportional 
between the Hypothenuſal 4/: a -|- #6: and the Perpendicular /: aa -: the Hypos 
thenuſal and Perpendicular ſhall be given ſeverally ( by the ſaid P98. 50 andy" be 
repreſented by þ and p , whoſe Squares are hh and pp ; then by equating bh 10 the greater 
extreme aa -|- bb, or pp, to 48+ ce, the (ide 4 will be found equial'to'y/; th— 6 : 
or y/: pp — cc: which Roots are given, and equal to one another, - Ps 


a IE — -- 


Example 2. 

, CF Suppole . « « . aa—bb ., mm :: mn 3; as—tc, 
'2 And conſequently, y/: aa —bb: . m :: m_, iad—re: 

In which Analogics, if ( as before in Example 1.) we ſuppoſe «n' to repreſent an 
known Squate whoſe [Ide is a; alſo 56, arm and' ce three known Squares , whoſe ſides 
we b, mande, and 6 to w—_ than c, whence conſequently as pron a& — bb ; 
then'rhe unknown (ide & ſhall be given by the preceding Conſtradbion: of Probl. i 5. ' For 
the difference of the extremes of the three Proportionals in the firſt Analogy above pro- 
pox'd is $5 — ec, which by S»ppoſition is given , then the {ide of a Square equal to ithar 
difference , to wit, 4/: $6 —cc ; may be eſteem'd the Baſe of a right-arigled Triavgle , 
by che help of which given Baſe and of the right-lire m ,-which by $ «ppoſiion is a given 
mean Proportional berween the Hypothenuſal y/ t' 4a — tr + and the” Perpendicdlar 
4/:aa— bb: the Hypothenuſal and Perpendicular. fhall'be given ſeverally' by . the” ſaid 
Probl, 1.5.- and may be repreſented by h and p, whoſe Squares are hb and pp; then by 
equating hh to as — cc (the greater Extreme,) or pp to a4 — bb;**the atknown tide 
6r right-line 4 will be. found equal to: 4/ : bb of y/: pp + $8 £:which Roats/kre 
given, and equal ro one another. «#1 OO] 162 R 2 


Jos. + 


Example 3, Ih. GE OE 


; 1g 


Suppoſe 3 5 + 4+ 44 +6b , mins ©: 0m G Wall 7; 


s '©.. 6 ; | ——m—m——_ ET Ta caam ame ent 
'T And conſequently , y/: 44+ #6: . , m 3: m _. yida—cct 
$4. pl We Suppoſe « * i. Gb aa | 11 tf 00 « "be —an, bY. 


"QC And conſequently , /ibb —as: > Ww 2:2: WÞ - 4/:CC—48? 
By what hath been faid in the Explication of Examples 1. and 2. # vill not be difficult 

to tonceive how to find out in like tnanner the unknown Root of fight-linie repreſented 

by « in the third and foutth Examples, where b, m2 and c are Tappes'd to be right-lines 

ſererally given. _ EY \ Ho 

83. Note. When more than one known Square or Reftangle is found inany one of -the 
three continual Proportionals mentioned in any_of the three preceding. Corollaries of 
Probl. 1.5. fach known Squares or Re&angles mult firſt of all be converted into a limple 
Square , per Probl. 2. Chap. 4. 3.99) 3 


Le OO 


_ th 2 "'F ___ 


— 


| Probl. XVI | & | | 

The mean of three Squares in Continual proportion beittg givett, 32 
allo a Square equal to the fumm of the extremes, to find out the ox- 
tremes, ES. IS | OE "as 
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| Or thus, | 
The Hypothenuſal of a right-angled Triangle being given, as all 
a mean Proportional between the Baſe and Perpendicular, to find out the 
Triangle. But a right-s#8e. ariſing out of the Application of the _— 
of the given Mean to the given Hypothenuſal muſt not exceed half the 


Hypothenufal. 


C ; 


- * © i > 


oO 


Jo 


Suppoſe 
M not —AB. 
a A E — 


Reg. to find out the Triangle. __ D 
| &# Oonſtrultion. Bn - 
4. Upon the point A, (one of the ends of the given Hypothenuſal AB, ) eret AC-L AB} 
ind make A C — M the given mean Proportional. 
5. Let it be made ( per Probl. 7. of this Chapr, ) 
--:as AB to AC, fo AC toa hid Proport- AB , AC::: AC 3-4D: 
© nal, which:ſuppoſe to be found AD, therefore, ; 
That is, (becauſe M=AC,) . . .> AB ;. M. :: M , AD. 
6. Upon A Bas a. Diameter deſcribe: the Semicircle AF B. 
7. .Upon D B- as a Diameter compos'd of A B-and AD as one right-line , deſcribe the 
- > Semicircle DG B. | "3 ; 
$, By Probl. 14..0f this Chapt. divide the given Hypothenuſal AB into two fuch parts, that 
+:;the, line AD may be a mean proportional between the parts ; which is poſſible to be 
 .done:, for by: Confiraftion in' 5%, AD = oa , and by" Suppoſiton in 3*, apreea- 
© ble to the Determination annex'd, to the Problem, SR or AD not ©-EAB; 

+ ſappoſe then-the line A B to be cut in E,, into/two ſuch parts AE and E B, that EF 

is a mean proportional between AE and EB, and that EF is equal to A D, therefore, 
AE . EF (or AD,) :: EF (or AD,) . EB. 

9. Draw the lines AF and BF, then ſhall AF B be the Triangle ſought. Now we muſt 
ſhew that it will.ſatisfie the, Prob/em. Firſt then, by ſuppolition A B is equal to the 
given Hypothenuſal , but that the angle A FB is a right-angle, and that the given right» 
line M is' a mean proportional between AF and BF, (to wit, the Baſe and Perpendi- 
cular,) the following Demonſt-ation will make manifeſt. 

> þ AFB is _|; alſo, | 

IO, +» - Reg, demonſtr. © ing pp . I 5 'M . > M : F B. 
: K:- ' Demonſtration.- g 

Ii, Becauſe by. Conftr. in 6%, «+ . . . .> AFB is a Semicircle, | 

I 3+, Therefore, ( per prop. 31. Elem. 3.) . .>, AFB is 1. Which was to be Dem: 

1.3. Again, becauſe by Conftr. in 8%, . . + .EF = AD..: | 

14. Therefore, by taking in A B as a common | 
altitude, it follows from 1 3*, ( per prop. 1. > DEF, AB = GAD, AB. 
LETT To to 3 oo o W01 | STONE frets 

15. And becauſe by Coyftr. in 6* and 8*, ,>' FE LAB.” 

16. And it hath been provedin 12%, .. . .Þ TAFBis i, ia 

/ Soy 17 wha of 15*and 16 (1 Popbeg AAEFand AAFB are like _ 

x 8. And conſequently, { per prop. 4. Elem. 6.) F EF. , AF :: FB . AB., 

19. And from 18?, ( per prop. 17. Elem. 6.) F AEF, AB = QOAEF,FB. 

20. Therctore from 14% and 19?, (per Ax.1.)> AD, A'B;=;DAF,FB.!T7 


21. And becauſe by Conſtr, in 5%, .-, . . >, AB . M : M . APD-::: 
22, And conſequently ( pey prop. 17. Elem.6.) > DAD, AB = QAM. © __ .. 
23+ Therefore out of 20* and 22*, (per Ax.1.)> AF, FB = @M 


24+ There: 


———_— 
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:4. Therefore from 2.3*, (per prop.14. Elem.6.) . > AF MM BB; 
Which was to be Dem. Arid therefore the Problem is fatiRed. ay: 
Cordll. 1. | So 
25- From the premiſſes it may be inferr'd, That if the Algebraical Reſolution of a ,Geo- 
metrical Problem diſcovers an Analopy conſiſting of three Planes in Contindsl ;pto- 
portion, ſuch, that one of the extremes 1s an unknown Square, the inean a known Square; 
and the other extreme the exceſs whereby ſome known Squire exceeds the faid-unknown 
Square z then the (ide of the faid unknown Square ſhall be given by the preceding 
'Gromerrical ConftrufFion of Probl. 16. = | 
As , for example, ſuppoling aa to repre- 
ſent an unknown Square, whoſe [ide is a; allo{ bh : R- | 
wm and hh two known Squares, whoſe (ides are OO. «OP I REY 
# and þ, Jerthis Analogy be propos'd, v4z.\ 
26, Then ( per prop. 22. Elem.6.) the lides of FF __ 
proportional Squares are Proportionals alſo, > y/:hh—aa: . # ':t: mm .. n, 
Recor ran wie © an SRD | X 
27, Which three continual Proportionals laſt expreſt betng well obſerved, it will be tma- 
nifeſt that the extremes, to wit, 4/: 4h — a4: and 4 may be eſteem'd the Baſe and Prr- 
pendicular of a right-angled Triangle, whoſe Hypothenuſal is 5. Now ft thit rights 
angled Triangle , the Hypothenulal h is given by Smppoſorion , a$ alſo! # a ri9tir-line, 
which is a mean Proportional between the Baie and Perpendicular ; and therefore. rhe 
Baſe and Perpendicular ſhall be given ſeverally by the preceding Co»/t#ult5on of 'Proþ1.1 6. 
either of which right lines, v:z, either the Baſe or Perpendicular ſo found vi may 
be raken for the line repreſented by, a in the Analogy propos'd ih 25%, For, viewing 
the Diagram belonging to Prob}. 16. IN Tag Rn oe 
"OO OE LL —M Wy | 
29; 34 je ale. <.._» .eF » |. 15 FB: 


s #& 


zo.. And conſequently ( per prop. 22: Elem. 6.) ® GFA. OM :: OM , OFB. 
215 Then put 45s fo 0 o OS oo Obs = DOM. « tv! Tirun £5719 
7TH Alſo, . . Ss, ® o& DP. ” Þ 5h —_2 ll; A'B.- n F 3+ tifiel 
2% A -- - -« 


' 5-6: A L Da aa: —= OF B. 

34. Ihen from 28?, 32® and 33%, it will beg. , Eh 

» OG ( per prop. 47. E low. I. ) thir '$ hh —aa=DFA (= DOAB — EB.) 

35. Alſo from 309, 31*, 33% 34% - A hh—aa +» mm,:: mm « ad. 

36. Which Analogy is the ſame with that-propos'd in 25*, and ir will alſo be produced 
by. putting aa = © F A, ( the Politions in 31. and 32* —— >) 

"For then ir follows that ' 05 £2 OS CE a = BT OAH FA.) 
37. And becauſe By Suppoſe in' 30%”, - OOEB 1 Mt BOM (DBA. 
38. Therefore from the pretmifles 50 of DU = a «HW 13- ary 1107 00G 

Thrs it appears, thit from either of the rwo righ-Tittes Foun '6fir ByP46/ -1457 wACAnd 
the ſain Analogy mhay be conftitate, bhi which Yſpea "ts Raid t&'be Aakiigabar, 51 - 


WT TORT RIES, 4 HEATH 6 G5 AVCUE CI FE 9095-21 :25731t189--50 
hi alſo Nel ka if the Trays of the Sontag ar al. - _—_ 
nalogy in 2 3*be fuppos'd 16 teprefenr mathe "7 cl 592 10 179 200 
bers,- then by cofniparing the ReBangls of the hhaa — aazd = rin, Tae 7 
«id Þ TY a 3 


extremes t0 the Rectangle of the means, this 
Biquadratick Equation will be prodiiced , 93z.. EL 

Where, if -we fuppofe hh — 5+, aHfo-mm » 6 © +» ,N09qquc 7 n_ 
=2, and a to ſtand for ſome number-un»\\ . wh 1 AL; | 
known , chat Biquadraick Equation, may. bel, , 7%, 11-75  , -:igo!../ 
expreit thus, VI&: 0 þ co. aheÞ ob i #+ © T ITY; awa oof; - Liieg earns bo 
46. fn which Taft k Sen henna pad en oe 0d Big nth oa Wh 
 . ber. « may be fund our ciherby i Artbme-/ nds 2 Hr beret ants 
tica] Operation dedycible from the preceding, 2 ...-, $3 
Geotnerrical Co4/5-p85on of Prib}, 'n'6, of, 9100 98 + Brpben Bn ens 

elſe, after the' ſaid Equation & reſolved EF. 7, EIS 
theſe three Cotitinual Propot | .- - Sm I wh; FE We 
 Thetws valifes of 44 may be found Gut afcer whe three 'of the Atithinictical Solgt! 
& the foregoing P#ob}, 1.3, of ris Chapt. ahd tonſtquetitly the fhadre Root of exc 


> number 


<— 
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number found out for the value of a4 being extracted, there will ariſe two numbers, each 
of which may be taken for the number & in the Equation in 39% All which will be 
evident by the following Operation and Diagram. | 


Suppeſ. . 
41; AD, DE, DB ==, viz. AD . DE :; DE ; DB. 


- E 
42. DE = 2, whence ODE = 4. 
43- AD+DB=y —=AB. 
A 15tT bers, ( ſignified by a« in. th 
44. AD and DB in numbers, ( lignitied by 44 1n. the — -Y 
A FcD 8H 


Equation in 39*.) 


Operation Arithmetical. 

Sin 49, : i... - 5 $5 AB=57 

46. Theretore, « . + + « , +» +» + + «ff 3zAB=CE =2= =AC=Cy; 
47. And conſequently, . . . . W_ : DC 6L, = Ob. 
48, By Suppoſition 1n 42*, | -- « QDE—=4. 


49. And by ſubrratting the Equation in 48* — —  acCDmss: 
thar-in 49% +. >» +» «6 © © o » 4 

50, The ſquare Root of the laſt Equation gives .> ; . . CD—1<! 

51. Theſumm of the Equations in 46* and 5o* gives> . . . AD= 4—aa. 

52. And conſequently, . . . » . « + Þ © 0 » 4/4 =2 =as 

53- Again, by ſubtraQting the Equation in 50, from? . _ 
CST: t.. - -. » : * cor radilecs = I =Ad. 

54.. And conſequently, . : . , « « > -S +0 0 2 y/I=1=g. 
Whence 'tis manifeſt , that the number ſignified by 4 in the Analogy in 40* ( or in 

the Equation in 39*,) may be either 2 or 7. | 

55- Moreover, out of the premiſſes ariſeth the following Canon , for the Arithmetical Re- 
ſolution of all Biquadrarick Equations falling under the ſame Form with that before pro- 
pos'd in 39, and here-under repeated , where 4 repreſents a number ſought, but h and m 


two numbers given, and ſubje& to the Determination annex'd to Proþl. 16, viz, =_ 
muſt not be greater than Zh , and conſequently wm: not greater than 2bh, q 
If ;, , . hhaa— aaaa = mmmn. 


Then, . | @ = v/:3bb + vihbbh —mmmn: 
Or, 3 « @4 = 4: ihh — /qhhhh—mmumn: 
Coroll. 2. 


56. From the premiſles it may be alſo inferr'd , That if the Algebraical Reſolution of 
a Geometrical Problem diſcovers an Analogy conſiſting of three Planes in Continual 
proportion , ſuch, that the mean is a known Square, and alſo one of the extremes is 
the exceſs of ſome ynknown Square above a known Square, and the other extreme 
Is the excels of ſome known Square aboye the ſaid unknown Square; or , when one of 
the extremes is the exceſs of a known Square above anunknown Square, and the other 
is the ſumm of the ſame unknown Square and a known Square , in each of thoſe 
_— , the ſide of that unknown Square ſhall be given by the preceding Conſffrw#n 
of Probl. 16, ; 


* o o * -* 


Example 1. 

Suppoſe . 3 + 7; 4a — dd , amm :: 4mm CA; 

And conſequently , y/:aa— dd: 28 :: 2m «. i CC— 48: 
| _ In which Analogies, if we ſuppoſe 44 to repreſent an unknown Square whole fide is 4; 
but dd, 4mm and cc three known Squares, whoſe ſides are 4, 29» and c; the unknown 
{ide or right line 4 ſhall be given by the preceding Conſtrattion of Probl. 16. For the ſumm 
of the extremes in the firſt of thoſe Analogies is cc — dd, which is given by Swppoſition; 
then the fide of a Square equal. to that ſumm, towit, y/: cc —dJ: may be eſteem'd.the 
Hypothenuſal of a right-angled Triangle, by the help of which given Hypothenuſal 
and the right-line 2», which by Swppoſition is a gyen mean Proportional between the 
Baſe and Perpendicular , ( repreſented by 4: 4 — 4a: and y: cc — aa : ) the Baſe and 
Perpendicular ſhall be given ſeverally by the faid: Probl. 16, and may be MF by 
| i | : and fy 


LOT 


"> woo 


* - - 
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1 fad g, whoſe Squares are ffand gg 3 then by equating” ff to a4 — 4g, or gg to rc aa, 
ane value of the right-line 4 ſought ſhall be given, again, by equating gg to aa — ad; 
1 aff to cc — as, anather value of theright-line 2 ſhall be given: So-two lines are found, 
our, either of which may be taken: forthe line 4 ſought, and therefore the- Analogy 
thove-propos'd in Example 1. and all others of the ſame kind are ſaid to be Ambiguous. 


Example 2, © 
Suppoſe ., . , ., bb —aa , mm :: mm +». aa4- cc, 

"OY conſequently, y/:bb — 48: . m :: Mm © vo: ani: 
By what hath been aid in the Explication of Example 1. 'tis very ealie to conceive how 

0 find out in like manner the unknown Root or right-line repreſented by « in Example 2. 
| where b, ms and © are ſuppos'd to be tight-lines ſeverally given. 
1 t;. Note. When more than one known Square or ReQangle is found in any one of th 
] three continual Proportionals mentioned in either of the three preceding Corollaries of 
Probl. 16, ſuch known Squares or ReQangles muſt firſt of all be converted into a ſimple « 
Square , per Probl. 2. Chap. 4. | : | 


OP EE ITY 


FRO OP WAITER 


. 9 a hoc CUFENT TW, 


Cnay. VL 
Ihe manner of fading out ſuch Right-lines and Squares as are 
repreſented by Algebraical Fraftions, the Quamities con$ti- 
turing thoſe Frafions being given ſeverally. © 0 
| Probl, C. 


—_— 
1 l4= =, An Equation propounded, ' 


» b and c are right lines given ſeverally. 
Reg. to find the line 4. | 

Conſtruitzon. 
The Equation propos'd may be reſolved into? -: - 3 
| ” theſe Ped os : «=. *; a 'F 6! 6: $205 Bio 

In which Analogy , the two firſt Terms are right lines given by Sppofirzon , therefore 
2 third Proportional ro them ſhall be given alſo, ( per Probl. 7. Chap. 5. ) which third 
Proportional is the line « ſought, 


att. lt. 


Probl. Il. 


Swpoſ. 
b vpoſ. 


6 0-08 96 4 Equation propos'd. 
2, 6, 6 and d age right lines given ſeverally. 
Reg. to find the line 4- 
Conſirnit;on. WE 

3 The Equation propos'd may be reſolved into this ja 5 («44 28 

Analogy y VIZ. o - - u - o by - - bh ; : : 7 ; 

In which Analogy , the three firſt Terms are right lines given by pn therefore 
(per Probl. 8. Chep. 5. ) the fourth Proportional, to wit, the line « | be given alſo, 


Probl, 111, : 


— 


———— 


wt. Lm— 
. 


27194 , An Equation propos'd. 


C — 
4 6,c, dand f are right lines given ſeverally. d 
E e | Reg. 
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- fg, to. find the line. 6. | 
\-. Conftrultyon, 
4 The Equaian ropes d may be; reſolved into ay . 
;:Analogy , --- 37 y s PF - Fd #5 
In-Which Analogy the three firk Terms. are given, for firſt, c and F a given by | 
Sappoſition , a right line equal to 6 — f ſhall be given alſo, ( per Probl. 3. Chap. 5. 
ſecondly , b and 4 being given by Suppoſition, a right line equal ro b- 4 ſhall be given, 
(per Probl. 1:-Chap. 4.) ahd =, the fourth IO line « ſought ſhall be given, 


whence n_ Fe 


+ » =_ I nn ns mens 


Probl, I'V. | 
Suppo. ; | 
I — He . An Equation propos'd. | 


2.:b,0, F ALY f are - right lines. given. 
Reg. to find the line 4. 
Conſtruftion. 


31 The Equation propos'd may be reſolved into as 4: mie 4 


Analogy, « «» +» +< +» bs 
4+ In which Analogy the three felt Terms are given, and therelore the *_ proportion 


line 4 ſought ſhall be given alſo by Probl. 8. "_ 
26c 4- & = 


5.-In like manner; if | . TE x a> = IF; 7 | 
6. Then this Analogy will diſcover the line fonghn,2 dl- %* f dio £76 Fab 
VI1g. 5s; Ws, " ® &6G . x IND 
>, Aggniif . . «+ | . #2 > a= B=rbetes 
8. Then ſuppoſi ns CC, the line a fall be « gre? 44-75 þ a4 Þ 
by this Analogy, viz. « « +» : 


Probl. V. 
Swppeſ. 
I. 4 = &T . $2 » An Equation propor, 


2. b,c;d,f, g are right lines given, 
' Keg. to find the line «. 
Conſtruttion. 


* pe reduce df. to-a ReQangle, which ſhall have 

or one of its (ides, viz, let ir'be made ( per PALL > al 

| Polit Chap.s.) as b to d, ſo f toa fourth Pro- , w'F © 
portional , which may be called h, therefore , 

4+ Therefore by comparing the ReQangle of the ar - 
extremes to the ReQangle of the means, . . AP" 

5+ Then by ſetting 6h in the place of df in the Equa- OTIS = = 5+ bb 
tion propos'd , it will be converted into this , viz. 

6, Which a(t Equation may be reſolved into "a OY h 
Analogy, » «» + » s » Tg 
But in the Analogy aſt expreſt, the three Geſt Terms are given 4] Suppoſition and Confirs 

Fon, therefore (per Probl. 8. Chap. 5.) the fourth proportional line 4 ſought ſhall begin 

alſo. The ſame fine a may be found 0 out divers -other ways, as the induſtrious Learner wil 


rally perceive. : | RE. ——— 
RO Fs FFI | Probl, VI. 

Suppoſ. | 
T. 4 = - An Equation propos'd. 


2.6,c,d,f,g, h and k areright lines given, 
Keg. to find the line 4. 


Confirt 


=8SV 


\ 
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; | Conſtriftion, 
J 3. Firſt, reduce bc to a ReRangle which ſhall have 
1 g for one of its lides, vzz. let it be made (per 


Probl. 8. Chap. 5.) as g to b, ſo c to a fourth £--.* 33. 6/-0& 
| Proportional , call ir /, therefore, '. . . . 
4. Therefore, by comparing the ReRangle of = OY" 
extremes to the Retangle of the means; . .. . — Om 


5. Therefore from 1* and 4*, by ſetting g/ inthe om ETD TIT 
| of bc in the Equation propos'd, it gives . . « ged —gbh, ca—bk 
7 6, Again, reduce hk to a ReQangle that ſhall have | 
| d for one of its lides, viz. let it be made as d to h, > dm = bk. 
TS: (hf + 1 fourth, which may 7 called »y, therefore \ 
7. Therefore from 5* and 6* ; by ſetting dm in the 
place of hk in the Fraftion in the latter part of > 4 = — HG . 
the 5” ſtep, it gives 6.001 ae Ma 0 
3 8. Therefore by reſolving the latter Fra&ion in the 
| 7* ſtep into Proportionals, this Analogy alc © E—Mm. | :22 £2... 
Viz Ce Een ce ER ES | 
In which Analogy the three firſt Terms are given by Sppoſirion and Conſftruttion, thare- 
fore the fourth Proportional, to wit, the line 4 ſought ſhall be given alſo, by Probl. 8. 
Chap. 5. of this Book. . | 


td — am © c—m 


Probl, VII. 


Suppoſ. 
abb p 
1, 4 = —— - An Equation propos'd, 
CC 


2. b,c, d are right lines given. 
Reg. to find the line 4. 
Conſtrattion.” 


3- The Equatipn propos'd may be reſolved into on _ BOS 22” 
Aniony , Wt-;,-. + + = «ont» ad y Ap 7 TY 
In which Analogy, the three firſt Terms are given by S»ppoſitzoz , and qualified according 

to the tenour of Probl. 10. Chap. 5. therefore the fourth Term, that is, the line 4 ſought 

ſhall be given alſo by that Problem. 


——_— 


Probl, NV I1IL. 


; 6 ts BE Equation. propos'd. 


2:6,c, d, f, are right lines given, 
Reg. to find the line 4. 
Conſtruttion. 

3- Firſt ; the Equation propos'd may be reſolved into | oy 

hs Alagy i TT ny 
4- Then let {f be reduced to a ReRangle that ſhall 

have þ for one of its lides; viz. let it be made{(_ PO 

( per _probl.7. Chap.5.) as b to f,, ſo froathirdf 5 © Ie 

Proportional , which may be called g, therefore 
5. Then by taking bg inſtead of ff tor the firſt Term ohh 

of the Analogy in the third ſtep, that Analggy will> bs . be :: d . 4. 
- be converted me, ef EE | F 3 X | 

- Whence, by caſting away the common altitude 6 , NP Ree” 

his hacbogy avified, ITS WM G4 'F OR TP. 


A, 


* Oe, 


In which laſt Analogy the three firſt Terms are right lines given by Suppoſition and Con= 
ſrrattion, therefore the fourth proportional line @ ſhall be given alſo, 


" | | Ee 2 Probl. IR, 


Algebraical FraGions 


Probl. 1 X, 
Suppoſe q 
ke 2bbc . , 
+ 4 = rt +—« An _—_— propos'd. 


2, b and c are right lines given. 
Reg. t0 find the line 4, 
Conſtrultion. 


3. The Equation propos'd may be refolved into this Ms 
TT o> - »> - « >» * » ha@ cag og 

4. Then ( by Probl. 4. Chap. 5.) find a Square equal to, 
bb — cc , which Square may be called 44; this being was. a 
ſet in the place of bb — cc, ( the firſt Term of the pre- CU 1n6 BE 2 
ceding Analogy,) will give theſe Proportionals , vz. 

5. Reduce 4d to a ReQangle that ſhall have 6 for one of 
its ſides, viz. let it be made as þ to a, ſod to a third > #&f = dd. 
Proportional, which may be called f , therefore . 

6. Then by taking bf inſtead of dd, the Analogy in was þ b 
4 ſtep will be converted into this, ., . . . . . E 

7, Whence, by reje&ing the common altitude 6 , _ OLIN 
EE i - 829 ti4Hi0 
In which laſt Analogy the three firſt Terms are right lines given by Suppoſition and 

Conſtruttion ; therefore the fourth Proportional line 4 ſhall be given alſo, per Probl.8. Chg. 


3: 2+ & 


2 5.4 


Probl, X, 
Suppoſ: 
. _ bbic —dadff . > 
= _— An Equation propos'd. 


2. b, c, 4d, f, are right lines given. 
Reg. to find the line 4. 
Conſtruttion. 
3. Letit be made (per Probl. 8. Chap. 5.) as c to f,, fo Yu 
d to a fourth dd line, call it g, therefore, CF @ © 
4+ Then ſetting cg in the place of af in the fouation pro- ed 
pos'd, and expunging c out of the Numerator na >. CT. 
Denominator, it gives . . + » « « + +» «\ , 
5. Again, letit bemadeas « to f, ſo g to a fourth pro- Sy 
/ Pportional line, call it k, therefore, . . > + ck, f 
6, Then ſetting ck in the place of gf in the Fration in BB — a 
the fourth ſep, and caſting c out ot the Numerator and > 4 = ——: 
Denominator, there ariſeth . . . . . . . + 
7. Apain, let it be madeas k to b, ſo to a third pro- i 
portional line, call it », therefore, . . . « . ks : 
'$, Then ſetting ky in the place of 6b in the Numerator of > ,, _. km — kd. 
the FraRtion in the 6" ſtep, there will thence ariſe . . = k—b* 
9. Again, let it be madeas k —b to m—d, ſo ktoa fourth N Ss os 
Proportional , which ſhall be the line 4 ſought, v5z. R=b.m—d io 
Io. From the preceding Conſtruttion 'tis evident that the deſired line 4 may be found ont 
by theſe four following Rules of Three , v5z. Sa 
I, .- JS. 
2. 4 -28 "_ 
3s : © i #06 ; _ 
4 Ch—S.m—d:: hk . & ; 
IT, But the Numerator and Denominator of the Algebraical FraQtion in the Equation 
propos'd in this Problem do manifeſtly ſhew , that the lines b, c, 4, F muſt be give 
with this Caution or Determination, 952. | : 


bee 


bc ! 
0-73 but f vT* 


.* 


Thit 
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That is to ſay, if it be madeas 4 to 'b, fo c toa fourth Proportional, the line f muſt 

je gobfit? than that fourth Proportional ; but if ( by Prob. 11. Chap. 5.) it be made 

4 to b, ſo cc to another Square, then the line f muſt be greater than the (ide of that 

latter Square, - | _— 
Now if the line f be given within thoſe limits , the! & will be greater than 4, and » 
eater than 4, as the laſt Analogy in the x0® ſtep requires. The ſame limits of f may 

be ealily inferr'd alſo from the four Analogies in the 1 o® ſtep. 


eAn Example in Numbers. 
| b = 40, ; = 32g 
: — . . p ms 
Wi y a = then by the Analogies inthe 10" ſtep you will find) © Thy 
| f = 48; A = 24 
n . _ _ bbec — aaf} ; . be 
Thence it follows that 4 = 24 = FT? the Equation propos'd. 
Probl, X 1. 
S tippoſ. 
bbd 
h 48 = ——o An Equation propos'd, 


; , b, c, d are right lines given. 
| Reg. to find the line 4. 
ConſtruTtion, 


3- The Equation proposd may be reſolved into this 6 EI EET 7 
Analogy , EI ” __ 4 bh . aa. 
- In which Analogy, the three firſt Terms are gre , and qualified according to the tenour 
of Prob/. 11, Chap, 5. therefore the line « ſhall be given alſo by that Problem. 


Mg Probl, X11, 


— 


Suppoſe 
I, 44 = — . An Equation propos'd. 


2,b,c, d and f are right lines given, 
Reg. to find the line 4, 
3+ The Fraftion x ſignifies a ReQangle contain'd under a right line equal to o. arfd 


the line f, therefore firſt, according to the Conſtruftion of Probl. 2, of this Chaprer, 
find a right line equal to a. which line may be calkd g, therefore, 
- C | by | 


aa = fp = ——, 

2 TIL 4 

4+ Then by Probl. g. Chap. 5. reduce the ReRangle fp to a Square, which may be called 
mm , Whoſe {ide is mz, therefore, 

aa = wm (= fg.) And conſequently , my = 4 the line ſoughe 


Probl, XIII. 


a. ——_——_—_—. 


—. 


Suppoſ. 
Las = £9. an Equai d 
44 = —7-- An Equation propos'd. 
2. b, 6 and d are right lioes given. 
Reg- to find the line 4. | 
. Conflruition, 


3 The Equation proposd may be reſolved into ans gy 12 ES 


4 But the fides of proportional Squares are alſo _—_— GI RES 

tionals, therefore from 3*, , 4 «ts « & » RN Ts 7 
. In which laſt Analogy the three firft Terms are right lines given , therefore the fourth 
Proportional line 4 ſought ſhall be given alſo, = kt XIV 
A ; YODL. » 
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Suppoſe Probl, X I V. 
1, as = FRY. An Equation propos'd. 


& 
2.b,c, d, f, g are right lines given. 

Reg. to find the line 4 . | 
ConſtruFtion; 


3. The Equation propos'd may be reſolved into this 
EE > io +» - + » 5 n+ 

4. By Probl. 9. Chap. 5. reduce 2bc t8 a Square, which 
may be calted hh , reduce likewiſe-df to a Square, which rs alt 
you may call kk, then the preceding Analogy will 82 * : RR ah 
TS ES, . - 10. +» =» » ©» 

5. But the ſides of proportional Squares are alſo _—_ bn 6; 
portionals ,” therefore, from 4%, . <-' « + +» <:; Sy = 6.00 
In which laſt Analogy the three firſt Terms are right lines given, and therefore the fourth 

proportional line 4 ſought ſhall be given alſo. | 
Many other ways might be ſhewn to conſtru& ( or effeRt ) moſt of the preceding Pro- 

blems of this Chapter ; but for brevity ſake, I leave them to be tound out by the induſtrious 

Learner , who by the help of thoſe before deliver'd will alfo ealily perceive how to ſolve 

other Problems of like nature : And now having explain'd all ſuch things as are materially 

neceſſary by way of Preparation to the Reſolution and Compoſition of Plane Problems, 

I ſhall proceed to Examples, which 1 have divided into four Claſſes or Forms, contain'd 

in the four following Chapters. 


WoW. *&:: F# , as 


C n:a 


The fir$} Claſlis of Examples of the Reſolution and Compoſition 
of Plane Problems, to wit , ſuch whoſe ConvtruStion may be 
perform'd by drawing only Right and Circular lines. 


N which Examples, the Reſolution ends either in an Analogy whoſe three firſt Termsare 
right lines known, and the fourth gives the right line ſought ; or elſe it ends in a (imple 
Equation between the right line fought, and one or more right lines known. What 

is meant by Mathematical 7:/c/u:i92 and Compoſition, I have hinted by Definitions in the 
beginning of Chap. 1. Book, 1. of this Treatiſe, and now I come tg expound and illuſtrate 
the ſame by Examples, after 1 have recommended a few things by way of Caution and 
Dire&ion to Learners. TE | | 

Firft, Let the Analyſt take care to underſtand the import and meaning of a Problem 
propounded , leſt by rao much haſt he Joſe his labour , or be roo: forward in cenſuring the 
Propoſer , when the fault is in himſelf, for many undertake to be Correttors of others, 
when they themſelves have indeed more need of correRion. 

Secondly, Forafmuch as the moſt part of Problems propos'd in Geometrical Figures 
have need of Preparation, let the Analyſt endeavour , before he begins the Algebraical 
Reſolution, to find out as much as he can by the Synthetical Method , which proceeds by 
a Series of Conſequences deduced altogether from known Quantities ; and ſometimes 
it will be convenient to premiſe one or more preparatory Propoſitions to render the Rel0- 
lution of a Problem propos'd, the more (imple and intelligible. + : 

Thirdly, When the Reſolution of a Geometrical Problem is begun , the like care mult 
be taken to keep every ſtep thereof in the ſimpleſt 'Terms,! fer avoiding Equations 
higher Powers than the nature of the Problem requires , eſpecially ſuch as exceed Geome- 
trical Dimenſions; for example, in the Reſolution of a Plane Problem , no Term of any 
Analogy or Equation ought to excced two Dimenlions , viz. every Term muſt be either 
a right Line or a Plane, for tis improper to introduce Solids in che Refojution or Com- 
polyion of a Plane Problem, 4: 2285 9 WARS 

Fyaprtbly; 


td. und 


Chap. 7. 


Fourthly q The Scope or aim of. the Analyſ in ſalving nf Problem myſt de; Grib.norfind 
out a Canon to dire how the Conſtruction af the Problem may be effected hy the Quanti- 
ties given , and then the ConſtraQion being finiſh'd to fare 3 Demonſiration Symbmically, 
that may clearly prove the Problem to be fully (atigfied. But although a Canon rightly 
found out by the Algebraick Art bids that only ro be done which js peſſidle \ Y« offenximes 
in the Conſtrudtion even of a Plane Problem, ſuch obje&ions will ſtart up agaj 'the 


$74 
e proved , that every two of them being Joyned together as one right line, - je r.than 
the third z which Prqof may happen to be a mon io: work, thart the wiyengion. gf the 
Canon : And therefors when any doubt ariſcth concerning the poſhhility of any partigular 
Conſtruction, and js doth not clearly appear whether ſych ConſiryRion can be done graor, 
an induſtrious. Enquiry muſt be made to diſcover what is abſolutely.negeary r ven 
or granted to make zhat omar to be done, which the Problem requires, or the Cangn þids 
to be done; Upon which Search, ofrentimes one or more Dergrmivations or Caitions will 
be found neceſſary to.limit the Quantities given 1n.the Problem $þ | Irs Confiratio nay 
meet with no Impediment. Examples of Determinations. w s in. divers Proi-ms 

in this and the folowing Chapters. 5: ; Rez 
Fifthly, Aftex-all necelſary Determinations are premiv'd, and the Cenſtrition of a Pro- 
blem is finiſh'd , it remains to demonſtrate that the Quantity or Qyantities found out þy the 
Confiruftion will fatisfe the Problem : Bur the Detnonftration of the Solution of a Plane 
Problem, if its ConſtruRtion be Algebraically found out in fach manher thit no Tertyofany 
Analogy or Equation in the Reſojurion exceeds Geometrical dimenfions;-may be td by 


a repetition of the ſteps of the Reſolution in a retrograde order, *thit' by ing 


backwards from the end to the beginning of the Reſolucien ;' 2mþ.ibe Demogftdaridh of 
a Theorcm .may be formed bythe eps. of the Algebraick Reſolution-in.a:disd-oider, 
that is, by proceeding forward tram the beginning to the end of the:Ref@lotian. = 'AMlayhidn 
will be copiouſly iJuſtrated by the: Zeſo/ations and: Canpoſetions of, Argblems jnitfiiagmd 
the following Chapters. | S 3 OHIPIST 24 « 47 12 Why "301% 1£0188 Dis NE 
_ . Sixthly and laftly ; 1 defire the Reader to take notice that in the: Zeſo/atian ofol Baa- 
blem, 1 ſe the ſmali {rakes letters, 4, b, c, d, cc. afluming always ſore Viowdljihws, 
or 4, &c. to repeeſenc a line ſought, and Confonants', a5 6, 6,:d, Str; 10 bgnibellines 

wen -or known : But in the Co on of 2 Problem , that is, ins Conſirifbengd 
Demonſtration, I uſe the Rewer: Capital letters, A, B, C, D, &s;; te expsblarints 
_ that the Reſo/utiow and Compoſition may be: compared ta; oac anotbes.pitheut 


bt » n0t3p{03 

| Problems E : d , 4 w - « 19540 
To divide a given right line into two parts which ſhall be it's Sivehs 

Reaſon , that is, one part to the other as two right lines given, 


10 C 6 
A ——————— bp 
R — _ 5 =” 
ip. _ 3 


Suppoſe | | 
AB a right line given to be cut into two parts. o =_ 
- © the Terms of the given Reaſon vf the parts ſopght 7 

Reg. to find | S700 
3. AC and CB ſuch parts of AB, that AC+CGB = AB; | dfo;'.. 2A ..: 
4, AC . CB © R . S. . > Gu = n# i of 


- 
AA 
GY 
(IM! 


5. For one of the parts ſought put , . . « «> 6. - 1: 19.1 dg 
6. Therefore from 1® and 5® the other part is , ,, »? 6—& 1110's 


7. And according to the tenour of the Problem pro- 


” 27 M&A © DB — 
pounded , bu o - = . o - * o . s Py , $ o OT - A. 
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$. Therefore by Compoſition of Keaſon converſe , ( de» : : 
fin'din SeBÞ. 4. Chap. 3.) «© «© +» «© +» +» » 'F PRA o#. 32.6 
Which laſt Analogy gives this 
6 GRO | CANON. 


9, 'As the ſurmm of the Terms of the given Reaſon is to the firſt Term ; ( that is, which 
"of the-two you pleaſe ;) ſo is the line given to be divided, ro one of the parts deſired 
"which part Fhrizated from the line given to be divided leaves the other part. 

19.” Note. Although the Analogy in the ſeventh ſtep may be converted into an Equation 
"Cby comparing the Reftangle of the extremes to the Redtangle of the means , from 

ihr, after due ReduRion , the Analogy in the eighth ſtep will ariſe , yet in Geo- 

metrical Demonſtrations , which require a Contemplation upon Schemes or Figures, 
ani Analogy in right lines is more ſimple , and eaſier to be underſtood than an Equation 
' between Planes, ,ot Solids ; and therefore *tis more uſual with Geometricians in their 

* Argumentarions , to proceed as much as is poſſible from one Analogy to another , by 

"Compoſition, Diviſion, and other ways of arguing about Proportions , ( defin'd in 
"Chap. 3. of this Book, ) that at length an Analogy may ariſe, when there is a poſſi- 

— bility, wherein the'.three firſt Terms are ar ro find a fourth Proportional , which 

"gives the Quantity ſopght ; bur there will be very' often a neceſfiy' of converting an 

"Analogy into an Equation , when known Quantities cannor be otherwiſe ſeparated trom 


Ls 


-— unknown, | as will hereafter appear by variety of Examples. 
1 © Concerning the Compoſition of a Geometrical Problem. : 
11.:The Compoſition of 2 Problem conlifts of two parts, to Wwit., Conftrudion, (or Deli 


294tion ,.). and Demonſtration ; the former-finds out that which is:required to be done 
- or found out, and.the latter proves that that which is done or found out will ſatisfie the 
Problem propounded., © | x 2 
Bur: bifore the Conftrut;on be begun, if the Problem be not univerſal, ſach Derermi- 
-pations (or Cautions) as are needful to limit the given Quantities, that the Problem may 
beipollible muſt be annext to it, and the truth and-reaſon of ſuch; Determinations'made 
[manifeſt ; for 'tisthe Office of him that undertakes to ſolve a Problem to determine what 
' can, and what cannot be done; and if that which is required be poſſible, then to ſhew hon, 
.and how many wiys it may be'done: Now the Algebraical Art is an excellent Guide 
.xo-ſhew'the way leading to thoſe ends, for firſt, the Canon refulting from the Reſolutidh 
doth for the moſt" part. diſcover all ſuch Determinations as are neceflary to limit the. given 
[Quantities that' the: Problem may be poflible , and dire&ts alſo how its Conſftrultiov may 
-be made by working only. with given Quantities. And laſtly, if no Term of any Analogy 
:or:|Equarion in the Reſolution exceeds Geometrical Dimenſions, a Demonſtratian of the 
Solution of the Problem may be form'd out of the ſteps of the Reſolution in a retrograde 
order , that is, by returning backwards from the'end of the Reſolution to its beginning, 

\Battheſe things will beſt appear by Examples, and therefore I ſhall proceed.to | 

--0-:Y; The Compoſition of Probl. 1. . 
10 C 6 


6 A. 


, Sappoſ. ' 
12. AB isa right line given to be cut into two parts. 
13- Rand S arethe of the given Reaſon of the parts ſought. 
Reg. to fin | 0 4 
14: AC and CB ſuch parts of AB, that AC+CB = AB. Alſo, 
i AT 5s CB :: R . S | 
| Conſtratt;on. 


36, Let it be made ( per Probl. 8. Chap. 5.) as Rj-StoR, fo AB to a fourth Pro- 
portional line , which may be called + therefore | 
2 4 7 FRRTSPas.!, ER. $60: L. 
17. From AB cutoff AC=— 1, which is poſlible to be done if AB be greater than I, 
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but R 45S the firſt Term of the laſt preceding Analogy is evidently greater than R 
the ſecond Term, therefore ( per Schol Prop. 1 4. Elem. 5.) the third Term AB ſhall be 
greater than the fourth L; and conſequently AC — L may be cut off from AB. 
That done, the given line AB is divided in the point C into two parts AC, CB; 
which will atisfie the Problem. For firſt, AC CB — AB, andthat AC is to 
CB as RtoS, I ſhall demonſtrate by a retrograde repetition of the eps of the Re- 


ſolution in manner following. 


if - . . i amv.  . ec 6 3. BB « & 1 Rs 
| Demonſtration. | | 

19. Becauſe by Conffy. in 16%, 5 « « «© . > RES R :: AB. L 

20, And by Conſtr. in 19%, . . .—AaACmi 


21. Thercfore from 192;by raking AC inſtead of L;> R+S. R :: AB . AC: 
_ is, in 82, (the ſalt ſtep of the OO > Fjs. p22 I 
22; Thercfore from the Analogy in 2 1, by Ds- | be” F< 

v3ſ10n of Reaſon converſe,(defin'd in SetfF.8.Ch. 135 - R . $S. :; AC _. CB. code 
ins, 7, - + 60 
Which was to be done. BO 7 | | | 
Nee. In forming a Demonſtration by a repetition of the ſteps of the Reſolution in 
2 backward order, it muſt be obſerved as a perpetual Rule, That when in the Reſolution 
you paſs forward from one ſtep to another by Compoſition of Reaſon, in the Demonſtration 
you are to return, backward by Diviſion of Reaſon; and when .you paſs by Diviſion of 
Reaſon in the Reſolution, you are to return by Compoſition of Reaſon in the Demonſtration : 
alſo, Addition in the one, anſwers to Subtraion in the other. . All which will be evident 
the following Problems. | 


$ os A o b — a. 


4 _ Probl, 11. DD, 

To a om right line to add another right line, that the given with 
the added may have a given Reaſon to the line added. But the firſt Term 
o the Reaſon muſt be greater than the latter. 

120 .B 60 


Swppoſ. 
i, 6 = AB a right line given to be increaſed. 
1, £ = - C the Terms of the given Reaſon. 
> R C'S. 
Req. to find 
4 BC a right line, ſuch, that AB--BC { BC :: R © S. 
; BEE Reſolution. 
5. For the line ſought put . » . © « > 4. 
6. Which added to the given line 6 makes . 't b +4. 
Jo = umn, to the —_ < * Pogens 
. Therefore by Diviſion of- Reaſon, ( defin'd in y 
Selb. 7. Chap. 3.) - - + e' + ©, 'F poof c V WE 8 
Hence this 
9. As the difference of the Terms of the given Reaſon is to the leſſer Term, fo is the line. 
given to be increaſed , to the increaſe ſought, 


The Compoſition of Probl. 2. | 
| B AB =120 
A — www R= 3 
R _—_— CY CE S = & 
S __ 2 D = 2 
D _—— — T == 60 


Ff | Suppoſ.. 
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Suppoſ. 
10. AB is a right line given. 
11. R and S are the Terms of a given Reaſon. 
12, R To S. 
I 3. D=R —&. 
Reg. to find | 
14. BC aright line, ſuch, tht . . . AB4+BC . BC :: R , S$. 
 Conſtruttion. 
x5, Let it be made ( per Probl. 8. Chap. 5.) as 

D (or R—S) to S, fo AB to a fourth pro- = 24 3+ AR 0. 

portional line, call it T, therefore, . od .: | 
16. Let AB becontinued roC, ſo, that . .> BC — T. 

Now the line BC (or T) being found out by the help of the given lines, AB, Rands, 
according to the direction of the Cann, we muſt ſhew that ir will fatisfie the Prob. therefore, 
I7o. © © «© Reg. demonſtr. oo Ab. R » $ 2:2: AC «© (AB+BC.) BC. 

X | Demonſtr ation, 
18, Becauſe by Conſty. in 15* and 16%, ., .> R—-S . S :: AB , BC. 
19. Therefore by Compoſ. of Reaſon, . . >} R .S :: AC, BC. 
Which was to be done. | 

Note. In paſſing from the firſt ſtep of this Demonſtration , ( which is the laſt ſep 
in the Reſolution, )) ro the ſecond ; the Argumientation is made by Compoſition of Reaſon, 
becauſe in paſſing ro the laſt ſtep of the Reſolution from the laſt but one , it was 
by Diviſion of Reaſon ; agreeable to the Nore at the end of the preceding Probl, 1. 


Probl, III. | 
To a given right line to add another right line, that the Difference 
of the given and added may have a given Reaſon to their Summ, But 
the firſt Term of the Reaſon muſt be lefs than the latter Term. 


This Problem hath two Caſes z for either the given right line ſhall exceed the added, 
or the added the given. Firft , let the given exceed the added, 
* B | 


wt. At 


"AB = 120 
A ——pn—— FCG =" 1 
D -———————_— ——— —a H DF = '3 
FF Þ BC = 6&0 
Suppoſ. 
1. b = AB a right line given, 
2s 3" IT $- the Terms of the given Reaſon. 
J% 7 DIAEF 
Reg. to'find | : 
4. BC a right line, ſuch, that AB—-BC . AB+BC :: FG , DE. 


| Reſolution, 

5. For the line ſought to be added pmt' . . > 4. 
6, Thetefore the exceſs of the given line b aboveZ ,, 

the line ought ſhall b , . . c . , .$ PT 
7. And the ſumm of the given line and the ms "ny 

© FC = ...- 
8. Therefore, according to the tenour of the Pro- yy" b dos 

blem propounded, this Analogy arifeth, . . es Tater aandhs 
9. Therefore by Compoſition of Reaſon, . . .»> ${r. y :t: 26 ; b4« 
Io. And by doubling the Conſequents, ' i , > or o 25 :: 2b . 264-24 
Ii. And inverly,  . 0 0 0 0 0 28 » Sr 32; 2b-4-24 . 26. 
12, And by Diviſienof Reaſm, . . . » 7 $—r . +: 28 «- 26. 
x13. And inverſly, , . , «> Sobp . $1 35 26 3; 24 


AE  * 


double of the foxmer to the double of the latter, 


14. But a ſimple quantity is to a imple, as the 
8 6420 
therefore ©. #® » » o . S v 


I5. And 
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15. And out of 13* and 14*,(per prop.11.Elem.g.) >. $Þr , $—r :: b6 , a 
Hence this | CANON. 

16. As the ſumm of the Terms of the given Reaſon is to their difference, (6 is the given 
line to the line ſought. Therefore the line required to be added tothe giver line, is given alſo. 

17, Note, The line ſought may ealily be diſcovered by the Analogy in the ninth ſtep; 
where the three firſt Terms being known , the fourth is known by Conſequence , and 
lince that fourth Term is evidently compos'd of the given line and the line ſought,the given 
line ſubtra&ted from that known fourth Proportional ſhall neceſſarily give the line ſought ; 
whence 'tis manifeſt , that the Argumentation continued from the ninth ſep to the end 
of the Reſolution is not of neceſlity , but only*to ſhew how the line ſought may be 
purely the fourth Proportional of an Analogy whoſe three firſt Terms are known , and 
conſequently the line ſought is known alſo: Which way of arguing by Analogies is 
more proper, (when it may be uſed,) than that by Equations, as hath before been hinted 
in Se, 10, Probl. 1. of this Chapter. 


The Compoſition of Caſe x. Probl, 3. 


L B AB =120 

A — _ — C FG» 
D ——— — — —— H DEF -3 
E F G Lc K = 60 

K ————— BC. — 60 


oa 

18. AB isa right line given. 

9, FG and DF are the Terms of a given Reaſon, 

w FG DE. - 

Reg. to find | | 

21. BC a right line, ſuch, that . . . AB—BC . AB--BC :: FG . DE. 

Conftruttion, 

22, Let it be made as DF-}-FG ( that is, DG,) | 
to DF — FG, ſo AB to a fourth proportional > DF-|-FG Þ' DE—FG :: AB 3-K: 
line, call it K, therefore, . «4 Z 

23. Let AB be continued tro C, fo, tht .> BC = K. 

24. Now the line BC, or K being found out by the help of the given lines AB; DF, FG, 
( according to the direRion of the (anox,) we muſt ſhew that it will ſatisfie the Problem, 
viz, that the difference of A B and BC is to. their ſumm, as FG to DF, but this 
Analogy, (after I have premis'd a tew things to contra the Demonſtration, ) I ſhall make 
manifeſt by a repetition of the ſteps of the Reſolution in a retrograde order , that is, 
by returning backwards from the end to the beginning of the Reſolution. 

Prepar. [3 

25, From AB cut off AL —= BC = K, which 
is poſſible to be done , for the firſt Term of 
the Analogy in 22* is evidently greater than, g 7 po 
the ſecond, and therefore (per Schol. Prop. 14. TEE HATES 
Elem. .) the thicd Term AB ſhall be greater 

| than the tourth K, or BC; ſuppoſe therefore | 

26. Thence it follows that , . . . . > LB = AB— BC 

27, Let DF be continued to H , ſo, that .> DF = FH. F 

28, From DF cut off FE=FG, which is poſli- | 
ble to be done, for by Skppoſition in 20% > FE = FG, 

DE dh, rk on Ak as, 

29. Therefore by ſu ing the laſt Equation $4. KF: £3 
ew: that in 27% '* o of © is 's DE = GH = DF —EG. 

30. . . . Reg. demonſir. . . FG . DF :: AB—-BC . AB+BC :: LB . AC: 

| Demoxftr ation, | 
31. By Conf. in 22* and 23*, .:. . . > DF+FG , DE—FG :: AB : BC. 
Thar is in 15,*(the laſt ſtep of the Reſolution,) > #£#-þr . g—r :Þ© b 46 

32. But there is the ſame Reaſon of the double, 
tothe double, as of the ſimple to the gle 2AB 5; 2BC :: AB , BG 
RW. - oo oo «+» Sz 

| ; | | Fi 2 That 
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That d.> the i 4a : ; oe le: AM LO = #-:-. A. 
. Therefore out of 31* and 32*,7F nx h 
jm DE An.) . '& DF-+FG . DF-FG :: 24B , aBC. 
hat 16, inthe 13" ſlep, . » cS 5TFTr_ 5 8—r 2: 2b , 2s. 
34+ Therefore inverſly, . .. « > F-FG . DF-+FG :: 2BC . 2AB, 
Thar is, in the x2" ſtep, , « >.» 5—r » 8+xr :: 24 . 2b. | 
35. Therefore by Compoſ. of Reaſon, ».. zZDF .DEF-|FG :: 2AB+2BC; 2AB. | 
Thar is, in the 11® ſtep, , « ob + 25 +» $8+x :: 2bh24, 26. | 
36. Therefore inverſly,-. . « «> DF+FG.. 2DF :: 2AB , 2AB+2BC, 
Thee is, ' p x0 ep XL Ns 85TrF«\;138 3:26 . 2bt2s |} 
27.. Therefore by halving the Conſe- 7 + "1 2a | 
Snag + » *—__ DE-j-FG . DF tt: 2AB ; ABC, 
That is in the gf ſtep, .., . .Þ $r. . «£ 3 ab þ| bd&s& 
38. Therefore by Diviſion of Reaſon, > « FG . DF :: AB-BC, ABBC. 
TR SES” Rep, - oo.» oF oc... 4 : ba , bba 


39. Therefore from 238* and 24, See _ 
( per Ax. 6. Chap. 2:) « + 6 FG . DF t;: LB ., AC. 


Which was ro-be Dem. Therefore the Probtem ts fatisfied. | | 
40. Note. Under every ſtep of this Demonſtration , I have ſer the correſpondent ſtep of 
the Reſolution, thar the Learner having reſpe&- ro the Note at the end of Prob1. 1, of this 
Chapter, may clearly perceive how the Demonſtration is torm'd out of the ſteps of the 
Reſolution in a Retrograde order , that is , by returning backwards -from the end to the 
beginning of the Reſolution , for the firſt ſtep in the Demonſtration anſwers to the laſt 
in the Reſolution, the ſecond in'the Demonſtration, to the laft but one in the Reſo- 
lution, and ſo backwards in the Reſolution; until the Analogy that was firſt affumed in 
the Reſolution be politively and infallibly proved to be true. Bart after the Demonſtration 
1s in that manner diſcovered , the Algebraical ſteps muſt be omirted : So when the fore» 
going Demonſtration beginning at the: 31 ſtep, is freed from the Analogies expreſt by 


the ſmall alan letters belonging to the Reſolution, and contraRed by the help of the 
. Preparatory Equations inthe 26” and 2g" ſteps, reſpeR alſo being had to the Dias, 
there will ariſe this following | 6 ME a 
| . A* | j C 
Demunftration., D ———————— H 
: 4 | E F G. 


4 . Becauſe by Conftr.in 22% and 2 39, > DE :: AB: -. BG 
42. And by prop. ig. Elem. i. , > 2 SBC. :: AB: . BG 
43» Therefore, per prop. 11. Elem.5, > DG . DE :: 2AB . 2BC. 

.> DE. , 

To 

To 


44. and ipally, ... . - +» DG :: 2BC. . 2 AB. 
45. And by Compoſition, . . + 2DF . DG :: aAC , 2 AB. 
46. And inverfſly, . . . . < DG .2DF :: 2AB . 2AG 
47. And by halving the Confequents, > DG... DF :: 2AB .. AG 
48. Wherefore by Diviſion of Reaſon, FG , DF :: LB . AG 
Which in 30* was Reg. ders. | 
49. Thus you have ſeen the firſt Cafe of Prob!. 3. effefted and demonſtrated Synthericaly, 
or by way of Compolition , which argues altogether with known quantiries ; but the 
ſubſtance of the Compolition, to wit, the Conftrait;on and Demonſtration, was found out 
Analytically , or by way of Reſoltition , which from an Afumption of the quantity 
ſought as if it were known or granted, together with the help of one or more known 
quantities , proceeds by Conſequences , unul in Concluſion the quantity ſo aſſumed of 
—_— known , is found equaito fome quantity certainly known , and is therefore 
hoWn allo, | 


But it may be objeRed , that Demonftyations formed by the ſteps of. Algebraical Re- 
ſolution are for the moſt part rude and prolix ; this 1 grant, but experience ſhews , thi 
a Demonſiration (0 found out may oftentimes be cally contraſted, or, at lcaſt, give light 
to find out others more ſuccin and'elegant. Ant fifice my purpoſe is, to ſhew the Learnet 
a general and ready way of forming the Demonſtrations of fach Theorems, and Sohn! 
of Problems as he finds out by At.GtsBxa, when no Term of any — -_ 

| | ; quariv 
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Equation in any ſtep of the Reſolution exceeds Geometrical Dimenſions , I friall very 
ſeldom digreſs from the ſteps of the Reſolution. 


| The Reſolution of Caſe * Probl. Jo 
py this Caſe the line ſought is ſuppos'd to. exceed the given line AB; 


1 Fo, For the given line AB put (as before) Þ b. 
1 xi. And for the line ſought, . . . , «> @ - 
1 532, Therefore the excels of the ne fought, : 6. 
above the giveri is . . enttfst 
J $F3- And the ſumm of both lines is > _—_ | 
54- Therefore, according to the tenour of = ; kh 
Probl. 3. this Analogy arifeth, 'S t 23 RH=—=# + 4&1 
55- Therefore by Compoſition of Reaſm, > ' Fl «© 8 25.24 «4Þ-b. 
56. And by doubling the Conſequents, .> 5s þ+r , 25 228 « 2u5þ 26. 
57. And inverlly , * +» » © «© > "25 » $r 23 24-26 , 24. 
58. And by Diviſion of Reaſon , 6 oP 8$—=r «Avro 26 0 24 
9. And becauſe there 1s the ſame of ces | 
i & « 8 26: 0 


of the {imple to the {ample , as of the 24, 
double to the double, therefore - . . . | CT > 
OT mY and 590 » (per Prop. _ —r do $51 Ns 
Hence this CANON. ; OD. -: OQ{: 918M & 
61. Asthe Difference of the Terms of the given Reaſon is to their Sm; "(i is thegiven 
line to = fag ſought, Therefore the line required to be, added to the given line g 
is given allo, 
The Compolition of this latter Caſe akring but liele from the Hy I ſhall lexve ic 
. as ag cxerciſe to the. Learner. */ - 


Wy" —{ ”  — 
[1 [1 . LA 


Probl. n- 

The difference. of the extremes of three proportionil alin mhnris 
given, as alſo the ſumm of the mean an lIeſer extremes ta the 
eee 


y—_ 


= G — Lis given. 
= M-+L is given, 
Req. rg fad G, M, Le. 

Reſolution. 
53 For the leſſer extreme Proportional put . 5 .S 4. 
6. Therefore ont of 3* and 5*, the greater extreme is > ' 4+ 4. 
7. And from 4* and 5*, the mean is . . . «> © —4. Re. 
8, Therefore according to the tenour of the Problem, > d-þ-a « —_ 22 £—=#, 4 
9. Therefore by Compoſition of Reaſon, . . . r= 7: t£=h 535, 6 e'th 


| 
2. 
Jo 
4 


9, And alternately , 07 9 = o 3 a x d-{-c » [2 : »s C—# « &s 

It. Wherefore by Compoſition, OS © > dr 2c 6 #3 6&6 3-4 
Hence this A NO N, 

Iz, Asthe ſumm of the difference £27 the extremes + the double ſum of the mean. 


leſſer extreme , is rothe ſumm of the mean and leiler extreme z (o.1s rhe laſt 


 ſummto the efſer extreme. Therefore the lefler extreme fought is given. or F | 
I I '” Er 


230 Mathematical Reſolution and C ompoſttion. Book IV. 


—— 


 — 


29, By Suppoſ. in 15%, « « « « 


13. After a Canon is found out by the Algebraical Art, it may be propounded in the;form 
of a Theorem, whoſe Demonſtration may be made by a repetition of the ſeps of the 
Reſolution in a dire& order , ( not in a retrograde, ) viz. by proceeding from the 
beginning to the end of the Reſolution ; as for example, the laſt preceding Canon may 

be propos'd in the form of a Theorem , and demonſtrared thus, | 


THEOREM 1. 


1.4. If three right lines be Proportionals, the ſurnm of the mean and leſſer extreme, ſhall 
be a mean proportional between the lefler extreme, and the ſumm of the difference of the 
extremes and the double ſumam of the mean and tefler extreme. | 


G my 

M ——- 6 

Nh nnp— 4 

D F 

C —- —— 10. WES 

F — Tt a 25 

Sruppoſ. 

15, G,M,L =, vw, G ;: M :: M . L, 
t6. G > Le 

JR | 4 Prepar. | 
17- Make D = G — L, therefore D + L = G. 
1B. Make C=M-+L, therefore C — L M. 


1 Nake F = Dþ-2C =G+zM+L 


2©,* 's * s Reg. demonftr. "Sa Wh . © © #@ F . C ® © C © L. 

Þ Demonſtration, | 

2T. By Sappoſ in T5" . ©® x . » G . M »s M . L 

22- Therefore out of 179, 18* and 21*, by | E:: 
exchanging equal right lines, . ., . . DTL. C-L::C-L, L 

- - That is, in 8*;(-the firſt Analogy inthe) ho 
| Reſolution, ) R 


23. Therefore from 22*, by Compoſition of p x, : 
EE © >. +» -0.- + +» '$ WIS > Tools G56 

__ YC n<=<x—=_zzuay r yvWzqcLScccL:L C=—4 :3 &C IS 

. 24. Therefore alternately, . . . « .}F DC, C ::C-L. L 
That is, in 10%, '« « « © «© +» ob d+c » 6 3: C—=&4 «© & 

25. Therefore by Compeſition, . - > DjaC, C 2 

26. But by Conftr. in 19%, , . . © a} F = B +2 GC 

27. Therefore from 25* and 26%, « . .F « F «2 © > 


"Which was to be Dem. 

But that Demonſtration, after the letters of the Reſojution are caſt away , may be com- 
pendionfly reduced unto this that follows , reſpe& being had to the Swppoſitiorns and Pre: 
paration In 15%, 16, 17, 18%, 199. 

28. , 3 « Neg. demouſhr, , . . . » G+2MHL. M+L:: M4L.L 
Demonſtration. 

0 +»... nM 6 
30. Therefore by Compoſitiv, . . « -F GM . M :; ML. 
31. And alternately, . . « . «+ - +» GM - ML ;: M . 
32. Wherefore by Compoſ. - - . « «> GH:MH+L, MHL::;: M+L.,EL 

Which was to be Dem. | V 

| Hence ariſeth 


n 


THEOREM 2:2. 


3.3. If three right lines. be Progortionals , the ſumm of the mean and lefler extreme ſhall 
be a mean Proportional between the lefſer extreme, and the aggregate of the ſumm 
of the extremes and double ſurm of the mean. 


The 
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T he Compoſition of Probl. 4. 


D —— 

DT — ——_ — Io 
L "0 || 
M — Li! 
G —_ " , — 9 i 
Suppoſe | 
34+ D = the difference of the extremes of three Proportionals is given. | 
1 35. C = theſumm of the mean and leſſer extreme is given, it 
Reg. to find the Proportionals. | if: 
Conſtruttion. [ 
i 


36, Let it be made { by Probl. 7. Chap. 5.) as 

!] D++:CwC, oC to a third proportional > D-{-2C., C:;: C 7 L; 
line, which ſuppoſe to be found L, therefore, 

37. By which Analogy, ( and per Sch. Prop. 14.” 

Elem. 5.) the mean C is greater than L, therefore( EVE THe” 

1 find a right line M equal to C—L, thence 5 L.=G 

S ntRwi.-- cc. | 

1 38, Find a right line G equal to DL, therefore, > G — L — D. 

39. So by the help of the given lines D and C,, according to the direftion of the Canon 
in the preceding twelfth ſtep, three right lines are found out, towit, L, Mand G, 
which thall be che three Proportionals required, Now we muſt ſhew that they will 
ſatisfie the Problem. Firſt then, *is manifeſt by Conſtruvtior in 3 $*, that the ditference 

_ of the extremes G and L is equal to the given difference D. Secondly , by Conſtruttion 
in 37*, the ſumm of the mean M and the lefler extreme L is equal to the given ſumm C. 
It remains only to prove that the ſaid G, M and L are Proportionals, wsz. that asG is 
to M, ſoM to L , butthis Analogy may be made manifeſt by a Repetition of the ſteps 
of the preceding Reſolution tn a tetrograde order , that is, by returning backwards from 
ahe end co the beginning of the Reſolution , in manner following. | 


40, . . o Keg. demonſtr. 8 5 o . . . o G - M 3 M s 'T 


Demonſtration. | 
41. Becauſe by Corffr. in 36%, « « « . . ;> D+2CIC:: C . L 
That is, in 11®, (the laſt ſtep of the Reſolution,) >. d-jp-2c . & :: ca. 
42. Therefore by —_— of Reafen; . . . > D+4C ;Q 2: CEE E, 
That is, in the tenth Rep ,  - © + '0 oP) Gupet EN £4854 
43. Therefore alternately, « . « +» +» +> D-þ C:,Cal:: C , L 
That is, in che nimth ſtep, . . «. . « «: > dc on LANE” © 
44. Therefore, by Diviſoon of Reaſon, . . > DL. ,CL:: C-L . L: 
That is, in the eighth ſtep, . .-. + » »Þ> d+p 4 Þ=4:: £4 . 4. 
45. And becauſe by Corftr. in 38*and 37%, . .> G=D-FL. Alſo, M=G—L. 
46. Therefore out of 44* and 45®, by exchanging G as Eve: > aa 
equal right lines, . . +» . : « Tt ” 


Which was ro be Dem. And therefore the Problem is ſatisfied. 
Amther way of reſolving the foregoing Probl. 4. 


47. The ſame things being ſuppoſed and give as before 
in 1*,2*, 3* and 4* of this Probl. put « for the mean> « = M. 

- proportional ſought ;, 25. ſappole . . . © . 

48. Therefore out of 4* and 47? thelefſer extreme ſhalbbe > 6 — & { = L:} 

49. And by adding d rhe given ditterence of the extremes / x 
to the ſaid lefler extreme © — 4, the greater extreme de{ucans (= G:) 
(hall be . | _ Ty SS es i's . | 

50. Therefore according to the tenour of the Probl. =_y 195 © 
Analogy ariſeth out of 47*, 48%, 49% « + +_ + | | 

51. Therefore by Compoſition of Reaſon, . . « «<>:4+& . 4 3 & . C—4e 

52. And alternately, . « © . » +» » » 

33» And inverlly , $-./6/ 4 vw en VS © 

54. Therefore by Compoſition of Reaſon , +» 


| 
: 
| 
| 
| 
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Which laſt Analogy gives this. CANON, 

55: As the aggregate of the difference of the extremes and the double furam of the mean 
and leſſer extreme, is to the aggregate of the difference of the extremes and the ſumm 
of the mean and leſſer extreme; fo is the ſumm of the mean and lefſer extreme to the mean. 

Therefore the difference of the extremes of three Proportionals being given, as alſo the 
ſumm of the mean and lefler extreme, the mean ſhall be alſo given by the Canon laſt 
expreſt, The Demonſtration whereof , and the Compoſition of the Problem according 
to —_— way of Reſolution being very ealje , I ſhall leave the ſame to the Learners 
exerciſe, 


” EI 
_— 


— 


Probl V. 


The ſumm of the firſt and ſecond of three Proportionals being given, 
as allo the ſumm of the ſecond and third , to find the Proportional, 
Suppoſ. 
,M, Nate —;, ws L . M :: M . N. 
= L | M is given. 
= M-+ N is given. 
Keg. to find L,, M, N. 
B —- —— I5 


Re ſolation, 


4. Pat a for the firſt Proportional ſought, 7x. 
 _ REAR 
5. Therefore out of 2* and 4*, themean is ,> b—a(=M.) 
6. And by ſubtrating the ſaid mean b — 4 
from the given ſumm c, the remainder gives c |-a—b (=N.) 
the third —_— to = Rp 
7, Therefore ( according to the Probl.) theſe 3” AR I. 
muſt be Proportionals, viz. . 9 . ' Ons Pons | Pp 


a = L. 


| 8, Therefore inverfly, . . . , . . oF b—4 . 4 it cþa—b. b—s 
' 9. And. by Compoſition of Reaſon, 5 , , af b « 4 :: C b — 4. 
NN . -- o-- » «© of @# <6: a . b—4 
SD. - o- « + - » -# #£&, : #8288 + 
I2. Therefore by Compoſition of Reaſon, . .> b-+-c . 6 :: » 


Which laſt Analogy gives this CANON. 


1 3. As the aggregate of the ſumm of the firſt and ſecond Proportionals and ſutnm of the 
ſecond and third , is to the ſumm of the firlt and ſecond; ſs is the Jaſt mentioned ſumm 

| to the firſt Proportional. | 

Therefore if the ſumm of the firſt and ſecond of three Proportionals be given, as alſo the 

ſurnm of the ſecond and third, the mean ſhall be alſo given by the ſaid Canon, whence alſo 


this THEOREM. 


14- If three right lines be Proportionals , the ſumm of the firſt and ſecond is a mean 
Proportional , between the firſt , and the aggregate of the ſumm of the firſt and ſecond, 
and fumm of the ſecond and third. 

Which Theorem may eaſily be demonſtrated by a repetition of the ſteps of the Reſolution 
in a dire order, atter the manner of demonſtrating the Theorem in 14* of the foregoing 
Probl. 4. but for brevity fake I ſhall leave the Demonſtration to the Learners pratice, 
and proceed to the Compoſition of Probl. 5. 


The Compoſition of Probl. 5. 


Swppeſ. 


15. B = the ſumm of the firſt and ſecond of three Proportionals is given. 
16, C = the ſumm of the ſecond and third Proportionals is given. 


Rth, 
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Reg. to find the Proportionals. [" In the preceding Diagram, ] 


17. By Probl. 7. Chap. 5. let it be made as B-|-C to B, fo B to a thi 1 
ſuppoſe it be L, » av Frm 3 Y ; " CY 
BC. 5B :: B , L. | 
13, Make M= B—L, whence L-E-M=—B, but tha B=L. 3s that i 
requires, is manifeſt by Conſtruion in 17 , for B + C the firſt Term of the Foerwn 
in 17* is greater than B in the ſecond, and therefore ( per Schol. Prop. 1 4. Elem. 5.) 
the third Term, which is alſo B, ſhall be greater than L the fourth, therefore 'tis pollible 
to cut off from B the right line L, and a right line will remain, which may be called M. 
19. Make N=C+L—B, which is poſlible to be done if C + LB, but that 
C-+L©B, I prove thus, | | 
By Conflr. in 17%, « « . 5 © 5 « B+C . B :: B . L. 
Therefore ( per Schol. Prop. 25. Elem.5.) B+ C+L & 2B. 
And conſequently, by equal ſubtration of BD . C+L © B. 
Which was to be proved. Therefore 'tis poſſible from the ſumm of the right lines 
C and L to cut off the right line B, and a right line will remain, which may be called N. 


20, I fayL, M and N are the three Proportionals required. Now we muſt ſhew 
that they will ſatisfie the Problem. 
21. Firſt then, the ſumm of the right lines L and M is (by Conſtrwftion in 1 8®,) equal 
to the given ſuram B. | 
22. Secondly , that the farm of the right lines M and N is equal to the given ſumm C, 
I prove thus, 
By Conftr. in 18%, . 5; 5; 0 / . 6 © M = B—L. 
And b Conſtr. in 19%, "9 O.. I i” + N = C4+L —B. 
Therefore by adding the two laſt Equations together, M+-N = C. 

Which was to be proved. It remains ro ſhew that the ſaid three right lines L, Mand N __ 
are Proportionals, but that will be made manifeſt by the followi onſtration, which 
is formed out of the preceding Reſolution by a repetition of the leps thereof in a retro- 
grade order, viz. by returning backwards from the end to the beginning of the Reſolution. 


33. {| - Ag anfſn, co be gs Leo nr MW 


24. Foraſmuch as by Conſtrulbion in 17%, © @ > B+ C . B 2s B , L 
Thar is, in 1 2*, (the laſt ſtep of the Reſolur.) 4 Ss o ® 23 # 0 

25. Therefore by Diviſion of Reaſon, , , 9F , C o» B :: B-L. L. 
That is, in 11%, SC 6 4a es > «© C . b I b—4 © #®o 

26, Therefore inverſly, 4. + 6s *P 4: = » SG 3s BL, 
Thar is, in 10*, bs C24 ate > pP 6 . c © A . Sou 

27. Therefore alternately , 5, 6 «© as B » L: 3: C » BL, 
That is, In F. . 6 © @ & a © 'C . b - &. 32: 4 b—8. 

28, And beca e by Conſtrultion in 18*, o @ . >- © . M — BL 

29. Therefore out of 27* and 38*, . . PP. B »« L :: C . M, 

30. And becauſe it hath been proved in 18%that> ., . . . B & L. 

31, Therefore out of 29*,by Diviſion of Reaſon, > B—-L . L :: C-M . M. 
That is, in 8*, © Þ © & © #2 > b—4 . &# + —b. þ — 4: 

32. Therefore inverfly, . . 5 . « + of « L . B-L:: M . CM. 

Tb, tho, . co. Go oof 6 o Sg £3 0m non 

33, But by Confty. in 18*, SS: <6 4v > "Mo ® 0@® M = B—L. 

34. And by what hath been provedin 22%, .>5 . - , . N = C—M 

35. Therefore out of 32®, 33* andz4®, . >» L +» M :: M , N. 


Which was to be Dem. and therefore the Problem is ſatisfied. 
Another way of reſolving the foregoing Probl. 5. 
36. The ſame things being given and ſuppoſed, as before in 1* oo 
2.3% ERS VIZ » '£ 6 = M. 
37. Theretore out of 2® and 369, the firſt Proportional ſhall be > 6 — # ( = L.) 


38, And out of 3* and 365, the third Proportional (hall be > { — A (= N.) 
Gg 39. There- 
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tenour of Probl.5. . 7 Is _ " 48 WP 9 OY 


40. Therefore inverſly, . . 3 « « . . 4 
41. And by Compoſition of Reaſon, « « « « + « FE dew: oe cs 
42. And alternly, . . 5 © © 2» 0 +. 2ibmmg, e 
43. Wherefore by Compoſition of Reaſon, + LS C116, a 
Which laſt Analogy gives this 
CANO N. 


44; As the aggregate of the given ſamm of the brit and ſecond Proportionals, and the given 
. ſumm of the ſecond and third, is to the ſumm of the ſecond and third , ſo is = ſumm 
of the firſt and ſecond, to the mean Proportional ſought, 


Which Canon, if. it be propounded in the form of a Theorem, may be demobſiencs by 
4 repetition of the ſteps of the Reſolution in a dire order. But leaving that and 4 
Compoſition of Probl. 5. according to the latter Refolution , to the Learners exerciſe, 
I ſhall demonſtrate the following Theorem by a repetition of the ſteps of the latter 


 Reſolation in a retrograde order. 
THEOREM. 


45. If three right lines be ſuch, that the aggregate of the ſumm; of the beſt and ſecond 
and ſumm of the fecond and third, is to the ſumm of the ſerond and third; as the farm 
of the firſt and ſecond, to the ſecond : thoſe three lines ſhall be Proporrionals, 952. As 
the firſt is to the ſecond , ſo is the ſecond to the third, 

Supp. 
46. L,M, N, are three right lines. 


47: B = LM, whence B—M = L. 
48, C = M-+N, whence GC — M = N. 


a 22 Cones .t, 


y Therefore out of 36?, 37" and 38?, — to EX 09 ; 
'S 


IV 


a9, BC . C B -, 'M, 

LL —————— 

M —_—_ — 6 

N "os 4 

B — = mmm _—_— 

C ——— ——————— Io 
FO. '» » Reg. demonſlr, L,M,N are =—, vs. LE . M :: M «© Ne- 

Demonſtration, = 

51. Secauſe by Sappoſcin 49%, 7 60 SO RE. Tr 0 
52. Therefore - "2x 28; hav ooo >>>. Coil 
53; And alternately, '. . Rh, 5 B, BM: CC. M 
54. Therefore by Diviſion of Reaſon, _ s M; B-M:: C-M.M 
EEE. oo fo o of oo fo fo fs fo IT: ſhe 4x1" 1 
56, But by Swppoſe in 47% « «'« oe ©» oo a 0 + = B—M. 
57. And by Sxppeſ. in 48”, , eo» oo nn. N= C—M. 
58. Therefore out of 55*, 56® and > aff SS MM vv 0% 6 


Which was to be dem. 


[0 F * 


» Probl, V I. 


The difference of the greater extreme and mean of three Proportionals 
being given, as alſo the difference of the. mean and leſſer extreme, to 
— Proporticnals, But the- fieſt difference muſt be greater than 
the latter. 


Smppoſ. 
Is Q, R, S are —, V3, $ © 'R. 6. 
2. Q R. ; Wa | 


Ip) 


= Q—R kb given. 
4 £ = R — S is given, ; 
« #4 ofndQ_R, S: 
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Q | _ OD ITIE AG ar ans... 

OR —— _ — 20 

CL —————_— —— 16 

OTE——R——O—— 

C — 4 

Reſolution. 
5. Put a for the mean Proportional ſought, viz. . .> 4 = R 
6. Therefore out of 3* and 5*, the greater extreme ſhall be > a-|- 6 (= Q,) 
7. And out of 4* and 5*, the leſſer extreme ſhallbe . .? 4a—c (=S.) 
$. Therefore out of 6*, 5* and 77, this Analogy will _ | 
( according to the import of the Problem, ) wiz. . os OR 

9. Therefore by Divsſion of Reaſon, , , . , 'ﬀ.> b a + ea 
10. And pranttly, oo 6 + eo oe. ef ou ne eac6wa al 
11. And by Converſion of Reaſon, « « .'s «. cÞ b ,b—@8 :::4a+ 6: 
12. Ad inverſiy,,. © © © oe wo et inte ff res © mes 


Which laſt Analogy gives this . | 
CANON. 
13, As the exceſs by which the given difference of the greater extreme and mean exceeds 
- the given difference of the mean and lefſer extreme, is to the difference of the greater 
extreme and mean ; fo is the difference of the mean and lefler extreme; to the mean Pro- 
portional ſought , whence the extremes will be calily diſcovered. | 


Which Canon, if it be propounded in the form of a Theorem , may be eaſily demon- 
ſtrated by a repetition of the ſteps of the Reſolution in a direct order , but leaving that 
to the Learner's pra&tice, 1 ſhall demonſtrate the following Theorem by a retrograde repe- 
tition of the ſteps of the Reſolution, 

THEOREM 1. 


14. If three right lines be frch , that the exceſs by which the exceſs of the firſt above the 
ſecond exceeds the excels of the ſecond above the third, be ro the exceſs of the fecondl 
above the third , as the exceſs of the firſt above the ſecond is to the ſecond ; then thoſe 
three right lines (hall be Proportionals , v#z. As the farſt is to the ſecond , (o the ſecond 
to the third. | ET 

Swppoſ. 

I5.Q, R, S are three right lines. 

16, QTR 

17. R TT” Se. 

18. B—=Q—R, whence Q = B+ R. 

lg.C =  R—S, whence $S = R — CG. 

0 B_EUGCC: ok | 

2, . . Reg. demonſlr. Q,R, Sare =, vi. Q . R :: R . S. 


Demonſtration. | 
22. Becauſe by Suppoſe in 20%, . + oC 64% BoT:;[- EH RES 
23, Therefor Sp <8 es 60 'T B-C. Bi: CH 
*5. And nally, . . co oo ooo oo od BY RR ROSS 
25. And by Converſion of Reaſon, . . . ob: Bi © WS _S 
26,” find alternately; - bf oo & - « + R :: C. R-C. 
27. And by Compoſ. of Reaſm, . . . . «. -> BR . R :: R. R-G 
28, Bat by Sappoſition in 18%} . « « © ob - Q = B+ R 
29, Allo by Suppeſ. in 19%, « « . do ob oo » , © = Ro C. 
30. Therefore out of 27, 28* and 29*, by exchange a... uv 
of equal right lines, . «© - «© © «© «© o '$ 25: "ry | A: 


Which was to be Dem. | 

31. The Determination annex'd to Probl. 6. to wit , Thar the piven difference of the 
greater extreme and mean muſt be greater than the given difference of the tnean and leſſer 
extreme, is diſcovered by the preceding Canonin i 3*, and is neceffarily to be preſcribed 
for limiting the faid differences, that they may becapable of conſtruRing the Problem , 


as will be manifeſt by the ſubſequent p = LEMMA, 
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LE MMA. 

32, If three right lines be Proportionals, the difference of the greater extreme and mean 
is greater than the difference of the mean and lefler extreme. : 
—_—: 
$3. Q, R,\S7are =>, ww. Q . RE: RS, 

34. Q © R, and conſequently, R 5” S 
35, B—Q—R, whence B + R 
36.C=R—S, whence R— C 


OH 
a 


Q_ oy mom of 
WO —— —_ 20 
S —— 16 
_— F 
C . 
37, » + Req. demonſly.,  , BG... 
| | Demonſtration, x 
38. Becauſe by Swppoſ. in 33% . « «. +» - +» «> . e-W 23 K,i& 
39. And by Suppoſ. in 35% and 36%, ., , « « .> B+R=—=Q. And R-C=S8, 
40. Therefore out of 38* and 39%, - . - - .> BR. R :: R. R-C, 
41. And by Diviſion of Reaſon, . . + - 'B R :: C, R-<C, 


Schel. prop. 14. Elem.5.) . . «. « « 
Which was to be Demonſtr. 
The Determination being demonſtrated , I ſhall proceed to 


The Compoſition of Probl, 6. | 


\ : 
42. But R—R—C, therefore from 41*, (pe Fe © 


Suppoſ. 

43- B = the Erence of the greater extreme and mean of three Proportionals is given, 
4+ C = thedifference of the mean and lefler extreme is given, 

45. B © C. ( Determination. ) 

Reg. to find the Proportionals. ; 

B 5 

C 4 
_— ——_— | 
R ; : f 
S 


— 20 
w_ I6 
Conſtrudtion. | 
46. By Probl. 8, Chap. 5. let it be madeas B-C to B, ſo C to a fourth Proporti 
which may be called R, therefore, 
_— 
which fourth Proportional R ſhall be greater than the third C, becauſe the ſecond B 
is greater than the firſt B — C. | 
47 Make Q = R+B; whence, Q—R = B. 
48. Make S =R —C, whence, R—S = C, which effeQion is pollible, for 
by the Analogy in 46*, it is manifeſt that R = C. 
49. IfayQ, R and S are the three Proportionals required : Now we mult ſhew that 
they will ſatisfie the Problem ; Firſt then, by Conſtruttion in 47*, the exceſs of Q above 
R is equal to the given difference B, ſecondly, by Conftr. in 48*, the excels of R aboves 
is equal to the given difference C. So it remains only to prove that Q, R and S are Fre- 
portionals, in this order, viz. Q.R:: R..S, but that is made manifeſt by the 
' ſubſequent Demonſtration, which is form'd out of the preceding Reſolution, by a repe- 
tition of the ſteps thereof in a retrograde (not in a dire&) order. ; 
ERS Sn ..... c.-..ca»> Qi Re S 
Demonſtration. | 
51. Becauſe by Contr. in 46* , which anſwers to the | _ / 
laſt ſtep of the Reſolution, to wit, 12%, . . . 'F —_—_— a 
IS wmes,. . . . cio oo B BBCi R- CG 
53+ And by Converſion of Reaſon, . . « « » (5 » B , C :: RRC 
RS . . . . . . TS a 35 Sher 
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55. Therefore by Compoſition of Reaſm, « « +þ = 

56. But by Conftr, in 47%, . © 0 oo fob uo GG QUE BA 
57. And by Conftr. in 48%, . . . . ">. + of '$-2= Ro 
58, Therefgre out of 55*, 56*, 57%, ©» » + «> 6 QB R 


Which was to be dem. therefore that is done which was required by Probl. 6. 


oZ 


Amother way of reſolving the foregoing Probl, 6, 


59. The ſame things being given and ſuppoſed as before 
in 1®, 29, 39, 4 of Probl. 6, for the leſſer extreme > 7. 
of the three Proportionals ſought, put . . . TS: M a7 
60, To which lefler extreme it you add the given =. | | of 
ference c, it makes the mean, to wit, « . « +» oh 
61. And by adding the given difference 6 to the m_ 464-6 
Propertiona!. ic = the greater _— = = | 17 
62, Therefore accorging to the import of the Problem, TETRIS |, 0 
theſe muſt be Polen ; = 4 'F 4. #6 2 0 6th, 
63. Therefore nverfiy, + + oo « op le. © 0 
64. And by Divtſion. of Reaſon, « « « « « «FF © «© @ wo ., 6+C, 
Th 065 gies PO «$5Þ 
c 


4 
* '# 


65. And by alters and inverſe Reaſon, . or” . 
66, Wherefore by Diviſion of Reaſon, , «© «. «> b-Cc. * 
Which laſt Analogy gives this CANON, 


67. As the exceſs whereby the given difference of the greater extreme and mean exceeds 
the given difference of the mean and leſſer extreme, is to the difference of the mean and 
leſſer extreme z ſo is the difference laſt mentioned , to the lefler extremeſought : whence 
the mean and greater extreme are calily diſcovered, | 


—— 


Probl, VII. 


The difference of the extremes of three Proportionals: being given \ 
as alſo a right line whoſe Square is equal to the difference between the 


Square of the mean and the Square of one of the extremes , 'to find the 


Proportionals, 
Suppoſ 
IN, M, L are — 
2 Ne L 

3-d'= N —L is given. 


; vw NM 3 Mok 


46 = //OM—DL: is given;; and conſequently , 


55 &= DOM—DL is given. 
Reg. to find N, M, L. 


N hwy nes; 6g 
——— — pp 
L amends 1. , 
D - 9 
C—_— — 12 
Re ſolation, 


6. Put affor the leſſer extreme ſought, viz. . . + + > 

7+ Therefore out of 3* and 6?, the greater extreme ſhall be . . > a: 

8. And out of 6* and 7*, the Rectangle contained under the *. Md oF 
tremes, or the Square of the mean, is equalto - . « +» + hs 

9. And out of 6®, the Square of the leſſer extreme is . . . .e 

10, Which Square «# being ſubtracted from as dz, (to wit,, 
from. the Square of the mean,) the remainder ſhall be the diffe- > dz. 
rence of, the ſaid Squares, viz, . . «» +» » '+» © © » 

11. But the difference laſt mentioned muſt be equal ro the given) 
difference cc., therefore . . « « . +» » + +» +» +» 2 410 

12. Which Equation may be reſolved into this Analogy, « .p & . c :: & - 4. 
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Hence this | CANON. 

13. As the given difference of the' extremes, 1s to the given right line whoſe Square is equal 

tothe difference.of the Squares of the mean and leſſer extreme z (o is the ſame right line 
to the leſſer-extreme ſought. | 


Or thus , 

As the given difference of the extremes, is to the given right line whoſe Square is equal 
to the difference of the Squares of the mean and greater extreme z ſo is the ſame right 
line to the greater extreme ſought, | | 

Henee this THEORE AM. 

14. If three right lines be Proportionals, the difterence of the Squares of the mean and 
lefſer extreme is equal to the ReQtangle contained under the diference of the extremes 
and the leſſer extreme. | | 

Or thus, 


The difference of the Squares of the mean and greater extreme, is equal to the Reftangle 
contained under. the difference of the extremes and greater extieme. 


The Compoſition of Probl. 7. 


. Suppoſ: Wo” = 
15. D = the difference of the extremes of three Proportionals is given. ; ;. 
16. C = a right line, whoſe Square 1s equa] to the difference of the Squares of the mean 
and leſſer extreme is given. | | 
Reg. to find the Proportionals, 


N NG Mpp—ge Of & 
M - _ — 20 | 
Eros —26 
D — 9 
———_— — 12 

Conſtruftion. 


17. By Probl. 7. Chap. 5. let it be made as D to C, ſo C toa third Proportional , which 
ſuppoſe to be the right line L, therefore , | 
"64 | : D 6.22 0 L 


18: By Probl. 2. Chap. 5. find a right line, as M, ſach, that its Square may be equal to 

the Square of L together with the Square of C, therefore, BET 
OM = 0 L =|— 0 Cs 
And conſequently, OM— oL = oC. | 

19. Make N=L+D; whence, N—L =D. _ 

20, Iſay N, M and L are the three Proportionals required. Now we muſt ſhew.that 
they will ſatisfie the Problem. . | WY 

21. Firſt then, by Conſtru@ionn 19? , the exceſs of N above L is equal to D the given 
difference of the extremes. = 

22, Secondly, the exceſs by which the Square of the mean M exceeds the Square of the 
leſſer extreme L, is (by Confty. in 1 8®, ) equal ro the Square of C, to wit, the given 
difference of the Squares of the mean and lefler extreme. : 

2 3, It remains only,to prove that the ſaid three right lines N, M and L are Proportionals, n 
this order, viz. As N istoM, ſoMtoL, But that is made manifeſt by the ſubſequent 
Demonſtration , which is formed by a retrograde repetition of the ſteps of the preceding 


Reſolution. 
RET Roafr.... . - -.-. 3M M5 Moo LE 
| Demonſtration. | 

25. Becauſe by Conſtruftion in 17% . - « . D.C C.. L. 
Thaxr is, in x 22, (tbe laſt ſtep of the Reſolar. ) > ld. 6: '> . 

26. Therefore, per 17. prop. 6. Elem. . , . . .> OD,L= oC. 
i: gf ONT >: >. 0 M8: G5 

27. Again, becauſe by Coxſtr. in 19®, . . > N = L--D, 


28. Therefore (pey prop. 1, Elem. 6.) by drawing 5, E: Ex'4 

— ome part of the Equation in et-3 CNL = wy L+-OD,L 

29. And conſequently out of 2 8* and 26®, by exchange we | 
of equal Recangles, . KLE wt DONnNL = ocaL-+a CG 


Chap. 7. Mathematical Reſolution and Compoſition. 239 
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0, But by Conftr, in 18% .. 4. . >. OM = OLþ oC. 
11- Therefore out of 29? and 30*, per 1. Ax. Chap.2, > NL = | 
Th Therefore out of 31* , per 14. prop. 6. Elem, ' .5 N.M:: M , L. 
Which was to be Demonſtr. therefore the Problem propounded is ſatisfied. 
Having by the preceding Examples of Reſolution and Compoſition given the Learner 
I :i:ſt of the manner of arguing by Analogies, which is the beſt way - when the nature 
J «x Problem will admit the ſame, 1 ſhall now proceed to Examples of arguing partly by 
quations , and partly by Analogies. But it muſt be remembred , chat when in the Reſo- 
tion you paſs from one ſtep to another by Addition, in the Demonſttation of the Problem 
7 jou muſt*cerurn by SubtraQion : For Addition in the Reſolution requires SubtraRion' in 
the Compoſition , and Subtraction in the one, Addition in the other; ' alfo Compoſition 
7 o Reaſon in the one requires Diviſion of Reaſon in the other , as before hath been faid 
1 athe- ore at the end of Probl, 1. of this Chapter. © __ | 


ouares of all the ſaid Proportionals', to find our the Proportionals (eve- 


ven. | oy & 45 


Ss - ty. d ; 4 
LL,M,N =, ws. L . M :: M , N. 
_ 5 


ye =4/:O0L +oOM ON: is given ; therefore, 
4G = OL-+OM + 0N is given allo. 
Req. to find L, M, N. . 
Reſolution. 


5, For the mean Proportional ſought put 4, wont -— Ui 
oppoſe . .* - - - -  , © * . = ' - 
6, Therefore from 2* and 5*, the ſumm of they,  _ 7 ; 
extreqnes ſhall be ag RE: A, «= 
7. Thetefore the Square of the ſamm of the my 1-4-4a—164=0L40ON-{2DLN: 
tremes is " s o . ® » @&* + & = £ 
8, And the Square of the mean Proportional, or > = TM = OLIN. 
the Rene of the m—_ L- as | TE | 
+ Which Square or ReAtangle in 3* <4 151 
: tated from the Square in 7*, leaves Helm bb — 2ba = oL--aM+'o-N 
 ofrheSquares of all the threeProporttonals,vsz. \ . © 46h, pA 
10. But by Swppoſition in 4*, . . . . ..> © = OLþOM+DON' 
we ups rom 9* and 10*, (per Av. 1.2 gp 1p, — &. 
: Ay. 2, A " Tl . S. 6% . 
12- Ad by adding 264 to cach part of the E- GE da 7 
quationin 11, thisariſeth, . . , . ..C. OO DNITY 
13. Lndby falnpllliges from eackpart of they. jo... pu 
quation 1n 2© 0; 0-0, ,© @Ocr7 6 » | = gr ET... 
. 14. And becai © (per Theor. 8. Chap. 4.) 6. bh — 66 _ 6 + $i. prrhabes/-a 
he ermgry from 13* and 14*, ( per Ax. 1, +bi PE b14-c x Yana. , 
2) | © +. © © © ©» « © pd: i254 011% ot »h 
16. Therefore by reſolving the laft preceding? 47-1 oo bag 
Equation into Proportionals, it ſhall be . £ ” Bro 
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number ; then half the ſfurm of thoſe two numbers and half their difference ſhall be the Sides 
or Roots of the rwo Squares ſorfght. ; | 
' As, if 5 be given for the difference of two Squares ſought, I rake 5 and 1 , forthe Pro. 
du& of their multiplication is 5 ; then the halt of theic ſumm is 3, and the half of theix 
difference is 2 ; laſtly , the Squares of the ſaid 3 and 2 are g and 4 , the Squares ſought; 
tor their difference is 5 , as was preſcribed. | 

Again, the fame number 5 being given for the difference of two Squares, take a number 
at pleaſure, as 2, by this divide the given number 5, the Quotient is 7, therefore the Pro. 
duct of the multiplication of the Diviſor 2 by the Quotient £ is 5; then according to the 
Canon, half the ſumm and half the difference of the ſaid 2 and 2, to wit, 5 and 5 thall be 
the {ides of. the Squares fought ; and conſequently the Squares themſelves are £4 and ;+, 
whoſe difference is 5 , as was delired. | 

After the ſame manner- innumerable-pairs of ' Squares may be found out in Rational 
numbers , and the difference of each pair thall be equal'to one and the ſame given number, 

The reaſon of the Canon may. be made manifeſt by this 


Theorem. 


The Produ& made by the multiplication of any two unequal numbers is equal to the dif- 
ference of two Yquares, to wit, of the Square of half the ſumm, and the Square of half 
the difference of the fame two unequal numbers. | 

As, if c be thegreater , and 6 the lefler. of two numbers, then 

'' The Square of $c-1-3b is «. . , . Zeb + 2b, 
The Square of $5 — 5 is.  . Fee —Ib + ibb; 
The difference of thoſe two Squares is - .' .. . *. 

Which difference is manifeſtly the ProduR of the muttiplication of the two propoſed 
numbers c and 6. Wherefore the Theorem,” and conſequently the Canon firſt given 
1s manifeſt, F- thy ie | 

| The Definition. of Binomial 1. 


When the greater Name'( or part ) of a Binomial is a Rational nuraber , and the leſſer | 
part is a Surd ſquare Root of ſome Rational number, and the ſquare Root of -the differetice 
of the Squares of the parts is a Rational number, the ſumm- of the two parts is caled 
a. Firſt Binomia). | | 
x | | Explication. 
Let this Binomial be propoſed, . , .. , « 3 + ys 
The Squares of the Natnes, or parts, are . . » 3 2 


The diflcrence of thole $quares is, . .., .  « . 


x The ſquare: Root of thar'difference is .. , « « + . 2 | 
Becauſe the greater part 3 is a Rational number , and the lefſer part y/5 is a Surd ſquare 
Root of pow Sramg Bf Fs ei of the Squares of the parts, vis. 4,6 
a, Square whoſe Root 2 is a Rational gumber,; the Binomial propoſed , to wit 3 -|-v/$ 
nh pr Sura AISLE $i Pte "0 I me ha 
- -- Howto find out two ſuch:oumbers as may conititute a Firs} Binomial. 
7. By the Canon of the preceding Queſtion at the beginning of this 1 uh 


v 


SelF. find out two Square numbers whoſe difference may be ſome 
* Rational number not a Square, ſuch are theſe Squares, . l 6's 
2. Their difference is 6. 3101 SORES 9. 4 Ss cw > 
3+ Take ſome Rational number at pleaſure for the greater part of the 
Binomial fought, as . . - 


(&'{\n +>& 


two 

erence in the ſecond, 

what ſhall 36 the Square of the- number-raken i the third give? > 4/20 
whence the fourth Proportional will be found'2o , the ſquare Root) 


4+ Then fay , by 'the Rule of Three, 1f S the- ater of the 
uares tound out in the firſt ſtep, give 5 the diflerer 


- 


Ah ys Sopot eller pat, 10k; » oo ew a, 
5- I fay, the ſumm of the two numbers found out I the third and fourth: | 
_Hieps, & a firſt Binomial , towit,' . . , F ” SE 6.1 


© 


T4] 
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The Definition of Binomial Fl, .— 

When the leſſer part of a Binomial is a Rational number , and the greater part is a $ d 
ſquare Root of a Rational number , and the ſquare Root. gf the Difference of the Squares 
of the parts is Comtmenſurable to the greater part , the ſumm of the two Parts is called 
2 Second Binomial. 


| Explication. | 3p 
Let this Binomial be propoſed, . . . 5 75 5, 18 -þ 2 
The Squares of the Partsare >» 5 « 3 3s, . 5 3 = 


The Difference of thoſe Squares is  « , 4 4 4 & 
The ſquare Root of that Difference is .. . . , .. y/ 2 | 
Becauſe the lefler Part 4 is a Rational numbet, and the greater Part / 1 $ is the Surd ſquare ; 
Root of a Rational riumber 18, and the Root- of the Difference of the Squares - 
of the Parts , viz. 4/2, is Commenſurable: to'the' greater Part: ſ18, ( for according | 
tothe Definition.in SeF, 7. of this Chapr.. 4/2 .4/18::'1 ./3, that is, as'a Rational number 
to a Rational number , ) the propoſed number 4/18 5 4 is a Second Binomial. L = 
How to find out two ſuch numbers as may conſtitate a Second Binomial. 
1+ By the foregoing Canon find out 'two ſquare mimbers whoſe Diffe-2 
rence may be ſome Rational. number not a Square: ſuch are ter 


es, - ”* bl * 
\ Tow Dikrcnce is", . PR a” ® . .. . ©. © - PP . 
3- Take ſome Rational number ar pleaſure for the lefſer Patt of the? 
Binomial fo he; as 3-"4** *6 © of . | o .” S080 Fj 
4 Thenfy , If 5 the Difference in the third ſtep; gives g the greater 


number raken in the third give ? whence you will find 1 80 , whoſe” 180 
bop ne ape wer fe Eres at AI ITY 4 
5. 1 ay the ſumm of the two numbers found ono RN an] forth © 180 4+ r0 
ſteps is a Second Binomial, viz. © © -@ 9 3 ” . . '@ 3 | v1 . 

The Definition of Binomial VL 
When each of the two Parts of a Binomial is a Siird'ſhukre Root of a Rational number; 
and the ſquare Root of the Difference of the Squares of the Parts is Commenſurable to the 
greater Part ; the ſumma of the-two Parts is called a Third Bitiotiial. | 
vn  Explication. Sd peck 
Let this Binomial be propoſed; 5 « + 55 ox/5Þ + 4/32 
The Squares of the Parts ate . 3; 5: 5 » « RT AED 


f 


IO 


| ey CEL AN 6 or, | 34 
The Difference of thoſe $ dates is & +; p _ 1.8 
The ſquare Root of that Di is 3". 18 


Becauſe the two Parts.y/5o and 4/ 32;are Surd ſquare Roots'of rwa Rational numbers 
50 and 32, and the ſquare Root of the Difference of the Squares of the Parts, viz. 4/18; 
ls Commenſurable to the greater Part 4/5Q Cle y/43.+ 4/yO 32.3 « 5; that is; 

f Rational number to a Rational number , ) r c propol number 4/50 4/32 is a Third 


How to find ont two ſuch numbers as nuay conſiitute a Third Binomial. 
13 Find out two Square numbers whoſe Difference may be we 9 
Rational ern a Square , ſuch art theſe Squares, . . « 
2, Their Difference is . . 6, 6 © « of & 4 ee 3p. 5 
3. Take ſome Rational number not a Square, whith-may exceed they 

kid Difference 5 by an Unit or two, :2;z. by 14 when the faidf”" 
erence increaſed with x makes not a Square ; but;by, 2 ,- when 
the Difference increaſed with 1 makes a Square : ſo- in this Exam- 
ple, I take 6, becauſe 5 -|- 1 makes nota Squares . © «» + 
4+ Again, take ſome Rational number at Fe a # + » -»& 13 


5 Tlie 


Too So 


hs "" Cofruttion of Binomials. Book 1], 


> wah ene ' 


o The uare thereof is * | « . . - . 5 . 8 o . « - > I 44 
6 Tha bo If 6 the number tpken in the third ſtep , pives 9 St 
4/216 


greater of .the 4wo Squares in the firſt , what ſhall 1.44 the-{quare| 


number in the fifth give ? whence the fourth Proportional is 216; 
whoſe ſquare Roor , © wit 4/216 ſhall 'berhe grearer Part, . © 
>, Say again, If the ſaid Square 9 gives 5 the Difference in the 
ſecond ſtep; what ſhall 216 the foureh-Peoportional found out -in 
the ſixth give ? whence you will find 329 , whole {quare:Roar 
 towit , 4/120 hall þe the lefler Part; CL I EE HY I 
8. 1 ay , the ſumgn of ;the two numbers found ont in the fixth and! /2n6 4 
ſeventh ſteps is & third ,Binomial., to wit, . . . « + > + TyI20 


© The Definivien of Binomie! LV. 
When ahe gremer Part .of a Binomial isa Fational.auryber ,. and ahe lefler Part isa Surd 
(ace Rot.afp Rawanal mwnhee , and the! ſquare. Root of the Diffcrence of the Squares 
of the Paces-is Jpcommeniurable to cl greater Party the umm pfahe two Parts is called 
2 Fourth Binamial. | », Þ <=! = STE 0039577 37,9 ( . 22 notef? s : 


Let this- Binomial be, ropgſed +. 4... 5. 2. 5dr 1k 

The Squites of ahe Parts are 's Þ 4 a 4-43 nl 3 ;om 

The Difference of thole' Squares is Þ. '. 7 13 

Becauſe the grexter Part 5 1s a Ratjongl nymber, and the lefler Part 4/ i 2 15a Surd ure 

Root of a Rational pumber 12 ;. and the Quare Root wf the Diffarence of the Squares of - 
the Parts , wiz. 4/13 » 353 urable 6@ the greater Pars 5;-{ for /1:3; bath got 
ſuch proportion to's a/@Rationalgumher 80 8 Regional number): the pumber: 5-4 412 
above propoſed is g Fouxth Binomyjal. | | T 3:25 50h 5:4 


How 19 find out two ſuch numbers as may | conflitul 4 Faurnth Einomid, 


4120 


r. Take any ſquare num EP, nn en RY We 
2. Divide that uare _ Hs ions numbers not'Squares, as into £ 6 and 3 
"Js api = a pleaſure for cha-greawer Pare of wy 6 
> 'Y - P71 C1829 2108 16 = 8 C': {8} © 
4. Then ay f's the amber in the firſk iep » give 6 the 


4 
the two number int ſecond ; what fall 36 the Squaref ., 
of the number taken in the third give ? fo the fourth ional will Y *# 


6'I- 4/24 


and the greater Part is a Surd 
the ence of the $o 


bY - © » 0» V6 2 


4 
» © o -S 
* « « ofa 
umber ,- andithe greater Part 4/6 is a Surd\ſquate 
—_— (for-/2 - 6 :: 


6 3's 2 Fiſh Binomial _ to a Rapional number , } the- propoſed number 
| | How 


- > 
WV, VERS VO _ "I 
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How to find out two ſuch numbers as may conititute a Fifth Binomial, 
1, Take any. ſquare number, as .. . « . . « «oe eG g © 
2, Divide that ſquare number 9 into rwo numbers not op as into'p 6-atid 3 
3. Take a Rational number at pleaſure for the lefler Part of the Binomial 2 - 

{o ht as o © 0 » Py P P FE 6 ; #6 "2p F - Y A, 

FR Then fay, If 6 the greater of the two numbers in the ſecond ftep, 
gives 9 the ſquare number in the firft , what ſhall 4 the Square of the p 
Rational number taken in the third give? whence you will find the ot 
fourth Proportional 6 , whoſe ſquare Root, to wit, 4/6, ſhall be the 
-greater Part ſoophry' . oo 7s oe 3 OTE INGR 

1ſay, the ſumm of the two numbers found out in the third and fourth ſteps © S 
s 2 Fifth Binomial, viz. . «' 5 oof i LES © Ti 
oy The Definition of Binomial V 1; ano! 

»When each of the two Parts of a Binotnial is a Surd ſquare Root bf ſome Rational 

number , and the ſquare Root of the Difference of the'Squares of the Parts is Incommen- 

ſurable to the greater Part ; rhe ſam of the two'Parts is called a Sixth Binomial. 
Explication. 70 | 
Let this Binomial be propoſed, , . 5 59 . y5 + y3 
[The Squares of the Parts are « ;5';j 4 @ 3 . 3 


The Difference of the Squares of the Parts is , . . S-- 

The ſquare Root of that Difference is , .. .  « 2 - ES 

"Becauſe the rwo Parts 4/5 and 4/3 are Surd ſquare Roots of any Rarigoal numbers 

rand 3; and the ſquare Root of the Difference gf the Squarcs of the Parts, viz../2, 

1s Incommenſurable' to the greater Part 4/5, (fot'4/2 hath not ſuch pro tion t0:4/5 52s 

2 Rational number to a Rational number; ) che nimber 4/5 4-4/3 above. propoſed is 
a Sixth Binomial. | ; | TY wed 


- 


| How to find out two ſuch numbers as may conſtitute a Sixth Binomnial: wt + 


1, Take two ſuch Prime numbers that their ſumm may hot be aSquarezas > 7 and y * 
% -irfunin ts: od 3 oo oo 5 ere OT OS ins | 
3. Take alſo any ſquarenumber, s . , . : , . +4 5 v *# 9 
4: Take again ſome-Rational number at pleaſure, as . . . . .F* 6 
5- The Square thereof & fe Ge ee es > 36 
6, Then-fay , If 9 the ſquare number taken in the third ſtep , gives 122 

the ſumm of the rwo Prime numbers in the firſt ; what ſhall 36 th 


Square inthe fifth ſtep give ? whence you will find 48 , whoſe ſquare v/48 
Root; towit, 4/48, ſhall be the greater Pan, ., , 

7. Say again, If 12 the ſumm of the two Prime numbers in the firſt 
ſtep, gives 7 the greater of thoſe Prime numbers; what ſhall 48: t 18 


fourth Proportional found out in the ſixth ſtep give ? whence you will 

find 2 8, whoſe ſquare Root, v4z. 4/28 ſhall be the leſſer Part,,. '. *, I: Ll 
Ifay, the ſum of the two numbers found out 1n the ſixth and ſeventh CRE i 

ſteps is a Sixth Binomial , iz. Þ . oo oC V48+902 


If of every one of thoſe {ix Binomials the leſſer Part-be ſubtraed: from the greater, 
by interpoſing the ſign —, the ſix Remainders anſwer. to the fix I ines which Zuctid 
in Prop. 86, 87, 88, 89, 90, 91.0f his Tenth Elem. calls Apotemes or Reſidual lires ; as, 

"1. 32443 | FL - 3.—4s 
| | IL y/13-|-4 | FE IL y/18 —4: . 
2 13 ll. 50-432 By changing into — 4 IH, J50—4/32 
</ j IV F312 7 *& made Refidodl . "I 1V. 5 — 4 + 
V.. y/6+--2. | | Vi 62" 


ol. /5Þ+v3 4 7 gh SV. v5 v3 
; The precedent ConſtruRians of the ſaid ſix Binothials are demonſtrated in Prop. 49,50, 


TIT, - nod oP * 
Hh 2 Now 


- 


3I,52,53, 54. of Io. Flem, Euclid, 


—— 
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Book 11. 

Now if any Binomial or Reſidual be given, we may eaſily find out another of the ſame 
kind in this rhasner , viz, For the firſt and fourth Binomnals , if it be made as the greater 
Name or Pars to the leſſer, fo any Rational number aſſumed for the greater Part of anew 
firſt or fourth Binomial, to a fourth Proportional number , this number ſhall be the leſſer 
Part of the new firſt or fourth Binomial. Bur for the ſecond and fifth , if it be made 25 
the lefler Part t0 the greater , ſo any Rational number taken for the leſſer Part of a new 
ſecond or fiith Binomial to a fourth Proportional , the number ſo produced ſhall be the 
preater Part of the new ſecond or fifth Binomial- And laſtly , for the third and {ſixth &i. 
nomials , if it be made as the greater Part-z0 the leſſer, { each of which is a Surd ſquare 
Root, ) ſo any Surd ſquare Root aflumed for the greater Part of a new third or ſixth 
Binomial, to a fourth roportional , there will come forth the lefler Part of a new third 
or Gxth Binowial, ( The reaſon of this Operation is manifeſt , per Prop. x5. Elem. 10, 
Euclid.) | And , after a new Binomial is found out , its correſpondent Reſidual is alſo 


_ = 


made, by changing the ſign + into — , as before hath been ſaid. 

As, / (avs. 4 if a ein + m1 caged find on like toit; I 
take a Rational number at re,as.8,for t Part of the Binomia - then 
the Rite of Three, ty es of WA ts a Barth Proporticanl, to wir, : <5 
leffer Part ſopght, therefore 8 / i vt ſhall be a new firſt Binomial, and & — of 242 


a new firſt Reſidual; and fo of the r 


2 FIPS 


$c&. XVI. Congtrning the extraion of the Square Root ont of Binomial 
and Refiduals conſtituted in ſuch manner #4 hath been ſhewn in the pre« 
ceding Set. 15. 


Every one of the Binomials and Reſiduals whoſe ConſtruQion hath been ſhewn in the 
preceding Set. 1 5. hath a ſquare Root, that is, ſuch a Binomial or Reſidual that if it be | 
GO into it felf will produce the given Binomial or Reſidual ; as may be evidently 
collefted' out of Prop. 55,56, 57, 53,59, and 60, Alſo out of Prop. 92,93, 94 95, 
96, and 97. of the Tenth Book of Enclid's Elements. | 

As, for example, a Binomial of the firſt kind, mores 7 «| 4/48 hath a ſquare Root; 
to wit, '2 -þ-+/3.; for this being ſquared (or multiplied ito it ſelf) prodaceth that Binomial 
7 +- 48; whoſe greater Part 7 is compoſed of 4 and 3 the Squares of the Parts of the - 
Root 2-|- 4/3 ; and the lefler Part 4/4$ is the double of the Product made by the mullti- 
plication of 2 into 4/3, the Parts of the Root 2 + y/3 : all which is evident by themul- 
tiplication of 2 -}- 4/3 into it ſelf, The like effe& will be found in every one of the reſt 
of the Binomials conſtituted in the preceding SefF, i 5. Therefore if « Binomial I 
and its _ Root deſired, there is given the ſumm of the Squares of the Parts of the Kot , 
( which ſumm is the greater Part of the Binomial propoſed; ) and the double of the Pto- 
du& of the Parts of the Root , ( which double Product is the leſſer Part of the Binomial 
propoſed, to find out the two Parts of the Root ſeveraly. And therefore in order 
ro the Extration of the ſquare Root .of a Binomial, it will be requiſite to ſearch out 
2 Canon for the ſolving, of this following 


QUEST. 


The fumm (b) of the Squares of two numbers being given ; as alſo ( c ) the double 


Produtt of the multiplication of the ſatne two numbers', to find the numbers ſeverally. 

jy C RESOLUTION. | 

1; Foy one of the two numbers ſought put. . , , .  {'s 
2. Then for as much as the double of the Produtt of their ma- 

tiplication is given c, therefore the Produ& ir ſelf is 'S 


3. Which Produdt divided by the firſt number gives the other 
number Pf. 


4 
Ru 
2 
—_ 
4: Therefore the Square of the firſt number is . . .. . 5 OT ps 
5. And the Square of the other number is . . ..  ; 3 WE 
| 448. 
6; Therefore the-ſfumm of the Squares of the two numbers is . ; ;- ends 
: : 444 
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FY SE"? "RY 


7. 7, Which Tumfn mauſt be equal to'h, the given ſim 'of the Stures| BY OE 9 


hence this Equation #6 i. | { 444, 
$. Fromwhich Equitioh , after die Redudtion, there will atiſe, Y bed thath "= 3er 


| And from the laſt Equation ( per Canon in Sf. LO, Chap. IF. Bubb ©. ) there (will 
ariſe this following Canon, to find ourtthe two rimmbers \ſodght, viz. 


; EANOM 1. 
wat ; TT Þ+ v. 2b —+ a - xs the grearer manber-; 
wy: 1b —4/.56b — 56s: : = the life number. | | 
That is, in words. avi 4 of 


one add_ 4 
D 


16: Mbtevret, WY "OE x 44 —_ "TM 
11, Thefore;- (37's 4 Oh OY vb ; = roman 

T es Lon 
12, Likewiſe becauſe b3+oth= 366 uh SIDE 


” *#; Ew = | —_ 7 yo = 
13; Therefore, ib tt =P: — cc. 
14- Therefore — the deventh and thirteenth tip anothet Canon ariſert to bolVe: the 
101 V3IYs 
; CANON u "2146 Fr FR 


—_— th gre he; 


— the lefler niieber. 


That is, in an" 
From the Square rn ſulnine bf the Squares fubkHH2" the Sqidiit 6f ihe dkdbe 
Produ&t giver rh _ and ſubtra& he = of the Remainder to and from the 


given ſumm of the, Squares : fo ſhall che ſquare Root =" the Summ and Remainder 


of that Addition ahd SubtraRion 9 the rwb hu 
By the hel - cithet of thoſe Canbns we may extratt the ſquare Rbor of a Biomiat 
ot Reſidual ; ] fiſe the latter 6nly , whence ariſeth 


A Gomeral = fot the E+t#aifion of the Shultte Root vitt of binowiits 
_ Refldaalt. | 


Froth the 6 of the later arg 2 given Binontial ] 
rock Es 02 nn on 
it alſo from the fn re cots. © that aff 
mainder by the Gon. ES + blit by — if # Reſidiial fo yu have 
de fired ne ſquare Roe of the | ot ul; s 
The praftice of this Rule will be ewe at large it1 the fotiowing Exatithes; 
Exataple 1. _ 


Let it be required tc to Extrack (he ure Rot fil Boil, bi 27 #4 vr 


qv ,.The Operation. Rs os 
t. From the Squate of the grezter part 27 , viz. from «© » > 739; 
2. SubtraR the Square 'of the lefſer part v704, 6 Wit, « + -+ o# ? 704 WD 
3- The Remaindee is 03.04 T5,16%g 57 -o- 1 ESD 
4. The ſquare Root 6f that Remultiet's SS DE "oÞS 0 Þ ® "4 '» -P ad _— b, =£ 
| » 49 
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5. To which ſquare Root add the greater part . « « « « » +» oP 27 

6. The ſumm 1s $2 © © NNN» © -» 4a4;-»S: IS 

7. The half of that ſumm is ;: - »- « » +» +» + +» - +» >. 26 

8, The ſquare Root of the ſaid half ſamm is the greater part of the w_ - 
ſought , t@Wit , o - .* oo my G's ws o - . o 7 o = o - * 

9. Then from the greater part of the given Binomial, 9:z. from 27 


s 
10. SubtraR the ſquare Root before found in the fourth ſtep, ro wit, . .F . F 
11. The Remainder 5s . . + +» +». .» 
x2. The half of which Remainder is . . «+ +» + «+ + oP 
x 3. The ſquare Root of the ſaid half Remainder is the lefler part of my 4 
Root ſought, to wit, . +» © + + . Ho 
14. 1 ay, the two Names or parts 1D the eighth and thirteenth ſteps — bs | TOY 
connected by -|- ſhall be the Square Root ſought, towit, .' . - It 


But if — inſtead 'of + be prefixt to the leſſer part of the ſaid Root, it will give 
4—4/11, which 'is the ſquare Root of the firſt Relidual or Apotome 27 — +704. | 

The former of thoſe rwo Roots anſwers to the Irrational line called ( in prop. 37, and 55, 
lib. x0. Elem Euclid. ) a Binomal lines and the latter anſwers to the {rrational line 


: 


called (in prop. 74, and 92.) an Apotome or Reſidual line. : 


The Proof of the Root above extralted out of the firſt Binomial , * wade 
by multiplying the Root into it ſelf ; thus, 

The ſumm of the Squares of the parts of 4/11 be: | 
the Root tound out is » + « « +» « +» » » of 267-11, that 3 27 
+» Forge > __ oa —— _ = wo , 44/11, that bs; v156 

The double of the ſaid Produtis .' . « «© » ob « 84/11, thatis, 4/704 | 
The ſumma of the ſaid ſumm of the Squares of the parts 27 + 
and the double Produt is . « . « « +» «+ , 7.4" 4708 
Whence it is. manifeſt that 27 {4/704 is the Square of 4-|- 4/11 , therefore this is 
the true ſquare Root. of that firſt Binomial : which was to be proved, Moreover, if the ſaid 
double Product be ſubtrated from the ſaid ſur of the Squares of the Parts, the Remain- 
der 27 — 4/704 is the Square of 4—/11 ; therefore this is the ſquare Roos of that 
firſt Reſidual, : -Þ 


11 
Ii 


* of . - * o ol o o 


Example 2. 


Let it be required to.extra&t the ſquare Root out of this ſecond Binomial y/**Z +6 
The Operation. 


1. From the Square of the greater part 4/**2, viz, from ', ,> -, L427 
2. Subtra&t the Square of the lefler part 6, towit, . . 3. -. - 
CT 7 oe 2. wv» $ + 9 .0Þ,.0 © 
4- I —_— of that Remainder is .' -. <0 >= > vx 

» To Which ſquare Root add the greater part the Rule in | 
: Seft. 8.0f this Chapt.) . : . o& th ; = 6 '$ * "I 
Ge. The Summ is 2 oo. = uo RE ET EE TEES . L222 4 > © a/ 48 
7- The half of which Sammis. , . . c . . 0. Po 412 
8, The ſquare Root of that half Summ is the greater part of the 


weld Rule 1nSoF. 3, ) 252. oi io 5 0 © 

ES. + +» %>-oooP 427 

I2, The half of which Remainder is, . , . . . . , > . y/#Z 

13. The ſquare Root of the faid half Remainder is the leſſer part ; FR 
of the Root ſought, rowit, . Es CER 8 (47 

14. I fay, the two parts in the eighth and thirteenth ſteps , being : \ 
conneRted by the ſign + ſhall be the Root ſought, to or 4 L Be y/(4)12 ++/(4/74 
And if — inſtead of -þ be prefixt to the leffer part of the ſaid Root, it will give 


#/(4)12 —»/(4)*3 ; which is the ſquare Root of the fecond Reſidual y/A*2,— 6. *y 
e 


-— at.” 
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The former of thoſe vpwo Roots aniwers tothe irrational line called ( in Prop. 38, & wm 
14, 10. Elem.'Euclid.) a firſt Bimedial; and the later arifivers'to the irrational line called 


(in Prop. 75, & 93.) a firſt Medial Reſidual. 
The Proof of the Root abode extratted out of the ſecond Binomial, 


The Squares of the Parts of v(4)12 EM VOY the Root! FE 

found out , are » v12 and y/*; 
Which Squares added rogether , ( as in Example «i Sed 8. 

of this Chapt. . manifeſt, ) makes the ſumm « . 1/2, 
The Product oi the Parts, VIg, v/(4)22 into VOYz "I y( 8r, that is; 2 
The double ade aid Produdt x Þ 4) F e's 
Therefore the ſumm of the ſucam of the wares of the jw » 

and the faid double Produt is ,, . » = LEGS. 's fag Py 6 


Whence it is manifeſt that 4/*=2 -+- 6. is the _ of Var 2 +» a0: z therefore 
thisis the true ſquare Root of that ſecond Binoriial 3 Which was to be proved. Moreover; 
if the ſaid _ Produtt be dp =o of. the ſaid ſtint of 0 of the Parts, 
the Remainder 4/**j — 6 is t Square v( Yak erefore this is the 
ſquare Root of that ſecond Reſiddal. - da war's 


Example 3. 

Let it be required to extraR the ſquare Root of this third Binomial - v/2£% 4 4/82; 
- The 'Operation. 

1. From the Square of the greatet part y/255, viz. from ; . 'L : + A 
2. SubtraCt the $quare of the leſſer paft, to wit, . p 

, The Remainder is . . «+ POT «1:9 | 
4. The ſquare Root of that Remalndet is | SPV EI Coop 

5. To which ſquare Root add the gttater pare 5 + « « « uy 


that is, y/<*z 


6, The ſum 1s . . hs # bs 6. . 232 
7s The half of which fimnm is MW 22-4 7 Hh > 3 v/it 
8, The ſquare Root of that half ſumm is the greater part 
of the Root fought; to wit, . «+ os . TY 


"" Again s from yp WED patt' of © Ee Binomial, viz. 2 - \/a£s 
£1 J Y 3 

0, pe a the ſquare Root. before found in the fourth tep, m— 

t0 wit., . - n) *-, © g . " * .# . ©. '# 0 hs. 3 = 
Il, The "Remainder is © o a . o . ® S$S . . J . K, | . x60 
14, The half of which Remainder is  . +, Wi ny 
13. The ſquare:Root 'of the faid half Remainder i the leſſer (a1 

pag the Root fought, rs . _— ey - 'T v1 
14. I fay, the two parts in the eighth andthirteent eps, eing 

couneRted by -{-, fhall bethe ſquare Root ſought; to Wit , F (4) + /@Nts 


And if — inſtead of 4- be prefixt to the leſſer part of the kigfiocr, 4 ives s 
—y(4)15 , which is the fquareRodt of the rolls Reſidual y/**% — = ves 

The former of theſe ewo Roots atfwers to the i oal line called (in Pro. 39, & 7. 
lib, 10. Efens. Ecctid,'Y a ſecond Bimedial, and the Iawer anſwers to the ircational line 
— (in Prop. 76, & 94.) a fecond Medial Reſidual. 


The Proof of the Root. above extraited aut of the thivd Binomidl. 
The Squares of the parts of y/(4)*$-{ vOMrs , my 4+ and yrs 


Root found out, are . En RPO | 
Which Squares added rogerher , thake ; » - > o/*,tt is, yaa. 
The Produ& of the parts, viz. (4) inro/(4)1 fp is > v(4)490 ; that is, 4/20 
= _ of the ſaid gr any 0-7 n » > 4/80 

erefore the ſumm of the ſumm of the Squares the das 
parts and the ſaid double Produ@R is ; « '$ ah >. 80. 


Whence it is manifeſt , that 2234/80 is the Square of (4) + V(4)rs ; 
therefore this is the ſquare Roor- of that tlitrd Bmomia) ; whith wis to by froved; 
| Moreover; 
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Moreover, if the ſaid- double Product ' be ſubtracted from the ſaid ſumm of the Squares 


of the parts , the Remainder 4/**3 — 4/80 Is the Square of W's — y/(4)1 5 ; thete- 
fore this is the ſquare Root of that third Reſidual. 


Example 4. 
Let it be required to extraGt the ſquare Root of this fourth Binomial . 7 +j- 4/20, 
The Operation. 
. From the Square of the greater part 7 , viz. fromp> . 49 


1 
2, Subtra&t the Square of the leſſer part wu towit, y . 20 
3. The Remainder is . - WO > » 29 
4. The ſquare- Root of that Remainder is « + > 4/29 
5. To which {quare Root add the greater part , _— 
6. The Summ is EY SD | op. he þ- 08 of < 7 v/29 
7. The half of which Summ is . . . P o 2p y/*2 
3. The ſquare Root of that half Summ i is the great 2 VETS: 
part of the Root ſought , to wit , + 
9. Again, from the _—_ part of the given Binomial, 2 
VI%. irom . ©. @ ©» 
10, Subirad& the ſquare Root before found in hs ___ J29 
ſtep, towit, «. « « « +» +» + «+ | 
11. The Remainder is + + * +» © © of © J—4/29 
12, The half of which Remainder is « . « » J==*5 
' 13. The ſquare Root of the ſaid half Remainder is the IDE. 
leſſer part of the Root ſought, ro wit, . " 


14. I ſay, the two parts in the eighth and yr | 

ſteps , (the former of which is a Binomial, and 't - FEICTIE. LI IE 

latter abr dual) being connected by -, ſhall be the Viv 4: /ii—v/3; 

ſquare Root ſought , 'to m—  c<-> 2 

, Which Root anſwers to the irrational line called (in Prop. 40,0 58. bb. 10. - Flew: 
Euclid ) a Major line. 

And if the lefſer Name of the ſaid Root be ſubtrated from the greater, by interpoſing 
the ſign — , it gives y/:2-þ 4/32: — 4/:Z — 4/*Z: which is the Root of the fourth 
Reſidual » — /20 , and anſwers to the irrational line called (in Prop. 77, & 95. lib. t6, 
Elem. Euclid. ) a nor lime. 


The Proof of the Root above extraBied out of the fourth Binomial. 
The Squares of the parts of the Root found out are . +3 Lond and 2 = y/32 


Theretore the =- of the S_ of the parts is . . » that 1 is, 7 
The Product of the parts will be found 1Oy Rule 2. Se&.1 i EE DIT, 

of this Chapt.) . 8 ne He?! He 2 v4 ; that is, 5 
The double of the ſaid Produdt is . "= > 4/20 


Therefore the ſumm of the ſaid ſumm of the Squares of the 
parts and the double ProduQ is . . © 7 + v0. 

Whence it is manifeſt that + +: 4/20 is ; the uare of. fi 3 +32; + v1 INE; 
therefore this is the ſquare Root of that fourth Binomial : AR was tO de proved, 
Moreover, if the ſaid double Produtt be ſubtrated from the ſaid fumm - _ —_ 

wn T1 


of the Parts, the Remainder 7 — 4/20 is the Square of /; 2 y/AZ; — 
therefore this is the ſquare Root of thar bands wr Neth 7 === 4/20, 


Example 5. 
Let it be required to extra the ſquare Root out of this fiſth Binomial ; y/20 + 4 


The Operation, 


1. From the Square of the greater part 4/20, v4z. fromy> , 20 
2, Subtra& the £quare of the Jeſſer part 4, rowit, > , 16 
3. The Remainder is . . . ; = Won aW © < 
4. The ſquare Root of that Remainder i EE .:. IK 
5« To which ſquare Root add the greater part . , *Þ wo 


6. The 


Chap. 9. Extradion of v(2) out of Binomials. YE 


6. The fumm is "—” EO 5% EI 
7, The halt of that fans i W13 : fg ale 2 
$. The ſquare Root of the faid half foram i is yh greater Y: « T 
part of the Root ſought , to wit, + , 7? Finke 
9. Again, from the greater part of the yu Binomial, ” 
viz, from « 
zo; Subtract rhe ſquare Roor before found in the fourth : 


ſlep, tow, . «oo 09) (mt fe 7 any 2 " | 
11, The Remainder is . . ik 0 6 + dS 4/202 
8 The half of which Remainder is bs Lyn ++ 5 ol i 
;. The ſquare Root of the ſaid half Remainder is the EF 
Iſle part of the Root ſought; to wit; . . We 5 


14. 1 ay , the two parts in the eighth and thirreenth © 
ſteps, ( the former of which parts. is a Binomial, ahd 
the ater a Reſidual,) being conneRted by # ts lhalle v* 7 PETERS V F—I: 
be the Square Roor ſought; towit, -. , 0 


Which Root anſwers to the irrational Ying called (in Prop. 41, & 59. lib.xo. Elem Eucl, ) 
line containing in Power a Ratiozal and a Medial Rettangle : And if the leſſer Name 
of the ſaid Root be ſubtracted from the greater, by the interpolution of the ſign — , ir gives 
V5 41% — 4/:4/5 —1: Which is the ſquare Root of the fifth Reſidual 4/20 — 4; 
and anſwers to.the irrational line which (in Prop. 7 8, & 96. 136. 10.) is called a line making 
with a Ratzonal Space the whole Space Aedial. 


The Proof of the Root above extrafted ont t of the fifth Binoinial. 
The Squares of the parts of ,/: 52; + 4/'u View 2 4s do tand 61 


the Root found out, are ' , + 
Therefore the ſfumm of the ſaid Squares of the parts is > 4s Ch 4/5 ; that is, y/29 
The Produ&t of the parts multiplied one into the other 1:3 2547 that - 
( according ro Rule 2. SetF. 12. of this Chapt.) is . c -$5507 fag 
The double of the (aid Produt is . , .. ; + > - +; 06.4 we 
Therefore the. ſumm of the ſaid ſtimm of the Squares 10 + 
6 the parts and double Produtt is ; . '$ het 
Whence it is manifeft that 4/20 +|- 4 is the Seqiare of 4/:4/5 5 1: L123 Þ+ ov: > 7 —1: 
therefore this is the (quare Root of char fif h Binomial : which was to be proved. i Fuks 
if the faid double Produ& be ſubtraRed frotn the ſaid id ſuraci of the <quares of the parts, the 
Remainder 4/20 — 4 is the Square of y/:y/5 Ft: t: — 4/iysg—1:  Therefote this 
ls the ſquate Root of the ſaid fifth Reſidual y/20 — 4; 


Example 6: 
Let it be required to extraRt the ſquare Root of this ſixth Binomial, 4/20 + v/8: 
The Operation. 


1, From the Square of the = _ 20, Viz. "0 wy 
rom , Ih 
2: SubtraR the Square of the leſſer part / 8; to wit, "OR 
3- The Remainder is . + Po Oe: 
4+ The ſquare Root of that Remainder is . . . > y/12 
F To which ſquare Root add the greatet part « .> y/20 
6: The ſumm is ; . i "0s « »F 4/20 «{- y/12 
7+ The half of which ſumm is "be a” OO 


3. The {quare Root of the faid half form is the 


greater part of the Root ſought, ro wit, © 7 VI" 
9: Again ;, from the _—_ part of the giver Bino- 

mial, zz. from . nn 
io. SubtraR the ſquare Root before forind in the | 

nk hs, wa... oo bn dt + 6 '< da | 
i1; The Remainder is . - 5. « ». ove 30 Mt 
12, The half of that Remainder i: S-- c.6 Oo —___ 
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. The ſquare Root of the (aid half Remainder " 5 =_ 
ke Wiſer part of rhe Root ſought, to wit, .. - Views —w3: | 
14. | fay, the two parts in the ejghth and _— | 

ſteps, (the former of Which parts is a Binomial; an od a EO 

the latter a Reſidual ) being conneftes by +, flal@ Vf © TS 

be the (quare Root ſotight, to wit, . . « + 

Which Root anſwers to the irrational line which ( in Prop. 42, & 60. /iþ.1o.Elem Eucl,) 
js called, a line —_— in Power two Medial Reii angles: And, it the leſſer part 
of the (aid Root be ſubtratted from the greater by the interpolition of the ſign — , it gives 

5 +43: — #/t4/5 —+3: Which is the Root bf the {ixth Reſidual 4/20 — ,/8 
cy < bh to the irrational line which ( in Prop. 79, & 97. /ib. 10. Euclid. ) is called 


_ a line making with a Adedial RefFangle x whole Spact Aedial. 


T he Prof of the Root abeve extralted out of the ſixth Binomial, 


The Squares of the parts of 4/:4/5 +4/3: -þ 4/:4/5=4/3 2 

the ods fought , SSR HO Tn v5 +43 and y/5—y; 
Therefore the fiimam of the ſaid Squares of the parts is Þ 4/5 + ys, thatis, y/20 
The Produ& of the parts multiplied one into the other is > 4/: 5 — 3: that is, y: 
The double of the ſaid Produt is . . .  . oF +» © «© «© » o of8 

Therefore the ſurm of the ſaid ſumm of the Squares al V2o + y8 

the parts and double Produft is . « . , . . . +85. Ao evihs 
Whence it is manifeſt that 4/20 -|-4/S is the Square of /:/5 +43 : + y:y/5—v3: 

therefore this is that ſquare Root of the {ixth Binomial : which was to' be proved, More- 

over, if the ſaid double Produ& be ſubrrated from the ſaid ſumm of the Squares of the 


parts, the Remainder' /2o — 4/8 is the Square of /ty/5 +4/3t = y/:4/5 —y 3 : there- 


tore this is the ſquare Root of that ſxth Reliqual. 


Nore. © In every Binomial and Refidual conſtituted according to the preceding Se8,'1 5, 
the ſquare Rout of the differerice of the Squares of the Names or parts is equal to the dif- 
ference of the Squares of the parts of the Root of the Binomial or Reſidual. 

As in the firſt Binomial 27 + 4/704, whoſe ſquare Root hath before been foind 
4+ 11 ; the Square of 27, to wit, 229, exceeds 704, the Square of 4/704, by 15, 
whoſe ſquare Root 5 is equal to the difference of the Squares of the parts of the Root of 
the Binomial propoſed, to wit, the difference between 16 and 11. | 

This may be demonſtrated thus, let þ + /d repreſent a Binomia] Root whoſe 
greater part is bz then the Square of that Root is Sn of by/d +4, this divided into its 
Natnes or parts makes the Binomial 6b-j-d more 26,/d, then the Squares of the parts 
of this Binomial are bbbb 4- 2bbd-|- dd and 4bbd, and the difference of theſe Squate 
is bbbb — :bb4- 4d, whoſe ſquare Root bb — d is manifeſtly the difference of the 
Squares of the parts of the Root b-|-4/d firſt propoſed : which was to be ſhewn. The 
like property may be demonſtrated in a Reſidual, 


How to extra@ the Square Root ont of a Binomial deſign'd by Letters, 
G if it hath a Binomial Root, | 


By the ſame general Rule which hath before been exercis'd in extraRing the ſquare Root 
out of Binomials expreſt by Numbers , we may extract the ſquare Root out of 2 Binomial 
delign'd by Letters , when it hath a binomial Root, as will be evident by the following 
Examples; where for the more apparent diſtin&ion of the parts of the given Binomial, 
inſtead of 4- I ſet the word [more] between the parts , and inſtead of — I ſet the word 


[/eſs ] between the parts of a given Reſidual, 


Example 1, 
Let ir be required to extrat the ſquare Root out of ens 
this Binonal, CS Co k T nn” a '8 bb + d more 26/4. 
The Operation; 


1, From the Square of the greater part, (which ſuppoſe to be | | 

bb-\-d,) oe. from m_ . _ w . n oy . ye l; bbbh + 2dbb 7 4d 

2+ dubttat the Square of the leſker part 26,/d, rowit, « « > 4 . -|- 44bb The 
3 
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| The Remainder is . * +. + 4 +» ..> bblh —2dbb-|-ad 
. The {quare Root of that Remaindby'] is 6. > >; 

5. To winch ſquare Root add the greater part, to wit, SES... 7 

6, The Summ is . . 0 &. 00», 105015704 of dS on 
- The half of thar Summ is . S> 5 3:6 


$. The ſquare Root of that half Summ is the greater par t of the n 


Root ſought, to wit, , | : 
9. Then from the preater part of the; given Binomial, VIg, . from > . « bb{-d 
ay Subtra& the ſquare Root before _ in the fourth  ſtep,to wit, > © » bb — 4. 
. The Remainder is «. + 0 0.2*:9,'4:>..a8o..6:. 334; 
* The half of which Remainder is wF $a. oc bl 
13. The ſquare Roor of the ſaid half Reinainger is the leſſer | ow EE 4 
of the Root ſought, to wit, . I of 
14. I ſay , the two parts in the eighth and thirteenth ſteps being - $a? 
connected by the ſign -|- ſhall be the ſquare Root ſought, tO wit "82 ts in 


Which Root being {quared ; or _ into it ſelf, will evidently produce the you 
Binomial bb -|--4 more 26y/a. 
Example 2. 


Let it be + rnthat ro extra the ſquare Root out of 


; XxX 
'this Binomial; ' .: ©» 6 '« *. mm 1 more x4/4pm, 


The Operation: . 


From the £ fih reater Part 27 pxx | @ © 4+ 
1, From the Square ot the greater par INCA x, RAR ene 2p rex 


viz. from « 
2, Subtract the Square of the leſſer part xV4 2, to wit, 5. » | 4mpxx 


3. The Remainder Is 6 2:4 + 2 0 © «© & > mmm — 2mpxx = Hntt 


4. The ſquare Root of that Remainder is . ' > mm — 1 
933. 


5. To which folk Root add the greater part, to wit, P'. mm-[- þxx, 
m 

6. The Sumni is «_ e185; 01. 8,0/95; 0} offy ON 

74 The half of which Sara i is A *P mm 


8, The ſquarc Root of the ſaid half Summ is the; greater ? 
part of the Root ſought, to wit, . . 
9. Again, from the __ _ of 'the given Binomial I + F_- 


VR. from S-S.-.8 * 
10. Subtra&t the ſquare Root before found in 6G fourth *-. -—— qo 
ep, wk, . oc 23-4 ©. 7s 


11, The Beinatodes © 44 2-4. eee % mL 
; | mM 


32, The half of which Remainder is . 6 Ro? Pa dnt 


13. The ſquare Root of the ſaid half Remainder is the 4 | 
lefler part of the Root ſought, to wity +, « «P 4 -_ &/ LE 
14. I ay, the two parts in the eighth and thirteenth | 
» mM | Xx /-E ares; 


ſteps, being conneSted by T ſhall be the yo _ 
fought ; towit, .-, . 


n Which Binomial Root TOR ae: or mall into it ſelf will produce che gre 
inomia 


E 7amiple F 


Let it. be required » ro  exren the ſhare Root out of '2 T6 5,/ab more 2 ab. 
Th 


this Binomial, . . - F 


* T3 


- A A 


252 IF: "2 "PEEL of y/(2) out of Binomials. Ns Book 11. 


The Oper at 10s 


From. the Square.of the greater part, v4. from . . 
. Subtra&t the Square of the lefler. part , to Wit, » | 44abb 
The Remainder is . aa — bþ — 244bb + abbb 


+ th aanh | 24abb | ab}þ 
i Fg S 
The ſquare Root of that Rekinder" EET OE T2 "I" 
> - 
"il 
> » 


To which ſquare Root add the greater part, to Wit, . 
. The Summa 15 '... no eonngy rd 
7, The _ of that Surm 2 AE. : 
8, The ſquare Roor of the ſaid ha umm is the greater 

part of the Root fought, to wit, . . . s 'e me — or v(4)aadh 
9. Again, from, the greater part of the _ Binomial, '$ OT ab Jab 

Vit from . ; 
1 0.. Subtra& the ſquare Root before found in the fourth, | yay Wh 

ſep, to wit, SS 4-2 wy 


11.' The Remainder is « «+. +  @. +» . ” TIES Bhat: : 4 


QA +bct.fo© 0 = 
. . ” a 


12, The half of _ rent PS”. X > —_— 
1}. The ſquare Root of the ſaid half Remainder is the leſſer 
"nd of vo Root ſought, to wit, . 'E y/:byab; Or v(4)46b# 


14. I ſay, the rwo-parts in the eighth and thirteenth ſteps, 
being conneCted by -4-, ſhall be the ſquare Root I Ns: ay/ab ; = Jf; boa: 
toWit, . . 

IF. Which Binomial Root may be alſo expreſt thus; = > y/(4)aaab + y/(4)atbb 


The Proof may be made by myltiplying the Root found out into it (elt. 


Example 4. 


Apain , if the ſquare Root of this Refidual be deſired, . > a aybc leſs 24/abcd 
The - Of Bn os by the ia method, wy rare: ts 
Which Root may be alſo expreſt thus, «- «© +» « »Þ v/(4)aabe — (4) adbe 


But if it happen that when the Square of the leſſer part of the given Binomial or Reſidual 
is ſubtrafted trom the Square of the greater part, the ſquare' Root of the Remainder and 
the greater part are not commenſurable, ( according to the Definition before given in Sefb.7, 
of this Chapt. ) there is ho more to be done in ſuch caſe, but to prefix before the gi 
Binomial or Reſidual the ſign ,/, with a line drawnover "both irs parts, to'denorg the 
univerſal ſquare Root of the given Binomial or'Reſidual. As; to extract the ſquare Root 


out of this Reſidaal y/: $44 + bb: — 24, I write-y/; n446-+-bb - — 2a: which kind 
of Roots are commonly called Univerſal, 


O—— 
———_—_——. PII th. F 4 Y WO a." i e——_—_—_ 
voy 


Se. 17, , Queitions to extra the foregoing Railes of this Chapter, 
Rp SUxEE 3 rs 21 $d1 11 


To divide 190 into two ſuch parts; that if w_ part be divided t by the other pirt , th 
ſumm, of the Quotients may make. z. 


 RESOLU 7 i o N.- 

1, For one of the paris ſought put . . ,'. . . - bi 
2. Then O_—_ the other -part is . . Y I. 260 —a | 
3» Therefore, according to the import of the Queſtion 1 I00—4 

this Equation arifeth-, Vis. . $8 —— + a. Lo 
4. Which Equation duly reduced gives , . , « « 1004 — aa ='2000 
5- Wherefore by reſolving the ſaid Equation by the 

Canon in SefZ, 10. Chap.15, Bock 1. the two values fo 1045 

of. 4, Which are the deſired P__ of 100, will ©5955 q 5o — 1oys 

found thele , towit, Þ. < ” SS SSL 


\ 


_ ad. 


Chap. 9. Queſtions about: Surd Quantities. 26 "= 
6. The ſumm of the ſaid parts or numbers found out is manifeſtly 100 fo it remains 
only to prove that 


50 J-'T04/5 4 GO 104/5 at TH 
5O — 10y/F 5o Fioys ** 
The Proof, 

5, To add thoſe two ſurd FraQtions in the ſixth ſtep into one ſunim; 
reduce them to- a common Denominator, viz. multiply 56 
104/5 by 50-1045, and the ProduQt (by the firlt of the 
three compendious Rules in Se. 10. of this Chapt.) will be found 

$; Likewiſe , multiply Fo —104/5 by 50 — 1045, mg 


3000+ 10004/F 


Produ& ( by the ſecond of the ſaid three Rules) will be , |, .. 
9. Thengake the ſumm of thoſe, two ProduRs tor the Numerator 


3000 — 16004/5 


of a FraRion, or:a Dividend, to wit, . ... « @ 4 + 6000 

10, Alſo multiply the rwo Denominators of the ſurd FraQtions in 
the ſixth ſtep one by the other, ( according to the laſt of the. three” _ __ 
Rules above cited ,')- and take the ProduR for a Denominator, orC” *22? 
Diviſor , Vs, -” . . * G=-40 ” 4, of. ©, 3; &f 2 '7 

11, Laſtly, the Numerator in the ninth og being ſer over the De- p 
nominator in the tenth gives the ſuram of the rwo ſurd Frations > 2222 = 3 
or Quotients in the ſixth ſtep, viz. 5 35 /- « «- « » oy, ©9299 

Which ſamm is manifeſtly 3, as was to be proved, 
ps. | Another Proof. 

The Quotient that ariſeth by dividitig 50 «| 104/F by 50 — 104/5,9 | 

(xccording to the Rule of Diviſion in the ſixth branch of Se#, 16 2b v3 


CR) B oe ca 4 4a 4 #0 
Likewiſe , rhe Quotient that ariſeth'by dividing 5o— 10/5 by2 3 F 
FoÞ-104/F I's o +» 5 | & ls N F- 7 
The ſumm of thoſe two Quotients is manifeſtly 3 , ( as before. ) 
QUEST. % | | 
To divide a giver nurtiber , ſuppoſe 6 , into three ſuch unequal numbers in continual 
proportion , that the ſumm of the Squares of the extretnes may be ra the Square of the 
mean"ii a given proportion ; but the firſt term of this proportion mult exceed the double 
of the latter term. Let it therefore be deſired that the ſumm of the Squares of the extremes 
nay be to the Square of the mean as 3 to 1, 
1, For the mean Proportional put - ... « « » { s > 4 
2; Then becauſe the ſumm of all the three Progportionals muſt 7 IO 
Make 6, and the mean is a, the ſurgm of the extremes ſhall be OE =o 
3+ Therefore the Square of the ſimi of the extterties is . .5 36 —124-|-44 
4+ But (by Theor..3. Chap. 6. of this Book) the Square of 'the\ .. | 
fumm of the 'extremes of three michbers continually pro- 
 Fortional is equa} to the Squares of the extremes , rogether | 
with the double Square of the' fnean; thetefore from the > 36 — 124— 44 
Square in the third ſtep 1 ſabtra 244 (the double Square | 
vt the mean, Y and there reinains- the ſumm of-the Squares 
of the extremes ; 'ro wit, . os o LY « 'o 
5. But ( according to the Queſtion ) the ſumin of the Squares 
of the extremes ruſt be equal to the tripte Square of the(, . - ESP 1 
mean , therefore from the fourth and firſt Rep this Equation es oth. 


lth bs fo oi Ye 4 66 SS | 
6. From which Equation after due ReduRion this ariſeth, 252. {> 'a#-|- 34 = 9g 
7. Therefore by reſolving the laſt Equation , ( acegrding to the 

Canon in SefF. 6. Chap. 15. ) the value of a, that is, heb: y<+ — + = the mean 


8; And 


£ 


mean Proportional ſought will be diſcovered , iz: . « + 


>. Res | 7 ROD} TART AR ad ARIA Re OY} OE TEES Ba} DAP ASA >a 


a: 
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Book 1I. 
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Queſtions about Surd Quantities. 


8. And from the ſeventh and ſecond ſteps the famm 2? 1, 44G | | 
of the extremes will be alſo made known, viz.) * v*, =lummof the IA 

g. Then, ( as is manifeſt by Zueft. 4. Chep. 16. Book 1) the ſumm of the extremes of 
three numovers continually proportioral being given, as alſo the mean, the extremes (hall 


be given (everally by this following 
CANON. 


From the Square of half the ſumm of the extremes ſubtraQ the Square of the mean, and 
extract the ſquare Root of the Remainder ; then this {quare Root being added to, and 
ſybtra&ed trom the ſaid half ſumm, will give the extremes ſeverally. Therefore, | 


10. From the Square of the half of *# — y/*Z, that is, from . . 5 **5 — 42/44 
17, Subtra& the Square of y/*} — 7, viz. + vo ob 32 nn 2 4 
12. The Remainder 'is' , . » « + ©» . » '» © © 6 » 23 mat y/ 
1 3- Then the ſquare Root of -that Remainder being extrated , ( by 2 


4 
FE - 


the General Rule before delivered in SefF. 16. of this Chap. for 
_ extraRing the ſquare Root our of Binomials,) will be found . 
14+ Which ſquare Root added to the half of #£ — 4/5; gives Mc _ 
greater extreme ſought, to wit, « « . + + © © © «I © 
15. But the ſaid ſquare Root ſubtraQted from the half of *3--4/*Z, 2 ak a 
leaves the leſſer extreme, towit, '. « «. - +» ©» «© » o$ *. 0 BO v4 
16. Wherefore, ( in the ſeventh, fourteenth and fifteenth ſteps, ) three numbers continually 
proportional are found out, viz. 3, /*Z—+, and $ — y/*7;,, whoſe ſumm is 6, 
and the ſumm of the Squares of the extremes is. equal to the triple of the Square of the 


mean, as will appear by 
| The Proof. 


Firſt , the Produ&t made by the multiplication of the firſt and third numbers one into 
the other, that is, of 3 into 2 — EZ, 15 #2 — 34/*Z, which is alſo the Square of the 
ſccond number y/*£ — 7 , ( as will calily appear by Multiplication ; ) therefore the ſaid 
three numbers are Proportionals. hs 

Secondly , the ſumm of the ſaid three proportional numbers is 6; for the mean y/*£ —+ 
added to 3 — y/*Z thelefler extreme, makes 3, to which adding the greater extreme 3, 
the ſumm 1s 6. 

Third!y , the ſumm of the Squares of the extremes 3 and 2 — y/*+, is equal to the triple 
of the Square of the mean y/*4 — + , for the ſaid ſumm, as alſo the ſaid triple Square will 
by i be found #2 — gy/*£. Therefore all the conditions in the Queſtion 
are ſatisfied. ; | 

But that the neceſſity of the Determination annexed to the Queſtion may be niade manifeſt, 
it remains to prove , That it three unequal numbers be in continaal proportion , the ſum 
of the Squares of the extremes is greater than the double of the Square of the mean: 
Therefore, | | : 

Ler three unequal numbers in continual proporti6n be expoſed, 
NS, =. .::;9..e.0..c 2080 4.0. k 

Then their Squares ſhall be alſo Proportionals , (per 2.2. Prop. 
ESE oo. 2 a ee ee» a 

Therefore (by 25. Prop. 5. Elem. Euclid) « . . . > aaÞce 0 246 

But 44> ee is the ſumm of the Squares of -the extremes of the three Proportionals ex- 


a, vat, 0 xo 


al . 48 1: 46,0 


| poſed, .and 2ae is equal to the double Square of the mean Proportional , wherefore the 


foregoing ninth ſtep. 


Theorem 1s proved ; and conſequently the Determination is manifeſtly neceſſary to bc 
annexed to the Queſtion propoſed , that there maybe a pollibility of finding our what 1s 
thereby delired. The Determination may alſo be eaſily inferr'd from the Canon in the 


_——_—c 


QUES T. 3 


aa, IV Foo 1098 
What is the Product made by the continual multiplication Si FIG va 


of theſe four numbers one imo another , which differ by x 
an equal exceſs, ro'wit, Unity? , . , . , , ,Jvit3 + wvieitt+ 


Vi For: 4- 


On mh vi tj) 


'D 


Chap» 9 9. | Queſizons about Sird Quantiter. | 25% 


T5 The "defired Produ&t is exatly , |; +, aa 
For, ( by the laſt of the three compendious Rules befove delivered in 
"54. 16. of this Chapt. for the multiplication of bam 1d Rts)G v/tor — þ 
the Prodiidt of the ficlt and fourth numbers is . ., > Dh 
Likewiſe , the Produdt of the ſecond and third nymber js , , .> ror þ x 
Liſtly, the two laſt preceding. Produtts being multiplied one wars la 


anker (by ate eee] make 4 6. +, 67 ini bf 


th 4 4 «a 


Yu" FTI 


—  — 


BUEST, 1s: 


1, If a, b,v, be fuch Quantities tfiat' , . . :Þ> . . cas ca = b 
What is the value of a? 
1, Afſm. By the Canon in Sef.6. .Ch.15. Suk1> > 38 = v/: TR: 6 
By which value of s,, the Equation propos'd may be expounded, ab is manifeſt by 


the following 

| Demaſtration. 
>F. a_. «445.4 0 eÞ. 0 4.5 3 8 = ibef;—#% 
4 Then conſequently by adding zt tocachpant, > , . Aa-ſ=% =y:b+cc: 
5, And by multiplying each parr of the WR 55-55 oa i 47 

Equation inrv it ſelf, . a —|- £4 + 4c = ++ 466 
6, Wherefore, by ſudtrading i frorti each par 4a th ; 

there remains . «» ES aol, ane = #. 

Which was to be proved. 

Nite. This Demonſtration is formed in the way of \Compoſicca by the ſteps of the 
Reſolution of the ſame ſtion in Set. 5 Chep. 1 5« | Book. 1. bt in a retrograde or 
backward order ; for the firſt ſtep in the Compolnion, ('6r Derionftracion ) i is the laſt 
in the Reſolution ; the ſecond ſtep in the Cornpolition is the laſt but one in the Reſolution ; 
and ſo by returning backwards by the ſteps of the Reſolution; the Demonſtration ends 
in the Equation propos'd to be reſ6lved. Bir this is largely handled in iny fourth Book 
of Algebraical Elenients, : 


_ 1 


_— 


BUEST. 5: | 
1, If 4,6,k,, be ſuch Quantities that © 5:8 +» , ha —bg —k 


What is the value of & ? 
2; Anſo., By the Canon in Se. 8. Ch. 15. Book-t.S « « © © 4&4, = +64 +208, 


By which value of 4, tlic Equation propos'd may be cxpotided as appears by the 


| Demonſtration. 
3, If . . . . @- © . > " . » ip t-4/th + 23þ: 
$1 wy by ubrraing 2 *b from each art ; PP, S-;- _ do=if vb + 5bbz 
Fo y. multiplying each part of the laſt E. 
ob into ir I/A , F Ty 'S aa—bej-3 = k4-466 
6, Wherefore by ſibtraRing Th from each part, > ay = k 
Which was tO be proved, 


ll: 


NY 


mm 


2v EST. 6. | 
If whos - wy pair Wn Gy :  # not = 266, 
And if a be put for a Quantity enktown, mady+ : —a4 = 1"; 
What 1s the value of a ?- 


. Book 1, theſe tWo values of 4 will be found 
an, uh . a TE i t=/:,0c—#: 


By each of whicti hi of 4, the Equation propoſed i in the ſecond ſtep niay be exponn- 
ded, viz, if either *6 + y; 4c —#; or, 1 —y: "56 —5: be put equal to 4, then 


(4 — Aa — #, 
| Drthone . 


3. Anſw, By the Canon in Se. 10. Chapt. ww ng TS = Ieeme 


. =—_ 
. 
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> Demonſtration. 

oo. Fit, if 0h. 36:1 4524 5 6 fe 0; 5:27 6 a = Tb: Icom 
54 Then by ſubtrafting Zc from each part, . > « © n—37 = Vi 5, 
6. And by multiplying each part of the laſt Ee OSA 2b | 

uxtion into it ſelf, . » « » + + +» | es a BG og 
7. And by adding v«' tocach part, . . » + + + 44-40 = 40-þ-ca—n 
©, And by ſubtracting Zcc fromeach part, .- .Þ « « + aa = Ca—s 
9. And by adding,» to each part, . > aan = ca 
10. Wherefore by ſubtrafting aa from each part, > , . «- . # = ca— 44 
11. That is, »' + +» + 6: © © b dP, no»: (— as = 8 


Which was to be proved. 
Again, It . ets F 4 
12, Then by adding 4/: co — *: tocach part, Þ ay: 3cc—: 


———— 


'P 6 5% Wage - 


> do 16Þ 4. > 


WH 


13. And by ſubtraQting « from each part, . .> . y: a0 —n; = EIc—g 
14. And by multiplying each part of the laſt? _ -- Spy ha 


- Equation into it ſell, . .  .. « + +» 
15. And by adding cs to each part, . . «. «> car 2r6—n 
16. And ſubtracting *ce from each part,  .» - . 64—n 
17. And by adding » to each part, ca 


o 


Ld , Ly P? bo * 
18. Wherefore by ſubtrating as trom each part, > , , ca—aa 
Which was to be proved; ; 


HAT 0 
+1 
by 


LYLUEST. 7. 


1, { If b and & beputfor ſuch known Quantities, that c is greater than 5, but leſs than 24 ; 
and if a be put for a Qnantity unknown ; 


2> And PTE $7 . \; 461-380 + SEE — SE, 
What 15 the value of « ? 
RESOLUTION, 


3- Becauſe the Squares of equal Quantities are alſo equal, by multiplying each pat 
of the Equation in the ſecond ſtep into it ſelf , this is - ty (TED tn "y 
E + Rs 


2 4 6 

4+ Then to the end the Surd Quantity in the Equation inthe third ſtep may ſolely make 

one parr of an Equation, let <= be ſubtrafted from each parr of that Equation, and this 

will remain, 52. | | 

| | L=9 — baa” _ aa — 2baa—caa 
4,24 4 EM c pA 2c 

5. And to the end the Radical ſign in the firſt part of the laſt Equation may vihilh, let 
each part be multiplied by it ſelf,ſo an Equation in Rational quantitics will be produed,t4z- 

'4* — gb __ 4bbat — qbca? -l- oa? 
| 4 4ce : 

6. And by reducing the laſt Equation to a common Denominator 4cc, and then by multi- 
plying each part by the ſame 4cc, this Equation in Integers will be produced, viz. 

cca* — gb*co = 4bba* — qbca* + ceaf. 

7. And from the Equation in the laſt preceding ſtep, after due reduQion is made to make 
thoſe Quantities wherein 4* is found to poſleſs one part, this following Equation ariſcth, 
viz. qbca* — qbba* — gb*ce. : : 

8, Then by dividing each part of the laſt Equation by 4bc -- 4bb, to the end that «t 
may ſtand alone , this Equation ariſeth , v5z. 


a* —= __9b%c »> = _obce__ 

| | qbc— 4bb q46— 9b” 
9B? 3. _ lf OB TS _. 0h 
4 C—b * 4c —46 


10; Thare- 


_ _—_ 


Chap-: 9+ _ Oueitions about Snrd, Quantities, 257 
10. Therefore from. the 10 laſt preceding Equations, by exchanging equal-Quantities, 


this Equation atiſcth , 23. : 
4 NO | EO T4 1H —_— Py Fa © & ; 
+7; And by extraRing the ſquare Root out of each part of the Equarion in the tenth ftep, 
this ariſeth ; | + 
| SHOES Af Eine it 
12, Wherefore by extraQting the ſquare Root out af each part, of the Equatian. in the 
eleventh ſtep, the delired value of & is diſcovered, vx. 


 $--- i into = 


An Example of Queſt. 7. in Numbers, 


13. ELSE SEU 1» 


WAN 5 73's 0, ERIC, 
"5 ' I EE ES. =" a number unknown; _ 


x - 
ASH: 5 inns; 6 of : #h + 266-38 = mr 


C ;* 
What. is the number @ ? Fi ai nt = fer aid 
17: 4ofw. From the thirteenth, foilrteenth, and twelfih.ſteps, | 4 = +/$00, or 204/25 
By which value of « the Equation propes'd may be. expounded, as will appear by | 
E - $131 | mn 1t.; mY a. 4, E 497-3\& 0:9 EY rs EY | 
18. b=16, c=25, and «=4800,3 Then it will fallpw, that 


SEES $6 pt = M6 "(= 8/8; "of; J 512) 

bur ſuch, char the number 'C may excee$the'namber- 6, and be leſs than 26, axis preſcribed 
inthe Queſtion ; the former part bf which Deterininarion is diſcovered by the Denomina- 
tor ;—b of the ſard Fractioninthe twelfth ſtep, and the latter part of t ina 
i manifeſt by thelatter/patt of the Equation 'in thefodirth ſtep ; where ras is to be* 
ited from 2þ44; which cannotbeflone f& as to leavers Remainder greater than nothing, 
 tnleſs c be leſs than 26.1 94, ; j 0] 5 7Y t ef EF A+ ivy «3 + a 111: 3% 

T3 ; j inte F225 i SITE + =* "17 2 — x 


_ 


mn. 


i og 100 dridun add ETA arent 1 +Þ TE mon © 80 Yo Re Rs 
belt. XV ITT. Are Explication of Fran. van Schooten's: Getrerel Ryile; 36 
extra} what Root you pleaſe out bf any Binomial in whmbers ; having ſuch 
# Binomial Rood 'as # tlefired ' ,* © 
AH oo, Preparation. |, CERES 
Firſt ; if the given Binamial hath FraRtions in it; it maſt be freed fromthe, by-galci- 
Myingthe Binomial by their Devominatoe- | As, for £xaniple ;- toexcraft” (3), thaw is) 
the eubick Root, qui of 4/242 *þ» 124, I multiply che Binomial by 2; 4nditmakes \/96Þ 
+25 , for 4/242 mybiphied by 4/4, (thats, +968;'and. r24 into 25 


25) prodyceth 
makes 25, Likewiſe, if there be propoſed ,/3*3 4 4/*4Z , I firſt multiply it by 4/5, 
plied by 2 produceth (as before) 


, and it makes 4/242 4-#4 , then this! Bitidnial aatilti 
4968-25; and ſo of others. "ADE Ss, WF CS. : 
- Setondly , if neiiher' of rhe two parts of the given Binomial be Rational, it muſtbe 
teduced by Multiplication or Diviſion to another Binoinial that ſhall have one of its parts 
Rational ; which ReduRion may alwayes be done by: the multiplieation of ether part, 
— often ng more: briefty by nos oe a gre yo t . leſfer — Asj 
Trexathple, 4/2 qz<þ y/ 143 may'bemuluptied byy/ +42, makes'242 -5- 4/5 88067 
but more eto by ww. and - 2s forth '22 | 4/486. Afees the fete 
manger; y/(3)3993 -4/(6)17 578125 may be firſt multiplied by 4/(3)3997, ' 
the Produtt again by y/(3)3993 » {6 there will "be produced another Binomial” whoſe 
Rational part is the abſolute number 3993 z/ bur yr briefly by y(G)g, and there will 
K k pj] 


"Al 


| Extradhion of (3) ) Ks); &c. : Book It. 


be produced another Binotnial whoſe Rational part is 33; and yet more compendiouſly, 


—_ 


if the Binomial propoſed be divided by y/(3)3, there will arife 11-125. | 
But here is to be noted , that when one part of a Binomial is Rational , whether it be 
of a Binomial firſt given, or of another deduced ( as above )) from that given , then alſothe 
Square: of the other part ought to be Rational, otherwiſe no Root can be extracted our 
of the Binomial or the other deduced from ir, — | 
Thirdly , to extra&t 4/(6) out of a given Binomial qualified as above is ſuppoſed, we 
muſt firſt extra& the ſquare Root , and then out of this the cubick Root , and to extra 
(9), we muſt firſt extra y/(3), and then our of the cubick Root found out we muſt 
aPzin extra&t y/(3) ; and ſo of any other Root whoſe Index is a Cotnpoſit number, But 
as to the extraQion of the ſquare Root out of a Binomial, a Rule hath been already given 
and exemplified in the preceding Set. 16. ſo that here there is need only that I ſhew howto 
extrat y/(3), (5), (7), (17), and ſach like, whoſe Indices are Prime numbers. 
Fourthly , to extrat y/(3)» y/(5), (7), or the like Root whoſe Index is a Prime 
number , we muſt firſt of all try whether out of the given Binomial there can be extracted 


.a binomial Root which hath one part Rational , but that may be diſcovered by onconting 


the Square of the leſſer part of the given Binomial from the Square of the greater, 

extracting the Root out of the Remainder , to wit , the cubick Root, if y/(3) be to be ex. 
trated out of the given Binomial ; or the Root of the fifth Power, if y/(F) be to beex: 
tracted, and fo of others: For if the Root: of the ſaid Remainder be not a Rational 
nuraber , then+the Binomial Root ſought will certainly want a Rational part, viz. each of 
its parts will be ſurd , in which caſe, in order to extra& that Root , the given Binomial 
muſt be multiplied by the difference of the Squares of the parts, if the Queſtion be con- 
cerning the extraftion of the cubick-Root ; or by the Square of the ſaid difference, if /(5) 
be ſought ; or by the Cube of the ſame difference, if /(7) be required , or by the fitth 

Power of the ſaid difference, if ,/(11) be ſought; and fo of the reſt, By which multi- 
plication another Binomial will alwayes be produced , wherein the Root of the difference 
of the Squares of the parts will be the ſame with the difference of the Squares'of the parts 
of the former Binomial. | | | 

As, to extradt the cubick Root out of 25 -|- 4/968 ; I firſt ſubtra& 625 , the Square 
of 25, from 968, the Square of 4/968, and there remains 343 , whoſe cubick Root 7 
is 2 Rational number : which argues that the Root of the given Binomial , if there can be 
a Root extracted our of it, is a Binomial which hath one of its parts Rational, 

Likewiſe, to extract the cubick Root out of 22 {- 4/486 , we muſt ſubtrat 484 the 
Square of 22 , from 486, and extra& the cubick Root. out of the Remainder 2 , but 
becauſe that cannot be done exaQtly, it ſhews that the cubick Root of 22 -|- 4/486 wants 
a Rational part; and therefore 22 -|- 4/486 muſt be multiplied by the ſaid Remainder 2, 
that there may be a Binomial 44 -}þ- 4/1944, wherein the cubick Root of the difference 
of the Squares of the parts is 2 *# _, 

. So to. extradt y/(5) out of 13-+j- 4/125 , becauſe 121 the Square of 1 1 ſubtraed 
from 125 leaves 4, which conſidered as a fifth Power hath not. an exa& Rational Root, 
we mult multiply 11 4/125 by 16 theSquare of 4, that there may come forth 176++ 
y/ 32000, where 4/(5) of the difference of the Squares of the parts is 4. 

Again, to extra /(7) out of 338 + /1 14242, wherein the difference of the Squares 
of the parts is 2 3 becauſe this 2 is not the ſeventh Power of any Rational number, the 
given Binomial may be multiplied by 8, that is , by the Cube of 2, and it makes 2704-+ 
47311488, wherein the 4/(7) ot the difference of the Squares of the parts is 2. 


....The RULE, 


When a Binomial given , or another deduced from it ( if need be) by the precedent Pre- 
paration, is ſach, thar one of its parts, and the Square of the other part, as alſo the Root of 
the difference of the Squares of the parts, (to wit,the cubick Root when y/( 3), or /(5) when 
(5) is ſought) are Rational whole numbers ; then out of a Binomial ſo qualified, /(3)- 
or yf(5), or y/(7), &c. may be extracted, if it hath ſuch a Root, in manner tol- 
lowing , viz. | h tr þ | 

Firſt, extra the Root of the difference of the Squares of the parts of the Binomial quah- 
fied as aforeſaid, viz. the cubick Root,when y/(3) is fought ; but (5) when /5, or y (7) 
when y/(7), &c, which Rovt ſo extracted is to be reſerved for a Dividend: 4 

"= ; Secondly; 
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Secondly , find out a Rational number a little greater than the Root ſought, with this 
caution , that the Rational number found out may not exceed the {aid Root above L which 
may ealil y be done by Vulgar Arithmetick, and -rake the faid Rational number for ' 

Diviſor. . = HI 
x Thirdly , divide the ſaid Dividend by the ſaid Diviſor , and it the Rational part of the 
gfven Binomial be greater than the other part, add the Quotient to the ſaid Rational Diviſor, 
and the half of the greateſt whole number contained in the. ſumm ſhall be che Rational parc - 
' of the Root ſought ; then from the Square of that Rational part ſubtrat the Root of the 

Bates of the parts., ( to wit, the Dividend firſt found out as above, {b 


Ti Ne degree of the.Power n eſented. the given 
Binomial: . for the Root found our being, multiplied into ir ſelf cobitally, (3) was 
fought'; of , five times Trto it ſelf, if y/(5) was ſought, ought. to.produce the given 
Binornial. * 3+ hes ne . en i4tad.c ff 


hath a Root ; but by munplyicg the Root found..our' into it ſelf ( as before) you may 
Terr '# | T3158 Mp Bo: 5 £4 


- 


Secondly , 1 ſcek-a Rational number that may be greater than the cubick Root of 29 -- 
4/392, (the given Binomia),) yet ſothar the exceſs may not be greater thian'4, to which 
end [extraft che ſquare Root of 392 ,' and find it to be greater than x9, butleſs than2o; 
thento 2 © the Rational part of the given Binomial T add 19 and 20 ſeverally , andit makes. 
39 and 40, which: are the neareſt'Raribnal whole nurhbers that can expreſs the true value 
of the given Binomial ,- whence the'cubick Root thereof will-be found greater than 3, but 
leſs than 3: this 3% , which, according to the Caution before given, |exceeds the true 
cubick Root of rhe given Binomial by an exceſs mas greater than 2, I reſerve for a Diviſor./ - 

Thirdly, 1 divide 2, the Dividend before referved , by the ſaid Diviſor 3+, and. the 
Quotient is #. Now becauſe 20 the Rational part of the given Binomial is greater than. 
the other part 4/392 ,- I add the ſaid Quotient to the ſaid Diviſor, 3%, and it mikes the 
fumm 474, wherein the greateſt whole-number is 4, whoſe half is 2 the Rational part of 
the Root ſought , by the help of which Rational part , the other part-is ealily diſcovered # 
for if from 4 the Square of the ſaid 2 , you ſubtra& 2 , the cubick Root of the difference 
of the Squares of the parts of the given Binomia), there will remain 2 the Square of the other 
part, So that 2 -|—- /2 is the cubick Root of 20, 4/392 the Binomial propoſed-, as 
will appear by the Proof: For 2 y/2 being multiplied into it ſelf cubically produceth 
20 -+-.4/392; and:for the ſame reaſon, 2 — /2..is the cubick Root'of 20 — 4/392. 

l Example: 2;- To extrafF the Cubick, Roat out of 44 = y/1 944. © WP 

Firſt , the-cubick Root of the difference of the Squares of the parts js-2 :for a Dividend : 
Secandly, the ſquare Root of 1 944- is greater than 44, bur leſs than 45 ; theſe added ſeve- 
rally to 44 the Rational part of the given Binomial,/make 88 and 8y', ' whoſe cubick Roots 
being extraed, do ſhew that the cubick Root of the given Binomial is greater than-4 , * bur 
lefs than 4%, this Rational number 4*, which according to the Caution before givcn exceeds | 
the true Roo ſought by an exceſs nor greater than *;1rake for a'Diviſor : Thirdly, 1 divide * 
the ſaid Dividend 2, by the ſaid Diviſor 45 , and the Quotient-is F,. which I ſubcraft from 
the ſaid 4+; ( 1 ſubtra&, becauſe 44 the Rational part of the given Binomial is. leſs than . 
the other part 4/1 944; ) and there remains'47F$ ; then the half of 4, the greateſt whole 
number contained in 472, is 2 » which is the Rational part of the Roor ſought: Laſtly y, 
to 4 the Square of the ſaid 2 ; [| add 2 the cubick Root of the difference ot the Squares 
of the parts, and it makes 6 the Square of the other part. - So that 2:-|- 4/6 is the cubick. 
Root ſought, as wilt appear by the Proof : For if It be multiplied into ir ſelf cubically , ir 

| K k 2 producerh 


—_— 


" 
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roduceth 44 -}- / 1944 the Binowial propoſed ; and for the ſame reaſon, /6 — 2 is the 
| Fobick Root of 1 944 — 4+ | OR, | 
Example 3. -79.extralt /(5).aut of 176 | 4/32000. 


Firſt , the difference of the Squares of the parts will be found: 1924, whoſe y/(5) is 4 
Far a Dividend: Secondly ,'the ſumm of the parts will be found greater than 3 54 , butles 
than 355 ; and conſequently. y/(5) of theſumm of the parts is greater than 3, burlefs 
than 3+: Thirdly , by the ſaid 37 1 divide the ſaid 4 Ind the Onoricns is 1 , -which ] 
ſubtract from the [£# Diviſor 3%-( becauſe the Rariona Parr of the given Binomial js lefg 
than the other part) and there remains'275 z then the-halt of 2 ( the greateſt whole number 
xontained in 254) is 1 , the Rational part of the Root ſought : Laſtly , the Square. of the 
Gid -1, to wit; "1"; added ro 4 {the y/(5) of the difference of the Squares of the parts af 
the given Binomial)makes '5 the Square of the other part. So thar x - 4/5 is the vis) 
of-the given Binomial 127 6 ph de, ar Jeaſt if any ys) can be extracted pur of the | 
Ganie ;*bur- 1 4+3/5/ multiplied" into! it felf Give rimes makes 176432000: therefore 
1-5 is manifeſtly the defired ,/(5) of 1263-32000, 

Jo ner 11:4 15359 5935 15.94 ofa 09 1 Are Its | 
... Firſt, the v/(7): of the difference 'of the Squares of the parts is 2 for a Dividend : $e- 
candly, the yalue of the given Einomial will be found greater than $407 but leſs than 5.408; 

hence the y/() thereof will þe-diſcovered t0'be greater than 3 , bur leſs than 3*; 
7 dly, by theſaid 3+ I divide the Dividend” found 2, and the Quotient is , 

ich 1 add co the Diviſor 37, ( becauſe the Ratiorſal part -37042 is greater than the other 
part) and it makes the ſumm 474 ; and thiergfore'2 ,:the half of the greateſt whole number 
contained in”, >4 -1s the Rational part gf the Rage ſought : Laſtly, from 4, the Square 
of the Taid z;, 1 ſubjra 2, to wit, y/(7).97 the difterence of the Squares of the parts of the 

given Binomial , and there remains 2 the Square of the other pary, $0 that 24/2 
the delired 4/(7) of the given Rinomial 2704 + 4/7311488,; "far this is the ſeventh 
Power of 2 + y/2., as will appear by Multiplicauon. | 
' "But here 15 tp be noted, that when the giyen ents hath beep myltiplied or divided 
by ſome number, and thereby re Yale to another Binomial, and he Roox of this later i 
found" 6ur,' we touft divide or multiply the Rgqr h nd out by the Roor. of zhe number by 
which the Binomial was mulciplied or divided ; ſo there will come torch the Roox of the 
Jiven Roomiel, i heck RE A © | "a 
* As, for example, beczule to extraRt the cybick Rogy our of 4/2473 +þ- 123, we firſt multi- 
plied this Binomial by 2 'and found 2 , + 8 ok cubick Bk by the Rule before 
given will be foyud x + ,/8; this muſt he divided by y/(3)z , andthe Quotiens /(2)} 
+ 4/(6)128 thall berhe cubick 50g Y 4242 + 122 the Binomial propoſed. 
 Bur' that the reaſon' of the ſaid Diyifipn by y/(3)z may the more clearly appear, let 


there be pyt d = 14-48, then it follows that ddd = 25 + 4/968, and = 
v/242 +123 (thy Binomial propoſed.) Therefore by cxaraRting the eubjk Root out of each 
pr 6 the la iq re ariſerh /(3) : , That is, 7am vt v24a + 
123: Butby ſuppolitian. d=1-þ-y/$ ; therefore 1 + ,/$ divided by y/(3)3y that is 
_ » VG), + y(0n28 all be thecybick Roar of 4/342 + 124: which was to 


Example 2. To extrat (3) out of 4/243 4 244. 


Firſt , to prepare it for extration., we.multiplied by 4/5 , and found 242 -12*, 
whale 4G) C as appears inthe Jaſt preceding Example ) s/(3)3 | 4/( 612 6 ali 
divided. by 4/(6)5 gives. the Quotient /(6);z3 + 4/(6Y*#4 tor the delired cubick Root 
of /**i+ 1- 4/**4. The reaſon of which roars y/(6)5 may be thus manitelied, let 
there be.put & = 4(3); + 4/(6)128 , then. it follows that ddd = 4242 -|- 12% = 


223 +-4/**2 into 4/5 , whence = = v/3*4 44/44 , therefqre the cubick; Root 


6f each part of the laſt Equation being extrated there ariſcth GS, that- is, = 
'$S x 21 
Cor /(3) of y5 is /()3z) = ): 34} + 14; but by apo; 


a=y(3}: 
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FRAY 6)128z therefore /(3)® | ONE divided: 6 _ th 
ow i=}: + ork & |- /2#L ; which was to be ſhewn. b / 7 
Example 3. ” exrialt v/(3) at of V2142 + 243. 

4, Firſt, { according t0 the ſecond Rule of the phecedens Preparation » I thuld ply. it by / 2; , 
and there comes Jorgh 22-|-4/486 ; this, multiplied by 2 ( according to t 7 
reve Rule ) makes: 44 | 4/1944, whoſe. cubick Ro. (. ay D ore path Peep 
2444/6 , A. Tor ” be nee; by ve and chore br Fog rth. o* Ks on the 
abjck Root ſought of 4/242 + 4/243. Bu Fn! cal n F 

Ed ; It here be pur d = 2 a. v6, then.it follows that . W.= —A i hs yi, 


20-7456 into 2, whence == = 22 woſgmety and his Fin dined by FA 


2771 [4 26405 


(bale in he Prepaeto we malig by vs ) gies E4 =y Vagnlwg EFA there- 
br «0D Fr hg opt of each part of the Jaft mien thete ariſe , 


atk, —Grgo 6 652 = 399 RET: vm Oppo, SF 


theveſore 2 |= Hf © by 4/0, t#2.he Quotient: v2 4+/5,Ghathe the eubiek Root 
$243 7-4/2 43 : which was robe fhewn, |- +. TAP 
: \- Example” 4 Fo extratt «Ks5) ont of (333993 +y{6 oye! | 
Fit, (according to the ſecond preparato y RuleY/ I divide thi; given Binornial by - i 3 7 
indthen (according to the fourth preparatory Rule) I multiply the Quotient y/(3)133 1+ 
1 953025 by, 1 6, and there comes forch 276} 4/3200p;, whoſe o/(5 ){ 85) _ 
opt Wen Pd 0rns 
rient muiltipl 153 fICQVET- ine Ur 5 33 3993: 
y()r7578: 25 z the teaſon of which DiviGon avd Myltiplic ay be made maniteſt 
bus, lerthere be put 4 = I + 5; ,;.thenvit follows thas = 0 ts. 
with ividing each part of 3be;Jaſt Equation byi:t6 (herzub jache preparatory work 


nequlihc by 16). there ariſcth = = "133% +Y/(Oig53n25t 4 by 


mikiphing exch part: of tfiis Equation by #(3 m ; theft WAI be ptpdaced + dds p gz 


= /(3)3993 + 4/(6)17578145: Thankes v5) hoing her 5 opr-of eat rt 
of the laſt Equation , there will arife ni —_ AS B - ſpat is; SDL equal £0 
uy of F:) (6)17 78125; SANE ad "there- 

) v0)3993 4-90) ; 1253: | Bl by Gppoli vided b by 4F9ts ; 2 ty 
rage by y/(5 16 , and the —_— modi mor lied by y/(t5)3 Ae the tric "ad 
T00993 + /(6)17578125 2+ as to be ſhewn; 


7h DenowSirton fol | 1 "5" , 7: oil H 


Ih cerxincy of the preceding Rille mill be ple quniſe by che Hes follibing Ree 
| T7 - ROP. 3; 1 
If a Binomial whereof ohe youu wo and _ _—_ alic, aiker aw {ation habe i 


o hop ogy nns + the Square 


multiplied into is (df cybically , 
of whoſe leſſer yart bein vg andre from, _— 
nat, to wit, the Ciibe of rhe DI of 
inomial. 


To make this mgnife(t , let there he.propoed the Binomial t4-48 , this  oulrplct 


IE es ihe pate 4 the ak FOE 


not ſelf caically prodacerb þ4b t=-$hbi/d 4 3#4-4-dv/d, 10-wik, the Cube of 6.)-y/d. 


Here you are to hote well; that alchaygh in that.Cube there þe four.parts.or 
they are tobe efteeriedibut AS $WO\. ON _ of which, to wit , #6 +3 I taay ys 3, rh vo 
nal number, and the other , 366y/d yd Can: ;bb1-d x /d) ay | fora or (| 

Number whoſe Square is Raviondl? yd 4d, is maiifelt firſt ; rhat'the Cube "of 4 x fu 


ial & alſo.a Binomial ; vis, b-{- 4 mv'tiplied into k ſei cubicaly, preduceb/;this 
Brnoriitat 


*« 
4 
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Y If 2 Binomial whereof one. part and the Square of the other are Rational] numbers, be' 


— 


Binomial bbb -}- 36d more 3bby/d dy/d (or 3bb-4-d x y/d;) ſecondly, the Ration:} 


part bbþ .1- 3þd is manifeſtly compoſed of rhe Cube of the Rational part of the Root 
and of the triple Produ& made by the multiplication of the ſame Root into the Square 


* 


of its other part ; and laſtly , rhe difference of the Squares of the ſaid parts bbb-+- 36d and 


3bby/44- 4/4 is equal ro the Cube of bb — d, or of 4 — bb, v3z. to the Cube of the 


difference of the Squares bf the parts of the Root þ-|-4/d : For the Squares of bbb +4. 
364 and 3bbyd by. dy/d are bbbbbb -|- 6bbBdbd 4{- cbbad and 9bbbbd -|- cbbad -|- add, 
and if theſe Squares be ſubtracted one from the other , the Rermainder is either þbbbbb _. 
36bbb4-þ 3bbad — ddd, which is the Cube of bb — 4, orelſe the Remainder is ddd — 


36bdd4-366bbd4 — bbbbbb, which is the Cube of 4—b. 


© .To'illuftrate this Propoſition by Numbers, let there be put þ = 2, and /d4 = 6; henee 


the ;Binomial 2 -- 4/6 multiplied into it ſelf cubically produceth the Binomial 44 + 
4/1944 , wherein the difference of the Squares of the. parts ( viz. the Remainder whan 
1936 the Square of 44 is ſubtrated from 1 944 the Square of y/1944z) 1s 8, towit, the 
Gibe of the difference. of the Squares of the parts of the binomial Root 2 -|- 4/6. - 


_ Likewiſe this Binomial 2+ 4/2 multiplied into it ſelf cubically prodiiterh the Binomial 
20-4392 » Wherein the difference of the Squares of the parts, to wit, 8, is the Cube 
of ws ence of the Squires of the parts of the Root 24 /i. ET-29 
The ſame properties adhere alſo to-4;Reſidual Root, 4z. the Cube of the Relidual-Rove 
boyd is alſo a Reſidual, to wit , bb 4 3bd on 3bby/d- dyd; (or 3bb 4x 4d) 


and the difference of. the Squares of the parts of the latter Reſidual. is equal to the Cube 


of the difference of the Squares of the parts of the Root or firſt Reſidua]. 
LA rat PROP. 2, © 


multiplied by rhe difference of the Squares of the parts,the Product will be another Binomial, 

wherein the difference of the Squares of the parts 'is a Cubick number , ro wit, the Cube 

of thedifference of the Squares of the parts of the Root multiplied. STE] 
To :make- this manifeit , ler there'be propoſed. the Binomial b -- 4/d, and ſuppoſe 


| greater than 4/d;*then b+|-4/d multiplied by bb — 4, the difference of the Squates'of 


the; parts, will produce,this Binomial y.to wit, 64664 — bd more bby/4d — dy/d,, the Squares 
of whoſe parts are bbb5bb — 2 bbbbd-|- bbad and bbbbd — :bbdd -|- ddd , then this latter 
Square ſubtrated from the- former leaves bbbbbb — 3 bbbbd 4 3bbdd — ddd ,; which-is 
the Cube of bb — d the difference of the Squares of the parts of the firſt Binomial b-|-/4 
The'fame property would appear if we ſuppoſed 6 leſs than yd = | 

To illuſtrate this. Propolirion by Numbers, ſuppoſe b = 22, and y/4— 486; whence 
the Binomial 22 |-4/486 multiplied by 2 , the difference of the Squares of the parts, pro- 


.duceth the. Binomial' 44 + 4/1 944 z; wherein the difference of the Squares of the parts 


is 8.,. which is the. Cube of 2 , the difference of the Squares of the parts of the former 
Binomial 22 | 4/486. AFP 
PROP. 3. | | 
If the difference of the Squares of any two numbers be divided by a number which doth 
not exceed the ſumm of thoſe two num above 3 ; then the Quotient added to the faid 
Divilor will give a number greater than the double of the greater of the ſaid rwo numbers, 
but the excels will be leſs than unity : and if the ſaid Quotient be ſubtrated from the ſaid 
Diviſor, the Remainder ſhall be greater than the double of the leſſer of the two numbers, 
but this exceſs alſo ſhall be leſs than unity. | | 
To manifeſt this, .Jet « repreſent the greater of two numbers , and e the lefſer; alſo, let 


b repteſent ſome FraRion not greater than * : then I fay, firſt, «4+ e-|- 6+ _44< Fr, 


: ; aFiFb 
Is greater than 24 , but the exceſs is leſs than 1, which I prove thus : 

It 1s evident that aa -4- ce + bb + 246 | 2be +-2ba + aa — ee is greater than 244 
4-244 + 264, therefore by dividing each of thoſe rwo Compound quantities by a+e+#, 


it follows that the frft Quotient 4+ e + b + — 7360. ſhall be greater than the latter 


5 


+e—+6 
Quotient 24, and if this quantity be ſubtraQed from that , the Remainder -* ” +2, 
a+ EC 


will be tefs than-1. For by ſuppoſition 6 is nor greater than + , 'therefofe 2be is lefs tha 
+0, 


: i 
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a+ ez and 6b leſs than 6; and conſequently the Numerator 2be -|- bb is lels than thi 
Penominator 4 -|-e -|- 6: wherefore ga is leſs than 1, 


we: 2 ako Tas of 57 bY as — 6 © ik 6 
After the ſame manner it may be proved that «+ eb TI=Tgep #5 greater 
than 2» ; but this exceſs alſo ſhall be leſs than rt : Which was to be ſhewn. . 
Now to apply the preceding three Propoſitions to the Demonſtration of the Rule before 
given , let it be required to extraGh the cubick Root 6ut of the Binomial 100 «{- ,/78023, 
whoſe Rational part 100 1s greater than the other part 4/7803. Here we may ſuppoſe 
#--3bdto be 100, and 3bb/4-{-dy/d ( or 3bb-|-dx yd) to be 4/5803; fo that 
#-|- 3b4 more 366 -|-d x y/d may deſign the given Binomial 100 44/7803 z, and its 
Cubick root b-|- 4/d the Root ſought , whoſe greater part may be b, and the lefler 4/4: 
Then, according to the Rule 
To extratt /(3) out of « . 1004/7803; 
Firlt, from the Square ef 1 00 , that is, from 7. . {> 10000 
Subtra& the Square df 4/7803, thatis, ... « , . «> 7803 
The Remainder 18 <;.o / o 4 505 (ac 7td ne. 2508 ET - 
The Cubick root of- that Remainder is. . .* . +> 13 ( = tb —d.) 
Which Root 1 3 is (by Prop. 1.) equal to the ditference of the Squares of the parts of the 
Binomial root ſought, 3 
Secondly , find out a Rational number greater than the ſamm of the parts of the Cubick 
root fought , with this Caution , that the exceſs may not be above 7, 0:2. 
To the greater part of the given Binomial, that is, to . .5 100 


Add the neareſt value in whole numbers of the other part Os 
LINED. «Ac ata $8 ina 1. 88 of 89 
$o the ſumm ſhews, that the value in whole tiiimbets of = 188 and 189: 


given Binomial falls between 0 

Whence the Cubick root of the given Binomial is greater thay 5+, but leſs thati 6 3 
ſo that the exceſs of 6 above the true Root ſought is leſs than +, 

Thirdly , having found our ( as above ) 1 3 the true difference of the Squares of the parts 
of the Cubick root ſought, and '6 a Rational number which*exceeds not the true ſuthm 
of the fame parts above 2; we may by the help of Prop. 3, and 1; find our the patts ſeverally 
this manner, viz. 

make fad 3 6-45 03+ 
AR i ot 42> EE. 
And the Quotient is' 5 . . +» » > + + © + » l 

Which added co the faid Diviſor 6, makes the fumm . . . . 82 

Which ſumm 8+ doth (by Prop. 3.) exceed the double of the greater (to wit, the Rational) 
part of the Cubick Root ſought, but the excels is leſs than 1 , therefore 74 is leſs than the 
faid double, but 84 is greater than the ſame : and conſequently, becauſe the ſaid greater part 
5 ſuppoſed to be a Rational whole number; the double thereof muſt neceſfarily be 8, (to wit,) 
the greateſt whole number berween 7+ and 8+, ) and therefore the ſaid part it ſelf is 4 ; 
which being found out, it is ealie to find the other part. For , ( by Prop. 1.) if from 16 
the Square of the ſaid greater part 4, there be ſubtrated 1 3, the Cubick root of the difference 
of the Squares of the parts of the given Binomial , there will rernain 3 , the Square of the 
other part ; fo that the Cubick root found out is 4 -|- 4/3 , which will appear by the Proof 
to be the true Root ſought; for 4 + /3 being multiplied into it ſelf cubically produceth 
the given Binomial 100-|-/7803. And for the ſame reaſon 4 — 4/3. is the Cubick roor 
of Ioo — 47 803, : | 

- Or more briefly , the Proof may be made thus. 


Tothe Cube of 4 the Rational part of the Root found our, > 64, thatis, bbb 


—W--- 


Add the Produ of thrive that part multiplied into the x | 
Square of the Surd part found out, +i&. the ProduRt * . © 36, that 70 36d ng 
And it makes the fumm , , 5 . «s « + + . > 100, that is, bbb + 
Whit 


=4 


| 


* 


—_ 


Fae: 
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-Wihich High is the fame with the Rational pans vf zhe given) Binomial , and licxeforg xcfor ; 1 


ir proves that 4+ 4/3 is the Cubick rot ſought. Le ER 
In like manner , toexrra&t 4/(3) out of 44-|- 4/1944 , where the Rational part 44s _ 
leſs than the ogher part y/1 944 3 We, may ſyppoſe ( as before) bbb 4 3bd to be 44, and 
387-4«,/4 ( thatis, 3bb4/4-1-4y/d) tobe 4/1944; fothat bbb5--304 more 303 E->«,/4 | 
may deſign the given Binomial 44-+4/1944, 3nd its Cubick root b-4-4/d the Root ſougly, 
whole leffer pary may be 6.4 and the greater 4/d Then, accordingto the Rule 
To exrratÞ /(3) nr of . © 44/1944 


Firſt , from the Square of /1 944, 45%. from, ., , .F 2944 
SR red of 44. Mg” Y A pt ts 'S 2930 

: ; maind wzE8 . o . . * o . » = P Ew Y Wo 

*ubick -rook of that Remairider is . { ., » .Þ 2 (=d—bhj) ' 

Which Root 2 is ( by Prop. 1.) equal to the difference of the Squares of the«parth 
of the Binomial roy fought. - 


s- * 
. 


Secondly, find out a Ratiqnal number greater than the fun of the parts of the Q þe c 
root ſought , with this Caution; that *the exceſs may not beabove 3 which may'be\done, _ 
thus, viz. Ree dt 1s "0 | "8 OP 

To the leſſer part of the given Binomial ,' viz. to « +> 44 : 

Add the neareſt value in whote numbers of the Fe 26.00. at >; i 

; \v ; ms : 4-2 


part 4/2944, thats, . . + 6 on ies 
So the (| umm ſhews that the value in whole numbers of the 


00iF. : ; ; 

given Binomial, falls berween . 0 = » . © . . * : 88 and 89. I {26 : .- . 

Whence the Cubick root of the given Binomial is greater than 4 , but leſs than 14 y | 
that the exceſs of 4+ above the true Root ſought ts leſs than £, BIS - 

Thirdly , baving found out 2 , the true difference of 'the Squares of the parts of the 

Cubick. root ſought , and 4* a Rational number whichdorh nox exteed'the true fumm of the | 

fame parts above 7 ; we may by the help of Prop. 3, and 1. find out the parrs feverally'm 


this » ee, ViS- .* rs a NP = - > - I 
' Divide the ſaid o o * | = * oy ©. * Py * _ " » Ns 2 | 2 ; : a | 
By.the ſaid * ns ON : Wh. 

- * & - 4 r WS 


And it gives the Quotient , « . « » « .'. » +» » 3 Ws 
Which ſubrrafted trom the {aid Diviſor 4; , there remains , . . 458, + 11, 
Which Remainder 47; doth (by > 3+) exceed the double of the lefler part (Wi | 
this Example is the Rational part ) of the Cubick root ſought , but the exceſs is leſs chan 1, | 
Therefore 373 is leſs than the faid double, bit 47F is” greater than the ſame; and conſe _ 
quently becauſe the faid lefler part is a Rational whole number, the double thereof mult 
neceſſarily be 4, to wit, the greateſt whole iumber between 374 and 473 , and therefore 
the ſaid part it ſelf is 2: which being found, it-is calle to find the other part ; for if to.4 - 
the Square of the-ſaid leffer part 2, there be added- 2 the Cuhick root:'of the differenceof 
the Squares of the parts of the given Binomial , the fumm 6 ſhall-be the Square of the othen 
part, So that the Cubick root found or is :2 <þ- 4/6 , which will-appeax 40, þethectus 
Cubick root fought ; for 2 -þ- 4/6 mukiplied into it felf cubically producerh the: given 
Binomial 44 -j-4/1944- And for the {ame reaſon 4/6 2 is. the Cubick rooz &f 


vV1944 — 44- = | « | 
| Oy more briefly, the Proof may be made thus : 
OMe of 2, he AGRI _ of the Root "_— 8, thats, 46h 
Add the Produdt of thrice that part multiplied into the ; 
Square of rhe Surd part found our , iz. rhe ProduRt , *: 36, that is, 364 
And the ſumm is .,.' . +, 4 « 4 + > 44, that is, bbb + 36d; 
Which ſumm is the ſame wich the Rational patt of- the given Binomial ; and thetefore 
it proves that 2 + 4/6 is the Cubick root ſought, | | 
Laſtly, what hath here been ſhewn concerning the Demonſtration of the Extfadtion. 
of the Cubick Root, may eaſily be applied to the ExtraQion of the other Roots before 
mentioned , fo that there is no need of farther diſcourſe in this matter. | x: 
CHAF. 
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CHAP, X. 
An Explication of Simon Stevin's General Rale, to extra& one 
Root out of any poſſeble Equation in Numbers , eitber exaGly, 


or very nearly true. 


of the firſt Book of theſe Elements, are capable ( as hath there been ſhewn ) of 
erfet Reſolutions in Nuinbers ; viz. the value of the Root ot Roots ſought 
i any* of thoſe Equations may be tound out and' expreſt exactly , either by ſome Rational 
or Irrational number or numbers ; but the perfe& Reſolution of all manner.of Compound 
Fquations in numbers, I have not found in any Author : and ſince an Expoſition of the 
General Method of-Yieta, the Rules'of Huddenizs and others to thar purpoſe, wonld make 
2 large Treatiſe, -and after all leave the curious Analyſt diffatisfied , 1 ſhall not clogy theſe 
Hleinents with a tedious.diſcourſe upon thoſe difficult Rules , which at the beſt are exceeding 
tedious in Operation, and ſome of them uncertain roo, but rather purſue my firſt Delign, 
- which Was ro explain Fundamentals, and ſuch Rules as are certain and mbſt important 
in this profound Art. However, I ſhall lead'rhe induſtrious Learner a few ſteps farther 
m'order to his underſtanding the ReſoJution of a thanner of Compound Equations in 
numbers; and in this Chapter explain Sim Srevin's General' Rule , which with the help 
& the Rules in the foHowing eleventh Chapter , will difcover all the Roots of any poſſible 
- Equation in numbers, either exaQly, if they be Rational, or very nearly true if trrarional. 
| DU EST: 1 + 
Ef ,.. 3 3 + 4 +. » aaa 264 = 4or88, what is the number 72 ? 
$54 | RESOLUTION; 
. This Equation not falling under any of the three Forms in Sed. 1, Chap. 15. Book 1. 
(annot be reſolved by any of the: Canons in that Chapter, and therefore according to 
Simon Stevin's general Method I ſearch out the number @ by tryals,, thus , wiz. 
1.4 ſppoſe....-... .:-' » +4: 2.1 nt 2 tp co 10510 lags Eck 
...» Thence it follows.that' .. . 0+ 1410; +07, HAR =, 
We And 4 © ” 48x" TR 4-404; 4 <A m4 27 4+; 264 26 
i Sherefort jo; +... 4.9 6 + 0:0, >. M8208 38: 27 dir tne5l 
Which 27 ought to have been 40188, bur it's. too little, whereby I find that by 
ſuppoſing 4 to be 1, I did not hit upon the true number &, and therefore I make another trya},; 
0 like manner as-before , viz. 


J EY falling under any of the Forms in the fourteenth, and fifteenth Chapters 


MEE! 


2» || ſuppoſe . . KM os $- $54, 6r ace; -o& 28 
+, Thence it follows that . .;.. © << + 444 == 1000. 
A. oi: od $i, 0:1 ak0-0 9; ©: 4: 4; $I6-35,9000 
- Therefore '. , 0 o© 8 3 5. o © nt a4 006; an ade 
Which 1260 being yet too little; I make athirdiryal, viz. : 
4, EO mn i Ae: 6% $09 
Thence it follows ; that .  .'i_ + - | + . aan 264 = I002600. 


Which 1002600 exceeds the juſt Reſult or abſolute number 4o1 88 in the latter part 
& the Equation firſt 'propos'd,, and therefore rhe true tiumber # is'lefs than roo; but'the 
ſecond tryal ſhews it to be greater 'than to; and therefore the whole number which etpreſſeth 
theexac, or at leaſt patt of the value 'of a, muſt neceflarily con{iſt of two Charafters, and 
conſequently the firſt (rowards the left hand) muſt be one of theſe nine, t; 2; 3» 435; 6, 75 
8, 9; but becauſe by the ſecond Inquiry 10 was found'too little , 1 iow make tryal with: 3 
tor the firſt figure of the Root 4, viz: 

+ ;Iſoppdſe: * 4. 4 Gd GH et og YE IDS 

FRANCE oo þ 36 © | © 0. 7 5 er i TEES: 
Which Reſult 85 20 being yer leſs than the juſt Reſalt 40188, I make tryal again, viz, 
ſ. Hhappole ods: when lh on 6 2 os oo &=W @©= 4JO+. + « 

Thenee , ; © 5. 4 00 5 ntl ane FRE 1770 TR. 

| LI Which 


——— 
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An Example in Numbers. 


Let the ſame things be given before as in the 11th ſtep, whence the three ſides of the 
Triangle CE A will be 17,26, 25, and by the help of theſe, the Perpendicular A H will 
be found 24, (by Theor. in 29* and 30? of Probl. 9g. Chap. 7.) which multiplied by 42+, 
that is, halt the ſumm of the parallel ſides AF, CG, gives 1020 for the Area of the 
Trapezium CAFG. 


Probl. X I X. 
Another way to meaſure a diſtance, when we can come to one end thereof, 


B 
Suppoſ. | 
< 
AB a diſtance accelſlible ; 
only at A. 
[CAB aright line, oO IWE IG 
_ AD = 210 
{ c=AD CD = 2758 
| (C4 {Siem K AE = 90 
I, 1 d=DC Tm ſeverally. © * \ :F ;D ; "7 as 
: f—=AE | * 6 : 7 CK = 354* 
| g =CF) LY ; » AB = 2047S 
| | H*. b | 
{GE || CD. dE 
| x F+ 
UBEF a right line. \. 38 
Reg. to find AB. s 
Reſolution. T 
2. Pat 22,” bf $2” OI BET wo Le. x . . > = A B. 
3, Then becauſe A ADCand A AEG arep 
equiangular, ( for GE || CD,) it ſhallbe, > AD. AE DC GE. 
( per prop. 4. Elem. 6.) . . . « .) af 
4. Thats, inthe letters of the Reſolution, .> c . f U «© \==e 


C 
5. Likewiſe in the fare AADC and AAEG, > AD. AE #CA. G ” 


6. Thatis, inthe letters of the Reſolution, Þ} c «. © f 3 : 

7. Again, in the equiangular Triangles > CE . CA-L AB :: GE , GA--AB. 
and G B EEE ES > is y 2 EY” | 

8, Thatis, WJ Ke cc > £ - b+e :<L. L 4 6 


9. Which Analogy gives this Equation ,v:z. > bfg + ga = Hof 4+ LEY 
| c C 


10. Therefore by ſubtraing + from each : , w 
part, (for g, or CF, is greater than £ or 2 | 04 — Led NE 


c 
E G,) . . - - ® 06 . 


Ii. And by ſubrraCting Fs from each ay PE af "A IIEX baf — bg ; 
of the laſt Equation, this ariſeth , c C 


I2, That is, ELLIS 2» @ 0 -” g—£ imo « = LE imo b. 
13. There- 
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13- Therefore by reſolving the laſt preceding Equation -=. K - fe _ 
into wy rn this Analogy artſeth , viz. . Ss :: b 

14. And by multiplying each of the ewo firlt Terms | "LE 
of that Analogy 5 c, this ariſeth , wiz, 'F'8 if a -+ » 6 7 

15, Let fm be made equal wOoc, wit. As fro c Ty 
g to a fourth, which may be called », then ſerting — TH 
fm in the place of 7c inthe ficſt Term of the e AnalogyC Jo » T3 5 
inthe 1.4*b ſtep, this arileth , viz. . 

16, Therefore by dividing the firſt and ſecond Terms of 4 1 wo 
the laſt preceding Analogy by f\, this. ariſeth , 93x, mn”, Co 

Which Analogy laſt before cxpreſt affords this 
CANOXM. 

17. Let it be made as f tor, ſog to a fourth, which may be called , ( that is, in the 
Diagram, as AE co AD, or as CH to "£1 ſo CF wo CK,) then Jet ir be made, 
» »—d to d— —g, ſo þ to 4 the diſtance ſought ; ( that is, in the Diagram , as 
KDwoDF, oras IDio DB, ſo CAto AB.) 

The Demonſtration whereof, ( in. regard CI is parallel to AD, and IK to HEB, ) 
is manifeſt ( per prop. 2, & 4. Elem. 6. ) the Proportionals in the Canon being compared 
to the reſpeRive lines in the Diagram belonging to this Problem. Which Canon may be 
demonſtrated alſo by proceeding according to the ſteps of the Reſolution, in a direct order, 
viz, from the beginning to the end; and although the Demonſtration in this , way be 
prolix, yer lince 'ris certain, and may ſerve to improve the younger Analyſt's $kill in the 
Reſolution of Plane Problems, I ſhall here form i at large. 


WS Prepar. 
18. Let it be made as. . .. « «} AD « AE :: CF . CR. 
_ That Kea Ss 8 5 RR £&, 


6 
Then the ſame things being ſuppoſed and made as in the firſt and ſeventeenth ſteps, 
If, © +» Au denvnftr. .. «|... 8D . DF 3 waeS 
- iſſiinn 
| 20. Foraſmuch as A ADC and .tle6)F A TT. ot; 


are like, it ſhall be-(per-prop. 4. Ele why Tru 

That is in the fourth ſtep, . . = «8 3 EE ZL. 
21, Again, inthe ſame ans: and 2 R on - 
OT ” AE :: CA . = 
TY 9% >. s = - i: -_ 


22, And becauſe A CBE woy A a pe Las : | 
are like , it ſhall be '; . : CF. CA AB :: GE. GA-AB; 


Tm, = . - oo 6 2g SRO L- Z +a. 


23., Therefore from the 22th ſtep, this Anzlogy i is manifeſt, (per 16. prop. Elem. 6. ) viz. 
whe _ +. QI. CF,AB = Ws f DO GEAB. | 
af Is, | | A 
in g®, Le +” 8 "M a 
24. And by fubrraQting 03 GE, A B from each part of the Equation in the 23th ſtep ; 
this remains , v5z. 
DGA,CF + QCE, AB —_ _ AB = OE 


gropi'n 7 2s. + 8 TD. < a” MW. (29%, 
5. And by ſubrraQting GA, CF from ky part of the Sonains in the 24th ſtep, 


this remains, viz. 
CDOCF,AB — DGE,AB = DO CA,GE — Q GA,CF, 


That is +. Pe £ ge Y- baf — bfg 


— 


n11*, 
Web? 4 ws 1 =& into þ, 
m 12%" 0 : 6 


L1 Now 


266 


M athematical Ref, olution and C ompoſition. | Book IV. 


Now chat CACR,CA may be ſer in the place of (AGA,CF in the latter art of the 
Equation 1n the 25th ſlep, I ſhall by the four following [teps prove that (AACR, CA 
—= DIGa, CF. Firlt then, 


26, By the 21th ſtep, . th 0G Wks 4 We AD . AE >'s CA n GA. 


27. And by the 18th ſtep, . . . . + . -* AD. AE ::; CF:'. CR; 

28. Theretore from the 26th and 27th ſteps , (me CA. GA:: CF. © 
_ Rr” an ND? >. 

29. Therefore from the 2 8th ſtep, (per 16.prop. El.6.) > Ca CR, CA = DCGA, CF. 


39. Therefore by ſetting 2 CR, CA intheplace of C5 GA, CF in the latter part 


of the Equation in the 2 5th ſtep, that Equation will be converted into this, viz, 
© CF,AB — OGE,AB = QCA,GE — 7 CR,CA. 
That v2. —2 mes = L=& mos. 
in 12*, c 
31. Theretore by reſolving the Equation in the oth ſtep into Proportionals , this Analogy 
ariſeth , v2, 
CF — GE . GE — CR :: CA ., AB, 
: iT. T=8 "a a. 
m3; C C 
32. And by drawing AD into the brſt and ſecond Terms of the Analogy in 31* , this 
will be manifeſt; ( per 1. prop. 6, Elem. ) | 
©CRBAD— 0 GE,AD , (AGEAD—QCRAD :: CF—-GE . GE- CR 
33. Therefore out of 31® and 32*, (per 11. prop.:5. Elem. ) 
CICEAD— DOGE,AD . COGE,AD - COCR,AD :: CA, AB. 
That is,in 14*, gc — df . df — fo ; 25 0? 
34. And becauſe fromthe Conſtru#tion in 17%, . .> CICKAE = CICF, AD. 
35s And out of zo”, . . © I 2. n . > CODC,AE = CGE, AD, 
CLIT 28. o'. « +» +» . op CIQOD,AZ = OCR,AD 
+2 _ oit of 33*, 34*, 35* 36? , by exchange of equal Reangles, this Analogy 
ariſeth , v2. | : | | 
CICK,AE-CIDC,AE . CIDC,AE-CICFAE :: CA . AB. 
Thatis,in15% fm — df . af — of ES. & 
38. And this following Analogy, by reaſon of the common altitude AE, will be manifeſt 
by prop. 1. Elem. 6. 
CACKAE—-CIDCAE . CODC,AE —- (CO CF,AE :: CK-DC. DC—CE. 
39. Therefore out of 37* and 38*, ( per It. prop. 5. Elem. ) = 
CK—DC. DC —CF :: CA. AB 
That is, in 16%, 92 — 4 . d—g t:: 6 As 


That is, 


| 40. Therefore from 39*, reſpe& being _ to the Diagram , 
| KD 


K F 2 oi; AB 
Which was to be. Pem. | 
Divers other Canons might be deduced from the premiſſes , which for brevity ſake I ſhall 
paſs over ; but to ſatisfie ſuch Artiſts as delight in Problems of this kind , becauſe they may 
be praQtically applied to meaſure diſtances in the field without any Mathematical Inſtrumens 
to obſerve angles, I ſhall illuſtrate the preceding Canon ( in 172,) by 


An Example in Numbers. 


%* 


CA = 6b = 210 
[EEEIEST 
Suppdle . .;- <9 CD = d = 252 Feet. 
| AE=Ff = go 
LCF =p = 52 


Then by the Canon in 17* of this Probl. 
| j AE *» BO |. TA 
2 90 —__— G 1 | WEEK: ;« 


—_—SS. , ' DF 7: > © a 


$023 .. [200 4; Ws. -  avctÞ 


Fn Jo, kD. » DC :: |... AS 


Probl. XX. 
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Probl. XX. 


To find the length of a right line AB, when neither of its ends 
Aor B is acceſhible. = 
| B 


| 


M 


A 


Make choice of ſome ſtation C, where you may both ſee, and have liberty to meaſure 
' towards A and B; then meaſure two equal lines CD and DE, 1n Yards or Feet, &c. 
| foas CDEA may bearight ( or ſtraight) line , likewiſe meaſure CF and FG equal 
| toone another, and ſo as CFGE may be a ſtraight line. Meaſure alſo EG, which 
ſhall beparallel to a line drawn from D to F, ( per 2. prop. 6. Elem.) for CD . DE 
/ :: CF. FG, Then ſuppoſing DF to be produced to H and 1, to wit, ſuch ſtations 
| that HEB and IG A. may be right lines, meaſure HE and GI; alſo HF and DI. 
Now there are given ſeverally the four ſides of the Trapezium HEGF, having two 
parallel ſides E Gand HF, therefore the length of G B ſhall be given alſo by the preceding 
Probl. 1 8, In like manner, the four (ides of the Trapezium D E GI having two parallel 
ſides EG, D1, are given ſeverally , therefore the line E A ſhall be given alſo by the ſaid 
Probl. 18. Then EAand GB, alſo CE and CG being given (as before,) the lines 
' CA and CB ſhall be givenalſo, by Addition. Then take ſome Aliquor part of CA, 
| fuppoſe one third part, and meaſure it from C to K ; meaſure likewiſe one third part of C B 
' fromCtoL ; ſo ſhall KL be parallel to the inacceſſible line AB ſought, ( per prop. 2. 
| Elm.6.) Then-meaſure KL. Laſtly, as C Kto KL, fois CAto AB, or as 
CL to LK, fois CB toBA; bur CK, KL, CA, CL,CB are given in Yatds 
or Feet, &c. (as betore,) and therefore AB the diſtance ſought 1s given aiſo in the ſame 
kind of meaſure. 
| If youdelire to find the ſhorteſt diſtance from C to A B, to wit, the Perpendicular CM, 
it may be found by the help of the three ſides of the Triangle C A B, whoſe meaſures were 
before diſcovered. Or if you would draw a line in the field from C towards the inacceſſible 
line AB, that ſhall fall perpendicularly upon the ſaid A B produced infinitely, you may by 
the three lides of the Triangle C K L, and by the Coro/.. in 45* of Probl. To. of this Chapt. 
diſcover whether a Perpendicular from C will fall within or without the Triangle CKL, and 
alſo find the diſtance from either end of the Baſe KL to the foot of the Perpendicular,which 
diſtance being meaſured in the field accordingly, rhe Perpendicular C N may be drawn, which 
being produced, ſha)l be alſo perpendicular ro the inacceſſible line AB. But how this Problem 


may be ſolved by meaſuring only five right lines, I ſhall hereafter ſhew in Probl.20. Chap. 9. 
D( h Fi. NT] | CHAP. VIIL 
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Cray. VIIE 


The ſecond Claflis of Examples of the Reſolution and 
Compoſtion of Plane Problems. | 


N which Examples , the Reſolution ends either in an Equation between the Square 
of the right line ſought, and one or more known Planes; or elſe in. an Analogy 
whoſe three firſt Terms are known Planes , and the fourth gives the Square of the right 


line ſought, 


— 


Probl. I. 


To cut a given right line into two ſuch parts, that the ſumm of the 
Squares of the parts may be to the Square of the difference of the parts 
in 2 given Reaſon. But the firſt Term of the Reaſon muſt exceed the latter, 

D E F : 

B | | | —C BC=—18| DF— 6 

R jon R= 5 | BF —=q2 

S S= 1| FC= 6 


Suppoſ: 
1. 6 = BC a right line given to be cut into two parts. 
2. = = q C the Terms of a given Reaſon. 
Zo r "_ Ho 


Reg. to find 
4. BF and FC ſuch parts of BC, that BF + FC = BC, Alb; 


RESO FC,  o:B —fFcC: :: KR. 
Reſolstion, 


6. Put a for the difference of the parts ſought, viz. .5> 4 = BB — FC, 
7. Therefore the Square-of the difference of the parts 1s > as. 
8. And from 1* and 6?, the ſumm of the Squares of the 3b 4 

parts ( per Theor. 6. Chap.4.) is . . . . +ÞS * T- 246. 

9. Therefore according- to the tenour of the RE ” .$:: ban. as; 
theſe muſt be Proportionals, viz. . . « . , +» T4 7 OM WY 
10. Whence, by doubling the Antecedents, this — wins S+a' 6 

ET TE 3 is » oo ce St» Er uae : 
11. Therefore by Diviſion of Reaſon, . . « . «> 2r—$ « 8 3: bh » dds 
Which laſt Analogy gives this CANON. 


12. As the exceſs whereby the double of the firſt Term of the given Reaſon exceeds the 
latter Term, is to the latter Term , ſo is the Square of the line given to be cur into two 
parts, to the Square of the difference of the parts. Therefore the difference of the patts 
is given, and conſequently the parts are given ſeverally by T heor. 9. Chap. 4+ 


The reaſon of the Determination annex'd to the Problem is evident by Theor. 5. Chap. 4+ - 


which ſhews, that if a right line be divided into two unequal parts, the ſumm of the Squares 
of the parts is greater than the Square of the difference of the parts, by the double ReRang(c 
of the parts, 

The Compoſition of the foregoing Probl. 1. 


C 


A 


Ee cheat 4 ik 23 
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En 


Swppoſ. 
13. BC is a right line given to be cut into two parts, 
14, R and S are the Terms of a given Reaſon, 
if. R © oS 
Reg. to find 
16. BF andF C ſach parts of BC, tht BF + FC — BC. Alb, 


17. a BF +a FC. no:B —FC: :: R. S$ 
Conſtruftion, 


18, Find a right line T that may be equa] to the excels of 2R above S$, which is pollible 


0 be done, for by Sappoſetion RS; ſuppoſe therefore T = 2R —S. 
9. By Probl. 11. Chap... let it be made as T to S, ſothe Square of BC to another 


ons: whoſe {ide tuppoſe to be A, therefore, 
TI cc $4 I - MS 
20. Divide B C into two equal parts in E., therefore EB = EC. 
21, From EC and EB cut off E F andE D, ſuch parts, that each may beequalta ZA;, 
which is poſſible to be done, if EB (=E VS be greater than A. Bur that EB 
or EC is greater than ; A, I prove thus; 


By Sopjeſ-in/198%, oj + eo > eo os 


And conſequently, . . 50 « +2 + SIS 
Therefore by ſubtraCting S from each part, 5. +. 0 - +» SG Gn. 
Bur by Cai”. im n*, oo . N T = 3R —S. 


Therefore from the two laſt preceding fieps, ( per Ax. 4- Chap 2 ) T >= & 
Therefore from the Analogy in 19*, and from the laſt GY ſep, BC & A. 
And conſequently, . . . . . « « . .-- - FBC = $A 
But by Conftr. in. 20%, . OEM 3BC=EB=EC. 
Therefore trom the two laſt preceding ſteps, + +» . EBorEC& 3A, 


Which was to be Dem, 

22. I ſay BF and FC are thedeſired parts of B C. For firſt , their ſumm is chanifeſt] 
equalto BC; and by Corftr. in 20% and 21* the difference berween the faid parts B Þ 
and FC, that i is, BF — FC ( BD) is equal to DF. Bur that the ſum of the Squares 
of the parts B F and FC » 1s to the Square of their difference DF, as R to'S, 1 ſhall 
demonſtrate by a repetition of the ſteps of the foregoing Reſolution in a backward order. 


23. - + Req. demenſiv. . -. \. 4, « R + S 2:2: *QBF+OEFC. aDE 
Demonſtration. | 


24. By Confir. in 19%, . . ;. © ; $3: 686 ma 


25. And by Conſtr. in 18* md. 23* "4 T: 2R—S = = T. Ad DF = A. 

26. Therefore trom 24* and 25*, by _ 
exchange of equal quantities, 'S zR-S. 5 oBG.. ODE. 
That is, in 11®, . | of ww . # 22 08 h PTY 

27. Therefore from 26* | by Compeſnia FY: 
of Reaſon , EY ES 2. 2R S OBC4-ODEF . QDE. 
That is, in 10®*, . #39 bb j- az «. aan. 

28. Theretore from 2 ye by halving the tn R Ss. -- $OBC+2*0DEF . n DF 
Antecedents, . . ET. , ; p 
Thar 1s, in FS. "4 s 23. bb 348 » 

29. By Contr. in 20 © and 2 1 » BC the 
h—_— , and DF the difference of the mo R 
parts BF and FC, therefore ( per DBP + OFC. = 3D SCATOER 
Theor. 6. Chap.q.) . «+ wh 

30. Therefore from 28* and 299 S 'byy R S :: OBE+ oEC . a DE. 
exchanging equal quantities, +. E : 


Which was to be Demonſtr, Therefore that is done which was required by the 
Problem. 
Probl. I 


AA. 
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Probl, Il. 


To cut a given right line into two ſuch parts, that the Rectangle of 
the parts , tO the Square of their difference , may have a given Reaſon. 


D E F 
B ml - me C BC=r5 | DF= F 
" HA R= 2 | BF=10 
—_— S—= I | FC— F 
Suppoſ. 


1, 6 — BC a right line given to be cyt into two parts, 
2. a = Re the Terms of a given Reaſon. 


Reg. to find 
3, BF and EC ſuch parts of BC, that BE - FC = BC. Alf, 
GEESETTY - O:BF — FC: :: R . 'Þ 
Reſolution, 

5. Put a for the difference of the parts ſought, viz, © 4 = BF — FC. 
6. Therefore from 1* and 5*, ( per T heoy. 9. Chap. 4.) Ss tn #8 

ISI be: - - + + eo SS 3TYE =. ) 
7. And by the ſame Theorem, the lefler part ſhall be > :þb — 3a ( = FC.) 


8. Theretore from 6* and 7*, the Rectangle ( or Pro-2  ,y, "wp 
LEEDS . -.. + » ©: © 4 EN rr 
9. And from 5*, the Square of the difference of the 
parts IS .] > » . '£ : 


10. Therefore from 4*, go and *Y according r0 the 

tenor of the Problem, this Analogy ariſeth , viz. , 
11. Whence, by quadrupling the Antecedents , > 4 © 5.3: WW —A6. . 44 
11. Therefore by Compoſition of Reaſon, « . « > 4r+5 « 8 :: bb , as. 
- Which laſt Analogy aftords this |, , NOM. 


13. As the ſumm of the ſecond Term of the given Reaſon and the quadruple of the firſt 
is to the ſecond Term , ſo is the Square of the line given to be divided into two parts, 


« $ 3: ithb—1ias , as. 


to the Square of the difference of the parts. 
Therefeore the difference of the parts is given, and conſequently the parts ſeverally , by 
Theor. 9. Chap. 4. 
The Compoſition of the foregoing Probl. 2. 


D E F 
B — mm p——— — CG 
_ S—I— BC=15 A= 
S K = 2 | BF=—=a1o . 
J jo che; mY S= 1j FC= s 
A T= 9 DF —= A 


Suppoſ. 
14. BC is a right line given to be cut into two parts. 
15. R and S are the Terms of a given Reaſon. 
Reg, to find 
16. BF and FC ſuch parts of BC, that BF -|- FC = BC, Allo, 
WL TC - O:BF —FC: : RR: , % 
Conftruttion. | 
18. Find a right line T = 4R + S. 
I9. By Probl. 1. Chap. 5. let it be made as T to S, ſo the Square of BC to another 
9quare , Whoſe ſide ſuppoſe to be A, therefore, 
: ; ns S 3 oO BC ; o A. 
20. Divide B C into two equal parts in E, therefore EC = E B. 
21, From EC and EB cut off EF and ED, ſuch parts , that each may be equal to 
z A, which may be done, if EC (= EB) be greater than * A; bur that EC 
or EB is greater than A, I prove thus; | 


by 
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oY 


By Conffruttion in 13%, . | ; 5 5 . ©» » +» Rnd 

Theafore from 19%, .. oe oe + Ron 

And eaaenwntly; '. oc bk Ee 8 oo. 3 SE A. 

Burt by Conftr. in 20%, . FR” 3BC = = EC=EB, 

Therefore trom the two laſt preceding ſteps, - + .. o BC EB36 
Which was to be Dem. 


22, I fay BF and FC are ſuch parts of B C as will fatisfie the Problem, For firſt , 
BE + EC = BC, and by CorftraFtion in 20? and 212, the difference between 
the ſaid parts B BF and FC, that is, BE — FC(BD) isequal to DF. But that 
the Rectangle of the ſaid parts BF and FC is to the Square of their difference D F 
as R to S, the following Demonſtration, form'd out of the preceding Reſvlution by 
a repetition of its ſteps in a backward order will make manifeſt. 


I - oc Reg. denneiifiv. . .. o. « © Ro & 35 CONS ns 


Demonſtr ation. 
24. By Conſtr. in 19*, . > T .  $% wa = 
25, And by Confer. in 18 and 21%, _ por ej And DF = A. 
26. Therefore from 24* and 25? y eX- - 
change of equa] quantities , ; 4 4R +$S .$ :: & BC, oO DE. 


27. Therefore by Diviſion of Reaſon , - > q@&-$:r 0 = — a DF . aDE; 
23, Andby raking 4 of theAntecedentsin 27%, R . S:; iOBC-4gDF . aDE. 
(29. By Conftr. in 20 and 21*, BC isthe | 
ſfumm, and D F the difference of the parts > A BF, FC = SQ BC —£oDF 
BF and : C, 4 rneger” by —_—_ 7 bye 4 
0, Therefore trom 28* and 29®, by ex- 2 ; 
, change of equal quantities, . . 'F R .$S :: QBEFC . ODE. 
Which was to be Dem. Therefore that is done which was required by the Problem, 


of LEMMA, leading to the fellowing Probl. 3, 


If a Square , or long S yu be inſcribed i in a Semicircle , the Center of the Semicircle 
is in the middle of the Baſe of the Square, or long Square. | 


Suppoſ. 
1. CBFGD a Semicircle, whoſe Center is C. 
2. EFGH is a Square. 


Zo : . Reg. demonſtr, . CE == CH. B — 


Prepay. . 
4. Draw the right lines CF and CG. 
Demoyſtration. | 

5. By Defin.1 5. Elem. 1. | +4 0:0 oo Es 
6. fro pda in 2%, « - > © FEC = J= < GHC, 
7. Therefore ( per prop. 47+ Elem. 1 .) - -> OEF-- OCE = aCF = noCG. 
8. Likewiſe, . . R - - -£ OG +oaCH = oncCG= ach 
9. Therefore from 7? and 8, ( per Ax. 1, OFF -þ OCE = GHG + gCH. 

Chap. 2o ) » 


Io, But by Suppoſ. «/ & © 4 
11. And conſequently , . . 
I2, Therefore by ſubtrating - EF or o HG 
from each part of the Equation in 9*, the 
remainders will be equal, viz. . . ._ 
© PR.” 5 CS mn GI 
Which was to be Dem. The ſame Demonſtration may be made when a long Square 


f micircle, 
is inſcribed in a Semici Probl, 111: 
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Pr obl, I I ; 8 
To inſcribe a Square in a given Semicircle. 


CB 


EF = EH = Bo 
CE = CH = y:0 
EB = HD — l0—y20 


1, CBFG -4 Semicircle , whoſe Center is C. 
2, r = CB = CD is given. 
. Reg. to inſcribe Q EFGH. 
| : Reſolution. 

3. Put # for the ſide of the Square required, viz, . , . 
4+ Therefore by the preceding: Lemma, .. « ,: 
5: And becauſe f ptr prop. 47» Elem. 1.) -.' « , 
6. Therefore in the letrers of the Reſolution, . 7, 


> 4 = EF = EH. 

C 38:= CE —= CH. 

? .QEF-+a CE = eo CF} 
T an þ- Jas = rr. . 
P 


bd . 


' 
, 


7+ Therefore, by muktiplying the laſt Equatiqn by 4 , *Þ. 448 | aa = ard * 
8, That Is, 2 "TER ERTSRTY EET ET: - fas = 4vr. 7 
9, Therefore by taking 5 of the laſt Equation, , . .& ag = %er. 
10, Therefore, by extrafting' the ſquare Root aut of each? . | _ , ._ > 
. part” of the. laſt preceding Equation, _. , 519 © Aer dd es 
Hence this CANON. a 


11. The ſquare Root of # parts of the Square of the Semidiameter is equal to the ſide 
of the Square inſcribed in rhe Semicircle. 41 of a1 | | 


The Compaſitian of the foregoing Probl. 3. 


Suppoſe | 
12. CBFGD is a Semicircle, whoſe Center is C. 
13, CB = CD the Radius is given. 
Reg. to inſcribe 6 EFGH. 
| \ Conſtrultion, 
14- By Probl. 9. Chap. 5. find a mean proportional line A ba: 4 | 
i Ak the Siren Radios CB and. * CB, therefore £ &D « A :: A CB. | 
15- From CB and CD ut off CE and CH, ſuch ſegments, that as well CE as 
CH may be equal to 3 A, and conſequently EH = A, which EffeRion is poſlible, | 
for by Conſtruttion in 14* CB is the greateſt of three Proportionals, whereof A is, the | 
mean,, therefore CB © A, and becauſe CD—= CB, therefore allo CD © A; | 
and conſequently a ſegment _ tro'FA, as CE or CH may be cut off from CB or CD. | 
16. Make EF and HG. BD! and.drawFG, ſois E FGH he Square required ta 
be inſcribed , as will be evident by the following. Demonſtration, farm'd out of the pre- 
cedipg Reſolution, by a repetition of its ſteps 1n a: backward ( not dire ) order, - 
Yo '< -» ' Re demonſire - eo... ,. EFGHis20. 
1'BÞ | wet Preparat. 
18, Draw the right lines CF and CG. | 
| Demonſtration. I, 
19. By Conf. in 14%, > » offi oo + 6. 5: CB A: A SCH 
ONSTINTS 0-13, -. _- - nll 02 35 $ BH arA;- 
(rum ou 9 ou ud ; ” nclangnyg ou CB . EH :: EH , £CB: 
22s and rojo bs Cot rip. 27% Elem. 6.) - -. :.% QOEH = $0 CB. 
2 3+ But the quintuples of equal quantities are alſo equal. 
naſers- ak -aN : 0 _ «0 a '© $D0 EH = 4 6 GB 
If. : 24. That 
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: + + + + + +. + + -L 40EH+ QEH = 4QgCB. 
I. 25. And by taking 4 of all in 24% . ; . 5 GEH+ZOEH = QCB= ocCer. 
26. And becauſe by Conftr. in 15%, ,  , .5 CE = ZEH = CH, 

27. And conſequently , ( per Theor. 3. Chap.4q.) > CE = ZQ EN. 


28. Therefore trom 25® and 27*, by exchangin , 
equal quantites, OS” coll ky OTE 2” a Be £5 EH + oOUCSs='0 CF. 
29, And becauſe by Coyftr.in 16%, ,,,. . .} TFEH= JJ = © GHE 
30. And conſequently , (per prop. 47. 1) } OG EF + DCE = © CE. 
31. Therefore from 2 8* and 3©*, (per Ax.1.Ch.2.) > oO EH} oO CE =oEF -+- QCE: 
32. Therefore from 31®, by ſubtraQting 0 CE from EH = EF 

och Mor. -. oo | » aa 0 ="0"0*: 
33- But the ſides of equal Squares are alſo equal, _ | 
| gy 1-14 fron | OY RI PRE » 5: EH = EF. 
34. And by arguing in like manner as in the (ix la OR” 

preceding ſteps , it. will be manifeſt that . .. . &H = HG. 
35. : And becauſe from 33*, 34* and 29®, ( per eh = 

Ax. 1. & prop. 28. Elem. 1. ) #. = #06: "460 EF. = and || HG. 
36. Therefore from 35, ( per prop. 33. Elem 1.) > FH = and || FG. 
37. Therefore from 33*, 34* and 36%, . . .> EFGH is equilateral. 
38. And from 29*, and Corolt. prop. 29. Elem. 1. > EFGH is right-anpled. 
39. Therefore from 37* and 38*,(pey def.2g.El.1:)> EFGHis a 0. | 


Which was to be Demonſtr. Therefore the Problem is ſatisfied. 


2.4. That is . : 


bs 3+ 4. 6 


ns Probl. IV. | 
The Hypothenuſal of a right-angled Triangle being given, as alſo the 
ſurrm of the leggs cqnraining the right angle, to find the Triangle. But 
the ſumm of the leggs muſt be greater than the Hypothenuſal, yet not 
greater than the righr line ariſing by application of the double Square 


b 
of the Hypothenuſal to the ſumm of the leggs. IS . 


AC =-169 AE Ig 
AR —= 156; EC = g5o. 
RC = 65 | OE = 5 
AD-— :31 ( OC =. 25 
AG = 9g1l RO 60 


l 


[ 


Suppoſe 
1. ARC is a A right-angled at R. 
2. þ = AC the Hypothenuſal is given. DAN 4905; 
3.6 = AR-+ RC, the ſurm of the leggs is given, 
Reg. to find A ARC. | 
Reſolution. | 


4. Suppofing the leggs about the right angle to be unequal , os \=AR<RC= AG! 
wit, AR—RC , put 4 for their difference, vis. .. .F | ; 

5. Therefore from 3* and 4*, the ſumm of the Squares of the : 3þb {+ 34g. 
leggs ( per Theor. 6. Chap. 4.) is . . « « . « » oS © TRE 

6. Therefore from 5* and 2*; ( per prop. 47. Elem. 1, ) this ja 16þþ- 36 = bb; 

Equation ariſeth, . + «» + » +» +» © » © + 3h * x phe 

' 7. And by doubling each part of that Equation, . . . .>. bb + 44 = 3bk. 

8. And by ſubtraQing bb from each part of the laſt Equation, Þ  4# = 2bh — bb. 

9. Therefore by extraQting the ſquare Root out of each pare ps gy yay ' 
of the Jaſt preceding Equation, . . 's +» + '6' » oJ CRE 


hi | | 
Hence this | Im CANON, 


| ————_— 
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to. The difference of the leggs about the right angle is equa] to the: ſquare Root of the 
exceſs whereby the double Square of the Hypothenuſal exceeds the Square of the fumm . _ 
of the leggs. | 
Therefore the difference of the leggs is given , and conſequently by the given ſumm and | 
difference of the leggs, the leggs ſhall be given ſeverally., per Theor. g. Chap. 4. 
11. But in order to the Geometrical Effe&tion of the Problem propounded,, the truth 
and reaſon of the Determination annex'd to 'it muſt be made manifeſt. Firſt then, the 
reaſon of the firſt part of the Determination, to wit, that the right line given for the ſumm 
of the leggs about the right angle muſt be longer than the line given for the Hypothenu-. 
ſal, is evident by prop. 22. Elem. x. which thews that the ſurmm of every two ſides 
of a plain Triangle is greater ( or longer ) than the third. The latter part of the 
Determination is diſcovered by the Canon , which requires that bb be ſubtrated from 
2hh, and therefore bh muſt not exceed 2hh, and conſequently , by dividing as well 


bb as 2hh by b, 'tis manifeſt that 6 muſt not be greater than = ; that is; the right 


line given for the ſumm of the leggs about the right angle , muſt not be longer than the 

right line ariſing by the Application of the double Square of the Hypothenuſa] co the ſumm 

of the leggs. The truth of this Determination will more fully appear by the following * 
| THEOREM. 


12. In a right-angled plain Triangle, the ſumm of the leggs about the right angle is 
ſometimes leſs than the right line ariſing by the Application of the double Square of 
the Hypothenuſal to the ſumm of the leggs, and ſometimes equal to, but never greater 
than the ſaid right line. = | 
The leggs about the right angle are either unequa] , or elſe equal between themſelves, 

I ſhall begin with the firſt Caſe, | 


Suppoſe in Caſe 1, 


1}, ARCisa A: 

14 << ARCis |). 

15 ARC RC. ; 

16. RCGD i5sa ©, whence - be 
17, AD=AR+RC(RD.) HY 
SG AR-RCERG) A < 


I9, » +» Reg. demonſtr, EEEES 2 © 0 0 k 


| Demonſtration, 
20. By Suppeſition in 17%, « . « . « + AD = AR + RC. 
. 21. Andby Swppoſ. in.18%, . . . . . ; .> AG = AR — RG. 
22. Therefore from 20® and 2 1,(per Theoy.6.Ch.4.) > $O0AD-3DAG = OAR4oRC. 


- therefore ( per prop. 47. Elem. 1.) . . « « 
24. Therefore from 22* and 23*®, (per Ax.1.Ch.2.) 
25. And by doubling the laſt Equation 

26, Therefore from 25%, . . . 


2.7. Therefore by Application of each part to AD, > . AD 9-—, 
Which was Caſe 1. to be Dem. 


Snppoſ. in Caſe 2: 


&*- ARC 8a A. 

29». <ARC Is Fs | 

3 Os. AR =—=RC = RD. 
3l. AD = AR -- RC. 


32s Y ® Reg. demonſtr, » AD = ——= 0 


1HAD-l0AG=—H6 AC. 
S248 DOAD-- DOAG=2DAG 
* ' > nAD—Dz2 CAC. 
20 AC. 


_— 


To 

: 

23. EEEIOOE re, <ARCh lg  : BAC=nAR4akc 
> 
T 
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Demonſtration. 

| 33. Becauſe by Sxppoſ in 30* and 31%, . . . . ,S AR = RC =—==AD 
24. Therefore their Squares are alſo equal, viz. SL OAR = £0 AD. 
35- Likewiſe from 33%, - . + +» » + co. > DRC = AK 
6, The ſumm of the Equations in 34* and 35®, gives, > GAR + ORC = *0AD. 


| 37. And becauſe by Suppoſe. © ARC is 1, OY GAR oORC —=OAC,. 


oy WO: 474 ENGL) 6 oe re 8 

38, Theretore from 36% and 37*, ( per Ax.1.Chap.2,) > $0 AD = 3 AC. 

39, And by doubling the. laſt Equation, . . . . .5> OB AD = 26 AC. 
oAC 


| 40. Therefore by Application of each part to AD, , ,> AD =— £2 -—_ 


Ax dl re RAGS 4G Drs Pe) 99s a 


Which was Caſe 2. to be Demonſtr. | 

41, Now becaſe in every right-angled Triangle, the ſides about the right angle are either 
unequal or equal between themſelves , and it hath been demonſtrated, that when the ſaid 
ſides are unequal , their ſumm is leſs than the right line ariſing by the Application of the 
double Square of the Hypothenufal ro the ſaid ſumm z but when the (aid fides are equal 
t0 one another , their ſumm is equa} to the ſaid right line ; ir is evident that the fumm 
of the [des about the right angle can never be greater than the right line ariſing by the 
ſaid Application. Therefore the truth of the Theorem is manifeſt, and conſequently the 
| Hypothenuſal and the ſumm'of the leggs about the right angle muſt be given with due 
Caution, according to the import of the Determination annex'd to the Problem , thar its 
Solution may be poſſible. | | 


The Compoſition of the foregoing Probl, 4. 


Seppoſ. 
41, H = the Hypothenuſal of a right-angled Triangle is given. 
43-B = AD the famm of the leggs about the right angle is given: 
4+ AD © H, but AD not 5 2D « ( Determinatun. ) 


Reg. to find the Triangle. 


\ 


Conſtruition, 
45. By the Determination in 44* AD is not greater than 208, , ſuppoſe then it be 
: H 
granted, 6x diſcovered by H and B given in numbers, that AD is leſs than =, and 


, conſequently , ( by multiplying each part by A D,Y that 6G AD = 2Q Hy then 
It ry rc , that 'ris S lible ud Probl. 4. Chap. 5.) to find out a right line F, 
ſuch , that its Square ſhall be equal to 2 @ H — 0 AD, ſuppoſe therefore 

| F = /:2& H — 5 AD: 
46, From A.D cut of AG = F, which may be done, for that AD is greater than F, 


- bu +a oo s oo Sn ee en eee Sr 
Therefore . . + RE Gee: #0. OO = 
» 20 C” 2D. 


And by doubling each part, . . . . « » +» 4 © F 
And by ſubtrafting 0 AD from each part, . + + + DOADD2DH-DAD. 
But by Conftr. in 45%, . «© - + +» +» + + + + + « OG F=2QH—O0AD. 
Therefore from the two laſt preceding ſteps, (per A#.3- Ch.2.) DAD OF. 
NE. ao os Rn 
Which was to be Dem, 
47. Divide GD into two equal parts in R, _— RG = RD, 
| m2 


1 o F? 


48, Make 
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48. Make RC LL AR; allo RC —= RD or RG, and draw AC. 

49. I fay ARC is the Friangle ſought. Now we muſt ſhew that ir will fatisfie the 
Problem ; firſt then by Conſtruffion in 48%, RCLAR, therefore the angle ARC 
is a right angle ; ſecondly, the ſumm of the leggs AR and RC about the right angle, 
is equal to AD (= B) the given ſumm of the leggs. It remains only to prove that 
AC is equal to the given Hypothenuſal H ; but that will be made manifeſt by the 
following Demonſtration, form'd out of the preceding Reſolution by a- repetition of 
its ſteps in a backward (not dire) order. 


LL EST cc... >. - +54 - AC= H, 


Demonſt>ation. 
$1. By Contr. in 45% - + + + - + + eÞ /z2O0 RB=— oO AD: —f 
52, And by Conftr. in 46% +» «+ + » +: +. eÞ 0+ + + ++» + AG = EF. 
F3- Therefore from pe and } _ a > AG = y/:2z2OH-naAD: 

4, But the Squares ol equal right lines are allo equa), _ 

grein $4 EEE -«<.-o|c.-n- 4 's DAG = :0H—0AD, 
55. Therefore from 54*, by adding 7 AD to eachpart, > GB AD + © AG = 2qoh, 
56. And by taking the halves of all in 55%, . . .> 29) AD +30 AG = 0H, 
57. And becauſe by Contr. in 47* and 48*, AD is the : 


ſumm, and AG the difference of the parts AR and > #DAD+30AG = GAR+oRC, 
RC, (or RD,) therefore ( per Theor. 6. Chap. 4.) | 

58. 7 my "ax 56® and 57, (per a JF ORHR=CDAR-ORKRC 
9. But by Conſtr. in 48%, WARC is_1, and con- = 

p ſequently, ( per prop. 47. Elem. 1.) . « « '$ DAC = 0 AR+ ORC, 

60. Therefore trom 58* and 5 9*, (per Ax.1. Chap.2.) > OAC = 0 H, 

61. But the ſides of equal Squares are alſo equal 22 SO = (os 
mae] 5 oi. o- +» _ ms; op 


Which was to be Dem. Therefore the Problem is ſatisfied. 


Probl. VN. 


To cut a given right line into two ſuch parts, that the Square of the 
whole line, to the {umm of the Squares of the parts may have a given 
Reaſon. t 


> —— 


In a right-angled Triangle, the ſumm of the leggs about the right 
angle being given, as alſo the Proportion which the Square of the {aid 
ſumm hath to the Square of the Hypothenuſal , to find the Triangle. 
But the given quantities muſt be liable to this 


Determination. 


The firſt Term of the given Reaſon muſt be greater than the latter Term ; yet not 
greater than the double of the Jatter Term, For in a right-angled Triangle, the Square 
of the ſumm of the leggs about the right angle is always greater than the Square of the 
Hypothenuſal , but never greater than the double Square of the Hypothenulal , as hath 
been demonſtrated in the preceding Prebl. 4. | 


C 


——— B 


AB= 34] H=26 
R—289] AC=24 
S—169| CB—10o 


LORD» 


—_ 


Suppoſe | 
1- AB is a right line given to be cut into two parts. 
z. RandsS are the Terms of a given Reaſon. : 
3-RES;, bu Rnat 25S. 

Reg. to find 
4. AC and CB (uch parts of AB, tht AC CB = AB, Allo, 
SDAB ,. GAC+AQaG CB :: R . Ss, | 


il > 
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Conftrultiog. 


6. By Probl. 11. Chap, 5. let it be made, as R to S, fo the Square of AB to another 

Square , whoſe ſide ſuppoſe to be H, therefore | 
RK - S : (AS, GH | 

7. Then ſuppoſing H to be-the Hypothenuſal of a right-angled Triangle; and AB the 
ſumm of the ſides about the right-angle, find out the ſaid lides and Triangle by the fore- 
going Probl. 4. For if R be greater than $, but not greater than 25S, according to 
the import of the Determination added to that Problem, 'tis poſſible to find out ſuch 
a right-angled Triangle, and then the ſides about the right-angle ſhall be equal to A C 
and CB, the parts ſought by this Prob/.5. Therefore, 


«. - -» Thy dnt  R.S: oOAB. DACE+OCB. 


Demonſtration, 


9. Becauſe by Confty. in 6% « . . . * > R.S 8 oAB .oH. 
= _— MER. .} 0D AC+ ECB = oH. 
11. Therefore from 9* and 10?, by exchanging S Fry 
equal quantities, « , +» » >» + n. R .S : DAB on AC+-0 CB, 
Which was to be Dem. Therefore the Problem is ſatisfied, 


eA LEMMA, leading to the following Probl, 6, 


Suppoſ. | OY = F C 
:, ABCD is a Square. | X 
! 2. BF and FC areparts of BC. 
| 3. CF = BE = AH = DG; therefore; G 
| 4 BF =AE = DH= CG. | * 
5. EF, FG, GH, HE are right lines, a LAS D 


H 
6. «© . Reg. demonſty. that EFGH is a Square, | 
Demonſtration. O, | 
7. Becauſe by Suppoſ. in 3* and 4%, . , . .Þ CF = BE; and 'BF —=CG. 
8, And by Szppoſ. in 1%, « . . « - + -F TEBF = < FCG.:: + 
9. Therefore from 7* and 8*, (per prop.4. El.1.) > EF = EG, and WBEF = <'GFC; 
10. And in like manner, . . . . . . .> EF = EH = HG = F&G, 
11, Again , becauſe by Swppoſ, in 1%, , . ,> CT EBF is _J. + 4 
12, Therefore ( per Coroll. prop. 32. Elem.1.) > <{ BFE + CBEF = .. 
13, But it hath been proved in 9®, that . . .> © GFC -— 7 5+ 
= _e n £ > Fun 6-2 < BFE + < GFC = LJ," 
15. And from 14*, Rma_ pe md > <EFG is _). = 
16. And by arguing in like manner-as in the five nr Wy x 
laſt preceding ſteps, it will be — that . <FGH=_|=<GHE=<CGEF. 
17. Therefore from 10?, 15* and 16*, ( per De- ? : | | 
fag Bit}: a ns £ SF OH ©» que, 
Which was to be Dem. 


Probl, VI. 


In a given _ to inſcribe another Square whoſe angular points 
may lye in the fides of the given Square, and that the Square given to 
the Square inſcribed — in a given Reaſon, ſuppoſe as R to'S. But 
R muſt be greater than S, yer not greater than 25, as may eaſily be 


inferr'd from the preceding Probl, 5. 
R _ 


Wn 
Am 


Suppoſ. 

1. ABCD is a Square, whoſe fide A B or BC is given; 

2. R and S are the Terms of a given Reaſon, 

3. R © Sz but R not - 28. | 

Reg. to inſcribe 
40 EFGH inthe.o ABCD. Alſo, that 
SIO ABCD TT. DO EFGH-'::R. .. $ 
Conſtruition. 

6. By the foregoing Probl. 5. of this Chapr. cut B C the ſide of the given Square into 
two ſuch parts in F, that the Squareof BC, thatis, © A B CD, may bein ſuch pro- | 
portion to the ſurm of the Squares 'of the parts BF, FC, as R to $; which may 
be done, becauſe by Swppoſition R —S, yet R not © 25, ſuppole therefore 

R . S %: ABC , Qa BF + & FC. 

7, Make BE = CF = AH = DG, and draw the right lines EF, FG, GH and HE; 
ſois EFGH the inſcribed Square required. Now we muſt ſhew that it will fatisfie 
the Problem , to which end , two things are to be proved , viz. Firſt, that EFGH 
is a Square, and then that the Square A B C.D hath ſuch proportion to the Square 
EFGH as R to S: Therefore, 

EFGH isa ©. Alſo, that 


8, s "8 Reg. aemonſtr. . C » . F. © © R . S -» oO ABCD , Q EFGH, 
_ Demonſtration. 
9. By Sappoſe.in 3%, « . . « #4 . 4 2 ABCD isaDp. 
2, _ | EITER «0h .> BC = BA = AD = 
II, By cn - "the Ec Ain -» CF =— BE = AH — DG. 
12. Therefore by ſubtraRing the Equations in 1 1* pit, No Fol 
from thoſe in 1 0, there will remain -. '£ BF = AE = DH = CG. 
I 3. Therefore out of 9*,10%,11* and 12*, by the? +. ; 
Lemma prefix before this Problem , ) 7 * EFGH a 0. 
14. Again by 1 mh ms, + of +» »& R's $3 ODBC: DBF+gfG 
15. And becauſe by Szppo/. in 1%,  , . 5 WT EBF is JJ, 
16. And conſequently, ( per prop. 47. Elem. 1.) & DEF = OBF + OBE (aFC.) 
17. Therefore-from 14* and 16*, by exchanygibg equal quantities, 
R . S :: 0 BC (or GABCD) -. o-EF (or 0 EFGH.) 
Which was to be Demonſtr. Therefore rhe Problem is ſatisfied. 


LO" 4 &.. v2 4.4. IS —_—— 


Probl. V II. iy: 


In a right-angled Triangle, the difference between the Hypothenuſal 
and each of the ſides abour the right angle being given, to find the 


Triangle. 
Suppeſ: 
1, ARC isa A right-angjed at R. AR=4 
2. b == OC=AC- AR is given, RC=3 
3- d= AE=CA< CR is given AC=5 


whence, Fi} 
4. g=d—+b is given, And, . 
Fo Th=da1-b is given, | 


'A E=2=CA—CR(CE) 


TERS 
Reg. to find A ARC. A "I. 


Reſolu- 


VS EEG ERA AE 24 LE 


4 ; - 
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Reſolution, 


5, Put a for the excels of the Hypothenufal above the = EO 


ſuram of the given differences, wiz. . | 
7. Therefore from the premiſles the Hypothendlal ſhall be > 4 e (= &GI 
B. And the Baſe * #@® Md o "OR . > . © Tn ad ( == AR.) 
9, And the Perpendicular' . . as a+b (= CR.) 
10, Therefore trom 7* the Square of the Hypothenuſal i IS 5 aa + 294 + ge. 
it. And from 8* the Square of the Baſeis . . . '.> aa + 24s + ad. 
12. Aon _ g9* the —_—_ the Perpendicular i is .* aa + 26a þ bb. 
1 3. Theretore the ſumma of all in 11? and 129, gives the 1141E 
ſumm of the Squares of the Baſe and Perpendicular, VIg, 5 —_y M42004-8700% 
14. That is, ( decauſe by ho * in 5*, kk =&dd + 6b, « | 
and from 4*, 2g = 24-|-26,) . : 244 + 2ga-+ kh, 
I / Kmorngetep + - = I 4 + thi Equation ri ariſerh,; 2484294+hh=44þ27nÞ67- 
16, Th, by ſubtrating\e - 94 frongeach pare? Wh 
of that Equation, chis ariſet ENG h_ m a7 6 = 6h 
17. And by RY kh = each part of the laſt 


 H_ Wor» © * 4 4. wed Pg ng» © 
I Sms, . co ow Ss 2db = 
19. And from 5*, . > ad + bb = kk. £: 


26, And b ſubrraRing the Equation if 1 199 froin tha 

in 18*, This remains , «4 26h = = 0 — K& 
21, Therefore from 17* afid 20* , (ptr As. by Chap. 2 2.)> aa = 2ab, 
22. Therefore by cxtraQing the {quare Root out " each 

pat of the laft Equation, it gives . . . ; a = 4/:db. 


$3. Therefore out of 229, 6*, 7* and 4*, the H othe. 
alal is given, to wit - —D o _ © d + 6 ow” v/24b = : AQ. 
24 _ _ 229,69,89 _— he Buſs all give, vi > d += y/2dh = AR 
25» rom 22%, 6, 9* and 3*, the Per ndicular 
is alſo diſcovered , ws” Oy 8 6 + /:4 = CR. 


Which three laſt preceding ſteps give this 
CANON, 
26, To the fumtn of the given differences add the ſquare Root of their double ReRtinple; 
ſo ſhall the ſumm of that Addition be the Hypothenifal ſought. Then add char ſquare 
Root to the given differences ſeverally, and theſe rwo ſums ſhall be the diſired lides 


about the right angle. | 
The Compoſition of Probl. 7. 


OS  _ 
D " | RC 2 3 
EI , ' AC =— F 
——————— 

Sappoſ. 


27. B — the exceſs whereby the Hypothenuſal of a right-angled Triangle exceeds orie | 


of the ſides about the right angle is given. 
29, D — the exceſs of the Hypothetiuſal above the other fide about the right angle if 


given alſo. 
Reg. to find out the Triangle. 


Conſftrattion, 


29. By Probl. 9. Chap. 5. find a mean Proportional ths, 4s mn 
b——_ 2 D and 'v therefore, «© . s » : 3D.M: _ 
30. 


" OE 


Y— 


280 1 Mathematical Reſolution and Compoſition. Book IV. 


em. 


30. Then ler a Triangle, as ARC, be made of three right lines 


equal to theſe given, to wit, D-j-B-}M, | D-}-M, | P-jM = AC = D-1-P4-M, 
M 


which may be done, (per probl. 22. Elem.1.) for the ſumm of > AR = D-J-\4, 
every two of thoſe three lines is maniteſtly greater than the third 8 dC=BJj- M3; 
ES ot eo «-s + oe 5 SR >; = 
21. I fay ARC is the Triangle required. Now we muft ſhew that ic will ſatisfie the 
Problem. Firſt then, *cis manifeſt that the difference between AC, that is, D4J-3B4-M 
and AR, that is, D-+M , is equal to the given difference B, alſo the difference between 
AC, thatis, D-B+M, and RC, thatis, BM, is manifeſtly equal to the 
given difference D. $0 it remains only to prove that the angle AR C is a right angle 
which will be made manifeſt by the following Demonſtration. ; ©. 
. Prepar. | 
32. Make F=B-+ M, therefore 
33-' From 3o* and 32% AC = D--F. AloRC — 
Rong. .. ; . < ARC = 


Demonſtration. 


A ms. 2 

$5. Becauſe by Coxfty. in 30%9 . © . > AR = D-þ M. 
36. Therefore, (per T heor. 2. Chap. 4.) . .> GAR = a D +a M-þQDM, 
37. oy can? } he 4 2 ” *s #4 vi. b F=B +M. 

8. Therefore from 37*, by drawing 2D into? Ay 
F each part, (per prop. 1. Elem. "7 ” 2 (DF = 2 QBDB + 2 CDM, 
39. But from the Conſty. in 29*,; it follows M = 20 DB 

( per prop. 17. Elem. 6.) that . . . '$ ado l 
40. Therefore from 38? and 39*; ( per Ax. 6-2 2DDF = OM 2D DM 


Chap. 2.) . Te ns 
41,: Likewiſe from 36* and 40%, .. , . .b GAR = a D -þ+ 2 ODE. 
CLOS 33% » + fo io oo fo ob RG: =E, 
43. And TY "© IT, .SorRt=0OofF. 
44. Therefore the ſumm of the Equations in 41* 0s = 

and 43*, gives ( per Ax. 8. Chap. 2.) . . : OAR-ORC = 0D4-2DE4-DF. 
COTE 33%, . - +« - -|- + AC=D4F. 
46. And conſequently , ( per T heor.2. Chap.q.)> Oc AC = aD +2 QDF+oF. 
17a from 44 _ b (per Ax. . oAC=oAR+oRc 
48. Therefore, ( per prop. 48. Elem.1.) . .> < ARC = 4. 

Which was to be Dem. Therefore the Problem is ſatisfied. 


Probl, V IIL 


The Baſe, Perpendicular and ſumm of the leggs of a plain Triangle 
being given ſeverally, to find the Triangle. But the lines given muſt 


be ſubje@ to the Determination hereafter declared. 


Note. There is more than enough given in this Problem , unleſs it requires a Triangle 
that hath either unequal acute angles at the Baſe, in which Caſe the Perpendicular falls 
within the Triangle ; or elſe js obruſangled at the Baſe, in which latter Caſe the Perpen- 
dicular falls withour. The following Reſolution handles the firſt Caſe, but with a little 
alteration it may be applied to the latter, as will hereafter appear, 


Preparat, 


pe Lakhs Bt od ada Ea 


OOO SEN Cr > wr  WEWGEIOETY 


6 > . 
ge ee SY OO ON ES, PER 


4 nn SES t/a >< 


to ahaha Pg hen PN OP Fr 
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Preparat. 


1, Suppoſe ARO to be the Triangle ſought, having unequal acute angles A and Rat 


the ends of the Baſe AR; then from the Center O, art the diſtance of the leſſer legg 
OR, deſcribe the Circle ORG D cutting the greater legg OA in G, ſo ſhall AG 
be the difference of the leggs O A and OR, tor OG = OR, * 

2, Produce AO to the Circumference in D, then is A D equal to the ſumm of the leggs 
AO and OR, for OD = OR, | 

3. Draw the Semidiameter OE, andletfall OFLER, fowil OF ut ER into two 
equal parts in F, (per prop. 3. Elem. 3. ) Theſe things premiſed, the Reſolution of 
the Problem propos'd may be formed in manner following. | | 


Suppoſe. 


4. b = AR, the Baſe of A ARQO is given, 
5. þp = OF the Perpendicular is given. 
6. c = AD=AO-+OR,, the ſumm of the lepps is given. 


Reg. to find the Triangle. 
Reſolution. 


7, Put 4 for the unknown difference of 
the leggs, v#z. aſſume . 
8, Then the difference of the ſegments} 
of the Baſe made by the falling of the | F 
+ ad | 
Perpendicular ſhall be Fo for, ( by 6 . & 325 OE TFT ( AE.) 
T heor. 2. Probl. 9. Chap. 7. ) | 


«= AG(= AO — OR 


T heor. 9. Chap. 4. ) the greater ſeg- 
ment of the Baſe ſhall be . .. . 
10. And ( by the Theorem laſt m_ 
tioned , ) the lefſer ſegment ſhall be 
11, Therefore the Square of the greater 
ſegment (in 9g?) ſhall be . .. 
Iz. And the Square of the leſſer ſeg- ; 
ment ( in 10*) ſhall be . wo. 
13. By prop. 47. Elem. it. .. . -. 
14. Therefore out of 11, 13* and 5*, 
the Square ot the greater legg A O 
Rl bY o-c + » 36 
I5. Andout of 5* and 12, the Square 
of the lefſer legg O R ſhall be ; . 


g. Therefore from 4* and 8*, ( by o 


16, Theretore from 14® and 152, the 
ſumm of the Squares of the leggs 


; 
ſhall be +» p c 


Now becauſe by T beor. « Chape. 4+ 


» + = (AF } 


M6: as 3 Co 
20 - Con PRI 


#bb + WT, Loa. 
4bb + x — 566 


a AF +oa FO = & AO. 
2h þ- Hp + tea oþ pp. 

CCAaA ; | 
2b wy — 26 + Pp 
266 + == + 2pp. 


oO AO +oORO4+2D AO, RO =n :A0 FOR: =o AD; 
Therefore to the end the quantities in 16* may be made a compleat Square of AD, let 
the double Reftangle of the leggs AO and RO be found out in this manner, 25» 


17, From 6* and 7*, (by Theor. g. 
Chap. 4.) the greater legg is 'c 
18. And ( by the Theorem Jaſt men- 
tioned,) the lefler legg is . . . 
I9, Therefore the Retang.of the legs is 5 
20, And the double Rectangle of the 
| FIST 
21. lherefore the ſumm of all in 16*/ 
and 20*, gives the Square of eG 
ſumm of the leggs, viz, » 


12 (= AO.) 
i: 2s (= RO.) 
ic— aa (= DO AO, RO.) 
::c— 5asa ( = 2D AO, RO.) 


1b + ——þ2pp+tc—$44(=0 AD.) 


2bb 


Nn | 22. Which 
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22, Which quantities in 21* muſt be equal to cc the Square of the given ſumm of the 
leggs ; hence this Equation , 


* bb + IT + 2p + 20G — 244 = ce. 
2 3, Therefore by ſubtrating Zcc from each part of that Equation, this will ariſe , 


CCAAa 1 n 
26b = ——- + 2ÞÞ — 244 = 3 0. 


2bb 
| a 
24. And by doubling all in 23%, #6 + RR | 4þp — aa = CC. 
25- Now to the end that known quantities may be ſeparated from unknown , enquiry 


muſt be made , whether I be greater or Jeſs than aa, But becauſe ( as appears 
in 8*,) theſe are Proportionals, viz, b . 4 :: c.. y » and c = b, for the ſumm 


of the leggs of any plain Triangle is longer than the Baſe , therefore ( per prop. 14, 
Elem. 5. ) _ ſhall be greater than a, and conſequently the Square of the former 
greater than the Square of the latter, viz, __ t aa, therefore aa may be ſub- 
Ccaa 
bb 
premiſles therefore it is manifeſt that 4b -- 4pp may be ſubtra&ed from each part of the 
Equation above expreſt in 24*, and the quantity remaining on each part will be greater 
than nothing , and the Equation ariſing by that ſubtraion will be this , 

CCAR 


trated from 


, and there will remain a quantity greater than nothing. From the 


— 44 = © — bb — 4p. 


26, That is, by reducing - — aa into the form of a Fraftion , 


CCAR — bbaa 


= cc — bb — 4p. 


bb 
27, Which laſt Equation may be reſolved into this Analogy, 
bb . © —W :: az . o« — bb — 4pp- 

28. Therefore by Inverſe and Altern Reaſon , 
| co — bb . ch — bb — 4pp :: bb . aa. 
2 9. But the ſides of proportional Squares are alſo Proportionals, therefore from the laſt 

preceding Analogy , | 

ic —bb: . y: co — bb — 4pp: :: 6 . a. 

Of which laſt Analogy the three firſt Terms are given, therefore the fourth Term, which 
is the difference of the leggs ſought, is given alſo. Moreover, by the ſame quantities firſt 
given, the line A E, which 1s the difference of the ſegments of the Baſe made by the falling 
of the Perpendicular , ſhall be giveri alſo, for , 


30. By Theor.:2, Probl.g. Chap.p. c . AE :: b . a. 
31. Therefore out of 29* and 3o*, (by prop. 11. Elem. 5.) 
/:cc—bb: , y/: co — bb — 4pp: :: c£ . AE. 
32. Note. In this Reſolution, the Perpendicular is ſuppoſed to fall within the Triangle 
fought, and _ ( the fourth Proportional of the Analogy in 8*,) repreſents A E the 


difference of the ſegments of the Baſe made by the falling of the Perpendicular ; but 
when the Perpendicular falls without, as in A AEO, where AE is the Baſe, the 


faid — repreſents the line A R, which is compos'd of the Baſe A E, and E R the double 


of the diſtance F E from F the foot of the Perpendicular to the ebtuſe angle ar E. But 
whether the Perpendicular falls within or without the Triangle, the Reſolution runs into 
that Equation before expreſt in 22% Which things being well obſerved , the Theorems 
hereafter expreſt , ( which will be very uſcful in the following Problems,) will clearly 
ariſe out of the preceding Reſolution 3 05, 


The Equation in 25* pives 
THEOR. 1- 


ERA aay TY" $r% 
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THEOR. i. | 
33. In a plain Triatigle whole leggs are unequal , if the Pefpendiculat falls within , the 
Square of the differente of Fn, gverSiny Baſe made by hc falling of the Perperi- 
dicular , is greater than the Square of ihe 8ifftt&nte of the leggs , by the exceſs whereby 
the Square- of the ſumm of the legys exceeds the ſavarti of the Square of the Bile and 
the Square of the double Perpendicular. - But when the Perpendicular falls withvur the 
Triangle upon the Baſe increaſed , then the Square. of. the line compos'd of the Baſe and 
double diſtance between the foot of the Perpehdiculat and the obtuſe angle, is greater 
than the Square of the difference of: the leggs , by thi exceſs abuyt-mtnrionied. 
The Analogy in 2 9% gives - | 
34- As the right line whoſe Square is equal to the exceſs whereby the Square of the ſumm 
of the leggs of a plain Triangle exceeds the Square of the Baſe, is to the right liric 
whoſe Square is equal to the exceſs -of the- ſaid Square of the ſumm of tht leggs above 
the ſumm of the- Square of the Baſe and the Square of the double Perpendicular ; ſo 
is the Baſe to the difference of the leggs. 


Or thus, which 1s more. convenient for Arithmetieal praftice. 


As the exceſs of the Square of the ſumm of the leggs above the Square of the Baſe, is to 
the exceſs of the Square of the finnm of the leggs above tlie furfim ot tht Syuate of the Baſe 


and the Square of the double Perpendictilar ; ſo is the Square of the Baſe ro the Square 


of the difference of the leggs. i SN ey 
Therefore, if the Baſe, Perpendicular , and ſumm of the leggs of a plain Ttiangle whoſe 


are unequal, de given feverally ; the difference of the leggs ſhall be given alſo ; and 

Wy te the fepgs (everally 5 by Theor, ge Chap. 4: 

"The Analogy in 31* gives | 

THEOR. 3. 

35. As che right line whoſe Squart'is eqital to the exceſs whereby the Syuate of the ſumm 
of the unequal leggs of a plain Triangfe exceeds the Squire of the Baſe, is to the right line 
whoſe <quare is equa] to the exceſs ot the Square of the farm of the leggs above the ſuinm 
of the Squate of the Baſe and the Square of the double Perpendiculir; ſo is the ſug of 
the legys to a fourth Proportiona}l, which is leſs than the Bafe,when the Perpetidicular falls 
within , for then. it is the difference of the ſegments of the Baſe made by the Perpendi- 
cular. But when che Perpendicular falls without , the ſaid fourth Proportiondl exceeds 
the Baſe , and is compos'd of the Baſe and double diſtance betWten rhe foot of the Per- 
petidicular and the obtuſe angle at the nearer end of the Baſe. Laſtly ; when the aid 
tourth Proportional is equal to the Baſe , the Perpendicalar falls ypon the end thereof. 
Therefore, if the quantities of the lines given in this Prob/. 8, be expreſt by numbers, we 

may diſcover by Theop. 3. above expreſt , whether the Triangle ſoughe be acute-angled , or 

obtuſe-angled, or right-angled at the Baſe , viz. of what kind the anglesat the Baſe are. 


36, The truth of the three preceding Theorems, when the angles arche Baſe are &ute and 
unequal , may be demonſtrated by the ſteps of the foregoing Reſolution, by R_y 
in a dire& order from the beginning ro the end of the Reſolution, in manner tollowing. 
Let there be a Triangle propos'd, as ARO, having rinequil acute atiglts ar the erids of 

the Baſe A R, and let the ſame things be ſuppoſed as before in 1%, 2* and 3* of this Problem, 

|  _ Nn 2 The 
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The three Theorems to be demonſtrated are theſe following, viz, 


37-. GAE—oOAG = oO AD—o AR— 40 OF. 
38. v: GSAP30 AR: 14/9 AD —OAR— 49 ep: :2: AR. AG 


. . Demonſtration. | 
0. By Theo, 2, in 29 _ 9. Chap. 7. * — L 
1 is: eafeſds b- 3s ©. © .» yy 's AR L AD a AG . AE. 
Thatiis, in'8*, . , 116. lr. E444 u a7 
41. And. becauſe A R, is! divided. into two unequal. parts in 6 
F, and AE isthe difference of thoſe parts , ——_: pr LAR+ZAE = AF. 
Theor. 9. Chap. 4.) < OS _— WE” | 
That is, in g9®, a A $3; 4) © th S 2 >> « ib + I _ AF, 


42. And by the ſame Theorem ; es RO ?AR—ZAE = FR | 
OO 6 RINIT IDs <->) a5 — — (= FR) 


43- And ( by Theor. 2. ( hap. 4.) 6 IO of the Equation in' 41® Bad 
+0 AR--+ DART AE = DoAF. 


Thats 2; 1 46h a £92 tes C= DA.) | 
44: And by T, beor. 5. Chap. 4: D = Squire of the Equation in 42* gives | 
+O AR 4D.AE —4 QAR, AE = 0 FR. | 


That j bt. _ YN — +a (=0Q FR.) 


in 12 
45+ Andby adding OOF to each har of the Equation i in 43*, it makes = = prop 47.Elet.) 
\ * n AR-þ-5 oO AE-þ++*CQ AR, AE-þn OF — 
oe þ, 4+ + #$«@ pp (= rc ) 
40. And by adding OOF to each part of the Equation i in 44*,this ariſeth, (per pro. 47.E1.1.) 
* +:D AR+ 7; OAE —+3$CIARAE -+ nOF = o RO. 
That 1s 
747 9 7 4 —. za -— pp ( = 'QRO.) 
47s And the ſumm of the *..- 4 in 45? and 46* gives 
: z DAR-| tn AE+200F = on AO--+ oa KO. | 
That is, n | 
in 16% $+ > 286+ pi 2p (=D AO4-0RO. 
It is manifeſt ( per Theor. 2. ſl . ) that the Equation in 47* wants only 2 CIAO, 
RO to compleat the Square of AO + RO, that is, the Square of AD; therefore in order 
to ll up that Square, I proceed as in the five ſteps next ig | 


483. By Theor, 9. Chap. 4: 0 + - > »Þ HR 3AG = AQ. 
Thar is, in 17, . ny" - - FIES $2 = AQ 
49. And by the ſame Theorem , $7 Ce LAG = RO. 
Thar 1s, in 18?, . . 35 — 25. = RU. 


50. And by Theor. 8. Chap. 4+ the ReGngle of . 
the Equations i in 48* and 4g* Is 7 $0 AD —4; DAG= DAO,RO. 
RIS 29%, o-: - » + » » 266 — laa C3 AO,RO- 
51, And 


{ 
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51. And by doubling the Equation in 50*, .> +0 AD—-SnAG = 2D AO,RO. 


Then ir 00 <6 » +7 + 3c — aa = 2) AO,RO. 
52. The ſumm of the Equations in 47* and 51* makes the Square of the ſumm of the 
leggs AO and RO, »zx. the Square of AD, 
+ DAR+ToOAE+2c OF-þ+to AD-+igqoAG = o AD. 


S Z x 
HS. + bb -|- _—_ + 2pþ m— 260 — Jah = CC, 
53. And by ſubtracting + g A'D from each part of the Equation in 52*, this remains, 
_—_ z0 AR-þio AE-2GOF—igoAG=+<=noaAD, 
atls, x © 5 " Why 
in 2.3*, c. L bb |- —_ | z2Þþþ — x24 = tce, 
54. And by doubling the Equation in 53*, | | 
_—_ DAR+OAE+4oOF—noAG = oAD. 
at is Ccad | 
"* re ©. » bh + 5 oi 4p = O08 = Wh 
55. And becauſe (by prop. 8. Elem. 3.) AE AG, and conſequently 0 AE&o AG, 
therefore AE—QAG@©O, whence. it is manifeſt, thatif g AR -|- 49 OF 
be ſubtracted from.each part of the Equation in 54*, there will remain on each part 
a quantity greater than nothing , and the Equation ariling by that ſubtraion will be 
this that follows, viz. 
OAE—DOAG = nAD—oAR—4ngc OF. 


'Thar is, caa | 
And in ' ccaa — bbaa 5 
269, < = 66> $6 = 4pp. 


Which was T heoy. 1. to be 'demonſtr. 
Now to paſs from the 26" ſtep to the 27® of the preceding Algebraical Reſolution , by 
the lines of the Diagram , ſome Analogies, not expreſt in the Reſolution , muſt be intro- 
duced; and in order to their diſcoyery, the Learner may obſerve, that the Algebraical 


Frattion £44 bbas in 26* denotes'a Plane , which is the fourth Term of an Analogy 


whoſe three firſt Terms are theſe three Planes , to wit bb, co — bb and aa, which anſwer 
ro theſe three Planes, (in the lines of the Diagram,) ro wit, G AR, 6 AD—QOAR and 
OAG, therefore, Q AE —Q AG which is correſpondent to the ſaid Algebraical Fraftion 
—_ _—_ os , muſt likewiſe be the fourth Term- of 'an Analogy whoſe three firſt Terms 
xe the ſaid Planes 1 AR, 0 AD — DAR and o AG; but how the ſaid Analogy 
is brought to light , the four ſteps next following will ſhew. | 


56, Becauſe , ( as hath been ſhewn in' 40?, ) 
| AD .-AR * > AE - AG. 
57. : Therefore, ( peri prop. 22. Elems. 6. ) | 
Oo AD . oO AR 37; 0480 a0 
5?, Therefore by Diviſran of Reaſon, 
on AD—-OAR . OAR :: OAE-- FAG-: DAG 
59. Therefore inverſly, 2, | 
oAR . OAD—DoAR:-:::oaAG- DOAE—nonAG. 
60, But ir hath been ſhewn in 55?, that | | 
| oOAE—OoAG = cAaD— oAR— 40 OF. ; 
61, Therefore from 59® and 60* ( by exchanging equal quantities ) this Analogy ariſeth, 
CAR. GBAD—OAR :: GAG, OGAD—ogAR—400EF. | 
That is, in 27?, 
co — bh 1: as «© co — bh — a4þp. 
62. Therefore from 61*, by inverſe and altern Reaſon, 
OAD—-OAR.o AD-OAR—4nOF :: OAR. nAG, 
Thar is, in 28*, | 3 
oc — bb . co — bh —. 4 Pp 5: bb ., aa. 
| 63, But 
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63. But the ſides of proportional Squares are alſo Proportionals , therefore from 62* 
this Analogy ariſeth , HM 
/:o0AD— OAR . /: OGAD— DAR —- 40OF :: AR. AG. 
That is, in 29”, TE 
4/:cc — bb »- of 3: 8E — bb — 4 PP $2 þ "_ 
Which was Theor. 2. to be Demonſtr. 
64. Again , becauſe by Theor. 2. in 29® of Probl. g. Chapt. 7. 
RF -- AE :: AR , a 
65. Therefore from 63* and 64*, (per prop. 11. Elem. 5.) 
/:D0AD—OAR . y/:QAD—OAR—400F :: AD . AE. 
Which was Theor. 3. to be Demonſtr. 
66. Again, it hath been ſhewn in 62*, that 
OAR . DAG :: DAD- OAR . GAD- ga AR— 400OF. 
67. Therefore by converſe Reaſon, 
oO AR . GAR—OAG :: nAD-gAR.. 40 OF. 
Which laſt Analogy affords THEOR. 4. 


68. As the Square of the Baſe of any plain Triangle whoſe \<pgs are unequal , is to the 
exceſs whereby the Square of the Baſe exceeds the Square of the difference of the legps ; 
ſo is the exceſs whereby the Square of the famm of the leggs exceeds the Square ot the 
Baſe, to the Square of the double Perpendicular. 

Therefore, the Baſe and leggs of any plain Triangte whoſe leggs are unequal , being 
ſeverally given in numbers, the 12> ar falling upon that within the Triangle, 
or without upon the Baſe increaſed , ſhall be given alſo in numbers. 

From the ſaid Theor. 4. and prop. 41» Elem. 1. 'tis calie to deduce this following 

THEOR. x. 

69. The Reftangle made of theſe two right lines, to wit , the right line whoſe Square is 
equal to the excefs whereby a quarter of the Square of the Baſe of a plain Triangle 
exceeds a quarter of the Square of the difference of the lepgs ; and the right line whoſe 
Square is equal to the exceſs of a quarter of the Sqiiare of the ſimm of the leggs above 
2 quarter of the Square of the Baſe, ſhall be equal ro the Triangle. 

To make this manifeſt, let the A ARO be taken as before in the Reſolution , then 


70. « « Req. demoyſtr. CI of ; ZoA R—ZQAG 8 of: InAD-IGAR: = A ARO. 


Demonſtration. 
71. By Theor, 4. in 68* of this Problem, | 
OAR . GAR —DOAG :: OG AD - gAR. 4o0F. 
72. And by taking * of every Term of that Analopy,, | 
*O0 AR. ZOGAR—S30AG :: 206AD—iGAR. ocOFE. 
[Ee the ſides of proportional Squares are alſo Proportionals, therefore from the laſt - 
alogy , SR WY Fs BY | 
+AR . /:3z0 AR — ;JOAG :: y/:in AD—ZGAR . OF. 
74. Therefore, ( per prop. 16. Elem.6.) : 
: D AR,OF = DO of /:3O0AR—S50 AG: «x y/:*SAD-ioAR 
75. But ( per prop. 41. Elem. 1.) 
76. Therefore from 74* and 75*, ( per eAx. 1. Chapr. 2) 
0 of /:ZOAR —i oOAG: x /::0nAD—EgOAR = AARO. 
Which was to be Dem. 
Hence the following Canons are deducible, to find out the Area of a plain Triangſe 
Arithmetically , without the help of the Perpendicular , the Baſe and leggs being ſeverally: 
given in numbers , and the leggs unequal between themſelves. 


CANONM rn. 


77. From a quarter of the Square of the Baſe fubtra& # quarter of the Square of the 
difterence of the leggs, and reſerve the remainder z then from a quarter of the Square 
of the ſum of the leggs ſubtraGt a quarter of the Square of the Baſe , and reſerve the 

| remainder; 
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remainder ; that done, multiply the firſt remainder by the ſecond, and extra& the Square 
Root of {the Product, ſo ſhall that ſquare Root be the Area of the Triangle. 
78. Again, becauſe by Theor. 8. Chapt. 4. | | 
:OGAR— ZODAG = 0 of £ARFEAG «x ZAR<EAG, 
79, Likewiſe by the ſame Theorem, 
*:DAD—iO0AR = O of FAD+LJAR*x ZAD—-AR. 
Therefore from 77, 78® and 79®, by exchanging equal Faors, there will ariſe 
CANONMN 2. 
80, Multiply theſe four numbers one into another , to wit, 
' 1. The ſumm of half the Baſe, and half the difference of the legos. 
2. The exceſs of half the Baſe above half the difference of the Jeggs. 
3. The ſumm of half the ſumm of the leggs , and halt the Baſe. 
4+ The exceſs of half the ſumm of the leggs above half the Baſe. 


| Then extra& the ſquare Root of the Product made by the continual multiplication of 


thoſe four numbers, ſo thall thar ſquare Root be the Area of the Triangle. 
B = the Baſle, | 
81, Again, if we ſuppoſe ; A — the {rene gs, þ of a plain Triangle. 


E — the lefler legg RE 
Then the four numbers above mentioned in Canon 2. may be expreſt thus, 25z. 
1. | #B+zA—ZE, 2B + 2A +LE— E, 
Zo 1B — tA +38, | 2B +3$A+:E — 5 
3-| 32a +ig j in, Owny 4 E238, 
+ | 24 +376 LA+EiE+3B— B. 
Wy, 
iD 
A 
{ 
/ 
TE 


a | 
$2. Therefore, if the four numbers laſt before expreſt, (to wit, thoſe ſtanding on the right 
hand,) be multiplied one into another continually, the Product thall be equal ro the Square 
of the Arca of the Triangle whoſe three (ides are repreſented by B, A, E. But if choſe 
four numbers be well obſerved, it will be evident that the number third in order is the 
half ſumm of the three ſides' of the Triangle, and the other three numbers are the Res 
mainders ariſing by the ſubtraRion of the three ſides ſeverally from their half ſumm, 
Hence therefore ariſeth the vulgar Canon , to find out the Area of any plain Triangle 
whoſe three ſides are ſeverally given in numbers, v4z. 
CANOM 3 
83. From half the ſumm of the three (ides of any plain Triangle ſubtraR the three ſides 
ſeverally ; then multiply the faid half ſumm and the three remainders one into another; 
according to the Rule of Continual Multiplication , and extra the ſquare Root of the 
laſt Produ&, ſo ſhall that ſquare Root be the Area of the Triangle. 


Divers other Canons might be raiſed from the premiſſes , to find out the Area of a plain 
Triangle z bur *cis now time to proceed to the Compoſition of the Problem in hand ; and 
that its Conſtruction may be poſlible , the lines given muſt be ſubje& ro this 


Determination. 


bs. . oo 4o» +» C0 4: + opp: hn, HR. WER. 
The given ſumm of the leggs mult be longer than that right line whoſe Square is equal to 
the ſuram of the Square of the Baſe and the Square of the double of the Perpendicular. 
This Determination doth openly ſhew it ſelf in Theor. 2.in the 34" ſtep of this Problem, 
and therefore that Theorem having already been demonſtrated , the Determination is con- 
ſequently both true and neceſſary for limiting the lines given, RE. 
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The Compoſition of the foregoing Probl, 8. 


B 
\D ÞP 
4 TAS DER 
| H 
94 . 
LL 2, E = JT of R K —— 
Sappoſ. "i | 1 
85: B = the Baſe of a Triangle is given. — 
86. P = the Perpendicular is given. 
87. C = the ſumm of the leggs is given. _ 
88. CE y/:o0a B40 P: ( Determimation, ) 


Req. to make the Triangle. 
Conftruttion, : 

89. By Prebl. 4. Chap. 5. find a right line H, ſuch, that its Square may be equal to 
OC—noB,; which EffeRion is poſſible , as is evident by the Determination preſcribed 
in 88*, therefore ſuppoſe : 

DT OH = OC-—DoB. 

go. Find likewiſe a right line T, ſuch, that its Square may be equalto g C-nMB-4nh, 

which EffeQion the Determination ſhews to be poſſible , therefore ſuppoſe 
ol=DoC-—DoB=— 40oP. . 

91. Then by Probl. 8. Chap. 5. let it be made, as the line H to the line I, fo the line B 
( the given Baſe) to a fourth - ren ſuppoſe it to be the line K , therefore, 
| H : | + BY * 

That is, in 29% /:c—bb . y/:cc—-bb—app: :: b . a. 

In which Analegy , the firſt Term H is greater than the ſecond Term I, ( as is evident 
by Conſtr. in 90* and 91*,) therefore the third Term B ſhall be greater than the fourth K, 
( per Schol. Prop. 14. Elem. 5. ) and conſequently C © K, for (by the Determination 
in 8.) Cc- B. Thus far that hath been done which is dire&ed by Theor. 2. in 34* 
of this Prob/. the reſt of the Conſtru&ion follows, | | 


92. Leta Triangle be made of theſe three right lines, to wit, B, 4C + ZK and ZC—ZK, 

which is poſſible to be done. ( per prop. 22. Elem. 1.) if CK, and that the ſumm 

. of every two of thoſe three lines be longer than the third ; but that thoſe lines are ſo 
qualified , I prove thus | | 


Firſt, by what hath been ſaid in 91%, C = K, and conſequently XC — £K is equal 
to ſome real right line. | | 

Secondly , the ſumm of B and *C + 7; K is manifeſtly greater than the third line 
2C — 3 Ko | 


| Thirdly , the ſumm of the two lines 4 C + ZK and £ZC — 3K makes C, which ( by 


_ the Determination in 88®) is greater than the third line B. 


Fourtkly , that the ſumm ot B and 5C — 3 K is greater than the third line 2 C -|-£ K 
may be proved thus ; 
SS Sewam gi, thit-. . co + 5 BK. 
Therefore by adding 7 C to each part,  » © B-þ-;CoK-þ-EC. 
Therefore by ſubtraQting + K from each part, . / B-{-3C—£K& EK EC. 
Which was to be Dem, - 
Now lince it hath been proved that 3C — #K is equal to ſome real right line, and that 
the ſuram of every two of theſe three right lines, to wit, B, :C-+ £K and 4C — £k, is 
greater than the third , "tis poſſible ro make a Triangle of thoſe three lines, ( per prop. 22+ 
Elem. 1.) Suppoſe then it be done, and that the Triangle ſo made is A R O, ( in the pre- 
ceding Diagram,) having its Baſe A R equal to the given Baſe B, and the greater legg A O 
equal to} CZK, and the leſſer legg RO equal to&C—4K, I ſay the Triangle 
ARO 
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ARO will ſatisfte the Problem propounded ; bit to render the Demonſtration thereof the 
more ealie to Learners ,.I ſhall premiſe a few things in.eight Reps next-following., 


93. If the quantities of the given lines B, P and C beexpreft by 'nymbers , it will be eaſie 
ro diſcover the Kind of the Triangte fought , when the teggs are' unequal, ( xs the 
were ſuppoſed to be in the Reſolution,) by Theor. 3. in 35% of this Problem ; for i 
the fourch Proportional found ont by thar Theorem be leſs than the Baſe, the Perpen- 
dicular falls within the Triangle ; it greater, without; if equal to the Bife , upon the 
end of the Baſe. 

Suppoſing then it be diſcovered, that the Perpendicular falls upon AR within the Triangle 
ARO, from the Center O, at the diſtance of the leſſer legg OR ,-( = 5C —4K) de- 
ſcribe the Circle O RGD cutting O A m-'G/, then produce AQ to the Circumftorence 
in D, draw alſo the Semidiameter O E, and fromrhe'Center O terfatl O-F perpendicular 
to EB, therefore -( per prop. 5. Elem. 3.) FE = FR. Then, © 


OD — OR=—OG. 
6 CS — AO-+OR, 
AD = C. 


94. Becauſe. ( per defin. 15. Blew. 1} os: 0 > + - v 
95. Therefore by adding AO jo.cach pant, , . . 
g6, Butby Tanfy.0 92%, colin cs S 24 
97. Therefore from, 95* and 96?, (per Ax. 1. Chap. 2.) . 
9, goin, by Caf. in 99%, oo a He» AO = 5C+*K. 
99. Atto by Conf. in 92%) Uo I Gf $$ Of = £Cm 2K: 
100. ps, by ſubrracting the Equation in 99® from my Pr rep 

in g98®, LT rs es, Is WEN, AJ, = Bo, | 
101, Now I ſhall ſhew that the Triahgle A RO, made as before, will ſatisfie the Problem. 

Firſt then by Conſtrubtion in 92%, the Baſe AR is equal ts the given Baſe B, and it hath 

been proved in 96, that AO-þ OR —C the given ſuttim of the leggs. So it 

remains only to ſhew, that the Perpendfcular O.F is equal to the given Perpendicular P ; 
. but that is. made manifeſt by the following Demonſtration , which is form'd out of the 

forcgoing Reſolution,” by a reperition of its Reps ina backward (not diref) order, 
10% '% ' . Req. deminfliree © ou oo QF =P. - 

; 1] of) 


9 


VWYrYAy 


Demonſtration. 
103. By Conftr. ing1%, Þ . H . I 2-0 
That js, inz9% 4 » + +: ico —bb , y/ice—bb—aqpp: i: b . a. 
104. Therefore, (per prop-22.EL.6.) MH , al 2 a3. 


Now that the Terms of the laſt Analogy may be converted into their equivalent Quan- 
tities expteſſible by the lines in the. Diagram , theſe ſeven Equations next following are to 
be well obſerved, t 
105. By Conſtr. in 89%, «© +», « « » +» + 
106, Ald Pax TS. EE. 

107, And from 92%, « « » « + +» -> CAR = oB. 
108, Therefore from 105?, 106®, 107®, ... .F GAD—DOAR = oH, 
109, : Again, by Conftr. in 90?, s 


> OC—oOB = oH. 
oOAD = qc. 


| +1... +... £,k, OC —OB—4oP= gl. 
110, 1 refore from 105*, 108? anff 10g9?, . .> GAD—nAR-qgoaP=ral 
L1,; Add from 109*,,:;. +« +.;4 - +» +- + DAG = OK: yy 
112, Therefore the Terms. of the Analogy in 104* being exchanged for their equivalent 
'-quanticies in ro$2,.1 7p*, 1 07? and x1 1*, that Analogy will be converted into this, viz. 
CAD—-oOAR .oAD-oOAR-40P :: oAR.. oAG. 
That is in-28f) |; Ih 1.45 © .f 
4 "186, 46oichb1- : 66... — 4 PP > © th - Ada, 
113, Therefore by alter» and snverſe Reaſon, . oe 
CAR. DAD—DOAR :: DAG. OAD—oAR—40P: 
That is, in 27?, 37A. Et S. | 
A cc — bh 22 <6;.4: ;06. ©. >. Oh; wn 4 Pp. 
Now to return backwards from the, 2.7" to the 25" ſtep of the Reſolution , by the lines 
of the Diagram , ſome Analogies not expreſt in the Reſolution muſt be introduced, ( which | 


are inferr'd from the Algebraical FraRion 4g > Wes , as before hath been hinted 


in| 55%) to wit, the four Analogis nex ama 0 114. By 


| Mathematical Reſolution J_w Compoſition. Book IV, 


114. By Thevr. 2. in29* of Probl. 9. Chap.7, > AD . AR :: AE , AG. 
115. Therefore ( per prop. 22. Elem. 6.) . .> CAD. OAR :: QAE . OAG. 
116. Therefore, by Div3ſon of Reaſon , 
oAD-oOAR . GAR :: OAE--oAG.. nAG. 
117. And inverſly , ; | | 
OAR LL DBAD—OAR :: OAG . pnAE- nAG. 
118, Therefore from 113% and 114*, ( per prop. 11, & 14. Elem. 5.) 
: DAE—DOAG = oAD—oOAR—40oP. 
That is, coaa Ei in TH” 
" 6s 5 — 48 = © — bb — app. 
119. And by adding 40 P, alſo D AG to each part, and ſubtratting 0 AE from each 
part of the Equation in 11 8*, this will ariſe, | 
40 P=oAG-+OoOAD—g AR—q, AE. 
120, But by Theor. 1. in 33* of this Problem, 
OAE—OAG=OAD —OoOoAR —4ndvOerF. 
121. Therefore by adding 4 Q OF, alſo Q AG to each part, arid ſubtraRing og AE from 
each parr of the laſt preceding Equation, this will ariſe , 
48 OF=ncAG-+oAD—aoAR—0o AE. 
122. Therefore from 119* and 121*, ( per Ax. 1. Chap.2.) >} 40 OF = 48 P. 
EDS ds 5 00 ceo 4 4 of WOE mmaADP 
EE RE de os oo» 6 oo» 0 + % ad > DON em P, 
Which was to be Demonſtr, Therefore the Problem 1s ſatisfied. But for further 
Illuſtration, all the preceding Canons and Theorems raiſed out of the Reſolution, may be 
exemplified by the Numbers placed near the Diagram at the beginning of this Problem. 


Probl. IX. 


The Baſe, Perpendicular and difference of the leggs of a plain Triangle 
being ſeverally given , to find the Triangle. But the Baſe muſt exceed 
the difference of the leggs, 


RG AR= o | FE = 6 
_ _ AC = 157 | CF = 8 
wi RC=1w | AF =a 15 

AE = 21 | AG = 7 

FR = 6 | AL = 27 


Prepar. 
r.. Suppoſe the Triangle ARC obtuſangled at R, (the end of the Baſe AR,) tobe that 
_ *whichis ſought; then from the Center C, at the diſtance of the leſſer legg CR de- 
ſcribe the Circle CRG LE, cutting the greater legg CA in G} ſo ſhall AG be the 
difference of the leggs CA and CR, for CG = CR. 
z, Produce AC and AR to the Circumference in L and E, then is AL equal to the 
ſumm'of the leggs AC and CR, for CL = CR. . © 
3. Draw the Semidiameter CE, andmake CF _L RE, foſhall CF cut RE intotwo 
_ partsin F, (per prop. 3. Elem. 3.) Which things being premis'd , the Reſolution 
of the Problem propounded may be reſolved in manner following. | 
Stuppoſ. 
AR : xþ Baſe of AARC is given, 
CF the Pe icular 1s given. 
AG the difference of the leggs AC and RC is given, 
Reg. to find the Triangle. 


BEA. 
SR WV 
If I] 0 


| Reſolgtion. 


7. Put « for the unknown ſamm of the leggs, viz. aſſume 
a = AC + KC ='AL. 


AMC: 
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$. Then from Theor. 2. in 34* of the foregoing Probl. 8. of this Chap. this Analogy ariſeth, 
/:aa — bb: , /:aa—bb—4app: :: b . d. 
g9. The Squares of which proportional lines ſhall be Proportionals alſo, thetefore 
aa — bh . aa— bb — 4pp :: bb . add, 
10, Therefore by Converſion of Reaſon, 
aa — bh , 4pp :: bb . bb — dd. 
11. And alternately , 
\ aan — bh , bb :: 4pp ; bb — dd: 
12. And by Compoſition , 
aa . bb :: 4pp 1» bb — ad . bb — 4d, 
13. And by inverſe and alternate Reaſon, 
bb — dd . 4pp + bb — dd :: bb . aa. 
14. But the (ides of proportional Squares are alſo Proportionals , therefore from the laſt 
preceding Analogy , 
:bb — dd: . yy: 4pp + bb —dd: :: b , a 
15. And becauſe by Theor. 2. Probl. 10. Chap. 7. 
4 , A 3 B42. 
16. Therefore from the two laſt preceding Analogies , this ariſeth , 


y/: bb — ad: . y/:4pp + bb — dd: :: 4d . AE. 
The Analogy in 14* gives 
THEOR. 1. 

1 7. As the right line whoſe Square is equal to the exceſs whereby the Square of the Baſe- 
of a plain Triangle exceeds the Square of the difference of the legys, is to the right 
line whoſe Square is equal to the ſaid exceſs rogether with the Square of the double Per- 
pendicular; io is the Baſe, to the ſumm of the legps. | 


Or thut, which is more convenient for Arithinetical praftice. 


As the exceſs of the Square of the Baſe above the Square of the difference of the leggs, 
is to the ſumm of the ſaid exceſs and the Square of the double Perpendicular z fo is the 
Square of the Baſe , ro the Square of the ſumm of the legs. 

Therefore, the Baſe, Perpendicular , and difference of the leggs of a plain Triangle 
being ſeverally given, the ſumm of the leggs ſhall be given allo by the ſaid Theor. I. 
And conſequently the leggs ſhall be given ſeverally , by Theor, g. Chap. 4+ 

The Analogy in 16* gives 
THEOR. 2. , 


18, As the right line whoſe Square is equal to the exceſs by which the Square of the Baſe 
of a plain Triangle exceeds the Square of the difference of the leggs , is to the right linc 
whoſe Square is equal to the ſaid exceſs together with the Square of the double Perpendi- 
cular; ſo is the ditference of the leggs to a fourth Proportional ; which exceeds the Baſle, 
when the Perpendicular falls without the Triangle , for then 'tis the line compos'd of 
the Baſe and the double diſtance from the foot of the Perpendicular to the obtuſe angle 
at the nearer end of the Baſe; but when the Perpendicular falls within , the ſaid fourth 
Proportional is leſs than the Baſe , and is the difference of the ſegments of the Baſe made 
by the Perpendicular: Laſtly , when the ſaid fourth Proportional is equal to the Baſe, 
the Perpendicular falls upon the end thereof. 


Therefore , if the quantities of the lines given in this Prob, g. be expreſt by numbers , 
we may diſcover by Theor. 2. above expreſt, whether the Triangle ſought be obtuſangled, 
acute-angled , or right-angled at the Baſe. 

It is alſo evident by the 14" and 1 6" ſteps of the Reſolution, that to the end the Problem 
propounded may be poſlible, the given lines muſt be ſubject ro this 


Determination. 


The given Baſe muſt exceed the given difference of the leggs. . 
The truth of the preceding Theorems and Determination, as alſo the Compolition 
of this Probl. g. will be obvious to him that underſtands what hath been delivered in the 
foregoing Probl. 8. 'and therefore [ ſhall wave the Compolition, 
Oo : Probl, X. 
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Probl. X. 


In a pla Triangle Raving unequal acute angles at the Baſe, the Per- 
pendicular, difference of the leggs , and difference of the ſegments of the 
Baſe made by the Perpendicular, being ſeverally given, to find the Triangle. 
But - lines given muſt be ſubject to the Determinnations hereafter 
EXPrelt, : 


Preparat. 


7, Let the Diagram belonging to the preceding Probl. 8. of this Chapt. be here repeated, 
and ſuppoſe the A A RO having unequal achte angles A and R art the ends of the Baſe 
AR tobe the Triangle fought ;, then reſpeR being had to the Preparatory Conſtruction 


cus; © - | | 
Swppoſ. | 

p = OF the Perpendicular of A ARO is given. 

4 = AG the difference of the leggs is given. 

bþ = AE the difference of the fegments of the Baſe is given. 

: Reg. to find the Triangle. | 

b> > | Reſolution. | 

5, It is mnifeſt that if AE the given difference of the ſegments F A, FR be eſteemed 
the Baſe of the A A E O obtuſangledatE , then A G ſhall be the difference of the leggs 
AOandEQ, as well as of AO and RO, ( for EO=RO=OG,) and OF 
a common Perpendicular to the two Triangles ARO and AEO, therefore in 
A AEO, the Baſe AE, the Perpendicular OF, and AG the difference of the leggs 
AO atti'E © being ſeverally given, the ſaid A AEO fhall be given by the foregoing 
Probl. g. of this Chapt. For, the ſnrnm of the Jeggs, ro wit, AD = AO-|-EO = AO 
OR ſhall be: giver by this following Analogy , ( according to Theor. 1. in 17? 
of the ſaid Probl. g.) vis. * ot | 

"x:bb — ad: . /: app + bb — ad: :: b . AD. 

5.. Then AD and AG the ſumm and lifcrence of the leggs AO and EO, or of AO 
and -RO , being given, the ſaid leggs ſhall be given ſeverally by Theor. g. Chap. 4- 

-, Moreover , Forutnach as AR inreference to A AEO obtuſangled at E, is compos'd 
of the Baſe AE and ER, (=2FE — 2FR)) the faid AR, which is alſo the Baſe 
of A ARO, ſhall be given by Theor. 2. in 18* of the preceding Probl. 9g. For, 


6 = :. /: 4 pp + bb — Mz :: <4. AK 
From the premiſes tis manifeſt that the Baſe and leggs of the Triangle ſought in this 
Probl, 10. may be. found qut by the foregoing Probl. 9g, But that there may be a polli- 
bility of finding our the Triangle required , the lines given muſt be liable ro theſe two 
:01Jowing Determinations , vz, 


2. 
3 
4} 


Dettimination 1, 

8, The line given for the difference of the ſegments of the Baſe made by the Perpendicular 
talling wnliin the Triangle, muſt excerd the given difference of the leggs, that is, (in 
che Figure belonging ro this Probl. 10.) AE © AG, the truth whereof is maniteſt 
by prop. 8. Elem. 3. | ; 
f 9. Again, 


mm the three firſt eps of the faid Prob), 8, the Reſolution of this Prob/. 10, may be formed 


2 
b 
; 
7 
: 
bd 
3 
| 
£ 
! 
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9. Again, becauſe by S»ppoſirion the Triangle ſought hath unequal atute angles at the 
Baſe , the Perpendicular falls within, and the Baſe muſt neceſſarily exceed the difference 
of the ſegments of the Baſe made by the Perpendicular ; therefore to the end the lines 
given may be capable of effeRting the Problem propounded , the fourth Proportidnal 
(or Baſe) tound out by the Analogy before expreſt in 7* muſt exceed the given line A'E. 


Hence , 


Determination 2. 


bd. 6s; x -= 244 Xx 
yi 6b — ad: | 

Suppoling then the given Quantities to be qualified accorditg to the tenour of the De- 
terminations before preſcribed , the induſtrious Learrier may cafily #pply what hath been 
ſaid in the foregoing 5®, 6 and 5® ſteps, as well.to. the Geometrical Effetion , as 
to the Arichmetical Solution of this Prob1. 1 o, ag FE , 


+ A ie LEE 
Li - 


Probl, X 1. | | 

In a plain Triangle obenagh at the Baſe, the Perpendicular , dif- 
ference of the leggs, and the line compos'd of the Baſe and the double 
diſtance from the toot of the Perpendicular to the obtuſe angle , being 
ſeverally given, to find the Triangle. But the given lines muſt be 
ſubject to rhe Determinations hereafter expreſt, | 


AE = ar | AG = 7 
FR = 606 | AL = 


Prepar. 


7, Let the Diagram belonging to the foregoing Prob. g. of this Chapr. be here repeated, 
and ſuppoſe the A ARC obtuſangled at R, ( the end of the Baſe AR),) to be the Tri- 
angle ſought; then reſpe& being had to the preparatory ConſtruRion in 1, 2* and 3* 
of Probl. 9. the Reſolution of this Prob/. x 1. may be formed thus ; 

Suppoſ.— | 

2, p = C F the Perpendicular of A ARC is given. 

3. 4 = AG the difference of the leggs AC and RC is given. 

4. 6 = AE the line compos'd of the Baſe AR and 2 FE, (or 2FR,) i given. 

Reg. to find the Triangle. | Bd | | 

Reſolmtion, A ; 

5. It is manifeſt, thar if the given line. A E be eſteettied the Baſe of the A- AE C having 
unequal acute anglesat A and E,, then AG is the diffetence of the leggs AC and EC, 
as well asof AC and RC, (for EC= RC,) and CF 1isa common. Perpendicular 
to the two Triangles AEC and ARC therefore in A AEC, #heBaſe AE, the 
Perpendicular CF, and A G the difference of the: leggs AC and EC, Cor RC) 
being given ſeverally , the ſaid A, AEC ſhall be given by Probl.:g. of this (bapr. 
For AL = AC + EC, (theſumm of the leggs of A A-E ©, );lhall be given by 
this following Analogy, ( according to. Theor: 2. in 17* of the ſaid Probl. g.) vis, 


yi: bb —dds . fi gppbb —dd: :: 6 - AL, | 4 
6. Then A Land AG the farom and4ifference of the tepgys AC' and EC being feverally 
given, the leggs themſelves fhatl be atf@ giver feverally, by Theor. 9. Chap. 4. 
7. Moreover , becauſe A R in referente tothe A A BC-is thediffererice of tlie ſegritents 


FA and FE, made by the Perpendieular C F , and is alfo the Bafe of the A —_ 
required, 
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required, the ſaid A R ſhall be given by Theor. 2. in Probl. 18, of Probl. 9. of this Chap. 


For, | oa 
 .4/:bb—add: . y/:app jt —ad: :: d . AR. 

From the premiſſes 'ris evident , that the three. {ides of the Triangle required by this 
Probl. 11. are diſcovered by Probl. 9. of this Chapt. Burt the lines given muſt be ſubje& 
ro the following Determinations , that there may be a poſſibility of ak out a Triangle 
to (atisfie the Problem propounded. | | 
Determination 1, 

8. The line given for the ſumm of 1He Baſe and double diſtance from the foot of the 
Perpendicular to the obtuſe angle, muſt be longer than the line given for the ditference 
of the leggs, that is, AE © AG, as may be cally proved; for by Sappoſition 
A ARC. is obtuſangled at R, therefore AE © AR, and conſequently A E much 
greater than AG, for ( per prop. 8. Elem.3.) AR &© AG. 

Again , becauſe by Ssppoſition the Triangle ſought is obtuſangled at the Baſe , the Per- 
pendicular falls without ,” and the Baſe ſhall neceſſarily be leſs than the line compos'd of 
the Baſe and the double diſtance from the foor of the Perpendicular to the obtule angle , 
therefore to the end the lines given may be capable of effeRing the Problem propounded, 
the fourth Proportional (or Baſe) found out by the Analogy in 7*, mult be leſs than the given 


line AE. Hence 2 Determination 2. 


4: 4pp + 6b — dd: x a _ 4 
Ny: bb — ad: 


Probl, X11. 


In a plain Triangle having unequal acute angles at the Baſe, the 
Perpendicular, ſumm of the leggs , and difference of the ſegments of 
the Baſe made by the Perpendicular, being ſeverally given, to find the 
Triangle. But the lines given muſt be hable to the Determinations 


hereafter declared. 


AR = 21 FR = 
iD 
as Ms 6 [09 = 
| OR = 10 | AF = 15 
Fe. : / aSm= g1j AG= 59 
_ ., Ez = 6 AD = 27 
AT =>. 
Prepar. 


1, Let the Diagram belonging to the precediug Prob/. 8. of this Chapr. be here repeated, 
and ſuppoſe the Triangle ARO having unequal acute angles A and R at the ends of 
the Baſe A R tobe the Triangle ſought ; then reſpe& being had to the preparatory Con- 

\ NruRtion in the three firſt ſteps of the ſaid Probl. 8. the Reſolution: of this Probl. 12, 
may be formed thus , | 

OF the Perpendicular of A ARQO is given. 

AD=AO+ RO the ſumm of the legps is given. 

AE—=FA — FR the difference of the ſegments of the Baſe is given. 
Req to find the Triangle. 
Reſolution. 

. It is evident, that if the given line AE beeſteem'd the Baſe of the A A E O obtuſan- 

'gledar E, then AD is the ſumm_ of the leggs AO and EO, as well as of AO and 

RO, for EO-= RO, and OF is a common Perpendicular to the two Triangles 

AEO and AROQ; therefore in A AEO, the Baſe AE, the Perpendicular O F, 
and AD the ſumm of the Jeggs AO and EQ being ſeverally given , the Triangle 
| AEO 


> ha 
11M 


+ w wv 


Www 
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AEO ſhall be given by the foregoing Prob. 8. of this Chapt. For AG, the difference 
of the leggs AO and EQ, ſhall be given by this following Analogy , ( according to 
T heor. 2. in 24* of Probl 8.) 

nwHice —bb: . fi: co — bb — app: :: 6 , AG, 

6. Then AD and AG the ſumm and difference of the leggs A O and E'O, (or RO)) being 
given ſeverally, the ſaid leggs ſhall be alſo given ſeverally, by Theor. 9 Chap. 4. 

7, Moreover, toraſmuch as AR in reference to the A AEO obtuſangled at E, is com- 
ppsd of the Baſe AE and ER, (= 2FE = 2 ER,) the ſaid AR, which is 
alſo the Baſe of A ARO required, ſhall be given by T heor. 3. in 35* of Probl, 8. 
For, 


/icc—bb: , ic — bb — app: :: c . AR, 
From the premiſſes 'tis manifeſt , that the Baſe and leggs of the Triangle ſought by this 
Probl. 12. are diſcovered by the foregoing Probl. 8. But that there may be a pohly 
of finding out the delired Triangle, the given lines muſt be ſubje& to theſe two following 


inati So 1 
Determinations, v: Determination 1. 


c 4: bb + 4pp: That is, 

8. The line given for the {umm of the leggs muſt exceed that right line whoſe Square is 
equal co the ſumm of the Square of the given Baſe and the Square of the double of the 

_ given Perpendicular. 4 SY | | 

This Determination doth openly ſhew it ſelf in the preceding Analogy in 5*, and hath 
already been demonſtrated in Prob. 8. of this Chapter, | 

9, Again, becauſe by Suppoſition the Triangle ſought hath unequal acute angles at the Baſe, 
the Perpendicular falls within , and the Baſe muſt neceſlarily exceed the difference of the 
ſegments of the Baſe made by the Perpendicular , therefore to the end the given lines 
may be capable of effeing the Problem propounded, the foarth Progenicnal ten Baſe) 
found out by the Analogy in 7* , muſt exceed the given line AE. Hence, 


Determination 2+ 
/: cc — bb — app: x c 
o/: 66a W 2 | 
Probl, X III. 


In a plain Triangle obtuſangled at the Baſe, the Perpendicular, ſumm 
of the leggs, and the line compos'd of the Baſe and double diſtance from 
the foot of the Perpendicular to the obtuſe angle, being given ſeverally, 
to find the Triangle. But the given-lines muſt be ſubject to the Deter- 
minations hereafter declared, 


= 6: 


FI 
— 


AR= 9v9-| FE— 6 
AC=17 | CF= 8 
CR = 10 | AF = 1f 
AE = 21 | AG = 7 
FR= 6} AL = 27 


P reparat- | : 

t. Let the Diagram belonging to the foregoing Probl. 9. of this Chapt. be here repeated, _ 
_ ts he A ARC tnefanded we R, (the end of the Baſe AR,) to be the 
Triangle fought ; then reſpeR being had to the preparatory ConſtruQion in 1*, 2? 
and 3* of the ſaid Probl. 9. the Reſolution of this Probl. x 3. may be formed thus ; 

Suppoſ. 'S 5 ODE, 
2.pÞp = C rh Perpendicular of A ARC is given, _ 
4,c =AL = AC + RC the ſutnm of the leggs is given. 4 b=as 
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4. 6 = AE the line compos'd of the Baſe AR and 2 FR (or 2FE) is given, 
Reg. to find the Triangle. 
Reſolution. 

5. It is manifeſt, thar if the given line A E be eſteem'd the Baſe of the A AE C having 
unequal acuteangles at Aand E, then AL is the ſumm of the leggs AC and EC, as 
wellas of AC and RC, (for EC = RC,) and CF is a common Perpendicular 
to the two Triangles ARC and AEC,; therefore in A AEC, the Baſe AE, the 
Perpendicular C F, and AL the ſumin of the leggs AC and E C, (or RC,) being 
given ſeverally, the A AE C ſhall be given by the toregoing Prob1. 8. of this Chapter, 
For A G the difference of the leggs (hall be given by this following Analogy , (ac- 
cording to T heor. 2. im 34* of. Probl. 8. ) 

4: ic — bb: . i — bb =qpp: :: b . AG. 

6. Then AL and AG the ſurmm and difference of the leggs A C and EC being given 

- ſeverally, the leggs ſhall alſo be given ſeverally, by Theor. 9. Chap. 4. 

7. Moreover becauſe A R, in reference to the A AEC, is the difference of the fegments 
FA and FE made by the Perpendicular CF, and is alfo the Baſe of the A AR C 
required , the ſaid A R ſhall be given by Theor. 3. in 35® of Probl, 8, For, 

eiwu—Þ$:. 4: — $$ — 4p: :: c . AR. 

8. From the premiſes 'ris evident , that the three ſides of the Triangle required by this 
Pyobl. x 3. are diſcovered by Probl. 8. of this Chapt. But the lines given muſt be ſubje& 
ro the following Determinations , vx. | 

Determinat, 1, . « +» » . © © ii bb+ app: 

y: c— bb — 4pp: * c 

4: cm bh: 


Probl XI V. 


The Hypothenufal of a right-angled Triangle being given , as alſo 
a mean Proportional between the Baſe and Perpendicular , to find the 
Triangle, But the right line ariſing by the Application of the Square 
of the given mean to the given Hypothenuſal, muſt not be greater than 
half the Hypothenuſal. 


WL 


Determinat. 2. » on 


_——— 


54 th of D 
INF eoooeonee ) AE »=119 
| FB= 2x5 
FE= 25 
A CF= 60 
Swppeſ. 
1. ABC is a A right-angled at C. 
2 AC © CB. 
3 CBGD isa ©, whence AG = AC — CB( CG, ) 
4* CF 1AB. 


5. þ = AB the Hypothenuſal is given. 
6. m — M a right linegiven, and ſuch, tht AC , mw :: mw» , CB, 


Reg. to find ou A ABC, 
! Wa | Reſolat. 1. 


7. Becauſe by Swppoſtion in 6* the right line ws is a mean Proportional between A C and 
CB, therefore ww =[DAC, CB, thatis, QAB,CEF, for (per prop.41. Elem.1.) 


each of thoſe ReQangles is equal to 2 A ABC, therefore TD = CF the Perpen- 


dicular is given z therefore alſo. a AB C hall be given both Geometrically and Ariane: 
| tically, 
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tically , by Probl. 16, Chap. 5. But here [ ſhall frame the Reſolution and Compolittion 
of the ſame Problem after another manner. 


Reſolnt. 2. 


8, Put 4 for the ditfcrence of the leggs ſought,viz. > 4 = AG = AC — CB. 

9, Then becauſe A TD is the ſumm, and A G the 
difference of the leggs A CaidCB, um, OM(CIAC,CB) + 3GAG=0ofAD. 
( per Theor. 7. Chap 4.) et Ws 

10, Therefore in the letters belonging to the 
Reſolution , the Square of half the ſurim of 
the leggs ſhal} be equal to T—_— 

11. Therefore the ſquare Root of that Square of 
the half ſumm (hall be the half ſumm of the 
leggs, to wit, 


12. Therefore from 8* and 11*, ( by Theor. g, , ———_——— PT 
Chap. 4-) the greater legg bs > os on £7 nn + 24 (=AC;) 
13, And the _ legg = BB ;? yimm—-j-4aa: — a (=CB.) 
14. Therefore from 1 2, ( by Theor. 2. Chap. 4. — 
"acl oi the _ legg (hall de s * MT 2481-4 x of: mmm 406; 
15. And from 1 4*, ( by Theor. 5. Chap. 4.) the 
Square of the _ agen be » oc + 
16, Thercforc the fumam of all in 14* and 15* » | 
gives the ſumm of the Squares of the legs, to wh, 2mm 44 (=O AC+OCR.) 
17. Andbecaule by Swppoſ. in 1% LT ACB=_), 
therefore from 5* and 16®, ( per prop.-q7.&le.t.)} 2mm | a8 = bh (= QO AB.) 
this Equation avifth;, -.. .:» +» þ + » 
18, Therefore by ſubtrafting 29m from «ach ; 
paiT of the | Equation , . » . . '$ 
19. Therefore by extrafting the ſquare Root out , 
of each part of the laſt Equation , the difference > 4 = 4/: bb — 2ww: (= AG.) 
of the leggs is made known, viz. - , » 
20, Therefore from 12? 1 5®, 18? and 19g®, the leggs ſhall be given ſeverally, 24x. 


$ AC = v/: Sbh | 200m: wi of: 3h — 40m : 
| $ CB = y:THh F im: — y: bh — mm: 
The Equation in 4 g® gives 


mm -|- 3aa ( = QO tAD.) 


mm | aa; ( = }AD.) 


SW NA WIL 


mm | 144 —a * of: mm Zaa: 


as = hh — 2mm, 


CANOM. 1, 


21. From the Square of the given Hypothen. wbtract the double Square of the given mean 

Proportional, iv the ſquare root of the remainder ſhall be che diffcrenceof the leggs ſought. 

The Equations in 20? give 
'— CANOMN 2. 

22, To and from the Square of half the given Hyporhenulal add and lubtract half che Square 
of the given mean Proportional , and reſerve the fumm and remainder ; then extract the 
ſquare Root out of the {aid ſugar and remainder ſeverally ; laſtly, the ſumm and difference” 
ot the {aid ſquare Roors (1a]] be the fides about the right angle of the Triangle ſought. 

' Noe. K the values of AC and 'CB (thelides about the right angle ) before expreſt 
in 20® be ſeverally ſquared, and the Univerſal ſquare Root extracted out of cach Product, 
there will come forth the Canon delivered in SetZ. 5 5. Probl 16. Chep. 5. for the Arithme- 
tical Reſvluion of ſuch ambiguous Biquadratick Equations as fall under the Form there 
expounded. | 

"un that che truch of the preceding Canons may more clearly appear, I ſhall propound 
and demonſtrate them in the form of Thorems, by a repetition of the ſteps of the toregoing 
Retoluttan, 

7SE DE | 

23. In a right-angled Triangle having unequal leggs about the right angle, the difference 
vf thoſe Rows 5 equal n. a right line whoſe Square is equal ro the exceſs whereby the 
Square of the Hyporhenuſal exceeds the double Square of a mean Proportional berween 


the {aid lepps, 
EY Pp | THEOR. ». 
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THEOR. 2. 

24. In a right-angled Triangle having unequal leggs about the right angle, the greater legg 
is equal to the ſumm of theſe two right lines, to wit,the right line whoſe Square is equal to 
the Square of half the Hypothenuſal rogether with half the Square of a mean Proportional 
between the leggs, and the right line whoſe Square is equal to the exceſs whereby the 
Square of half the Hypothenuſal exceeds half the Square of the ſaid mean. But the 
leſſer legg is equal to the difference of the ſaid two right lines. 


Suppeſ. 
25. ABC is a A 
right-angled at C, 
26, AC —- CB. 
27. CBGDis a ©; and 
ACD isa right line, 
therefore 
28 AD = AC + CB, A 
and AG= AC—CB, 
29. M isaright line, ſach, that 
Reg. demonſtr. 
30. Theor. 1. AG = OAB—20M: 
Ther. [a _ = #/:5O0AB+SOM: + /:EOAB—_EOM: 
CB = y:30AB+LOM: — :Z:DAB—EOM: 
Demonſtration, 
32. By Suppoſe. in 28%, . > AG= AC — CB, 


. Theretore the Square of that Equation, IY | 
Ho 2 19) been 6 DAG = nACþ+ oCB—2CAC,CB, 
OAC + oCB, 


34. By Swppoſ.in25* LT ACB is _), there- 2 OAB 
fore ( per prop. 47. Elem. 1.) . , . . 
35- Therefore trom 33* and 34*, ( per Ax. a OAG = OAB -. 2DIAC, CB, 
Chap. 284) f. .- + +. > > 
36. From 29®, ( per prop. 17. Elem. 6.) .> OM 
37. And conſequently, . . . . . ,> 2 OM 
38. Therefore from 35® and 37*, (per Ax. 6, IAG 
ET "> 
39. But the ſides of equal Squares are alſo 
equal , therefore from 38*, . . ; 
Which was Theor. 1. to be Dem. 
40. Again, becauſe by S»ppoſ. in 28®, AD is : 


M PN 


QoOAC,CE. 
2 (AAC,CB, 


OAB — 2 OM. 
AG = /:Qa AB — 2Q M: 


the ſumm, and AG the difference of the leggs 
AC and CB, therefore(perTheor.7,Chap.4.) 
41: And becauſe from 29* , ( per prop. 17. AN 
SIT - +.» » A > >> 'F OM = OAC,CS. 
42. And by taking 5 of allinz8%, . , .} ZOQAB — ZOM = £0 AG. 


hen ot nt (7h 44D = 2048 + 20K 


DIAD=OOAC,CB+igoAG 


4. But the ſides of equal Squares are alſo? + a & Io bd. 
Y equal, therefore from 43%, . . . AD = /:;DAB + OM: 
45. And for the like reaſon, 'tis manifeſt from OY 1 

he EO 42, that . . . «+ SAG = /:30AB.— 30M: 
46. Therefore , by taking the ſumm and difference of the Equations in 44* and 45* , theſe 
will ariſe, 


6 :zAD-þ3AG = :5O0AB+iFoOM: 4 y:ioAB—ioM: 
e ZAD—EAG = V:3 DAB+H;OM: — y:: cAB—EDoOM: 
47. And becauſe AD is the ſumm, and AG the difference of AC and CB, therefore 
( per Theor. 9. Chap. 4. ) 
AC=3AD + 3AG; and CB = ZAD — 4AG, 
48, There- 


ye 1 7 OLI IITE I 
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48. . Therefore from 46? and: 47*, ( per ex. 1. Chap. 2. ) | 
; AC = //ZO AB - EOM: + 0 AB — TOM: 
CB = /:4z0AB + $OM: — EO AB —EqM: 
Which was Theor, 2. to be Demonſtr, : 

In the next place, to the end-the Geometrical EffeRion of the foregoing Probl. 14; 
may meet with no obſtru&ion, I ſhall prove the truth of. the Determination annex'd to 
the Problem, by demonſtrating this following 

LE M M 4. 

49. In a right-angled Triangle, if the Square of a mean Proportional between the ſides 
about the right angle , ( that is, if the ReQangle of thoſe ſides) be applied to the Hy- 
pothenuſa] , the line thence ariſing ſhall ſometimes be equal to half the Hypothenuſal, and 
ſometimes leſs , but never greater than the ſaid half. 


The (ides about the right angle are either equal to one another, or elſe unequal ; 
I ſhall begin with with the firſt Caſe, 


Skppoſ. in Caſe 7. TP 
50. RST is a A right-angled at S, S | 
$1. RS = STÞ, 


52. M is a right line, ſuch, that 
53. RS - 0 $: 00. 


6 4 


þ 
54. + » Req. demonſtr, , , _— = RT. Rr 4 fs 


55. By ge AI I Rm 7 '- 
6. Therefore by drawing as a' common | 79 
, altitude into each part, QRSST=nAST = RS: 


57. Therefore »( = = 3, cy ) . ; 2 > 2DORSST=oOST+ARS. 
58, And becauſe by Suppoſ, in 50* X'S is mM | 
— ( pr —_— I,) wy ; «+. ORT= oO ST-HQRS. 
59. Therefore from 57* and 58*, (per Ax. 1. jos 
"Chap 2o ) Oo o py . * o , Ll * * . 2CORS,ST PERS - R T. 
60, And conſequently, « « » « . +» +> ' CORSST =S ART, 
61, But from 53*, ( per prop. 17. Elem. 6.) .> CQORSST =gM. 
62, Therefore from 60® and 61?, ( per Ax. I. OM =0 RT=ORTART: 
Cha , 2. ) o o » o * « OS. . - _- nes PYY, Wo 
63. Therefore from 62%, by Application of each} OM _ RT. 
parttoRT, . . . RT 


Which was Caſe 1. to be Dem, 
Suppoſ. in Caſe 2. . 
64. ABC is a A right-angled at C: 
65, AC © CB. 
66, M a right line, ſuch, that . . . AC . M 
[ See the Diagr. 5n the precedent Page, ] FL 
67. - - Req deviſe. oo > © » HR =D 2AB, 
Demonſtration. 
68. By the preceding Theor, 1. before demon» | 
Gene 2s evidens Ge . civics <6 20M > DAB. 
69. Therefore , by taking the half of each part, OM = 20 AB. 
it follows that . «- « - +» «© © o o« 
70, Therefore from 69?, by Application of ep: OM +AB, 
patt'to AB, > » « [= © AB. 
Which was Caſe 2. tobe. Dem, a 
71. Now becauſe inevery right-angled Triangle, the (ides aboutthe tight angle are ciher 
equal or unequal between themſelves, and it hath been demonſtrated, that when the 
ſaid (ides are equal to one another , the right line ariſing by the Square of a mean 
Ws "7" Proportional 


= 
Q 
oo 


» » » 


. yoo 


A _ 
— 
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' Proportional between the ſaid {ides-to the Hypothenufal 15 equa] to half the Hypothenuſal . 
but when the ſaid (ides are unequal , the ſaid right line 1s leſs than half the Hypothenuſa]. 
it is evident that the right line arifing by the ſaid Application can never be greater than 
half the' Hypothenuſal : Therefore the truth. of the Zemma is maniteſt , and conle- 
quently, the lines given in P7ob/. 1.4. muſt be ſubjeR to the Determination annex'd to it, 
that there may be a poſlibility of effecting the Problem, 


The Compoſition of the foregoing Probl. 14. 


| C.- | 
No —PÞ .\ 
a £ : \ P 
A = 


Stppoſ. 
72. H — the Hypothennſal of a right-angled Triangle is given. 
73. M = a mean Proportional between the ſides about the right angle is given. 


74+ qr not © 2H. ( Determination. ) 


Reg to find the Triangle. — 

| | "Conflrultion, 

75. By Probl. 2. Chap. 5. find a right line NO, ſuch , that its. Square may be equal 
09-20 H ++ OM, therefore ____ RP 

C54 | NO = 4:4oH + 20M: 

76. Byithe Determination, in 74*, - __ not = 3H; ſuppoſe:.then it be granted , or 
diſcovered by H and M given in numbers , that ON is leſs than ZH , and conle- 
quently , (by multiplying each part into H,) tht GM == QH, then it evidently 
tollows, that "tis poſhble (per Probl. 4. Chap. 5. ) to find out a right line O P, ſuch, that 
ts Square may be equal to *D H—zQO M, ſuppoſe therefore a9” 

L's 4 --j,OP = 4: O8 HEOM: 


4 


77. Make NP — NO-j-QP, then from the ConſtruQionin 7 5® and 76%, ris manifeſt that 


NP'= V:ZOH + ZOOM: -þ :*zODH —=DOM: : 

78. From NO cut of OQ = OP, which may be done, for 'tis evident by Conf. 
in 75* and 76*, that NO c>- OP, ſuppoſe therefore QQ = OP, then from 75? and 76* 
it follows that | 

NQ= NO —OP=—=yionH-+ 3$BM: — :OH —;o0M:. 

79. Make AC — NP, alſo CB = NQ,, and CB | AC, Hſtly, draw AB. 

Bo. | ay ABC is the tighr-angted Triangle required.” Now we muſt ſhew that it will 
ſitisfie the Problem. Firſt then by ConfftruQion in 79% CB_|_ AG, and conſequently 
the angle A QB js a right angle, But that the Hypothenuſal A B is equal to the given 
Hypothenuſal H, and thatthegiven right line M is a mean Proportional berween AC 
and "+ ( the lides about the right angle ,) the following Demonſtration will make 
maniteſt, E | | 


bt.  - . | iq. demorſtr. © c oY 2 - = __ Lo. CB. 
£ Demonſtration. 


82. By Corſir. in 775*, NP—=NO+OP. 


3. Therefore ( per Theor, 2. Chap. 4.) . . >. ONP = 3NO-+©OP-þ:EINO,OP. 
84. By Conſtr. in 78%, . - -> NQ=NO—OP. 


85. Theretore (per Theor. 5. Chap. " - « > ONQ = ©NO-+n0P—2CINO,0DP. 


86. -Therefore, by adding together the Equa- x BY 
tions in 832 and 85®, hy $105 1 £ ONP + ONQ = 2ONO -+ 200P. 
| Q 


27. And 


Chap. of Mathematical Reſolution and Compoſition. 3ZOL 


by And from the C in er 
gf nope ap oof. in 79%, (per prop. 47: '$ oONP -|-ONQ= o AC+ o CB. 
88. Theref fro Th nd 85* As 
Fray - ; m 86 IS? Oper * 16 2ONO -|- 2 DOP = CAC-[-QCB. 
89. But by Coxſtr. in 79®, << ACB i is i there- ; 
fore ( per prop. 47. Elem. 1. ) '8 + + +» DAB = QAC-HQCB. 
90, Therefore from 88% and 9's (per Ax 1. * Eee 
Chap. 2.) c ONO.þ+2cGOP = oAB. 
91, But from the C onſtr. in 1.750 and 769, (by ; 
adding together the double Squares of the E- 
quations there expreſt, ) tis evident that 
92. Feraragh from 90* and 91*, ( per Av. 1 
Chap. 2 
93- But the (ides of equal Squares are allo equal, 
therefore from 92*® 
94. Again, becauſe by Conſtr. in 77 and 78%," 
N P is the ſumm, and NQ the difference ot NO 
and OP, therefore (per 4 beor. 8. —_ 4: ) 
93. But from the Confer. m79%:. 
96. Therefore from 94 and 95, (; per Ax. 
Chap. 2. ) . * - To a 
97. By Conftr. in 75% tap £1 wh ZOanH--:OM=—= ONO. 
98. And by Conſtr. in 76*, iO H—;OM = GOP. 
99. And from 972, by ſubrraQing x 0'OP from? aw, +2 "IS 
each part, . F :OHT:OoM—-ocOP=qgNO-nOP. 
Ioo, And from 98*, by adding LoM toeach; :+OM-- cOP=<cH 
— 3 | I OPTI 
ior. Andby adding the * Equation in 100? to that n PTA 1 
—__ '& 40H--OM=ONO—00P-+ioH. 
102. And from 10+* R by ſubtraRting + OH REN by 
from each part , there wil! remain _. 'F, "0 Ot OO OO 
103. Butit hath been proved i in 96*, that. .. . > DAC,CB = ONO— GOP. 
104. Therefore from 102 and ey per dn] BAC, CB OP 
Chap. 2.) -» 7 os. 
IOF, Lherefore from 104* i (por prop 14 AC M:-re- of CB. 
mn} -- £24 Ml : vj h 
Which was to be Demonſtr. Thane that is, done which the Problem required. 


Note, The foregoing Problem is the ſame in effe& with this, viz. . The ſumm of the 
Squares and the Rong of two right lines being given ſeverally , to find out thoſe 


lines. 


2 NO -þ29O0P = oH. 


. 


{ OAB= non. 


AB = H. , Which wasto be Dem. 


CONP,NqQ=o0NO0-— o0P. 


DO.NP,NQ = CDAC,CB. 
"DAC, CB= ONO — nOP. 


——— 


Probl, * RX V. 


The Hypothenuſal and Area of a right-angled Triangle being given 
ſeverally , to find out the Triangle: But. the =: line ariſing by the 
Application ofthe double Area to the Hyporthenulal, muſt not be greater 


than half the Hypothenuſal. 


This Problem difers but little from the preceding 14®, for there, the ReQangle of the 
ſides abour the right angle, (that is, the double Area, ) and Hyporhenuſal are given g 
but here , half the ſaid ReQangle , ( that is, the Area of the right-angled Triangle ſought,) 


and the Hypothenuſal are given, 


Swppoſ. 
+ ABD is a A right-angled at TD. 
h 
c 


I 
?. þb = AB the Hypothenuſal 1s given, 
3. c = C a givenrightline, whoſe Square 1 is equal to A ABD, that is, C15 BD,DA. 


— 


Reg. to find out the Triangle, 
Reſo[u- 


- 
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AB = 16g | C = y5070 
BD = I56 | M =y10140 
AD = oP = 60 
DK — 60 
BK = 144 | 
KA = af 
| - Reſolution. 
4. Becauſe ( by prop. 41. Elem. 1. ) the Retangle of BD into DA is 
equal to the double Area of A ABD, therefore from 3® the ſaid > 2cc. 
Rectangle or oublc Arez B » -« © c. 0 + 2.4 + & » 
5, And out of 2* and 3*, (by Theor.r. in 23* of the foregoing Prob/.14. 
of this Chapt. ) the Square of the difference of the leggs about the > hh — 466; 
right angle: ſhall be . . | | OM 


6. And by adding 8cc, (to wit, four ReRangles of the leggs ,) to hb 

— 4ct , ( that is, the Square of the difference of the _ the ſumm(. ph 

of that Addition gives ( per Theor, 7. Chap. 4.) the Square of the( I- 466. 
TGC. O'WR,... -. - +. a. a + 6 8&6; 

7. And becauſe ( by Theor. 3. Chap. 4.) a quarter of the _ any | | 
whole right line is equal to the Square of the half , therefore from *c + hh + 6%. 
the Square of half the ſatnm of the leggs ſhall be , . .  .. prod 

$. And conſequently from 5*, half the ſumm of the leggs is . . .> y/:3#+cc: 

9. And from 5*, (by Theor. 3. Chap. 4. ) the Square of half the diffe- $ = zh, _ 
I fo od en SS sooa3 7. oe 

x0, And conſequently from 9*, half the difference of the leggs is . > v/:3hb—c: 

II. Therefore from 8* and 10*, (by Theor. g.Chap.4.) the legps ſhall be given ſeverally,viz, 

BD = 4}: 5hhb + &: + y/: 5hh — cc: 
DA = y/: bh + ca: — y: 2hh — cc: 
From 6* and 5* ariſeth 


202; eds Gn SEAS A 


THEOR. 1. 


12. In every right-angled Triangle having unequal fides about the right angle, the Square 
of the ſumm of thoſe ſides is equal ro the Square of the Hypothenuſal rogether with 
the quadruple of the Area : But the Square of the difference of the ſame ſides is equal 
to the excels whereby the Square of the Hypothenuſal exceeds the quadruple of the Area, 

The Equations in 11* give 

: THEOR. 2. 


13. In every tight-angled Triangle having unequal ſides about the right-angle, if to and 
from the Square of half the Hypothennſal "hs Area be added and ſabrracted ſeverally, 


and out of the ſuram and remainder ſeverally the ſquare Root be extraRted , the ſum 
and difference of thoſe ſquare Roots ſhall be equal to the ſides about the right angle. 


| The truth of the Determination annex'd to this Prob/, 15. hath already been demon- 
ſtrated ih rhe preceding Prob/. 14. and the reaſon thereof will appear in the following ; 
Conſtruaion. | 2 

The Compoſition of the foregoing Probl, 1 5. 
Suppoſ. 

14- AB = the Hypothenuſal of a right-angled Triangle is given. 

I5. C is a right line given, whoſe Square is equal to the Area of that Triangle. 
| both : | 
I6. = not = AB, 


Reg. to find the Triangle, 


Conſtra- 


” CAL; otbhins uti 
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Conftruttion, | 

17. This Problem might be effeRed according to the diretion of the foregoing Theorem 
in 13*, but more compendiouſly thus; Firſt, by Probl. 2. Chap. ay - a right 
line M, ſuch , that its Square may be equal to 2 0 C, therefore 

M = 4200. 

18. Then by Probl. 7. Chap. 5. letitbemadeas A Bio M, ſo Mto a third proportional 

line, ſuppoſe it to be the line P, therefore | 
A S .- = :: _ - 

19. Upon AB deſcribe the Semicircle F AD B. 

20, Make AGGLAB, alſo AG =P, and GL | AB, whichParallel GL ſhall 
neceſſarily either touch the Semicircle FAD B, or cut the ſame, for by Suppoſe in 16, 
——= not = 3 AB, and by Conſtr.in 17* and 18?, P is equal to = Js - therefore 

P is not greaterthan AB, ( — the Semidiameter FE.) But GL was before drawn 

parallel ro A B art the diſtance of the right line P, (— AG,) and therefore the ſaid 

Parallel ſhall either touch the Semicircle in E , or elſe cat the ſame. Suppoling then 

the Parallel G L to cut the Semicircle in D, draw the right lines AD and DB, fo ſhall 

ADB be the right-angled Triangle required. But now we muſt ſhew that ic will 

ſatisfie the Problem. 


21. Firſt then by Conſtrattion in 199, AB the Baſe of the Triangle ADB is that which 


in 14% was preſcribed for the Hypothenuſal of the right-angled Triangle ſought ; ſe- 
condly , by Coxſtr. in 19® and 20® the angle ADB 1s in the Semicircle FADB, and 
therefore 'tis a right angle, ( per prop. 31. Elem. 3. ) thirdly and laſtly , that the Area 
of the right-angled Triangle AD B is equal to the Square of the given right line C, 
the following Demonſtration will make manifeſt, 


Prepar. 


22, From the point. D in the Circumference , let fall D K perpendicular to the Dia- 
meter AB. 
23. o: \ Req. emo. ' . o' «© 3d » « « 's A ADP Oh 


Demonſtration. 


24- Ny Confer..in i, | < s  ©e Pp AB . M 1M ,2 
25. And from the Conftr, in 20* and 22*, (per 7: ae 
P= A0 = DE 
a {ne be}. | ” - » f. 508 . — 
26, [herefore from” 24* and 25?*, by taking 4 'Þ | 
inſtead of P, . R : : 2 OT AB . M :: M . DK. 
27. Therefore from 26*, ( per prop. 17. Elem. 6.) > I ABDK = OM. 
28, But by Con(tr. Oo > af ES «Pf - SOC = Od : 
29, — trom 27* and 28*, ( per Ax, " Q ABDK = 2 OC. 
30. And becauſe by Conſtr. <ADB is __y wy Laika 
fore ( per prop. 41. Elem. 1.) . « +» EY QABDK = 2AADB, 
31. Therefore .jrom 29* and 30*, ( per Ax. 1-4 , , app — _ 
Chap. 2. ) o = "IE. » 5 . - - » = RE ; 2 
32, 'Theretore from 31®, ( per Ax. 9. Chap.2.) > AADB = QC, 
Which was to be Demonſtr. Therefore the Problem is ſatisfied. 


Probl, X VI.. ( Prop. 164. Lib. 7. Pappi. ) 


A Parallelogram B A C D being given by Poſition, from a given point 

E in BD produced , to draw a right line EF to concurr with C A 
produced in F, .ſo as to make the Triangle FCG equal to the given 
Parallelogram B A CD. 
| Suppoſe 


TEL nA Sn ena hte net ee _ 
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Suppoſe 
1. B AC D is a Parallelogram given by Polition, 
2, E is a point piven in BD produced. 


3. 6 = AC =& BD is given. 
4, 4 = CD = AB is given. 
5. c ==. DE 6 given. 

Reg. ro find 


6. AF a right line to be added ro CA in a dire line, that E F being drawn, it may 


make A FCG — BACD. 


the _ FCG and FKE are equian- 
gular, ( per prop. 29. Elem. 1.) therefore 
{ per prop. 4. Elem. 6. ) theſe CCL 


— ws Vit « «© "4 
. By Canſtr. in 8, > #0 
12. And the: Problem 1 requires . 


Prepar. 
7, By the given point E draw EK || DC, and to concurr with A C produced in K, 


whence CK = DE, and EK = DC. 
$. Ler CD be continued ro N, ſo, that DN = DC, whence CN = 2 DC, and 


therefore & A CN = QAC, CD=B ACD, ( per prop. 41, Elem.1.) 
Reſolntion, 


9. Suppoſe that done which is required, and put > 
1c. Then becauſe by Conſty.imy* EK II DC, 


S 


13. Therefore from 11* and 12*, [mts 'N 


Chap. 2. ) 


14. And becauſe choſe equal Triang es ACN an 


about that angie ſhall be reciprocally Proper- 
Kage ( per prop. 13. Elem. 6. ) therefore 


- Therefere , by halving ihe AR: in 


ga ® laſt Analogy, . - 


16, But it hath been "GS bore in _ 


thar 


9% Therefore from 15% and 16®, (per prop. i, 


Elem. 5.) 


18. And bydonblingtherwolarer Terms, their 
Reaſon is not alter d , therefore . ', 


*P 
Pp 
FCG have a common angle F CN, the = 


39. Therefore from the laſt Analogy by Di: 


' viffon of Reaſon , 


2c, Theretore by comparing the ReQangle of 
the means to the Reangle of the extremes, 


: 


; 


a = FA. 


ES. . FS :: KB, OG 


AS) AA povt 


Dave 
abble . a+bwud. EE" 


A ACN = BACD, 
AFCG — BACD. 


AACN = AFCG. 
FP MM: NH ., CG 


a4-b > :: ad. ES, 
2 te-b-th . EE. 
'{ «+6+c TEL EE=== 
T ab>b+c . a-þb :: 3a+36 . 6. 
© abb]c. afbi ad . 


oc. ab : a—6 , 8. 


aa — bþ — 2bc. 


2% " *. 
PS SBI roo Rong pity 1k 


4 LARGER Lec was ll ie ec all _"_ oy TS TS y wht 
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21. Therefore by adding bb to each part, ., . . .> aa=bb-þ-2bc (=QFA.) 

wet 0p) ba — the "__ Root our of '2 += 7:06 

23- Again, from 3* and 5* reſpeR being had to the _ BRAS 
Diagram, TT 1 2 rs , BE(= BD+-DE)= be. 

24. Therefore by quaring each out, = « » «> OBE=bb-þccþ 2bc. 

25. And by ſubtracting o DE = cc from each part, . > OBE-ODE=bb--:bc. 

26, But from 21%, . . +> +» « « OFA=bbzbc. 

27. Therefore from 2 5 and 26®, (per Ax.1. Chap.2.) ? «» » « OFA=gBE—oDE. 

28, Therefore by extracting the ſquare Root out of} — = A=y:DBEZODE: 


A - ee a #1 «0 
The Equations in 21® and 27* do afford this 
THEORE AM. 


29. If FC]|BE,and AB|I| CD, and AFCG = BACD, then the Square of 
F A is equal to the Square of BD together with rwice the Rectangle of BD into DE. 
Moreover, the Square of F A is equal to the exceſs by which the Square of B E exceeds 
the Square of D E. 

Therefore BD and DE being given ſeverally, FA ſhall be given alſo, and conſequently 

EF may be drawn to ſolve the Problem propounded. 

But to manifeſt the truth of the ſaid Theorem, I ſhall form a Demonſtration thereof 
by a repetition of the ſteps of the preceding Reſolution in a dire& order, to which end, 
let reſpeRt be had to the Diagram, Suppoſe. and Prepar. at the beginning of the Problem, 


30. » « Req. demonſlr., . . . QFA= @ BD-þ2QBD,DE=oaBE—aDE 
| Demonſtration, 


31, Foraſmuch as AFKE and AFCG are 
equiangular, ( for by Contr. in 7*, EK FK . FC KE . CG. 
ll CD,) therefore ( "per prop. 4+ Elem. 6.) 

32. By Caf. in BY, $ 0 þ © - of & ACN = BAG 


IF And by Suppeſ. in 29%; «| ,« 4 + þ A FOG=: BAG 


34- Therefore from 32* and 33 , (pr A ACN = 4A FCG. 


Ax. 1. Chap.2,) +» 
35. And wm <FCN i is common to | 
thoſe equal Triangles AC Nand FCG, c FC. AC :: CN (or 2 CD) . CG 
therefore, ( per prop. 15. Elem. 6.) + | 
36. Therefore from 35*, by halving they zo ac .. cb (or KB) . CG 
Antecedents, . . '8 Ak: je: wm. TE 
37. Bur it hath been ſhewn in 311%, that » Fit - FC 2 "RR RR 


38. Therefore from 36® and 37*®, (pr rx# ,. FC 2: ae AC 
prop. 11. Elem. 5. 7 wa ; : 


005.908 us 5*, by doubling the wo2. pg, FC :: BC (or FA-|-AC) . zAC. 


40. And from 39®, by Diviſion of "Reaſon, CK . FC : FA—AC. 2AC. 

41. That is, (as is evident by the Dizeren dh DE 2m Tr _— :: FA—AC . 2BD. 

42. Therefore from 41*, ( per pro "916-6 ww. 
Peng beater of (PO. =DT7Wa 3} Apes 

43. Bur by Theor. 8. Chap. 4+ - + «+ $f AC} =DFA-DACCOBD.) 

44. Theretore from 42* and 43*, ( per 


Ax.1. Chap.2.) . .cOFA—-oBD=:QoOBD,DE. 
45- Therefore from 44, by adding o BD | 
to each part, . . . | # YI oO FA=a BD + 2 DOBD, DE. 


Which was to be Vina 


| 46. Again, becauſe by Smppoſition in 2% - BE = BD + DE. 


and by the Diagram , 


47. Therefore by ſquaring eachp part of char > 
Equation, (per Theor.z. Chap. 4.) « + o BE = QBD-+oODE-200 BD, DE, 
Qq | 48. And 
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eng? 0 mis OVER OBE—ODE= o BD-+- 2BD\E, 
. Therefore from 45* and 48*, ( per Be. 

Tad ©. Chap.2.) - +» oh . OFA=0 BE —oDE. 
Which was alſo to be Dem. Therefore the truth of the preceding Theorem is manifeſt, 


The Compoſition of the foregoing Probl, 16. 


" Bf A CK, 
bd : 
Ne } 
B | ; SE q LSE 
| dy Et <, M iN 
Suppoſ. 


50. BACD is a Prallelogram given by Poſition. 
FI. E is a point given in BD continued. 
52. . - Reg. todraw EF a right line, ſuch, that A FCG = BACD. 


Conſtrultion, | 
53. By Probl.g.Chap.. find a mean proportional line M between BD and BD-+2DE, 
therefore BD . M-:-M., 04 aDk | 


54. Produce CA to ſuch a point F, that AF may be equal to the line M, (to wit, the mean 
Proportional found out in 5 3?,) then draw a right line from-E to F , fo ſhall the Triangle 
FCG be equal to the Refangle BA CD, as was required ; the truth whereof will 
evidently appear by the following Demonſtration, form'd out of the foregoing Reſolution 
by a repetition of its ſteps in a backward (nor dire&) order. But by way of Prepa- 
ration, draw EK || and = DC, alſomake CN—2CD, draw AN, and produce 
FC toK. | 

SST. . - . : - -..-.-. a FCG = BACD. 


Demonſtration. : 


56. By Conftr. in 53* and 54%, .>} BD . M (orFA) : M . BD + 2DE. 
pou nn (pereeep. 7B S-) þ o FA'= O BD + 3 O BD,DE. 
58. Therefore from 57”, by fſub- ET : | 
trakting Q BD from each part , OFA—OBD= PE Re wk | 
59. But by Theor. 8. Chap.q. .} OFA— OAC(oBD) = OFF LAC | 
60. Therefore _ 58* and 59% _ 3c A- =? TIRE. | 
( per Ax. 1. Chap.2.) . . «+ | Wn = 2 | 
61. Therefore from 60* , ( per : : | 
Ss - : - "© DE(CK) . FA-4AC :: FA—AC . 2BD(zAC) | 
62. That is, as is evident by theg SAS AC — A 
_- . Lo 0 CG .0 i : 
63. Therefore from 62*, (by Com- | bh 
poſe of Reaſon,) . . ES FE . FS 2 FC(FA-|AC) 2 AS 
64. And from 63*, by halving up; =. "RT 


two latter Terms, 
65+ But 
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Ivy 


. Bur bec: | 
65- But becauſe A FKE and A FCG pe "we-e pl FK . FC :: KE(CD) . CG. 


EK || D C,) therefore, ( per prop. 4. Elem. 6. ) 
66, Therclore from 64? and 65*,(per prop.11.El.5.) > ZFC . AC :: CD . CG 


67. And from 66®, by doubling the Antecedents, . > FC . AC :: CN(zCD) . CG. 


68, And becauſe 7 FCN is common ro A FCG ; 
and A ACN, and it appears in 679, that the ſides{ EC 
about that common angle are reciprocally _ 7 G 
portional, therefore ( per prop. 15, Elem, 6.) . 

69. Bur by Confiv.in 8%, -, . | « 4 -. 6 % * BAC © 4a an. 

70. Theretore from 68® and 699, (by Ax.1.Ch2.)> A FCG = BACD. 


Which was to be Demonſtr. Therefore the Problem is ſatisfied. 


f 


A ACN. 


0 r—————_ —_—_—_— -———_ 


Probl. XV IT. , 


A Parallelogram B A C D being given by Poſition, from a given 
point E in B D produced, to draw a right line E F to meet with CA 
produced in F, that the Triangle FC G may have a given Reaſon to 
the Parallclogram BC AD , ſuppoſe as HD to BD. 


FT zA C | IA;©& 


F [A 
% 181 LEY 


Conſtruttion. 


I. By the point H draw HI }| BA or DC ( per prop.31. Elem. 1.) then by the laſt preceding 
Problem draw a right line E F;, ſo as to make the Triangle F C G equal to the Parallelo- 
gran HICD, foſhal AFCG be to BA CD as HD to BD, which was requi- 
red ; the truth whereof will be manifeſt by the following Demonſtration. 


2. . . « Reg. demonſtr. |» þ :» » oo A 30G, Ss 


Demonſtration. 


« Becauſe (per prop. 1. Elem 6.) . '.. . . . + HICD . BACD :: HD . BD, 

« And by Conſtr. SiS ane, > AFCG = HICA . 

. Therefore trom 3* and 4%, . «. « +» »- «* AFCG . BACD :: HD. BD. 
Which was to be Dem, 

After the ſame manner, from the given point E a right line may be drawn ſo as to make 

the Triangle F C G equal to a given Space, ſuppoſe the Square of the right line R, by 


RS ww 


ao 


making the Parallelogram HICD equal ro the Square of R, and A FCG = HICD : For, 


If by Conſfiraltion , .. . « . . - BICD = oR, 
And by Corſtr, . . c o. - HIGH AFCG. 


T hen it follows ( per Ax,r,) ha '. . $09 aR, 


Probl, X V LIL. ( Prop. 71. Lib. 7. Pappi.) 


A Square BA C D (whoſe fide 1s B or D C) being given, to draw 
a right line from the angle B, as B E,' that may ſo cut the fide D C, and 
concurr with the ſide A C produced towards L , that F E may be equal 


to a given right line R. 
Qq 2 _ _—_—_ 


— 
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C E "Wc, BD 


PR _ ence us a Mo: — HE —_ 60 t 
a} A \ | R—FE =— OI | 
yo [\ oe '65 

| ; © = 1x0 

B Lb] i DF —= HG =— - 

i H FC = 35 


R _ 4 
Prepar. 

t. Suppoſe that done which is required, viz. that BE is a right line ſo drawn from the 
angle B thatir cuts DC in F, and concurrs with AC producedin E, and makes F E 
equal to the given right line R. : 

2, Make EG I—E to BE, andlet BD becontinued until it concurr with EG 
in G, and from E let fall EH perpendicular to BG, whence it follows ( per prop. 


8, & 2. Elem. 6. ) that | | 
EX! | 
HE ( are like (that is, equiangular) right-angled Triangles , and therefore the 
HE { ſides about the equal angles are Proportionals, (per prop 4. Elem.s.) 
BDF | | 
. And becauſe the right-angled Triangles BDF and GHE arelike, and the ſide B D 
(= DC) in the one, is equal to the ſide HE in the other, and the angle BFD 
oppoſite to BD is equal to the angle G oppoſite to HE, therefore the remaining ſides: | 
of A BDF ſhall be alſo equal to the remaining ſides of A GHE, zz. each lide to | 
its correſpandent fide, ( per prop. 26. Elem. 1. ) therefore | 
BF = GE, and DF = HG, | 
Theſe things being premiſed , the Reſolution of the Problem may be formed thus : | 
Suppoſ. | | 
4 6b = BD = DC = HE is given. 
fs = FEj= R is given. 
Reſolution. 


6. For DG oa «, vir. fuppole . .  ., . 
7, And for BF (= GE) put e, v:z. ſuppoſe 
CZ IE, . « o o. © + © 
CT 9 - .- + . + +» 6.0 » « « 0+ 4= BE 

10. The Square of the Equation in 7* gives . . . «-Þ +. + + » ee=qBE. 

11. And the Square of the Equation in 8* gives , . .> bb--2ba+aa= DO BG. 

12. And the Square of the Equation in g® gives . . .P ee-2de+dd= OBE, 

3 3. Now becauſe by Confty. in 2®, the Triangle BEG is right-angled at E, and from 3*, 
oO BF —=OGE, therefore from 10®, 11, «2*, ( per prop. 47. Elem. 1. ) this Equation | 
ariſeth , v8. 

o' BG = OBE — QO GE (0 BF.) 
__- 14 No —_ F mer 

bh -|- 2ba + aa = eeÞ2ed+dd + ce. 

r4. And becauſe from2*, . . . . , . «. . «> ABEGand ABHE arelike. 

if. Theretore ( per prop. 4. Elem.6.) . . . . . .> BG. GE :: BE . EB. 

16, That 1s, in the letters of the Reſolution, . . . ,F b{4.e ::e+d. 6. 

L 7. —_ o ra being reduced to an Equation, gives F bb ba = ee+ed. 

18, An abtrackting the Equation in 17* from that 
in 13?, ( hy nance ng _” " =” Fl We” 's bai as = ee + ed-jaak 

I 9. —_ wag - ow in the laſt preceding Equation, 
there be taken ba, which in 17 appears to be equal 
ro ee-}- ed, then the Equation in Rr be nh to ba aa = bb -ba--dd. 
EE 4 »-- c. »- = a ©23 

p v4dagy oh by — y "m __ __ , _ $64. 6d 

21. Therefore by extrating the ſquare Root out of each | | 
part of the laſt Banaticn, © —— —— tw 


AB 
AB 
A G 
A 


Þ + +» +» G22 Dh 
. P LE» 2 2 e = BF =GE, 
+>. +» » S&+ea=BG. 
P 
- 


Hence 
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Hence this 


THEORE MA, 


22, The right line D G is equal to that right line whoſe Square is equal t the if f 
the Squares of BD and FE, Therefore if BD ( or TA ) and EL de ho Grande 
hr | _ is OTOR » by the help whereof the Problem may be effe&ed. 

is Theorem is demonſtrated in Prop, 71. of the 7 Book of Parpw's 
Collections, and the truth thereof is. alſa manifeſt by the foregoing rp ornaggarmo 


the Argumentation is clearly Geometrical as well as Al ical 
no need of any turther Demonſtration of the ſaid Tins e', ce COR 


The Compoſition of the foregoing Probl. 18. 


& 3 C E WEMET Ss ” BD = HE = 6» 

Ep M Kg = TL ax a0 

— BF = EG = 65 

B D H G | DG = 109 

| DF — HG — 25 

R Ks FC = 35 

P x a: DH = CE = 84 
Suppoſ. | 


23. BACD is a Square given, whoſe fide is BD or DC. 
24. R 1s a right line given, | BY 
To draw a right line from the. angle B , as BE, that may fo cut the 
25. © » Regs , ſide DC, and concurr with the (fide A C. produced towards L, that 
FE may beequal toa given right line R. » 
Conftruttion. 

26. By Probl. 2. Chap. 5. find a right line P, ſuch, that | 
Its Sr _ equa to 0 ate GR, therefore '$ P=:OBD+oR: 

27. To BD add the lineP, ſo, that BD and P may 
make a ſtraight line, as BDG, therefore _ . ; 's DG=P, and BG=BD-+P. 

28. -Upon BG deſcribe the Semicircle BKREG. 

29. Let AC be continued towards 'L, fo ſhall the line produced cut the Semicircle 
BKEG, I ſay cut it, not touch it, nor lye without itz for * BG is greater than BD 
or BA, as may be proved thus : | 

Becauſe by Confr. in 29%, fo © o, + » » o Di = EZ 

And by Conf; in 26%, 5: + þ o. < fo. 5 0 of 5 EE 

Therefore ( per Ax. 4. Chap. 2.) «- . «. « . . DG &- BD. 

And by adding BD to cachpatt, . . . «+ BD-+- DG & 2 BD, 

Bur by Confir. in 25%, . « © «» « + ', BD-þDG = BG. 

Therefore ( per Ax. 3. Chap.2.) . . « . . BG © 2BD, 

And conſequently, . . - - +» + «+» +» » FBG & BDorBA. 
* Which was to be proved. And therefore ACE, which is parallel to B G at the di- 
ſtance of B A (hall neceſſarily cut the Semicircle BREG in two points, as in K and E. 


30. Laſtly, draw the right line BE, fo ſhall F E be equal to the given right line R, 
as was required. But that FE = R, I demonſtrate thus , 
Jl. « « Req. demonſliy. . . > © ©. » ai an Wh 


Demonſtr atton. | 
33. By Canfty, in 36% » oo: oo o * -> OBDHOR=OP. 
33. And from the Conſtr. in 27%, . . . . oDG=—=AoP. 


- - OE DG = aBD4oFE. 
CBD+oFE— gBD--oR. 
#. © ® OFE = OR, 

« « « . FE=R 


34. Therefore ( per Ax. 1. Chap. 2.) « . » » 
35. But by the Theor. in 22* of this Problem, , 
36. Therefore from 34* and 35*, ( per Ax.1. Chap. 2. 
37. Andfcom 36*, by ſubtrating © BD from each part, 
38. Therefore, og tg , 
Which was to be Dem, 


* ? 3 » s 


29. Bur 


| — 
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39. But that F:: is the only right line that can be found equal to the given right line R 
and in ſuck 4 Poſition as the Problem requires, I ſhall demonſtrate in the next places to 
which end , let ſome other line belides BE, as BL, be drawn from B to concure with 
AC produced beyond E in L: Now if B L doth effect the Problem; then N L muſt 
be equalto FE; but NL ts greater than FE, as will be made manifeſt by the fol- 
lowing Demonſtration. | 


$I -6 Req. demonſtr. ESI © 2; - # 


RE > 2TAR 1 
B 


_— 
| m1 M 
: D H 


R —_ 
P 


— 


Demonſtration, 


41. Becauſe by Suppoſe « . . «© , © +» + + o> <WBAL is , 

42. Therefore ( per prop. 47. Elem.1.) . . - - .-> OBL = OBA þ gAL, 
.43. And in like manner, . .. , . . - + +» .-> OBE = OBA nar. 
44. By Swppoſ. in 39%, AL AE, and conſequently, .> DAL & og AE, 

45. Therefore from 42*,43* and 44*,(per Ax.4-Chap.z.) > O BL &- OBE. 

236. Ine Bom 45%, + + +» 0 ©» © « 50 BL © BE, 

47: Again, becauſe by Szppoſo . .  «. . , ->Þ WBDC i JJ. 


a BF = OBD-+ ODE. 


48. Therefore ( per prop. 47. Elem.1.) . «. . « » = 
 »> DBN = OBD-+noDN. 


49. And in like manner, . . . 


VYYVYYVYYYYYYYY 


go. And becauſe DF © DN, and conſequently, . > & DF &- QODN, 
5I. Therefore from 48*®, 49* and 50%, . , , , .> O BF © oBN. 
CEE 1%, - -... +» © +» «© © » BF © BN. 
CL, =, OST. BN — BE. 
54. And becauſe it hath been ſhewn in 46*®, that . . .> .BL © BE. 


55+ Therefore from 5 22,5 3*,54*, (per Ax-16. Chap.2.) > BL—BN & BE— BE. 

56. That is, ( as is evident by the Diagram,) , . .> NL & FE. | 
Which was to be Dem. And therefore B L will not effe& the Problem propounded. 

The like Demonſtration will hold good in comparing BE to any other right line that 
ſhall be drawn-from B to cut D C, and to concurr with A C produced, 

57. Here the Learner, may obſerve, that in reſolving a Problem by the Algebraick Arr, 
there may often-times be: found out various Equations ſo conſtituted , that every one of 
them may be capable. of ſolving the Problem , but the ſimpleſt of thoſe Equations is 
to be preferr'd before the reſt, and chiefly to be aim'd at, though for the moſt part 
*tis much harder to. þe: diſcovered than thoſe more compounded. As, in the foregoing 
Probl. 18. among various Equations that may be found out to ſolve the ſame, that 
in 21* at the end of the preceding Reſolution is the ſimpleſt. But who would think, 
that the way to ſolve that Problem is to ſearch out the quantity of the line DG, and 
not rather of one of theſe lines, to wit, BE, BF, AE, CE, DF ? for by any one of theſe 
lines, from the conlideration of the like righr-angled Triangles BAE, FCE, BDF we 
may come to an Equation more ealily than by the line D G, but the Geometrical Cov- 
ſtrution of ſuch Equation will be much harder than that of the Equation whereby D G 
is before diſcovered: And becauſe the Equation reſulting upon the ſearch of any of the 
ſaid five lines, to wit, BF, BE AE, CE, DF falls under a higher Form than any of 
the Equations expounded in this Book, I ſhall referr the more curious Reader for fatiſ- 
faQtion concerning the ſame , to Pap. $2, 83, 84 of Renatus des Cartes's Geometry , ſet 
torth by Fras. van Schooten in 165 9..yet I ſhall here ſhew how the quantities of thoſe 
five lines before mentioned are-alſo deducible from the preceding Reſolution. 

Firſt rhen, the ſame things being ſuppoſed as before, draw EG, and make EH L BG; 


then let the Equations in the preceding 17% and 21% ſteps be here repeated , 93z. 
58, Ut 


WMS — arent waiks WIR . F TT 2 
= RATON COLI Ld . » 3 
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58. Ir hath been ſhewn in 17%, that . . . . . > bb--ba = ee-bed. 

59. And H 2 mat . « -. ©» ec : e#® @& y: bb 4- ad: 

60. Therefore if 4/: bb-|-dd : inſtead of 4 be drawn 
into þ, the Equation in 58% will be reduced to this, > bb 4 6b y/: bb +- dd : = ee + ed. 
VERS. . #8 . 6 "i . 8 . . 

61. Which laſt Equation may be reduced into theſe ; Rp 
three Proportionals , Viz «© « » Þþ » 34: » e 6-1-d, v/: bb-t-by/0-Mdd, e=>. 

62. Of which three Proportionals, the mean, to wit , y/: bb + b/bb + da: is given, as 
alſo d the difference of the extremes e-}- d and e, therefore the extremes ſhall be given 
ſeverally , by the Theor: in 24* of Probl. 12, Chap. 5, viz. : 


y/: £'dd -- bb + bybb + dd: — *d = e = BE. 


y: 2dd + bb + bybb + dd: + id = e + d = BE, 

63. And becauſe EH (= DC = DB) isa mean Proportional between BH and HG, 
whoſe ſumm is BG; which mean and ſumm of the extremes are repreſented in the 
preceding Reſolution by þ andþ +4, whereof þ is given in 4*, and 4 in 21*, for 
"tis there found equal to 4/: 65 4- ad: and conſequently b+a=b+ y/: bb + ad: there- 
fore by the help of the ſaid given mean b, and the ſaid given ſumm of the extremes, 
to wit, þ-|- y/: bb -j- dd: the extremes BH(=— AE) and HG (= DF) ſtall be 
given ſeverally by the Theor. in 21® of Probl. 13. Chap. 5. viz. | 

£þ þ- y/: 266 + Edd: + y: 2dd — £bb + 364/bb + dd: = BH = AE. 
Eb {- y/:2bb + Ladd: — y: 3dd — bb + £64/bb + dd: = HG = DE. 

64. And becauſe CE = DH = BH — BD, and BH and BD aregiven as before, 

therefore CE(= DH) isgivenalſo, viz. 
vi 5 bb += 4dd: +4: dd — $bb + 3b4/6b + dd: — 4 = CE. 
Laſtly, for the better illuſtration of the premiſſes, I have calculated whole Numbers 


( placed near the Diagram) to expreſs the Quantities of all the Right lines given and ſought 
in this Probl. 18, 


eA LEMMA, leading zo the following Probl. 19. 


If in any oblique-angled plain Triangle, any one of the three (ides be called the Baſe, and 
the other wo the leggs; Then, as the Radius, (or total Sine,) is to the Sine complement 
of the angle contain'd under the leggs ;. ſo is the double ReQangle of the leggs , to the diffe- 
rence between the ſumm of the Squares of the leggs , and the Square of the Baſe. 


E | E 
A O T1 O "= — 


Suppoſ. 


Lt > the Baſe, . ; 
| _ hd * gage ; e of the oblique-angled Triangle AE1. 
. <A (thatis, <E AT) is contain'd under the leggs AE, AI. 

DL AL 

. R = the Radius, or total Sine. : | 

. Sc. <A = the Sine complement of the Angle A, (or QE AI) thatis, the Sine 


of the angle AEO. 
: Reg. demonſtr. | 
$ If <CA be acute, then, R . Sc. TA : 2 CAEAI . oOAE-+o AI—OGEL 


QO nt WW HH - 


Sq 


If <Abeobtuſe, then, R. Sc, QA :; 2CIAEALI ., QEI —=OAE—gAL 
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Demonſtration. 


8, By a vulgar Axiom in the as: 6 R.. S<R-3$2 AE . AQ. 


arine of plain Triangles, . . 


Ant be OF R. Sth 3 BABA. O00, Al 


10. And by doubling the two m_ Fg 
Soaring ME jo + R . Sc,<A :: 2CTAEAL . 2CDAO,AI, 
11. And becauſe by Suppoſtzor in 
Caſe 1. << A is acute, err: OAE-þo AI—QgGEI = 2 QAO, AI, 
( per prop. 5 Fm 2.) : 6X 
12, Theretore , from 10* and 11*, v : 
by exchanging equal quantitles, C R . SCA t 2MAKAT ; BAE4OAI-DEI, 
Which was to be Dem, | 


13. But when <A is obtuſe, then wy 4 
(per prop. 12. Elem. 2.) OP 's oc Etl— ge AE— OAI = 2 MAO, AI, 


14. Therefore from 10* and 13? * | 
by exchanging equal quantities , 'F R . Sc. <H 3 2DDAEAI : OEI-DAE—BAI 
Which was alſo to be Dem. Therefore the truth of the Lemma is manifeſt, Hence this 
COROLLARY. 


I5. If in an oblique-angled plain Triangle the three ſides be given ſeverally , the angles 
ſhall alſo be given ſeverally, without the help of the Perpendicular ; for if the (ide oppo- 
ſite to an angle ſought be called the Baſe, and the other two (ides the leggs ; then as the 
double ReRangle of the leggs is to the difference between the ſumm of the Squares of 
the leggs and the Square of the Baſe; ſo is the Radius to the Sine complement of the 
angle oppolire tothe Baſe. Which angle is acute when the Square of the Baſe is leſs than 
the ſumm of the Squares of the leggs ; but obtuſe when greater, 


An Example in Numbers , where the ſumm of the Squares of the leggs 
exceeds the Square of the Baſe. 


Suppoſe in A AEC. | C 
16. AC = 7, the Baſe is given. : 
( bp” +: J I* C the legys are given. F: —_- =” ad} 
Reg. to find LE. ; — E 
Solntion Arithmetical. 


19. By the preceding Corollary; As 48 the double ReRangle of the leggs, A E, EC, 
is to 24 the exceſs of the ſumm of the Squares of the leggs above the Square of the 
BaleAC; Sois 100000 the Radius , ro 50000 the Sine of 30. degrees, Whoſe com- 
plement 60, degrees is the meaſure of the angle E ſought. | 


An Example in Numbers , where the Square of the Baſe exceeds the ſumm 
of the Squares of the leggs, 
Suppoſ. mn A ABC. 
20, AC = 7, the Baſe is given. 
racy p— T 4 $ the leggs are given, 
Reg. to find ABC. 
Solution Arithmetical. 


23. By the preceding Corollary , As 3o, the double ReQangle of the leggs, A B, BC, 
ist0 15, theexceſs of the Square of the Baſe above the ſumm of the Squares of the leggs ; 
So is 100000 the Radius, to 50000 the Sine of 30, degrees , whoſe complement 
60. degrees ſubtrafted from 1 80. degrees, leaves 1 20. degrees for the angle ABC ſought. 


Note. Becauſe in this ſecond Example the Square of the Baſe exceeds the ſuram of the 
Squares of the leggs , the angle ſought is obtuſe ; and therefore the complement of the 
angle relating to the Sine which is the fourth Proportional of the before-mentioned Analogy, 


being ſubtracted from 180, degrees, leaves the angle ſought, But when the ſumm - 
| the 


YO OT Nr a aeY REI 
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the Squares of the leggs exceeds the Square of the Baſe ; then the complement it ſelf of the 
angle relating to the (aid Sine ( or fourth Proportional ) is the angle ſought ; as in the 
tirſt Example. | 


them — 


Probl, X IX. 


The Bale (thatis, any ſide ) of a plain Triangle being given, as alſo 
the angle oppoſite to the Bale, and the ſumm of the ſides (or leggs) con- 
taining that angle, to 'find the Triangle. But the given ſumm of the 
leggs mult exceed the given Baſe, (per prop. 22. Elers. 1.) 


Note. Becauſe in this Problem the given angle is not of the ſame kind with the right 
lines given , a right line is to be found out, by the help of that angle, which may ſtand 
inſtead of the angle: To which end, let a Gircle be deſcribed at any diſtance, and make 
' an angle at the Center equal to the given angle, then from one end of that arch of the Cir- 
cumference which is the meaſure of the ſaid angle at the Center, let fall a Perpendicular 
upon a Diameter drawn to the other end of the ſaid arch , ſo is the ſaid Perpendicular the 
Sine of the given angle, and the ſegment of the Diameter between the foot of the ſame 
Perpendicular and the Center of the Circle is the Sine-complement of the given angle. 
Now inſtead of the given angle the ſaid Sine-complement may be taken, by the help 
whereof, and of the Radius ( or Semidiameter ) of the ſaid Circle, the Reſolution of the 
Problem propounded may be formed in manner following. | 

The Problem hath three Caſes , for the given angle oppolite to the Baſe given is eicher 

- right, or acute, or obtuſe ; the firſt of thoſe Caſes hath already been ſolved in Probl 4. of this 

Chaps. I ſhall therefore begin with the ſecond Caſe , which ſuppoſeth the given angle 
ro be acute, and the leggs eontaining that angle to be unequal. : 


C AC = 7 
ay = 
AB — : - 
<.E = 60 degrees. 
- = <ABC = 120 degrees, 
A Ev 
Suppoſe | - 
t.b = AC the Baſeof A ACE 1s given. 
ze = AE-þEC the ſumm of the leggs is. given. 
3- <CE oppolite to the Baſe A C is acute, and given 
4. r = the Radius (or total Sine) 1s gwen. 
5- d — the Sine-complement of < E is given. 


Reg. to find out the Triangle. | 
Reſolnmtion, 


6. Suppoſe A CE to be the A ſought, and put 4 for the difference = Wo” 
of the leggs AE, EC; viz. —_ Ss 8 4=AE — EC, 
7. Therefore from 2* and 6* , ( per Theor. g. Chap. 4.) the greater 2 bebo hein 
leps ſhall be '. » + 0 on ef » > . 6 o_ Rp 6 
8. And (by the ſame Theor. ) the leſſer legg ſhall be . . . . > 46 —74 = EC, 
9. Therefore the double Product of the leggs is « . + +» + > $66 — J4a. 
10. And th (umm of the Squares of the leggs is . « .« +» «> 36+ 248, 
11, And becauſe the given angle E is acute, the ſumm of the Squares / 
of the leggs exceeds the Square of the Baſe , (' per prop. 13. Elem.2. )> $60 4-244 — bb, 
therefore Zcc -- £44 exceeds bb, and the exceſs it ſelf 1s . 


z 


12, and from 4*, 5*, 9* and 11®, this Analogy is manifeſt, (by the Lemma prefixt before 
his Probl. ) VIZ. | | 
OT yo. 4 tt: YC —tan , Ecco jan—bh. 
13. Therefore from that Analogy , by Compoſition of Reaſon converſe , 
pbod oe 7 3 Cmnbb , HC —744. 
Rr | 14. And 


aw 
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14. And by doubling the two Jaiter Terms of the laſt Analogy , 
roland vr tt 200 —26b . 'ce—aa. 


Hence CANON 1. 


15. When the given angle is acute , let jt be made, as the ſuram of the Radius and the Sine- 
complement of the given angle is to the Radius, fo the excels by which the double Square 
of the given ſumm of the leggs exceeds rhe double Square of the Baſe, to a fourth Pro- 
parpon Then ſubtraR that fourth Proportional trom the Square of the ſurmm of the 
B85 » and the ſquare Root of the remainder ſhall be the difference of the leggs ſought. 
Laſtly, the ſumm, as alſo the difference of the leggs being given , the legps ſhall be given 
ſeverally by Theor. 9. Chap. 4. A | 

16, But when the given'angle. is obtuſe, then the Square of the Baſe exceeds the ſumm 
of the. Squares of the .leggs, ( per prop. 12. Elem. 2. ) In which Caſe, *cc + Zaa in 
the 16") ſtep muſt be ſubtracted from bb the Square of the Baſe, and the remainder will 
be bb — Ze — Zaa, ſoinſtead of the Analogy in the 13” ep, this ariſcth , 

” ..d :: He —tas bb — 3c — aa, 

17. And becauſe » © 4, (for the Radius or total Sine is greater than any other Sine,) 
therefore from the laſt preceding Analogy , by Converſion of Reaſon, | 

| ” . rod 2; Lec — $48 «© — Ob. 

18, Therefore inverſly, 

y—d . rn 3: GG —bb . Teo — as. 
19, And by doubling the two latter Terms of the laſt Analogy, 


fd . r 5; 20C—26b , CC Ute 


Hence CANON 2. 


20. When the given angle is obtuſe, let it be made, As the exceſs by which the Radius 
exceeds the Sine-complement of the given angle is to the Radius ; So the exceſs by which 
the double Square of the given ſumm of the leggs exceeds the double Square of the Baſe , 
to a fourth Proportional... Then ſubtract that fourth Proportional from the Square of the 
ſumm of the leggs ; and the ſquare Root of the remainder ſhall be the difference of the 
leggs ſought, Tafily, from the ſumm and difference of the leggs , the leggs ſhall be 
given ſcverally , by Theor. 9g. Chap. 4. | 

From the preceding Canons in 15* and 20® this following Theorem is deducible , and 
eaſie ro be demonſtrated by the ſteps of the foregoing Reſolution in a dire& order , viz, 
by proceeding from the beginning to the end of the Reſolution. 


THEORE A. 


21. If any one of the three fides of an oblique-angled plain Triangle be called the Baſe, 
and the other two [ides (or leggs) be unequal, then the exceſs of the double Square of the 
ſumm of the leggs above the double Square of the Baſe, ſhall be to the exceſs of the Square 
of the ſumm of the leggs above the Square of their difference , as the ſumm of the Radius 
and Sine-complement of the angle oppoſite to the Baſe is to the Radius , when the ſaid 
angle is acute , bur as the exceſs of the Radius above the ſaid Sine-complement is to 

. the Radius, when the ſaid angle is obtuſe. 


The Compoſition of the foregoing Probl, 19. when the given angle zs acute. 
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Suppoſ. 
22, B = the Baſe of a Triangle is given. 
—= the ſumm of the leggs is given. 
24. C © B. ( Determinatson. ) 
25, < E = to the angle oppoſite to the Baſe is acute, and- given. 
26, R — the Radius or Semidiameter of a Circle is given. 
z7. D = the Sine-complement of the angle E, where the Radius is equal to the line R, 


Req. to make the Triangle. 
Conſftruftion. 


28, Find a right line H that may be equal to RD. 

29. By Probl. 4. Chap. 5. find a right line K , ſuch, that irs Square may be equal to 2QC 
| — 2.9 B, whicheffeQion is pollible, for by Suppoſttion CB , therefore 
Ok=2OC-—20o B. 

30. By Probl. 11. Chap. 5. let itbemadeas H to R, ſo QK to another Square, whoſe 

{ide ſuppoſe to be found F, therefore : | 
nn... AS << 205 
\ That is, in 14% + 1d #733: 200— 268 «©: cm db 

31. Find a right line G, ſuch, that its Square may be equal ogC —AF, which 
efte&ion is poſſible if C © F; but that C is greater than'F, I prove thus , 

By the Theorem in the preceding 2 1® ſtep, © F the laſt Term of the Analogy in 36* 
is cqual to the exceſs of 175 C above the Square of the difference 'of the leggs, theretore 
QC =9oF -þ the Square of the ſaid difference , whence 'tis manifeſt that @ C — © F, 
and conſequently C &- F, therefore *tis poſſible to find a right line G, ſach, thar 

oOG=aoacCc—poF(=uas) 
Thus far the ConſtruRion hath been made according to the dire&ion of Canon 1. 

52, Now let a Triangle be made of theſe thfee right lines, to wit, B;, 4C -þ-£G, and 
4C—+iG, which cffeion is poſſible-( per prop. 22. Elem. 1.) if CG, and the 
{umm of every two of thoſe three lines be greater than the third , but theſe things may 
be made manifeſt thus , | 
Firſt, it hath been proved in 31* that CG, and conſequently 4C — £G ( one of 

the above-mentioned three lines,) 15 greater than nothing , and therefore equal ro ſome real 

right line. 
cabs, it is manifeſt that the ſumm of B and ZC + 4G is greater than £C — £G. 
Thirdly , the ſumum of 3C 3G and 5C — 5G makes C, which by Suppoſition is 
greater than B. | 
Fourthly, that the ſumm of B and 4C — £G- is greater than 3C 43G, that is, 

'B&- G, 1 prove thusz 
By Conf. in 30%, + . j. « «bd Ea 85 oaKk : oF. 
"Thar is, 4s appears by Conftr. in 28% > RED, R :: 2O0C—20B . OC-0G, 

29” andi31%, =o; eo; ©. 4 , _AG— | 
Aw ot dy Diviſion of Reaſon, . D . R :: aC+oaG-:OB . QC-QG. 

Z | R .D :: OC-cG. OC+oG- 208. 


And ioverſly;,”*' fo! oo HR Þ 
But R - D, therefore from the laſt , | 
+ aC—06=aC+ 0G —208 
& oOCCoOc--:0G —2:20B, 
P 
4 
> 


preceding Analogy , ( per Schol prop. 14+ 
2 OB EoOCcCcoOC+2:0G. 


ENT.) » «<<: TTY 
And by adding 9 G to each part, 
20B © 2 OG. 


And by adding 2 Q B to each part, 
And by ſubtracting QC from each part, 
And by halvingeach part, .. . . -.-5 DB OG. . 
Thaekre , -. fo & of as B — G, Which was to be Dem. 


33. Now lince it hath been ſhewn that the fumm of every two of thele three right lines, 
B, 4C-+ZG, and :C —ZG, is greater than the third , 'tis poſſible ro make a Tri- 
angle of thoſe three lines ; ſuppoſe it therefore done, and that the Triangle ſo made is 
M OP, and that MP is equalio B, MO—7;C+4G, and OP=4C—EG, then 
(hall MOP be the Triangle required. Now we mult ſhew that it will fatisfie the 
Problem. Firſt then by Conſtrattion, MP = B the given Baſe, likewiſe by Conftr. 
| Rr 2 MO -+ OP 


—c - — —— 
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MO -|- OP = C the line preſcribed for the ſuram of the leggs ; ir remains only 
to prove that the angle MOP is equal to the given angle E ; bur that will be made 
maniteſt by.the following Demonſtration , which is formed out of the ſteps of the fore. 
going Reſolutinn , by returning backwards from the 14" ſtep to the 115, 

Prepar. 


See the laſs 34. From the "i O, at the diſtance of OP, deſcribe the Circle OPRN S, and 
preceding and produce MO to N in the Circumference z therefore MN — MO -+ OP (ON) 


a 


Diagram, = C,and RM = OM — OP (OR) = G; 
35 EF Reg. demonſtr. " - ” "RE < MOP —_— <E 
Panefracies 


36. By Conftr. in 30%, . . .F ' H , Rug OK . oF. 
37. Theretore from 36*,2 8,299, 

31% by — _ 456 RD .R :: 20C—2DB.. nC-gG. 

rities, 

Thar is, in 14 I” . ;> rpÞd ent 20— 2606 ., cm aa, 
$6. dofoyeby Cx Coyſtr. "33"? > MN =©t Es. nnk—o 


39. Therefore from 3 37 "and 385, 4 
by exchanging equal quantities 'F RD. R :: 2DMN—2OMP . OMN-oMR, 


40. And by halving the two ater 2 R-{-D . R :: OMN—EMP . zO1MN—2OMR 
TS +» ©. oo a= 2 2 p 
That is, in/13*, . « ob r+d cr 1 oo—bb.. ee Lan. 

41, Therefore from 40®, by Diviſion of Reaſon, ; 

D R :: SOMN + ZOaMR— OMP. ;zOMN —<OQMR. 


» | 42. Therefore inverſly , 
R D :;: ZOMN — ZOMR . z2OMN+o2 OMR — OMP. 
That is , on, . » ob y . d._ = "IC Tas . Leela mbb, 


43- ns becauſe by Theor. 7. *£ 2DI0M,OP = 4OMN — *QMR. 


Chap. 
44. And by Theor, 6. Chap. 4: e DHOM .-þ GOP = 4G MN + £ZQO MR. 
45. Therefore from 42,4 30,44 He = 

by exchanging equal gs 6 R . D :: 2QIOM,OP . COM-COP—OMP, 
46. By the laſt Term of the laſt 

preceding octogy 'tis evident> GOM + DOP & a MP. 

mart of © 
47- Therefore in A MOP, ( per . ; 

SIS 2761 (by th + <—_ CDOM,OP 

48 eretore in AMOP, (by the . = 1D. 

L emma _ before this Prob/. & Rad. SCOmpentMOoP :: $00M400P-oMe 
49. Therefore from 45® and 489, = *y © MOP. 
(per prop. 11. Elem. 5.) - R , ©: 35; nk Om O 

50. But . + 2 5,9ojgt and 27 F; R . D :: Rad, Sin. comp. WE. 
51. Therefore from 49® and 509, p | EE. 
( per prop. 11. Elem. 5.) '& Rad. Sin. comp. <MOP :: Rad. Sin. comp, < 
F2. us 1 6 ni .14.E1.5.) > Sin, comp. © M OP = Sin. comp. LE. 
53. Theretore from 51* and 52 * Fat 
(per prop 28. Elem. 3.) . <MOP = WE. Which was tobe Dem. 
After the ſame manner, the third Caſe of Probl. 19. ( viz, when the given angle 1s 
obtuſe,) may be Geomerrically efteed and demonſtrated. 


Examples in Numbers , to illuſtrate the foregoing Reſolution of Probl. 19. 
| | Example 1. where the given angle is acute. 


Smuppoſ. m A AEC, 
- - - AC= 7, the Baſeis given, 
$5. __ the ſumm of the leggs is given. | 
. <WE=60 deprecs is given, A — 
Reg. to find AE and EC ſeverally, | DP 
| Solation 


C 


5 . 4 "OS TV Eh ed Bos ES, 
at 


'57- Suppoſe the Radius of a Circle to be . . .' 


Chap. 4+) the leggs themſelves, towit, AB and B C ſhall be 5 and 3. 
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Soletion Arithmetical. 
| © + © +» «> 100000, 

58. Then the Sine-complement of the given angle E, 60. degrees, that is, 
the Sine of 3o. degrees, is . + 


Tn « $9009. 
59. Therefore the ſumm of the Radins and that Sine-complement is .,5 150000. 


' 60. Then ( by Caro r. inthe preceding 15% ſtep,) As the ſaid ſumm 150000 is to the 


Radius 100000 ; So is 1.44,(the exceſs whereby 242 the double Squate of 1 1 the given 
ſumm of the leggs exceeds 98 the double Square of the given Baſe 7, ) to a fourth 
Proportional 96 , which. ſubtracted from 121 the Square of the given ſumm of the 
leggs, leaves 25 , whoſe ſquare Root 5 is the difference of the leggs : Therefore 
(per Theor. 9, (hap.q.) the leggs themſelves, to wit, AE and EC (hall be 8 and 3. 


Example 2. where the given Avgle # obtuſe, 


Swppoſ. in A ABC. 
he « +» BE 7 , the Baſe is given. 
8, the ſumm of the leggs ts given. 
63, . WABC = 120 degrees is-given. 
Reg. to find A B and BC leverally. 
Solution Arithmetical. 


64. Suppoſe the Radius of a Circle ro be , . .'. . . . +» + 5 100000, 
65. Then the Sine-complement of the given angle ABC 120. degrees, | 
that is, the Sine of Zo, degrees, is. . « . + «+ +» + » c FORO 
66. Theretore the exceſs of the Radius above the Sine-complent is , .> 50000. 
67. Then (by Cam 2. in the preceding 2c ſtep,) As the ſaid exceſs 50000 is to the Ra- 
dins 100000, Sois 3o (the exceſs whereby 128 the double Square of 8 the given ſumm 
of the leggs exceeds 98 the double _ of the given Baſe 7 ,) to a fourth Proportio- 
nal 60g which ſubtraRted from 64 the Square of the given ſumm of the lepgs, leaves 4, - 
whoſe ſquare Root 2 is the difference of the leggs ſought : Therefore ( per Theor. 9. 


&y 
_ 
o 
+ 
(ws 
QO 
i (0 


—_ 


Probl, X Xs 
The Baſe of a plain Triangle being given, as alſo the angle oppo- 
ſite to the Baſe, and the difference of the ſides (or leggs) concntag 
angle, to find the Triangle. But the given Baſe muſt be greater than 
the given difference, 


AC = 7 
AE 8 
EC= 3 = BC 
AB = Sg 
<LE = 60 degrees 
<CABC = 120 degrees. 
A< 
Swppoſ- 


I. b = AC theBaſe of A ACE is given, _ 
2. c = AE — EC the difference of the leggs 1s given. 
3. <E oppoſite to the Baſe A C is acute , and glven. 
4. r — the Radius ( or total Sine) ts given. 
5. 4 = the Sine-complement of -< E is given, 
Reg. to find AE and EC ſeverally, 
Reſolutian. 


6. For the ſumm of the leggs A E and EC, put a2. , _ ap 446 
vis, Tapphſe. 1. - o ©3008 

7. Then out of 19,2*,4%,5® and 6*,(by the T heor, 
in 21® of the foregoing Probl, 1g.) this follow- 
ing Analogy will ariſe, . « « +» + + «© 


p 
F 


rd. rv i; 244—26h , a4—cc 
$, Therefore 
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. 27 1: 244-2bb , 2aa—2cc. 


3. Therefore by doubling the Conſequents , ; 1 
(per Sehol. Clavil in prop. 22. Elem. 5.) '$ "M 
9. And by halving each of the two Jatter Terms, Þ r4d . 27 :: aa—tb . aa—c 
SE of - > - i oF ot a—s, 4s — bs. 
11. Therefore by Converſion and Inverſion of £ Fo” i WE . 
EEE BS of 9 20 +: © © 7» Sr. 8 ene... 


Hence CANON 1. 


12, When the given angle is acute, let it be made, As the exceſs of the Radius above the 
Sine-complement of that angle, 1s to the double Radius; So the exceſs of the Square 
of the given Baſe above the Square of the given difference of the leggs, to a fourth 
Proportional : Then to that fourth Proportional add the Square ot'ithe difference of 
the leggs, and the ſquare Root of the ſumm ſhall be the ſumm of the leggs ſought. 
Laſtly , the ſumm, as alſo the difference of the leggs being given , the leggs iliall be given 
ſeverally, by Theor. 9. Chap. 4. 

13. But when the given angle is obtuſe, then by 5 
the Theorem in 21* of the preceding Prob/. 20. rd. vr :: 2aR-2bb , aa-cc, 
this Analogy willariſe, . . . . . . 

14. Therefore by doubling the Conſequents, .> r—d . 2x :: 24a—2bb , 2aa—2cc. 

- T5. And by halving each of the two latter Terms, > ' 7—d , 2r :: aa—bb . aacc. 

16. Theretgremrerlly, .-. 0 - - +» > 2 f=d 2: 446—cc., as—bb. 

17. Therefore by Converſion and Inverſion of e Ort... oe 
EE i + + ©: +» > ; 


Hence CANON 2. 


13. When the given angle is obtuſe, let it bemade, As the ſumm of the Radius and 
Sine-complement of that angle, is to the double Radius z So the exceſs of the Square 


of the given Baſe above the Square of the given difference of the leggs to a fourth Pro- - 


portional : Then to that fourth Proportional add the Square of the difference of the 

leggs, and the ſquare Root of the ſumm ſhall be the ſumm of the leggs ſought. Laſtly , 

the ſurmm and difference of the leggs being given, the leggs fhall be given ſeverally, 

by Theor. g. Chap. 4- 

From the preceding Canons in 12* and 18* this following Theorem is deducible , and 
ealie to be demonſtrated by the ſteps of the Reſolution in a dire& order, 


THEORE M 


19. If any one of the three (ides' of an oblique-angled plain Triangle be called the Baſe, 
and the other two (ides (or leggs) be unequal ; Then the exceſs of the Square of the Baſe 
above the Square of the difference of the leggs, hal} be to the excels of the Square 
of the ſumm of the leggs above the Square of their difference ; As the exceſs ot the 
Radius above the Sine-complement of the angle oppoſite to the Baſe, is to the double 
Radius , when the ſaid angle is acute ; but as the ſumm of the Radius and the Sinc- 
complement is to the double Radius , when the ſaid angle is obtuſe, 

The Compolition of this Preb/. 20. may be made like that of the preceding Prob!, 1 g. 

But waving the Compoſition , I ſhall illuſtrate the Reſolution by Examples in Numbers. 


Example 1. where the given angle #4 acute. 


Suppoſ. in A AEC. | C 
20. . . AC = 7 the Baſeis given, 
21. AE-EC = x thedifference of the leggs is 
given, | 


22. . . QE = 60. degrees is given. A. | | E 
Reg. to find AE and EC ſeverally. | B © 
Solution Arithmetical. 


23. vo" = mane we Ori tf, «© of; oo. >: 200000 
2 4+ 1nhen the dine-complement of the given angle E, 60. deore hat is, « 

_ theSine of 30, degrees 1s : &! £ E , TW S "0 A ” wo 5 0000. 
2 5. Therefore the exceſs of the Radius above the Sine-complement is . . > $50000- 


26. The 


- 
Ce aaa ee En YE Ee) TS TEE, EIT WO 
Jn 


—— — 
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26, Then by Camnr 1. (in the preceding 12 fſtep,) As'the faid exceſs ooo is to the 
double Radius 2000003 $0 1s 24, { theexcels whereby 49 the Square of the Baſe 
exceeds 2 5 the Square of the difference of the leggs,) to a fourth [Proportional 96 , which 
increaſed with 2.5 the Square of the ditference of the leggs, makes r21 , whoſe ſquare 
Root 11 1s the ſumm of the leggs fonghr, Therefore (by Theo. g. Chep- 4.) [the 
leggs themſelves, rowit, A'E and E © (hall be 8 ard 3, | 


Example 2. | where the given angle « obtuſe. 


Suppoſ. in A ABC. 
27. « . « AC — 7 the Baſe-ts given. 


28, AB — BC =— 2 the difference of the leggs is given, 


29. . , CABC = 120. degrees is given. 
Reg. to find AB and BC ſeverally. 
| . Solution Arithmerical. 
30. ooppaſe he Radius of 2 Circe-yp he3. a. ono br; ee auido Ss 
I» Then the Sine-complement of the given angle ABC, 120. deprees,, 
that is, the Sine of _— degrees 1s | , "rue © = E 4 os "© 3 
32. Therefore the furam of the Radius and that Sine-complement.i5 -: . . >. 150000. 
33- Then ( by Carr 2. in the preceding 1 8 ſtep,) As the ſaid ſumm 150090 is to-the 
double Radius 200000; $0 is 45 , ( the exceſs of 49 the Square of the Baſe above 4 
the Square of the difference. of the leggs,) to a fourth Proportional 50 , which in- 
creaſed with 4 the'Square of the difference of the leggs, makes 64 , whoſe ſquare Rogt 8 
is the ſumm of the leggs ſought. Therefore ( by Theor. g. Chap. 4. ) the leggs them- 


ſelves, rowit, AB and BC ſhall be 5 and 3. 


_ 


_ ah. ——_— 


C na'P. IX. 


The third Claffis of Examples of the Reſolution and Compoſition 
of. Plane- Problems. 


N which Examples, the Reſolution ends in an Analogy , wherein the Mean of three 
proportional right lines is given, as alſo the Difference or clſe the Summ of the 
Extremes , to find the Extremes ſeverally. 


Probl, I. 
To find rwo right lines, ſuch , that their difference may be equal to 
2 right line given, and that the Rectangle made of the lines found out 
may be equal to a given Space. lake ants pete | | 


} , X w i 


D 5 
M ———— —6 
L ———— 4 
K — —— 9 
Suppoſe = 


1.4 = D the difference of two right lines is given, Nas 
2. 9 — M a right line given, whole Square is equal to a given Spate- 
Reg. to find” | 
3. L and K two right lines, ſuch, that K=-'L = D. Alfo,, that 
4 QKL = OM | 
| Reſolution. 
5. Put a for the lefſer of the two right lines ſought , 23x, ſup-? 4 = L. 
pot , . oof rn LESSER. | | 
6. Therefore from 1*and 5 the greater right line ſought ſhall be > # + 4 (= K.) 
vO And from 5? and | ae the ReQangle ( or Product of _— 44 = PR 


multiplication ) ſhall be * - . ” @ a ls 3 Bur 
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$. But the ſaid Reangle muſt be equal co the given Space, 
ſuppoſed to be equal n the Square of », eas .* # '$ aa + da = mm 

9, Which Equation may be reſolved into theſe Proportionals 2 F 
OOO 2H WY APRN I | ad.m:m. a 
10. Of which three Proportionals aj d, m2 and 4, the mean m is given, as alſo d the 
difference of the extremes 44-4 and 4, therefore the extremes leverally , which are 
the right lines ſought by this Problem, ſhall be given alſo, per Probl.12. Chap. 5. whence 
alſo, ( reſpe& being had tothe Theorem in 24* of the fame Probl.) there will ariſe this 


following CANON. 


/: Edd mm : = ® het IF 
fo +» + » 3 V3 ER T by <=" 4 the lines ſought, 
. That is, in words, 
' To the Square of half. the given difference add the Sype equal to the given Space, and 
extract the ſquare Root of the ſumm : Then adding half the ſaid difference to the ſaid ſquare 
Root, this ſumm fhall-be equal to the greater of the two right lines ſought ; bur ſubtracting 
. the faid half difference from the ſaid ſquare Root, the remainder ſhall be equal to the leſſer 
line ſought. NEL, 
This ; Pub may be alſo Syritfictically inferr'd from the given lines, by the help of 
T heer. 7, and 9. Chap. 4. For, 
I2. By conlidering the things given and ſought in 1, 
22, 3* and 4* of this Problem it follows by Theor, 7:8 


1dd + mm = 0:3KL: 
—_— TEES 9 DO RITES . j 
13. Therefore by extrating the Iquare Root out 0 FI. 4 
LET IE, oro oo +» o + > o» '$ v/: 44d + mm: = 2K +2L. 
I 4+ 19973 11 et . oy, CS 4 a+ >. td $K-2. 
I . Therefore ( y 07. 9, C AP. 4. the ſumm and : I ; "pay 1 
ce of the two laſt preceding Equations gives C od 24a en a K. 
the two lines ſought by this Problem , 242. Ny 4: Zdd + mm: — 3d = Le 
Thus: you ſee the ſame- Canon is diſcovered: as before. 


The Compoſition of Probl, 1, 


D A——_ __ 
M —_—-——— ! 6 | ; 
L : 


0 —_—_— _ 9 
Suppoſ. 
16, D a right line; equal to the difference of rwo right lines ſought, is given. 
17- M a right line given , whoſe Square is equal to a given Space. 
Reg. to. find, "4; | 
18. Two ſuch right lines, that their difference may be equal to the given difference D, and 
that the ReCtangle made of them may be equal to the Squaxe of the given right line M. 


Conftruddios, 


19. Let the given right-line M be eſteemed the mean of three Proportionals, and the 
given right line D the difference of the extremes ; then by Prob. 12. Chap. 5- find the 
extremes , the leſſer whereof ſuppoſe to be L , therefore the greater ſhall be equal t0 
LD, and conſequently theſe ſhall be Proportionals, 5z. 

LED . M :: M L. 

20. Make K=— L+D, whence K —L — D, 

21. I fay K and L are the two right lines ſought, but that they will ſatisfie the Problem 
propounded, I prove thus : Firſt by Conftr»f5on in the 20" ſtep, the difference of the 

| faid right lines K and L is equal to the given difference D, fo it remaips only to prove 
that the ReRangle: made of the ſaid right lines K and Ls equa] to the Square of the 
given right line M , but that is here-under demonſtrated by returning backwards from 
the 9® ſtep, (to wir, the laſt of the Reſoluwion) to the 8*, 

35» » [A anafſr. . . .. ,  « + © © OK,L = O M. 

| Demonſir. 


- Wi at a os ws) 
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Demonſtration. 

23. By Confir.1n 19% ahd 20%),  , - Ss K (ES) MME 
That wm, in 9%, o 4. «© © o © oo oS o » 8p es 
24. Therefore ( per 17. prop. 6. Elem.) . . .F QKRL(AL{DBDL) = oM. 
That's, im BY: oo & 5 Eo nd RT EoeoGE ASS = mm. 

Which was to be iDemonſtr. Therefore that is done which the Problem required. 
Probl. 11. 
To cut a given right line into two ſuch parts, that the ReQangle 
made of the parts may be equal to a Space given. But the ſide of a 


Square equal to the given Space muſt not be greater than half the right 
line given. | 


nts OO — 


B AR — " 
A Pe "* _ C2 CG BC — 4 
HG. AC ==> Y 
ay MM = 5 


Suppeſ. 
1.6 = AC is a right line given to be cut into two parts. 
2. »— M is a right line given, whoſe Square is equal to a Figure or Space given. 

Reg. to find | | 
3. AB and BC ſuchparts of AC, that AB + BC = AC, Alb, 
4. A AB,BC =-0 Mb | 

Reſolution. 
5. Pat 4 for either of. the parts ſought , 2;z. ſuppoſe . .> 4—= AB... 
6. Therefore from 1® and 5* the other part ſought ſhall be > þ— 7, — BC. 
7. And from 5* and 6* the Rectangle of the parts is . .> ba— aa. 
8, But the ſaid ReQangle muſt be equal to the given Space, 2 
4 


therefore . . ba — a8 —= 1m. 


9. Which Equation may be reſolved into this Analogy, .> b—a.m :: m . 4. 

10. But that Analogy doth manifeſtly conliſt of three Proportionals, whereof the mean 
is ap , as alſo b the ſumm of the extremes b — 4 and 4 ;. therefore the extremes ſeve- 
rally , ( which are the parts required by this Probl, ) ſhall be given alſo ; by Probl. 1 3; 
Chap. 5. Whence alſo this* 


CANON. 
26 + y4:236bb — mm: = AB, 
OY oo oe YO 3 1þ — y/:2bb — mm: = BC: 
That is, in words, Io 
From the Square of half the right line given to be cut into two parts, ſubtract the Square 
equal ro the given Space, and extra& the ſquare Root of the remainder ; then add and 
ſubtra& the ſaid ſquare Root to and from half the right line given to be cut; fo the Summ 
and Remainder ſhall be the parts required. 
' This Canon may be alſo Synthetically inferr'd from the .given lines, by the help of 
Theor. 7, and 9. Chap. 4. For, 


12. By conſidering the things given and ſought in 1®, i ci 
2? ky 3* and AI of this Problem , it follows by > 24b — wm = ©: AB — 3BCT" 
Theor, 7. Chap. 4. that . . « » © » . « 

I3, gong by extracting the ſquare Root out of i506 —mm: = *AB—ZBC; 
each here M013”; on SETS. ; | 

I 4. And from 1* end 3% ol 5 » - 4% « 0-9 NR S- ZAB-|-4BC. 

15. Therefore (by Theor. 9. Chap. 4-) the ſumm and 16 + 4/: bb — mm: = AB, 
difference of the two laſt preceding Equations gives > * $ — /=T 
the lines ſought by. this Problem, viz. . - .y * Ve 4 -,* 
Thus you ſee the ſame Canon is diſcovered as before in 11*, and thereby it evidently 

appears, that to the end the given lines may be capable of eſte&ting the Problem propos d, 

they muſt be ſabje& to this tollowing 


SC Deter- 


| 322 Mathematical Reſolution and Compoſition. Book IV. 


Determination, 
16. The fide of 2 Square equa] to the given Space muſt not be greater than half the right 


line given to bg cut into rwo parts. But that this Determination is neceſſary , I demon- 


ſtrate thus 

Foraſmuch as by the 9*" ſtep of the Reſolution the right line 2 is found to be the mean 
of three Proportionals whereof the ſumm of the extremes is b, and in 20® of Probl. i 3, 
Chap. 5. it hath been proved that the mean of three Proportionals cannot be greater than 
half the ſumm of the extremes, it follows, that »» muſt not be greater than *b. If there- 
fore m: happens to be greater than 5b, the Problem propounded cannot poſlibly be ſolved ; 
for then #m: cannot be ſubtrafted from 4bb,, as the Canon dire&s. But if ; be equal to, 
or leſs than 6, then that which the Canon bids to be done is poſſible ; by which alſo 
is eaſje to perceive , that when mz —= 36, then the extreme Proportionals ( which are equal 
to the parts required,) will be equal between themſelves, that is, each of them will be equal 
to 2b, to wit, half the line given to be cut into two parts. | 


The Compoſition of Probl, 2. 
B 


"Sn omen ORR mm 
M CANOE 
Suppoſ. 
17. AC is a right line given to be cut into two parts. 
18. M is a right line given, whoſe Square is equal to a Space given. 
i9. M not —$AC. ( Determimation. ) 
Reg. to find 
20, AB and BC ſuch parts of AC, tht AB + BC = AC, Allo; 


21. OH ABBC = a M. : 
Conftration. | 

22, By Probl. 14. Chap. 5. cut the given right line A C into two ſuch parts in B, that the 
line M may be a mean Proportional between the parts ; which effe&ion is poſlible , for 
by the Determination in 19%, M not —=AC , ſuppoſe therefore 

AB . M . © . C. | 

23. Iay AB and BC are the parts required, for their furmm by Conſtrutt;on is equal 
ro the given right line AC, and becauſe by Corfty. alſo it hath been made, As AB to 
M, ſo M to BC, therefore ( per 17. prop, 6. Elem.) CHAB,BC = Q M, 

Which was required to be done, / | 


Probl, TIL. 


To cut a given right line according to the extreme and mean Reaſon; 
that is, into two ſuch parts, that the Re&angle made of the whole line 
and lefler part may be equal to the Square of the greater. 


C AB = 10 
A — AC = y125—5 
Suppe/. CB = 15 - 125 
1.6 = AB is a right line given. 
Reg. to find 
:. AC and CB ſuch parts of AB, that OM ABCB = 0 AC. 
Reſolation. F" 6 


3. Put @ for the greater part ſought, viz... . . .p a = AC. 

4+ Therefore from 1* and 3? the leſſer part ſhall be . .> b—& = CE, 

5. Therefore from 1* and 4* the ReRangle (or Produt) "Wi 

of the whole line and lefſer part is . . . . . +» = 

. Which Re&tangle, (according to the tenour of the Pro- | 

blem, ) muſt be <qual to the Square of the greater part, > bþ — ba = as. 

EE i > »+ - <c +» 4 os 

7. Therefore, by adding ba to each part of that Equation, Þ bb = aa ++ ba. 

?, Which laſt Equation may be reſolved into this Ana- "OR 
logy, + TI en CES. > be # SOM 


©, 


ge But 


SES it ISR Es 


SEA eb: Io LEES OS nay as 


—_— 
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9, But thatiAnalogy doth maniteſtly conſiſt of three Proportionals , whereof the mean b 
is given, Which 1s alſo the difference. of the extremes a and b-+ 4; therefore the ex-_ 
tremes, Whereot the leſſer is equal to the greater part ſought , {hall be given alſo, by 

Probl. 12. Chap. 5. Whence alſo there will ariſe this following | 


CANOLXMN. 
y/: bb - 3bb: — %þ = AC, the greater ſegment. 


IO, . . 0 

That is, in Words, 
To the Square of the given line, add the Square of half the ſame line ; then from the 

ſquare Koot of that ſumm ſubtraR half the given Jine, and the remainder ſhall be the 

preater part ſought , which ſubtracted from the given line leaves the leſſer part. 


The Compoſition of Probl, 3. 


C 
A ——————————————_————— B 
L'— ns 
Suppoſ. 


11. Let AB bearight line given to be cut into wo ſuch parts , that the ReQangle made 
of the whole line and the lefſer part may be equal to the Square of the greater. 


Conftfubtion 


11. Let the given line A B be eſteemed the mean, as alſo the difference of the extremes 


of three Proportionals ; then by Probl. 12. Chap. 5. find out the extremes ſexerally , the 
lefler whereof we may ſuppoſe to: be.the right line L , and conſequently the greater 
extreme is AB -|-L , therefore theſe are Proportionals, v5z, | 
L . AB :t: AB, AB+L 

13. From AB cut of AC = L, which. is poſlible-to be done , for by Conſtruttion 
in12*, AB L, becauſe AB is the mean- of three Proportionals whoſe leſſer 
extreme is L. So. the given line A B 1s cut into ewo parts in C\, according to ex- 
reme and mean Reaſon , - viz. | the ReRangle made of. the- whole-line A B and the leſſer 
part CB is equal tothe Square of A C the greater part, as will be made manifeſt by the 
iollowing Demonſtration ,” formed out .of . the preceding Reſolution by a repetition 
of is ſteps in a backward order. — 

4. » + fog. an « 3 63 . QDAB,CB =.0 AC. 

| Demonſtration... ; 

15. By Conſtr. in 12*and 13%, -... . +. «+ AC. AB :: AB. AB-FAC, 
That is, i 87g <3. Lene of #0 oo ro Mts $332: 2 + 4. 

16, Therefore: ( per prop. 17. Elem. 6, )  . '.$, QAB =DAC + IAB,AC, 
That.is; in 9%,» o» - -+ ef co + «co OW = a0 0G 

17: I heretore by ſubrraQting Q AB; AC _ JAB — QABAC OAC. | 
gach part; \ »:: UA +» teh oat ig (00s | 
Thatis, in 6%, '« + 'o. » fat 6 be Þ i _ 8 RomoTR_ 

18, (And becauſe: ( as is evident by the Diagram,)> AB — AC = CB. 


19. Therefore, by drawing AB as a common IP 
altirude into each part of the laſt Equation ,:: ; & DAB—QABAC = QAB,CB. 


20, Therefore from 17” and 197, ( per Ax. bg DOAB,CB = o AC. 
Chap. 2.) . * CN | 
Which was to be D:monſtr. Therefore: the Problem is fatisfied. 


CORODLE: 15 


21. From the preceding Reſolution, the invention of a right-angled: Triangle whoſe 
three (ides (hall be Proportionals is diſcovered ; for if a given right line & be cut ac- 
cording to extreme and mean Reaſon, and the greater ſegment be a, "ris manifeſt 
by the ;* ſtep of the foregoing Reſolution ,- that | 

| 7 bh — ba + aa. T 

:?. And becauſe ( by prop. 48. Elem, 1.) if a Square be equal ro two Squares, the lides 

of thoſe three Squares will conftitnte a right-ang ——— therefore the ſquare _ 
S12 '0 
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of the three Planes in the preceding Equation in 2 1*, viz. b, 4/ba, a ſhall be the three 
tides of a right-angled Triangle , and be Proportionals allo , for the ReQangle of the 
extremes is manifeſtly equal io the Square of the mean. Hence therefore a Canon is 
diſcovered to find out a right-angled Triangle, whoſe three ſides ſhall be Proportionals. 


C 4 NON. 
Hyp. = 6 a right line or number taken at pleaſure , 
23. + . «:& Baſe = v/: bb + Ebb: — 26. 
Perp. = y/:b « y/bb + 3bb — 56: 
Thar is, in words, | 
Take any right line (or nutaber) for the Hypothenuſal of a right-angled Triangle , and 
cut it into two parts according to extreme and mean Reaſon ; then the greater part ſhall 


be one of the ſides about the right angle, and a mean Proportional between the greater 
part and the Hypothenuſal ſhall be the other ſide about the right angle ; and thoſe three ſides 


ſhall be Proportionals. | 
Conftruftion. D 
<ADBis JJ. AB =. 10 | 
AB, AD, DB —. AD —. 7.86r5 
AC = DB. ; DB = 6.r%093 A E——=Bp 


24» Take apy right. ling, as AB, and. (by the foregoing Probl. 3.) cut the ſame by extreme 


and mean Reaſon in C,,. therefore 1. 
AB, 0. AC ”- A.C ' # CB. 

2 5. : Then, upon the line AB. deſcribe.the Semicircle: A DB, and from Craiſe CD LAB, 
Laſtly, draw AD and- D-B., ſo-ſhall ADB be a right-angled Triangle whoſe three 
lides, are Proportionals :. Far fisſt ,,, the: < AD B being in the Semicircle, is a right 
avgle.,, (per prop-.31-,Elew. 3.) But that the three:lides AB, AD, DB are Pro- 
portionals,, I prove thus; | 1 | 

2& 1.00 .. Rep denenfiys. > oj ot 3 i AB . AD-%: AD . DB. 

Demonſtration. 


27. Becauſe by Coxftr. in 25% ADB isa Semicircle, 
and CD L AB, . therefore ( per Coroft. pp. AB . DB :: DR . CB. 
_ Elem. 6, . . = o .. o . 5 
28. And 6.8% by Cenftr.in 247, .. . . - > AB, AC :: AC... CB. 
29. Therefore-out:ofi2 7 and 28®,(per prop 17.E1.6.) » DI AB, CB= DB = 0 AC. 
HT ORIENT , 1: ſo ww. & -e +: 3-0 + © +» +» + DB = AC: 
31. And becauſe (by Corſtr. in 25%) A ADB is 
right-anyled at D; and DCLAB, therefore (per > AB . AD :: AD . AC. 
prop. 8. Elem 6.) ;..,- « «' » © » © » | 


32. Therefore: from- 30? and 31f,,, . . . & AB . AD :: AD . DB. 


Which. was to.be Dem. 
_ CORO-LL. 2. 

33. From the premiſſes the way of! ſolving this following Problem is alſo deducible ; 94z. 
To cut a right line given into three ſuch Proportionals, that the Square of the greateſt 
ſhall be equal to the-Squares of' the other two: For if it be made as'the ſumm of the 
three Proportionals AB, AD, DB. ( being the-{ides of a right-angled Triangle, and 
alſo Proportionals,) is ro every one of them ; ſo the right line given to three others; 
the-Problem will be ſatisfied. | h 


_—————— 


Probl. LI 'V. 


To cut a given right line into two ſuch parts, that the Rectangle made 
of che whole: line and'one of, the parts, to.the Square of the other part 


may have a given Reaſon, / 


A — 


= Los. a: at OTE TEL, tn Og? + 4nt ei Ee; i A gs Oe. an er, 


ASTD =o Land at de AE A OED. Zac tad: da Ra etent: Sohadne nem IE PIE INTEL'S "TI 


OP I AE or GG EIE AAP es es tr ann ane 
0 > 
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$ Gd wh 
A —— — I B 
R ———= 3 | 
$7 ——— —_—_— 
Suppoſ. 
—= AB is a fight line given to be cut into two parts. 
2 3” x64 mY are the Terms of a given Reaſon. 


Reg. to find | © 20 NIE 
3. AC and CB ſuch parts of AB; thit AC CB = AB. "AMS .' thit 
4 OAB8,CB...oAC : R og. « 


Reſolution. 


5; Put 4 for one of the parts ſought, viz. . .> «.= AC. 
H Therefore from 1* and 5* the other part ſhall z, 

be O . # ' = - ” o o < yo ” | o $ b IP _ MTs C B. 
7- Therefore the Square of the firſt pare is © ,v% def = AW ) 


8. And the ReRangle of 'the giver line- þ akd 8 — lat = @ABRCE 


latter part is . . « 


9. Therefore to anſwer what the Problem. re- : pit. 4 ig bf bt Y 4k ; 


quires, theſe muft be Proportionals., viz. . $. 
10. Now to avoid an Equation berween Solids; ; 
| Jet it be made, as rto's, ſob roa fourthPro->,7- 5: :: b .. 4, 


: f* 


portional,. which may be called 4, therefore _ . p41 I 3x 
11, Therefore from g* and 1G*, (per prop. 11.2 g ,, 4 .. By — ba PN 
Alew 5-3. » +: « 4 TY ; 


12. And by drawing þ — # as a commyn'atirude'> © pr: $650 My 
into-b and d ſeverally ,; this Arialogy is manifeſt,> #4 d ':: bb— be » db aa, 
(per prop. 3. Eli. 6.) «© -. © + 's Sort: ES. 

13. Therefore from 11 and r2*, (per prop. my 46 —ba-, aa = W008 1 ie tai 
Elem. 1. ) « 4: £40 CNS. 1 ? NS &+ 4 rf bes. 

14. And becauſe the firſt Term of che'laſt Ania- } | 
logy is equal to the third, che ſecond ſhall be. 1 pe 1 1h 
equal to the- fourth, (per prop. 4. Elem. 5. ) = | 


there, 'o 4s of 6 eo 6c | 
15. Therefbte by adding” 44 to each-parr of the { ae + de = Þb. 
laſt EQuaien » it gives:  - + GT. noo = 
16, Which laſt Equation: may be reſolved into : as 4 = TR” 
this. Abaloff © » > oj oor nadti5 a+#d. Sd: Jab. = 


In which Analogy (conſiſting of three-Proportionals,) che mean, to-wit, y/db is given, | 


as alſo: d- the- difference of rhe extremes: a + 4 and x therefore che extremes-ſeverally,, 
( the leſſer whereof is one of the Parts ſought by this Problem ») thall be given alfo by 


Probl. 12. Chap: 5. Whence alſo this. 
'CAFNON:. | 
WC <4. /: ES: — 5d = AC. 
That is, Mm words , ; 

Let'ir be made, As R the firſt Teri of the given Reaſon , to the Jatrer S:;| ſo A'B 
the line given to be cut into two parts , to a fourth Proportional , which may be called;D, 
Then to the Square of half that fourth Proportional; . addthe ReCtangle:made of the!ſume 
Proportional and the given line A B, and frotatheſquire Roor of: the ſum ſubtracthalt 
the ſaid fourth Proportional D : The remainder ſhall be one of- the-parts ſooghr,: which 
may be calted the firſt; Laſtly , the ſaid firſt part being ſubtracted from che given line-A\B, 
gives alſo the other part. w £4. 

18; Note, Whether the firſt Term of the' given Reaſon be greater or leſs thah che larter , 
it (hall always bez As the rſt Term is to the Jarrer ; {o the Reftatigle' made of the 


given tine and the latter part found our'by the Canon, to the Square of the firſt o_ = 
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The Compoſition of Probl, 4. 
= C 4 


Suppoſ. 
19. AB is a right line given to be cut into-two parts. 
20, Rand S are the Terms of a given Reaſon. 
Req, to find 
21. ACand CB ſuch parts of AB, that AC | CB=AB. Alſo, that 


22. DAB,CB . cn AC » i .-4 | R 


Conftruftion, 


23, By Probl. 8. Chaps . let it be made, as R to S, Goh fr TR 
ſoAB to gfonk. abich may be called D, wag: R -,S :: AB ,”"D. 
24. By Probl. 9. Chap. 5. find a mean proportional line = 
"as My beter AB and D, therefore . . Th AB.M :: M . D. 
26. ierefore ( per prop. 17. Elem. 6.) - £w owed: OM = GO:D,AEB: 
26. Then eſteeming the line M to be the mean of three Proporrionals, and D the difference 
of the extremes, find out the extremes, (per Prob1.1 2. Chap. 5.) the leſſer whereof ſuppoſe 
t0 be L, then conſequently the greater is equal to L-|-D, thereforetheſe areProportio- 
nals, viz. _ LED {MM :: M: L | 
27. Therefore, per Theor. in 24* of Probl. 12. Chap: 5b Lay] 19D-J-oM: —2D. 
28, From AB cut off AC = L, whicheffeRion is poſſible, if. 4B c- L, but that 
AB is greater than L., I prove thus % 
Firſt, itis manifeſt that » +... «* DAB+=0D + OQD,AB! =30D + D, AB, 
Andby Re . e ſquare Root -#: Þ AB-Þ 4D = /:25D=E DD;AÞ: 
And by ſubtraRting 5 D from each part, > ABT y: £GD + CID;AB: — £D. 
— _ A _ $A > L= 50D + ED;AB: = 2D. 
eretore Irom the WO Jait preceding AB © ; | ' Which was to he D 
ſteps, (per Ax. 3. Chap. 2.) . * © 
29, | fay the Gs line "a B is cut in C into twoÞparts, according to the tenour of the 
Problem propounded. Now we muſt ſhew , that the Re&angle made of the whole line 
A B and one of the parts, is ro the Square of the other part as R to S. Bur that Analogy 
is made manifeſt by the following Demonſtration, formed out of the ſteps of the pre- 
ceding Reſolution, by returning backwards from the 16 ſtep to the Analogy in the 
gn ſtep. 
a 2 _T AFL IL ES DO AB.CB . OAC. 
| Demonſtration. © 
31. Becauſe by Conftruttion in 26%, , . , ,> , L-þD .M :: M.. LI, 
32. owt; by rag a8 ll . "i, Xe. Is ac =. x 
33- Theretore from 31* an = R ro ange | $7 el 
'of equa] quantities , . AC+D.M:; MAC. 
Thar is, in 16*, . on be th ajd '. Jab :: db... 4. 
34- Theretore, (per prop. 17, Elew: 6.) PT GACHDIDAC = OM. 
35. = becauſe by Confty. in 24* and 25*, .5 ,'., , CIDAB = OM, 
4 Therefore trom 34” and 35" ; SEP Ax.t. 
—ranry of ianeet . 5 oO AC+QOD,AC = DDAB. 
Thar is, J by " d Ge aa | aa 
-7, Therefore by ſu raQtin o 'A rom each 5, 
; part of the Equation 4n 6 ack O.AC = DDAB — DA DAC. 
Thar is, in 14*, > - - £ Sc OM MM WD, —- e« 


| 
> 


PR SH RE = 
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CGAB—IABAC . th—-ta. 


38. And from 3-*, ( per prop. 7. AC :: 


-— 5 . ) this AY is mant- OAB—QABAC . that is, in 13*, _ Fo. a 
. . » COD,AB—-CID,AC . Ab — as s 
39. And by reaſon of the common ys f 

altitude AB-AC, this following wOw 


Analogy is manifeſt , ( an pro- JOAB — COAB ac* 22% bb —ba . 
poſe 1. Elem. 6.) » - - CH AB—OD LSE » ab — da . 


0. SREACID TY and 39”, ( er 4 IT. ! ; 
, Elem. 5.) « < » y =; AB . D ;: GAB-QABAC . nAC. 


That 1s, in 11*, . e2 bb — b | 
41. And becauſe b) by Conſt. in 23* SI» Hp » 8 : .—* 
That is, 1n 10®, . #412 #523 


O AU 0 


:: DAB-CIABAC , oAC. 


Thats, m9”, -» . : tbh—ba _— 
43. And becaule ( per Diagram , ) — - . CB= AB — AC 


44. And conſequently, (per prop. 1. Elem. 6. 2 
by drawing A B into each part, CAB, CB = 0 AB — QAB, AC. 


45- Therefore from 42* and 44* 'by. EX= 
changing equal quantities, . 554 R . > : DAB,CB. nAC. 
Which was to be Demonſir. Therefore the Problem is ſatisfied. 


42. Therefore from 40 and ; = 0 ( pe prop II, T 
Elem. 5.) «© + «» R . 


(9 


: Probl, V. 


To cut a given right line into two ſuch parts, that the difference of the 
Squares of the parts, to the Rectangle made of the ſame parts, may 
have a given Reaſon, 

Suppoſ. 
AB is a right line given to be cut into two parts. 
- C are the Terms of a given Reaſon, 


Reg. to find 


4 AC and CB, ſuch parts of AB, tht AC -E CB—=AB, h 
0 AC-—-o&ECs-: OAGCE $1 a” S. Alſo , that 


G6 þ£ AB = 12 
A [——! — B -—Jove 3 
TIO = 2 
_— We: i 
BY L = 4 
L s | aAC= $8 
Reſolution. CB = 4 
6. For the difference of the parts ſought put , .5> ,, 
7. Then out of 1® and 6?, ( by Theor. g. 0p 4» ) agi4v:acl 


the greater part ſhall 5 
8, And (by the ſame Theorem) the leſſer Art ſtall be IT ny 
9. Therefore from 7? and 8, the Product or _ a2 

angle of the parts ſhall be . . 490 —— 446, 
10, And ( from 1* and 6*, per Theor. 8. Chap. 4: 2 ; 

the difference of the Squares > PT Sh 
11. Then according to the import of the Problem : 

propounded , this Analogy ariſeth, (out of 2*, 3 of 8 :: ba , 3bb—2an 

10? ind g*, win, of iig N 
12, Now to avoid an Equation between Solids, let it 

be made, as” to s, 0 b to a fourth Proportional, A - 6 1-9 

which may be called 4d, therefore . . . 


I 3, Therefore ont of 11. and 12 (per prov11.El.5,)> b » id :; be -. bb — a6; 
I 4. And 
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- 17. And by multiplying eath Term of the _—_ 


' 18. Therefore by adding aa to each part, 


14. And. by drawing 4 as a common altitude into 6 
and 4 ſeverally, this following Analogy will be> 6 . 4 :: ba . a, 
manifeſt, ( per prop. 1. Elem. 6, ) viz. . . . : 

15. Therefore from the 13” and 14" ſteps, ( per ; 
LETS] «- «> - » + +» » © » Ws 

16. Therefore from the 15" ſtep: this Equation ari- 

ſeth, ( per prop. 14. Elem. 5.) viz. . « » C 


ob —taa :: ba , as, 
3bh — x44 = da. 


bb — aa = 4a. 


, + +» ob bb = as + 4ds. 

19, Which Equar. may be reſolved into this Analogy, > #4 | 44 . 6 :: b , a, 
20, But that Analogy doth manifeſtly conſiſt of three Proportionals , whereof the mean 6 

is given, as alſo 4d the difference of the extremes a+ 44 and a; therefore the extremes 

ſeverally , the leſſer whereof is the difference of the parts ſought by this Problem , ſhall 

be given alſo, by Prebl. 12. Chap. 5. whence alſo, ( reſpet being had to the Theorem 

in 24* of the ſame Problem, ) there will ariſe this 

CANO N. 
MEL >< fo y/:bb-j-4qadd: — 2d = a, the difference of the parts ſought. 
That is, in words, | | 

Let'it be made , as the firſt Term ( whether it be the greater or leſſer) of the given Rez- 
ſon, is to the ſecond, ſo the line given to be divided , to a fourth Proportional. Then add 
the Square of the double of that Proportional to the Square of the line given to be divided; 
and from the ſquare Root of the ſuram ſubtraR the double of the ſaid Proportional, fo 
ſhall the remainder be the difference of the parts out, Then by the ſumm and difference 
of the parts, the parts ſhall be given ſeverally by Theor. g. Chap. 4. Es [4s 


The Compoſition of Probl. 5, 


in the 16": ſtep by 4, this Equation is produced, vzz. 


Suppoſ. 


22. AB is a right line given. 


23. Rand S are the Terms of a given Reaſon. 


Reg. to find 
24. AC and CB ſuch parts of AB, that AC -|- CB = AB. All, 
RI -o Cy. QOAC,CB : K'.£& 


G 5 - 
A | | —j———— } 
R men —t——ga= 
& : ww 
D FEY SE 
| _—_— 
# Conſtruttin. 


26. By Probl. 8, Chap. 5. let it be made,.as R to S, ſo the given line AB to a fourth 
Proportional , which may be called D, therefore 
| «> $3. :: a - a 
2.7. Then eſteeming the given line AB to be the mean of three Proportionals, and 4D 
the difference of the extremes , find out the extremes, ( per Probl. 12. ys F- ) the 
lefſer whereof ſuppoſe to be L, then conſequently the greater is equal to L + 4D, 
and theſe are Proportionals , v:z. 
4D . AB i: BS . So. | 
Whence , ( per Theor, in 24* of Probl. 12. Chap. 5.) L = y:DAB+quD:—2D. 
Thus far the Conſtruion hath been made according to the dire&ion of the Canon in 210, 
28. Divide the given line AB into two equal parts in E, whence EA = EB = 7AB. 
29. From EAandEB cutoff EG and EC, ſuch parts, that each may be equal to 3L, 
which is poſſible ro be done, if SAB © 5L; but that *<AB &- +L, 1 prove thus, 
Firſt , it is manifeſt that ., , . .> DOAB-þ+4DABD + 40D c& oAB + 40D. 


Therefore by extraQing the ſquare Root . 
out of each part, . - 50H > AB+2D &y:DAB +40D: 


And 
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And by ſubtracting 2D from each part, . , .5 AB & y/:nAB+4oD: —- 2D. 

But by Coxſty. in 279*, . © +. «ee » L-= y/:O0AB+gagD;-D. 

Therefore , (' per Ax. 3. Chap. 2. ) 2 6-6-46Y AB L; and 3AB & ZL., 
Therefore i it is poſſible ro cur off from 5 AB, thar is, from EB—E A, a right line 

equal to + L., ſuppoſe therefore EC = E G-= +4. 

30. I ſay che given right line A B is cut into two parts in C, as the Problem requires ; vsz. 
The ditterence of the Squares of the parts A C and C B, is £0 the ReRtangle made of 
the ſame parts, as R tro $; which Analogy may be demonſtrated by a retrograde 
repetition of the ſteps of the preceding Reſolution , in manner following, 

3le « . « Reg. demoiſir. . «. . R . S :: QAC—qeCcs8. QAC,CB. 


Demonſtration. 
32. Foraſmuch as by Coxſtr. in 27®, > L = 40 A585 $3 AT 1H 
That is, in 19®, . ap C4 46, 156 $2 


NEE TOY ; (per prop: n_ oAB = OL + 4QDL 
Thar is; #92 $*,: .. .- ef - - (6 = 4a => 44s. 


34. Therefore from 33* | by fabren- £ {- 
Qing the QL from each part, . oAB—or 4QDL 


Thar is, in 17%, . «Pf « « bh — aa = 4 da, 
35. And by taking a quarter of 2 +GAB—igL = ODL 
Equation in 34*, it gives . F7 : 


Thar is, in 16®, . > « bb — Jaa = aa. 
36. Therefore from 24 this following 
Analogy will be manifeſt, (per 7. _ CIAB,L . 5GAB-Z6L :: (IAB,L . DL; 
Fe Elem) . . + 58 | 
That, W123 > - be . hb —70a i: ba « de. 
37. And by reaſon of the common alti- 
cude L, this following Analogy will AB . D 33, OAB,L +. CIP6 


be manifeſt, ( per prop. t. 00 ES ba N da. 


That is, in 14*, . . 
38, Therefore from 36 and 37" ; Los AR. D :: =P B, L . 30AB—ZoL, 
# 4. $1 ba » S66b —taa. 


prop. 11. Elem. 5.) : 
That is, in 13%, . > d 
39. And becauſe by Confr. in 16", '>» AB.D: Y Oy 
That is, in -12*, . > 4: ”. 5, 
40. Therefore our of ; $® and 397 ( per 
II. prop. 5. Elem.) . + 
That's, i0:11*,- ,, > 
41, And becauſe by Conftr. in 29% : ; 


42, Therefore by raking 2 EC, thar is, | : 
GC, inſtead of Lin the Analogy ng R.. S :: MABGC . 4a AB—,ouGC. 


40? , this will thence ariſe , v#z. .\ _ 
43. And becauſe ( per Diagram, ) 4 I. AB = AC |- CB. 
44. And by Conſty. in 28? and 2 290, 5...  GC= AC 4+ CaTans 


» Therectore trom 43* and 4 4*, ( per | 
"Rs 8. Chap. 4. Th : 4420 (? = OAC-qocCB — CIAB,GC. 
46, And becauſe by Conftr. in 29%, PF ,,. . AC = AB £GC 
47. And by Contr. allo in 29% 4 >» ,.,. OS fa n00 

8. Theretare trom 452 and 4 er « 
. Theor.8. Chap 4. & Prop. 1. Zh ut: DOACCB =;0AB—ioOGCOC. 
49. Therefore if inſtead of the two] 

latter Terms of the Analogy in 42*, 

you take their equivalent quantities, | R.S : QAC—noCcB . QQAC,CE. 

to wir, the firſt parrs of the Equations | 

in 45? and 48?, this — wil 

we. vis 6-24 

Which was to be demonſtr, PR the Problem is fatisfied, 
Te | Probl. VI. 
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Probl, Y 1. 


To cut a given right line into two ſuch parts, that the Reangle mad 
of rhe whole line and the difference of the parts , to the Re of he 
lefler part may have a given Reaſon. 


Suppeſ. | 
1. 6—= AB is a right line given to be cut into two parts, 


S j” = 8 are the Terms of a given Reaſon. 
Reg. to find 


3. AC and CB ſuch parts of AB, tht AC-|- CB = AB. Allo, 
Lp ABXAC—CB . OCB :: R. S$ 


YN --i- - 
A — _ B AB=—16.| AC= 16 
R 20 i: TEE b R = 16 CB = 6 
5 — I . S = 1 


Re ſolntion, 


5. Put 4 for the greater part ſought , viz. _ 
aſſume . . TTY + a 
6. Therefore out of 1* and 5*?, the leſſer 


Eo fs >: » + « b — a = CB, 
7, And from 5* and 6?, the difference of; | 
EL © > + +» + «© 4 — 6. 
8, Andfrom 1 and 7*, the ReQangle of the 
given line into the difference of the parts in 2b4 — bh. 


'9. And from 6*, the Square of the leſſer 

” Wwe © \3| = b TRIES 5. 

Io. Therefore from 2*,8* and 9g*®, according 
to the import of the Problem , theſe muſt> ry . s :: 2ba—bb . bb aa—2ba, 
be Proportionals , v4z. CS — 6. 

11. Therefore inverſly, . . . . .> 5 .r :: bb-haa—2ba, 2ba—bh. 

12. And by Compolition, . . . . .> sþr . r :: a8 . 2ba—bb, 

13. And inverſly , + - of © a wry 37 hr && © ak 

14. Now to avoid an Equation between So- 
lids, ler it be made, asr to s£-|-r; ſo 6 
ro a fourth Proportional , which may be 
called d, | 4199 uk ET I 4- + 

15. Therefore from 13* and 14*, ( per 
TITS). . 5 +. +» « 

16. And by drawing 24 —6 as a common / | 
altitude into þ and 4 feverally,this Analogy > + « » . b . d :: 2ba—bb . 2da—db. 
is manifeſt , ( per prop. 1. Elem. 6.) . y 

77. Therefore from 15* and 16*, (per ,g, uy 21,_u -. 2ba—tb. as. 
prop. 11s Elem.5.) - - « + +» « 

\ 18, And from 17*, (per prop.1 4. Elem.g.) > 24a — db = aa. 

I9. And by adding 4b to cach part of = 2ds = as + 
EE as «+ + + » 7 

20, And by ſubtraQting 44 from each part, > 24a — aa = db. 

21, Which laſt Equation may be reſolved >  , db :: y/db 
ET > «> - +» » : +: 

22, But that Analogy doth wanifeſtly conſiſt of three Proportionals, whereof the mean y/db 
is given, as alſo 2 4 the ſumm of the extremes 24— a and a ; therefore the extremes leve- 
rally, the leſſer whereof is the greater part ſought, ſhall be given alſo, by Prob/. 13. Ch.s. 
And from the premiſſes and the Theorem in 2 1® of the ſame Problem there will ariſe this 


following CANON 
23. «. + «+ « 4 — yidd — db: = AC, the greater part ſought: 


a DU £0069 246. 


+ OM 


| 
; 
x 
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| That is, in words, | 

Let it be made as R the firſt Term of the given Resſqn, to R-j-Sthe ſumm of bach Ferms; 
ſo AB the line given to be cut into two parts, to a fourth Proportional » Which may be 
called D. Then from the Square of that fourth Proportional , fubtraRibe Rectangle made 
of the ſaid fourth Proportional and the given line AB , and extra the-ſquare Raat of the 
remainder. Laſtly , ſubrra& the ſaid ſquare Root frac the ſaid fourth Propertianal , and 
this remainder ſhall be the greater part ſought. 


24. Note. Although the Equation found out in 20% may. be expounded by either of che 
two extreme Proportionals mentioned in 2.2%, yet the lefſer of them ts only capable 
| of ſolving the Problem propounded ; for the greater extreme is. greater than the line 
given to be cut into two parts, and therefore cannot be equal to either of the parts ; 

which I prove thus , 

If y/db be the mean of three Proportionals, and 24 the | | 
ſumm of the extremes, then ( by Probl. 13. Chap. 5.) the 6 4+ y; dd —- de: 
greater extreme ſhall be equal to 6 we 

uno as WP > PHT oh Mil > d+i/:dd-= ob; c= b. 

Firit , by Conſfiruttion in 14*, ( and by Schol. prop. 14. | 
Elem F. ) 'tis evident that - 9 pe 'v gf mY . mw 4&8. 

And conſequently, by drawing 4 into each part, . . .,> dd &- &. 

Therefore, oo! oc: io & 0 ffs $ic6) oi 0 of Cs 

And conſequently, by adding d to each part, . } , > 4d+y:44—&: = d. 

But by Confiv. in 197; oh eo 44 v0: ed and 

Therefore ( per Ax. 5. Chap. 2.) . . . . 5 > dboyfidd— bt; 6. 

Which was to be Dem, | 


The Compoſition of the preceding Probl, 6. 


C 
A A Ns. - B | = 
R  AB—=16{| M=20 
Sg - Re=16 L =19 
D -—— — —_— ——— S& =- 9 AC=10 
1 — D=2z5i1CB=z 6 


Swppoſ- 
25. AB is a right line given to be cut into two parts. 
26, R and S are the Terms of a given Reaſon. 


Reg. to find x | 
27. AC and CB ſuch garts of AB, tha AC CB = AB. Allo; 
38. CO ABzAC—CHB > OCH & 3:0 : 
Conſt rult701. - 


2 9. By Probl. 8. Chap. 5. let it be made, as R to S|Rz 


ſo AB to a fourth Proportional, which we may ſuppoſe > *R , SR :: AB . D. 
ro be the line Oo CESS | 
30. By Probl. 9. Chap. 5. find a mean proportiona _ FE 
as M, _ A's and 4s _—_ +] - AB ...M 8 M. . D. 
31. Therefore it follows from the laſt Analogy, ( per Ba 
prop. 17. Elem. 6. ) thit ., . « « « «© + © of oo AB,D.= Py "+. 
32. Then by Prob! 14. Chap. 5. cut the double of the right line D (before foand in 29) 
into two ſuch parts, that the line M may be a mean Proportional berween them 
which EffeQion is poſlible, if M be not greater than D , but that M is lefs than D, 
] prove thus, 

By the ConflyuÞ.in 29% 'ris manifeſt that DAB, «nd by Conſty. in 30", M is a mean 
Proportional between AB and D, therefoxe M=> D. Therefore 'tis pollbleco cut 2D 
into-rwo ſuch parts that M may be a mean Proportional buween the parts. Suppoſe «hen it 
bedone, and that che lefler part is found L , therefore theſe ſhall be Proportionals , v4z. 

+ Mo D — L a M 2» M » | | 
Tt 2 : 33. And 
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33. And conſequently, C. per Theor.in 21* of Prob}.x 3.Chap.s )> L=D-y: = TT 
34- From AB cut off AC = L, whichis poſſible to be done if AB © L, but that 
AB c- L, I prove thus; 
Firſt , from the Conſtr. in 29%, . .> D - AB. 
Therefore, by drawing A B into each part, e ID, ABCOoAB. 
And by adding OD to each part, «. .* OD ED ODABCoOD+-oaB. 


And by ſubtraRting 2 ID, AB from _ oD-OD,ABSOD +0 AB—:QD,AB 
1 
And by exradtingthe ſquare Root "__ _ /:0 D—DOD,AB: - D—AB 


each part, > 

. And by adding AB to each part, - +> AB+S //oiD—DOD,AB:<© Dp. 
And by ſubtraing 4/: OG D — COD,AB: 'F ; "EE 

from each part , Re AB&TD—yF0D—QD, AB: 

| pag o been ſhewn in 31* an 33 "2 L = D— /IDB<ZGbIF: 
Therefore from the two laſt preceding ſteps, > ABE*LT. 

Which was to be Dem. Therefore 'tis poſſible to cut off from A B a ſegment equal tol, 
as AC. 

35. I ſay the given right line AB, in the point C is cut into rwo parts, AC and CB, 
which will ſolve the Problem , viz. rhe ReQangle made of the whole line AB, and 
the exceſs of A C above CB, is to the Square of CB, as theline R to the line Sz As 
will be made manifeſt by the following Demonſtration, form'd out of the toregoing 
Reſolution , by a __— repetition of the ſteps thereof. 

"+. 0 > Req. demonftr. ©| © R .$S :: MAB xAC-— CB, og CB, 


Demonſtration. 

LTD 32%, - ©  . - + 28D--L ,M :: M :. L. 
38. —w 16 ddr PIES 4 > AC = L, 
39. T ore trom 37* and 38*, y ex 4 

changing equal quantities, . . . 'F 2D=AC. M :: M . AC. 

That is, in 21, . -& 2d —A4 , ay/db :: of/db , 4. 
40. Therefore from 39 * (per prop I7. EL.) 2QODAC_ oAC = 0M. 
41. But by Conftr. in 31* EINE» a D, AB = OM. 


42. Therefore from 40* and 41 * (per Ax.1. { No 
——..... 2 ODAC— oAC —= QD,AB. 
WD, mans”. , oe: :.. BO -—- 44 = &M*% 

43- And by adding 0 ACtocxchpartof the is 

_ Equation in4z*, . . . . . 'S SIAC = 0ACT ORAL 
That is, in 19®, . > .. 2448 = as + db. 

44. And by fbrafling OD, AB from each 2: DD,AC—QDAB= oAC 
part in 43%, . . . PE ws : 
Boer _— » +> «6 388 — 4b. -= 86a 


» And from 44* , ( per prop. 7. Uhm, 5. ) this Analogy will be manifeſt, 
- ly . zbe — bh 
2ID,AC, — OD,AB :: 248 — db *:; 
2 DABAC,—DoAB , C anyway, 2ba — bb . 
DOAC. aa 
46- And by reaſon of the common altitude 2AC— AB, this following Analogy i 1s ma- 
nifeſt, (per prop. 1. Elem. 6. ) 
_2DOABAC—nonAB. 2ba — bb . 
2 CoD, ;AC—DD,AB:: ; Cams, $3641 
D 5:5 d . 
47- Therefore from 45* and —_ er 
jrop. v3. Elem. 5.9 'y 6 AB . D :: 2 DAB,AC,—OAB . oAC. 
That is, in 15®*, . . — EY 7 2ba — 6b _ 
48, But by Conftrnition in 29%, - þ (a or 'Þh. S+L 
That 


LC SE TO 


ret ak. - 


| $51. Theretore by Diviſion of Reaſon, 
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— 


 — _ 


That - Ae. TL ; ff - 4 #5 #+r. 
. Therefore trom 47? and 48*, ( per pn EOS 
Wrap. 11-Elem 5.) oo .$ Re S+R: 2QABAC—OAR . BAC. 
Chat 8, 1N/13% o «©. © © ob 7 o goÞr 2; > 112b8 = bb; 4} nga 
5O. Therefore inverſly, . . '. .> S+R. R$: DOAC. 2CIAB,AC;—aAB. 
That's, 1 ri, «4 » of. $f 7 3 a8 tha'— bb, 


S $0 
KM 22 me nm 22 
oAB + OAC — 2DABAC , > hatin, Se EP ; 
2 QAB,AC, —oAB. | Coabanth:c .A 
52. Therefore inverſly , od. 
Wks Þ > 
TOW im. Ns 
{OAB,AC, — OAB . Mi, ino?, Sat ppt 1 
OAB + DAC — 2OAB,AC.. dT bb+ aa—ztbs 


Now the Scope in the ſix ſteps next following is to prove, that I AB.x AC—CB 
is equal to 2CQ AB, AC—n AB, to wit, the:chird/Term of the Analogy 


Sh 
MM ,z2 oe 


. $3. By Conſty. in 34%, « . > AB.=— AC þ+ CB. ak 


54+ nod by —_ — ag. Ra AB+ AC —= 2AC -þ CB. 
. An ubrractin B trom eac x'e? | | P18 

"Oo 74 : ys . , 'F ABFAC — CB = z AC... 

6. Ir 15 evident by the firſt part of the | . / | 
, Equation in am thar i . 8 2AC © AB, 
57. Therefore A B miy be ſubtrated! | 

. from each part of the Equation in 5 5®, 

and this Equation berween two real; 
right lines will. remain, v#z.* - ; 1201 £3047 LL LLETEL Jus 

58. Leen ys, w_—_— fo MES Then oft 304 .6TGOLN) 
mon altitude into each part of-the laſt; AD AV CERAL SFARAN7 IGAR 
Equation, it will vio (by T "ode (ADV ACUCE'S CHENG Os 
Chap. 4» ) s _——_ = ; | , 

Which was to þe ſhewn. Ir remains to prove that Q CB isequuilto a AB-þ aAC 
—2AAB,AC, towit, the fourth Term of the Analogy in 529. 

59. By Confr. n34% oo © + CB = ADB AG - 

60. And becauſe the Squares of equal PEI 3 It 
right lines are alſo equa}, hertre OCB = o'AB-EOAC—'s AB, AC. 
from 59, ( per Theor. 5, Chap, 4. ) bs 444 Wh. 

Which was-to be Demonſtr, TOP cbs 4 

61. Laſtly, inſtead of the third and fourth Terms of the Analogy+1in.52?, their.equivalent 
quantities , to wit, thoſe in the firſt patrs of the: Equations-in 58% ;aod 60? being taken, 
this tollowing Analogy ariſeth, vsz, ...._ - = 

R . $ :: GOABxAC— CB , oCB,, 
Which was Reg. demorſtr, in 36% Therefore the Problegg,is (is 


'= : _ 


> AC— CB = 2AC;— AB, Qt 


is) 
£ s *$ * - » Fj; = 
| LAM LELDEL # iiL © 3) 


! [4 


fied. | 


® 
Fa £3 SSLF's | 


i — _ 


| '* Probl, VIL meet] 
To find two right lines that their ſumm may 'beiequal to a right line 


given , and that the difference of the Squares'of thoſe two lines, to the 


Square of the leſſer of them , may have a given Reaſon. 


This Problem is the ſame in effet with the preceding ſixth for the difference of the 
Squares of the two right lines ſought by this Problem, is equal to the ReRangle of the ſumma 


w þ 


and diffetence of 'the parts ſought by the laſt preceding Problem, ._. © 


bm 
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2A LEMMA, leading to the following Probl. 8. l 


ff four right lines be in continual proportion, the ſamam of the means is a mean Pro. 
portjonal between the furam of the'firſt and ſecond, and the ſumm of the third and fourth 


rtionals. - | | 
6 hges ”————— & = 225 
B — . B = 100 
"4 * C = 80 
D. —— | ; D = 6 
Smppoſ.. © 


nA, BCD vw. a. B :B.GC: CC. D. 
2+ » © Reg. demiiſly, 0 . . Þ. + © AB. B+C : B+C. CD. 
2h Demonſtration. 

3. By Suppoſ in rf a BS = B ; £© 
4: Therefore by Compoſition of Reaſon, > AB. B :t: BC. C 
5. And altethately, . . . . . . .> A+B.B+C: B . C. 
COTTSEST.. oo 6 $$ - Tz C , D. 
7. Therefore by Compofition, . . . .>S BC, C :C+D. D 
8, and =» 71 4 Ee >. + o o»® BESS DPrn © , 
9. Thercfore from 6® and 8*, (pey prop. I1. * 

Elem. 5) . if ERRISz > . © 


10. Likewiſe from * and 9*, ( ex Drop. IT. | - 
Elem. 5.) . : (? Ye. '£ A+4-B . B+C :: B+C. C+D. 


Which was to be Demonkr, 


Probl, VIIL. 


The .ſurnm -of: the extremes , and fumm of the means of four right 
lines in Continual proportion being yrU ſeverally , to find the Pro- 
portionals, But the firſt fumm mult be greater than the latter ; the 
reaſon wheteof is manifeſt , (per prop. 25, Elem, 5.) 


A— —_— 


———_——— 


F G6 #H EF =— 16 
E — _ _ = FG = 8 


Suppoſe 

1. EF, FG, GH, HI ==, viz, EF, FG :: BG , GH :: GH , HI, 
z, b= "EF + HI is given. Alſo, 
3-c = FG -þ GH =— FH is given: Therefore, 
4.4 = b + c = EI is given. | 
S., 6.0 { Determination. ) | 

' Req. 20 find EF, FG, GH, HI. 

| Reſolution. 

6, ”w7 Suppeſ Ly  +'- > EF, FG, GH, HI =, 
. Therefore by the Zemme prefixt FE h 
7 Lcfore thi Problem, » PEAT © EF-{EG . FG+GH :: FG-GH . GH-+HI, 


8, That is, as is evident by thed Z 
TTY OS 16G '. BB = FN . GL 

9-.iOf. which three cominual Proportionals the mean F H, that is, ©, is given , as alſo 
El, (=EG +G1,) that is, d, the ſuram of the extremes. Threfore , by che 
Theorem in 21* of Probl. 1.3. Chap. 5. the extremes ſhall be given ſeverally , viz. 

id + y/:34d —@: = EG = EF + FG. 

OO OR HM — Id — @W: = GI = GH+ HL 

it.” Therefore, from 10% and 3* tis manifeſt, that of theſe three Proportionals, EF, FG, 

: les £1 the ſumm of the firſt and fecond, to wit, EG, is given ; alſo the ſumm of the 

Ke 


third, to wit, FH is given. Likewiſe of theſe three Proportionals >. - 
Gwils 


IO. » 


EN cs. . 


oF 
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GH, HI, the ſumm of the firſt and ſecond, to wit, FH, is given - alſo GI the ſumm 
of the ſecond and third is given ; theretore, (according to the Canon in 44* of Prob! Fa 
Chap. 7.) FG and GH thall be given ſeverally by theſe following Analogies, *v;z. 


_ 3 cp td yi tad —cet , 6 tr Id Jayiidd—ca: . FG. 
: Ch3d — wi ,ad — CO: « 6 :: Id—y:5add—cc: , GH. 
_ Which Analogles, reſpect being had to the Equations in 10®, and to the Diagram, will 
give this following CANON 


13. From the Square of half the aggregate of the given ſumm of the extremes and the given 
ſumm of the means, ſabrract the Square of the ſuram of the means, and extra& the ſquare 
Root of the remainder. Then add and ſubtra& that ſquare Root to and from the ſaid 
half aggregate, and reſerve the ſumm and remainder. Then it ſhall be , as the ſumm 
reſerved together with the ſumm of the means, is to the ſumm of the means ; ſo the 
fumm reſerved to the greater mean ſought. Or, as the remainder reſerved rogether 
with the ſuram of the means, is to the ſumm of the means ; ſo the remainder reſerved 
to the lefſer mean. Laſtly , the ſumm before reſerved being lefſened by the greater mean, 
pives the greater extreme: or , the remainder reſerved being leſlened by the lefler mean, 
Lives the leſſer extreme. | | 


The Compoſition of the foregoing Probl. 8, 


Y _— B —18 K =36 

he OY F G' H C —=12 L —18 

E — —— I EI =3o | GF= 8 

K —_ EG =24 | GH= 4 

L os Gl—= 6 M= 4 
4 M —— 

Suppoſ. 


14+ B = the ſumm of the extremes of four right lines in continual proportion is given. 
15. C = the ſummof the means is given. 
16, B - C. ( Determination. ) | 

Reg. to find the four Proportionals ſeverally, 


Conſtruttion, 

17. Make EI = B+ C. | 

18, Divide EI into two ſuch parts in G , that the line C may be a mean Proportional 

between the parts ; which effeRion is poſſible , (per Probl. 14. Chap. 5.) if C be not 
oreater than + E 1, but that C is leſs than & E1, I prove thus, | 


© 
By the Determination in 16%, . , '. . » - © C = B. 
Therefore by adding C to each part, , . . ., 2C = B+C. 
But by Conſtruction in 17%,  - + - +» + « BY = Rn 
Therefore, ( per Ax. 3. Chap.2.) . +» +» - . 2 CG IEL 
And conſequently, . . .'» +» + © © + C.-> *BL 


Which was to-be ſhewn. 
Thereſore 'tis poſſible to cut EI into two ſuch parts, 
that C. ſhall be a mean Proportional between them. EG 
Suppoſe then E I to be ſocutin G, and that EG 1s 
vreater than G1 , therefore, . « . » +»: «» | 
ts. Mike, oo EE ERR mRCERaS > K=EG-+C; alſo, L=Gl--C. 
20. Let it alſo be made ( by Precbl. 8. Chap. 5.) as K/ 
0C, ſo EG toa foutth Proportional GF, ter: K . C::5 BR 
tore, ee Gr ERR _ | 
21. Again, Jet ir be made as L toC, ſo Gl to a LY E 
non Prapatata GH, therefore, ; L . C :: GI . GH. 


. C $2 C » Gl, 


22. Then from EG cut off GF, and from Gl cut off GH - ( which ſubtraRions are poſſi- 


ble, tor by Conſtruction in 1 9®, K is greater than C , therefore from the Analogy in 20*, 
| G is greater than GF : Likewiſe by Conſtru&tion in 19®, L is greater than C, and 
conſequently from the Analogy in 21*, GI is greater than GHz) ſo the remainders 


EF and HI are the extreme Proporcionals ſought, Iſay EF, FG, GH and _—_ 
FP our 
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four continual Propertionals, which will ſatisfie the Problem propounded. But to make 
the truth thereof evident, 1 ſhall prove three things , viz. Firſt, that FH the ſumm 
of the means F G and G H 1s equal to the given furan C: Secondly , that the ſumm 
of the extremes EF and HI is equal to the given ſumm B : Thirdly and laſtly, 
that the faid EF, FG, GH, HI are in continual proportion in this order, v:z, 
. EF , FG :: FG . GH :: GH . HI. 
Firſt, that FH the ſumm of the means FG and GH is equal to the given ſumm C, 
I prove "thus; 


Preparat. 
23. To the lines K and C find a third Pro- 
| portional, as M, ( ind ou 7. my 5-) Evi a aA TC . AM 
therefore , JEM "I 
Fate 5 Ry 5 +. Se S 
Demonſtration. 


25. By Conftr. in 18%, » > a ew © . GE 
26, Therefore by Compoſition of Reaſon, 5 e EG4C, , C :: C+GI... GI. 
27. That is, by exchanging <qual right | lines & K 9 GI 
according to the Conſtruction in 19®, . 7 , X 
28, _ ore alternly , | n R PM L & WS 
29. Andby drawing C as a common altitude 
"ino the 4 o_ Terms , K L oC . CCA 
30. But from the Conſtr. in 2 z* and 21* 
( (per prop: 2 16. ”__ 6.) Ly 
31. Therefore from 29* and 3o*, y ex Sa 
change of equal Reangles, . ; DRM, QCL,GH 
32, Bur (oe. 1. Elem. 6.) > & $2 CI. DO, 


> 
33. That 9.” gs” A 4 CK,M . OL,GH :: DKM . DLM. 
P » 
P 
P « 
T. 
P 
#1. 
'S 
Þ 


COKM = QC; and CIL,GH = CIC,GT. 


Elem. 5 
34- +1.” 3 FEAR , per prop. I4. Els.) - - DOL,GH = OL,M. 
35. Therefore from 34*,( per prop. 14.E1.6,) wy . 'M 4 |». Wh 
36. Therefore from 3 5*,(per brat I4-El.5.) 
37. Again, by Confir. in 20? k 
38, And by Conftr. in 23 > NPR 
39. Therefore trom 37* and 38*, ( al 

Coyoll. Herigon. «3: prop. 12, Elem. 5.) 
40. And beeauſe by Conftr. in 19% + «+ 
41. Therefore from 3 9® and 4e*, 

42. monks yr 4's. —_— ) ,C . 
yoo erctore from 41* and 42*, ter. OE 

+-- K LF: K .C 
44. Therefore from 43 * (per prop. 14 'El.5.) > GF + M = C. 
45. But it hath been proved i m36*, that .* GH = M, 
=" 11 up 44* and a5, (per Ax. 6. '& GF + GH = C. 

7. But 'tis evident by the Diagram, that > GF -- GH = FH. 


48. Therefore from 46* and 47%; ( er E 
Mn. Cop. 2)  - -» was 'C FH — C. Which was to be Dem. 


Secondly, that the ſumm of ” extremes E F and HI is equal to the given ſumm Þ, 
1. demonſtrate thus ; 


5414 + par oe 2 0. 0 > re = bk 


Demonſtration. 
FO. By Coyftr. _ Þ > 4 = -- > Efa2 B+ GC 
FI. And it hath been proved in 48*, that .e FH = C. 
52. Therefore by fubtrrating C or FH EI FH — B 
| from each part in 50®, 'F Rs WEE: 
53- But *ris evident by the Diagram, that .> EI —- FH = EF + HI 
, | 45. Thyge- 


M — G BH. 

Ew 6 |. voy 
K cc a - mW * 

C :: EG+C.. GF+M. 

K 


LS in = EG--C, 
v- © tt - RE GM, 


nes Ai” ths 


151202 btn MB 99 
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a Th refore from d 
M__ r2 Chap. 2. ) = ”= F3. , 5\C02T EF + HI = B. Which was co be Dem. 


Thirdly and laſtly, that EF, EG, GH, HI are in continual cm I demonſtrare thus ; 
Sf. +» «» eq. dentiſts © 0 o ©» © BY. Gu 10; om: : GH , HI. 


Demonſtration, 


56 By Cage m-20”, 5 © = ©: eb . 

57. And by Caefr.in 19%, . .  o © © oo BGA Cm 

58. Therefore from 56* and 57*, . ad | 

59. And becauſe it hath been proved i in 48®, that . .-> FH = ©. 

60. Therefore trom 58* and gg*, . . . . > EG-+FH . FH :: EG . GE. 


61. It is manifeſt by the Diagram, that of the a right lines EF, FG, GH the ſumm of 
the firſt and ſecond is E G, and the ſumm of the ſecond and third is F H , therefore the 
Jaſt preceding Analogy is qualified i in every reſpe&t according to the Theorem in 45® 
of Probl. 5. Chap. 7. whence EF, FG, GH ſhall be Proportionals, viz. 

EF. ., I :: #8 ., om 

62. Again, by Conftr. in 219, .- 0 oc. e#5> <- DB nem s 

63. And by Conſt nw EEE Sen. 'o | 

64. Therefore from 62 and 63* EO ON A 2 GI +C ..C :: GI . GH. 

65. But it hath been proved i in 48*, that . . T o 5 

66. ne wy oa 64*and 65%, . ,. « os .> GI-+FH ; FH :: GI. GH. 

67. Therefore from 66%, in like manner as before - 
in 61, (per Theor. in 45* of Probl. 5. —_ 7) *c FG +« |GH,: GH. HE 

68. Wherefore fron : " ( .> EF , FG :; FG., GH, 

69. Wherefore irom wh an 68®, per 0 11, - 24>. O30. os 

4-5 po prop . EF.FG : FG.GH :: GH. HI. 

Which was to be demonſtraed i in the laſt place Therefore the Problem is ſatisfied. 


I— 


A LEMMA, leading to the following Probl. 9. 

If four right lines be in nd proportion, the difference of the means is a mean 
Proportional between the difference of the firſt and ſecond, and difference of the third 
and fourth Proportionals. 

Supe | 
Q,R, 8s, TT HO en CG, EE rn Rk rn LY 
2 Q = R "Whence Ko * and SE 1, 


Q _ _ 5 

oY — _ — go 

HY — — 80 

T ——— — 64 
3. I . . Reg. demonſty. . . o « . . - Q—-ER . R—S os R-—-S . $S—To 

Demonſtration. 

4+ By Swppoſ.in 1%, « « « 6. © «© » oÞ Q_. 4 En 
F. Alſo by Ss ppo/. in 2 OE. W@- *.: — * 
6, Therefore by Diviſion " Reaſon, ts > Q—R ge: Þ S. 
7. Andalternly, -. . oo 4 hea an —_ s. 6 
8. Again, by Sxppoſ . PT _ m— To 
9. Therefore by Diviſion of Reaſon, - - of RS © TS 
10. And alternly , - fe. R— 5 . ST 1: $8 


11. Therefore from 8* and 10 * (per prop 11. 6 n-S. Set n= 
Elem. 5. ) Ay , 
12, Likewiſe from 5 and r [1 © per prop. tt, El. 5.> Q-R.R-S:: R-S. S—T. 


Which was to be Demonſtr, 
Probl, I X. 


The difference of. the extremes, and difference of the means of four 


right lines in Continual proportion _ given ſevenally, to find the 
Proportio- 


—_— — 
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Proportionals, But the given difference of the extremes muſt be greater 
than the triple difference of the means. 

| -1it erE | 125 
206066 A — 
Q Ay — $0 
— 64 
Suppeſ. 


t.Q,R,S, T +; vi. Q.. R :: 
2. QR, whence RS; and S TT. 
3-b = Q — T is piven. | 
' 4. £ = R — 5 is given. 
5. a = 6 — c is given, | 
6. b &* 3G: ( Determination. ) 
| Reg. tokind Q, R, S, T. 


OE EL ED WS 


Reſolution, 


TSS mi adi, . . . . .> R,S, T ==, alfo 'K 

8, Therelore by the Lemme prefixt before this ” eh 
EEE of > <-> -- » 'F QR .R—S::R-S. 8ST, 

9. Of which three continual Proportionals in 8* the mean R—S, that is, ec, is given ; 
asalſo 4 ( =Q+S—T—R,) the ſumm of the extremes Q—R and S—T. 

theretore by the Theorem in 21* of Probl. 1 3. Chap. 5. the extremes ſhall be given 
ſeverally , 25%. tr 

kh 2h 1d 4-4: $dd —cc: = Q—R. 

" 6 4d—y:2dd—un:=S—T. 

11, Therefore from 4*, 5® and 10? 'tis rhanifeſt, that of theſe three Proportionals Q, R,'S, 
the difference of the firſt and ſecond, to wir, Q—R isgiven, alſo R—S the difference 
of the ſecond and third is given, Likewiſe of theſe three Proportionals R, $, T, the 
difference of the firſt and ſecond ,, to wit , R—S.1is given, alſo S— T the difference 
of the ſecond and third is given , therefore, (according to the Canon in 1 3, of Probl. 6, 
Chap. 7.) R and $ ſhall be given ſeverally by theſe following Analogies, viz, 


Ed by: 2dd —©C:—c « 6 :: Idd-y:idd—ce: , R. 
C— Ed — y:idd —cc: « © :: td —y: da: © S. 
Which Analogies , reſpe& being had to the Equations in 1 0* , do afford this 


CAMNOLXM. 


13. From the Square of half the exceſs by which the given difference of the extremes exceeds 
the given difference of the means , ſubtra& the Square of the given difference of the 
means, and extra& the ſquare Root of the remainder ; then add and ſubtract that ſquare 
Root to and from the ſaid half-exceſs, and reſerve rhe Summ and Remainder, Then it 
ſhall be, as the exceſs of the Summ reſerved above the given difference of the means, 
is to the difference of the means , fo is the Summ reſerved to the greater mean ſought. 
Or, as the exceſs of the difference of the means. above the Remainder reſerved, is to 
the difference of the means , ſo is the Remainder reſerved to the lefſer mean ſought, 
Laſtly, if the ie." reſerved be added to the greater mean it gives the greater extreme, 
and if the Remairler reſerved be ſubtra&ted from the lefſer mean it gives the leſſer 
extreme. 

But to the end there may be a poſſibility of effeRing the Problem propounded , the given 
limes muſt be liable to this 


12. a 6 0 


Determinatson. | 
14. The given difference of the extremes muſt be greater than the triple of the given 
difference of the means. | 
The truth of this Determination will be made manifeſt by the following Theorem , and 
that 'tis neceſſary, will be evident in 2 8* of the foowing ConſtruQion of the Problem. 
| THEORE AM. 
15, If four right lines be in contitival proportion, the difference of the extremes is greater 
thatrthe triple difference of the means. ” 
To Suppeſ: 


OAT Ws 
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Swppoſ- = 
16. Q, R, S, 1- ==, we. Q.. R v5) Bb Soi pms 
17, Q — R. Whence R =S, andS © T. | BYÞ 
i3-.., ., Mg any: co '« @s v6: 1h Q= To 10a 


ps == 
19. By Smppoſ. in x6* and 17%, . . >S Q,R,S, T5 - alſo Qs. 
Therefore by the L fixt before thi Tea 
WE re __ OD e Lemma pre TIDE this 6-1; = s': 4 S. To 2X 


- But if four quantities be Prepantoncts: the 
"lon of the extremes is greater than the ſumm FE _F | 
of the means, (per prep Elem. 5: ) there- C4 —R= ERS _— o_ 
fore from 20%, . . 
22. And by adding R toeach part in w*, . Y Q+$S—T® 3R — 25, 
23. Wherefore by a. S from each —_— PR 's 
nn, « » | + 


Which was to be Demonſtr, 
| The Compoſiti ition of the foregoing Probl. 9, _ 
S: == 61 | L 4 


l 
A 
_i 
| 
my 


B 

C & | 

'E jms þ F212 | C=20 R = 100 
R — - — EG —25 | Q= 125 
- wy G1 | 
"ES = 
Wi 


RE - | . "6 


| Suppoſ. 
24. B = the difference of the extremes of four right lines in —_—_— proportion Is givert, 
25. C = the difference of the means is given. 


6% # © +; ( Determination - ) 
Reg. to find the Proportionals ſeverally. 
Conftrutt;on, 


. Make EI = B — C. 
13. Divide E 1 into two ſuch parts in G that C may be a mean Proportional between the 
parts , which may be done, ( per Probl. 14. Chap. 5: ) if C be not-greater than ZE I. 
But that C is leſs than 5 E1I, I prove thus; 


By. the Determination 46", :» oO ER 
Therefore by OOTY C trom- each part, — -- ORREST 
But by Conſtr, in 27%, . IE | © DE WHEL 
Therefore, ( per Ax. J« Chay: 2, ) 2. > 0.0 oo ST RT 
And conſequently, . . 5 * 00) CO RT 


Which was to be (hewn. Therefore * tis poſſ ible ( per Probl. 14. Chap. 5.) to cut El 
into two ſuch parts that C may -be a mean Proportional between them. Suppoſe then 
that El isſocutinG, andthat E G is the greater part, and Gl the leſſer ; therefore, 

ES C Gl. 
29, Make K = EG — C, which is poli " to be done, for by Coxſtr. in 28,  EG=C. 
30, Make L= C — GI, whichis poſſible to be done, for by Confty. in 28%, C > Gl. 
31, By Probl. 8. Chap. 5. "Jet it be made as K to C, ſo EG toa fourth Proportional, 
ſuppoſe it be found R , therefore | | 
K . 6 25. Bo h 
32. Apain, letit be made, as L to. C,, fo —_ a fourth Proportional S, therefore 
L "1k? NM 
33- Make Q=EG-+ R, whence Q— R =EG, 
34. Make T=S—GlI, whence $ — T = GI, but that GI is leſs than S, as is 
implied by this EffeRion , I prove thus ; | 
Vu 2 By 
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EE > > > +o-« < - 00+ + © © - TinCo GL 
Therefore by adding GI to cachpart, « , . . . « . . L GI=C. 
EE ob a cis vie to ets : 
Therefore from the Analogy in 32®, ( per Schol, prop. 14. Elem. 5. ) GI —=S. 

Which was to be proved, : 

35. Ifay Q, R, S, T (found out by Corffr, in 33*, 31*, 32* and 345,) are the four 
continual Proportionals ſought. But to make. it manifeſt that they will ſatisfie the Pro- 
blem , 1 ſhall prove three things, 2zz. Firſt , that the difference of the means R and $ 
is equa] to the given difference C: Secondly , that the difference of the extremes Q 
and T is equal to the given difference B ; Thirdly and laſtly , that the ſaid Q, R,S, T 
are in continual proportion in this order, viz. Q.RyR.SyUS, T, 


Firſt then , that the difference of the means R and S is equal to the given difference C, 


I demonſtrate thus : 
Prepar. 


36. By Probl. 7. Chap. 5. let it be made as K 

to C, ſo C toathird proportional line M , c EE + 
TIE fo -& ©. 0 © 

LET. - - - - - « - « R—S$S = C. 


Demonſtration. 


DEER 257, : o + > - - .-Þ EG, C :::'C , 6L 
38. And by Conffr.in28%, , . . . . .Þ> EG © C, | 
39. Therefore from 3 7”; by —_ —_ > EGG, C : CG; GL 
40. That is, by exchanging equal right lines = 

according to the Conſtr. in 29® and 30*, 'F K - & ::'L.._ GL 
41. Therefore alternly, . . . + FT, IF T_T 5, OI 

2. And by drawing C as a common altitude ER . 
x into each of the two latter Terms in 419, '* K . L :: ac. _. OC 
43+ But oupo the Cnr, in 3 6 pL Oo NO. 5 QKM=qgC; and QL,S=QC.GH. 
44. Therefore from 42 and 43*, by exchange 2, 

of equal PRs; OP - : «7 K + L :: OKM, CLS. 
45. But by reaſon of the common altitude M $4 

this Analogy is manifeſt, . . . . ; K . L :: OKM. OLM. 
ir Sangay ry UT nn4T"s (por pp.8 2 CKM.DOLS:: KM . QLM. 
47- Therefore from 46 (per prop. 14.Elem.5.) > QAL,S = CAL, M. 

ts & 


C . M 


48. And from 47, ( per prop. 14. Elem. 6.) .> L . oz 
49. Therefore from 48*, (per prop.1 4.Elew.5.) > M = S. 
TCR. 031%, - - . - -> 'K . © 3: EG -, R 


51. And by crak RR 7 ce 8 &t © :- © 
52. Therefore from 50 and 5 1®, (per prop. 11, . | 

Elem. 5.) 7 0& . . - , o . o '$ EG R C P M. 
$3s 1 + + mm l = LS. + 3: © +» : i 

4+ Therefore from 3 8* and 53*, by Diviſion > 

? of Reaſon , 'S | o o . - . - . - 'L EG—-C ' C _ R M L M. 
55. And becauſe by Conſtr. in 29%, . . .> K = EG — C. 
56. Therefore from 54* and55*, . . . .+ | . 
4 _ « bg ah aol AB . "to . . « > K P C $4 CG o M, 
50. Lherelore irom 56* and 57*, (per prop. 11, MELO 

Elem. Fe ) « * . - o ” 4 4 F '8 R—M *g M pe C g Nh 
59. Therefore from 58*,(per prop. 14. Elem,g.)> R — M = C 
60. =_ Gwe? been proved in 49*, that .5 M = S. 
GI. Lneretore rom 5 9® and 60®, ( per Ax.6.4 p __ 

Chap.z.) . . F DS ih F wa 'C R—S=C., Which was tobe Dem. 

Secondly , that the difference of the extremes Q and T is equal to the given differe nce B, 
I demonſtrate thus : | | 


62, « , , Req. demonflr. « , , © Þ. © «© « Q—T = Be 


1Demonſir. 
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Demonſtration, 


63. By Conftr. in 33*, . > 
64. And by Conſtr. in 34*, — 
65. And from 61%, , , LS 

FOO ; and EG R&S—Gl. 


from the Equation in 63%, . . . . T = EG + R yas ns S. 


68, Bur by Conf, in 28" , = ->EI = EG + Gl, 
69. Therefore from 67? and 68® .C Ls Aa 6, TR 
MF 8 QT _— 
70.. Again, by Cenſtr. in 27 "ow > B—C= 
7I, And : hath been proved in 61 * that - (> C=R— "9 
JS. There! or the ſumm of the rs in 20® _ 
and 71* gives . . D 81 +RES 
Therefore from 69% and 2 . 
OT. my g9*an 72" ; (por Ar: I £ Q- T=B. Which was to be Der 
Thirdly and laſtly, that Q, '; S, T are in continual proportion I denionſtrate thus: 
44» + » « Req, danetfiy. «© © 5 o GY BS EE  RREqa6qrlw 
go Fur ous 6 
75+ By Conftr in 31*, OY - «ES 40-2 "Ee _ VL 
76. And by Corfty. in 29% and 33 REY EG—C=K; and Q—-R=EG, 
77. And it hath been proved in 61*, that . . > "R—ESEC. 
78. Theretore from 75*, 76* and 77?, by EX- 
changing equal right lines, es + Q-R—R-S - R-S$ > Q-R- R, 
79. Theretore from the lalt preceding Analogy, ' 
by the Theor. in 14* of Probl, & _ en * IY* R 2 'R Y 
Q,R, 5S are ==, viz, »« | 
8, Again, by Ceyſty. in 32%, «. Es 2::.C S.' 
$1, And by Conftr. in 30 and 34" fo Wo Curl nd 9—T = = Gl. 
87, And it hath been proved in 61*, that. .> R—S= C: 
87. Therefore from 80®, 81* and 82*, by ex- * T | 
changing equal righr lines , : + R—S—S>T . $>T :: B-"S. «5, 
£4. Therefore from the laſt preceding Analogy ; 
by the Theor, in 14* of Probl. 6. Chap. 7: KS 49S $3 
R, S, T' are +555 088, is | | 


66. Therefore from 63 o 649 and 65*, x. C 
67. And by ſubtracting the Equation In 64* 


4 


8. Wherefore from 79 * and 84 "(per prop-c1- Cs he | "= 
Elem 5.) . « » & 73-9 ol 
Which was to be demonſtrated in the laſt hack.” Thetefore the apt is ſatisfied. 

Le Probl X. 


A Rectangle FGHK being given by Poſition, to draw 2: right ling 
GN from G one of the angles oppoſite to the Baſe FK , tocur the Baſe 
produced, ſuppoſe in N , ig as to make the Trang, KL N (lying with- 
out the Rectangle ) equal to a given Space ; ſuppoſe the $quare of the 
right line D. 


G H D FK= 12 | KL =10 
SAL __—— FG= 15 | GN= 39 
| nD=120 ic gin 
| KN="14 13 
F K N 
Suppoſ. 


1. FGHK is a D given. 

2. 6 = FK or GH is given... 

3; c = FG or KH is given. | | 

4+ 4 = D the ſide of a Square give. LO Reg 


\ 
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 —NILSORY 


_ 


Reg. to find 


5. KN a right line to be added ro FK, ſo, as FKN may be a ſtrait line 
GN being drawn it may make AKLN = qD, } | z. and that 


Reſolugion. 


6. Put a for the deſired increaſe of the Baſe FK, viz. > 4 = KN, 

7, Then becauſe ANKL and A NFG areequi- 
angular, theſe lides are Proportionals, ( per prop.q.C FN . FG :; KN . KL 
Elem. 6, ) VIE: ; Fg HE . . a Es 2 y 

$, That is, in the letters belenging to:the Reſolmion, > 4b . c :: a , _£4 

9. And becauſe ( per prop. 41. Elem.1.) . , .> OKN, KL = 2AKLN* 

ze. Therelbre from 8*, 9, 4*,5* and'6®, > ax. — 24) — 

11, Now to avoid an Equation between Solids , ab | \S 
let it be made asc rod, ſo 24 toafourthPro-5S 6  d :;; 2d , xe. 
portional, call it e, therefore ” 

12, Whence, ( per prop. 16. Elem. 6.) . . .> & = 24d, 


13. Therefore from r0* and 12*, (per Ax.1. Ch2)> a x IJ =.F5f. 


14. Which Equation may be reſolved into theſe £ ca 
IS Sn... > - oe o,.$- os 
15. And: by drawing 4+|-b as a common Factor 
into each of the two latrer Terms of the laſt Ans-© a 
logy, this ariſeth, . . . . . . . « » 
16, And by caſting 'away the common FaQtor c, 
this Analogy ariſth, . . . . . . . » 
17. And from the laſt Analogy , by Diviſion of ? © if 
EE oe > os oo ET e755 FE 
18. Therefore , by comparing the ReQangle of the PI 
extremes to the Reftangle of the means, '£ ws = 22.0% 
J - ogy _— wy —_ —— edn 6d; 
But'the laſt Analogy doth manifeſtly conſiſt of three Proportionals , whereof the 
mean, to wit, 4/tb is given, asalſo 2 the difference of the extremes a and a—t; there- 
fore the extremes ſeverally , the greater whereof is the deſired increaſe KN, ſhall be given 
alſo, per Probl. 12. Chap. 5. and the Theorem in 24* of the ſame Prob/. gives this following 


: CANO N. 
20. 6... +. 3t + viitt + th: = KN. That is, in words, 

Let it be made as F G the altitude of the given ReRangle, to D the ſide of the given 
Square , ſo 2D the double of the ſame (ide, to a fourth Proportiona), which may be called T. 
Then to. the Square of half that fourth Proportional T, add the ReRangle of T into FK 
the Baſe of 'ithe given ReQangle , and extract the ſquare Root of the ſumm, Laſtly , that 
ſquare Root added to half T , gives K N the delired increaſe of the Baſe, 7% 


i be Compoſition of the foregoing Probl, 10. 


p 1:34 catcb _ - 


T 
M— 
F A — —_ 


Suppoſ. 
21. FGHK is a C given, 
22. D is the (ide of a Square gIVen, 
| Reg. to find | 
23. KN arightline to be addedto FK, ſo, as FKN may be a ſtrait tne, and that 
GN being drawn, it may make AKLN = aD. _— , 
| onftr. 


et Feats 37S 23 
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Conftruttion. 

24. By Probl. 8. Chap.y. let it be made as FG to D, fo Re 
2D toa fourth proporrional tine, ſuppoſe i ir be foindS BG ,” D*:: 2D ; To 
T, therefore, . . | 

25. By Probl. 9. Chap. 5 . find a mean. Proportional, 
as M, between T on F K , therefore , . 

26, Making M to be the mean of three Proportional | 5; 
and T the difference of the extremes, find the extremes IRE ER ts 
ſeverally, ( per Probl. 12, Chap. 5. ) the greater> A—T,M :: M . A. 
whereof ſuppoſe to be A, tn the leffr ſhall be SITE ST off 
A— T, therefore . of * 

That is, in 19* the Jaft ſtep of the Reſolution , ; S a—t . xtb:: tb. 

27. Produce FK to ſucha point N, that KN may be equal to the right line A TOY out 
in 26®, and draw GN ; ſo ſhal' A KLN be equal to the Square of the given line D., 
as was required, But that AKLN = © D, the following Demonſtration, form'd 
out of the preceding Reſolution by a repetition of the ſteps thereof in a backward 
(not dire) order will make manifeſt. 

20: +. « « Keg, dienfi. - «© o © © - oe =: A En, 


Demonſtration. 
2 9. By Conſtr. in26* and 27*, Z »* ENT MM 0 ns 
Thar is, 1n 197 the laſt m_ the | | 2 | 
Reſolution, . « SOUL i v/tb i: oth , 4. 
30. Therefore from 299, ( per prop _ he, _ 
Elem. 6 oO KN Co T,KN oa M. 
3I, Likewiſe from the Conf. in25 "> - - «e « CHER = WO 
32. Therefore from 30o® and ook ( uy 
Ax. 1. Chap.2.) . . : O KN — COTAN = CO TFR. 
That 1s, in 18%, . . « « .Þ a4 — 4 = F6. 
33» Therefore from 33 (per prop. _ KN— T T i: Fx a 
Elem. 6 3 . . "I i b . 
TOS, m 2>*, +» > a—t - FF 3. 6 


7 --o_y 33 » by IY _- . T :: KN+FK . KN, 
7 A Rl i: a+b » <& 


That is, in 16*, , "2 
3Fo And from 34% by raking in hy KN. W, : QFG KN4OFG, FK . CFG, KN. 
That is, in 15*® 4-2 ca + cb C 4. 


the common altitude FG, «. . 

36, And becauſe ANKL and ANEG 
are equiangular, therefore ( oe EN. , FG .:: KN: KE, 
prop. 4. Elem. 6.) . « 

37. on AN a aps: ( per my 16. QOEFN,KL = OFG,KN. 
Elem 


38, Therefore from 35 * and 37 : by KN . T :: DFG,KN+QFG,FK - QENAL. 
exchanging equal ReRtangles, 


39. And from 38*, by reje&ting the | 
the common altitude CIDER «NN. T3 60, 6 
thatis, FN, ., + .'. i. | | 
That is, 2” IP " a» #.:n. #33 er x7 1, 

"Shs 3 9*o(perp perpro 16. 3 Sy = QEGT. 
Thats, ware of I. —_- IT 

41. And becauſe rom the Coyſer. 7. a 
24* , ( per prop. 16. Elem. 6.) 20D = CIFGh 

42, Theretore trom 40? and 41 & DKNAKL = 20D. 


( per Ax 1. Chap. 2. ) 
That is, in jo”,  «- «- ©» Way ES: 24d. 


43. But (per prop. 41, Elem. 1.) .Þ (IKNAL = 2AKLN, 


4 


44. There . 


—_ 
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44- Therefore from 42* and 43*, ( per Ax. 1. Chap. 2.) > 2A KLN = 20D. 
45» Therefore from 44" 5 ( per AX. 21. Chap. 2. ) 0 © > AKLN —= aD, 
Which was to be demonſtr. Therefore that is done which the Problem required. 


—— 


Probl, X1. 


In a given Triangle to inſcribe a Rectangle equal to a given Rec- 
angle. But the right line ariſing by the Application of the given Rec- 
angle to the Baſe of rhe given Triangle , muſt not exceed a quarter of 
the Perpendicular falling upon that Baſe; and conſequently. the double 
of the Rectangle muſt not be greater than the Triangle. 

Note. By the Baſe of the Triangle given in this Problem , is meant ſuch a ſide as hath 
not an obtuſe angle at either of irs ends within the Triangle; for 'tis ealie to conceive, 
that if the Triangle be obtuſangled at the Baſe, a ReRangle cannot be inſcribed within 
the Triangle, ſo, as that the Baſe of a ReRangle may be a ſegment of the Baſe of the 
Triangle, and all the angular points of the ReRangle lye in the ſides of the Triangle, 


—X uw 


CD | 
Reg. to inſcribe 
6. FGHO a (J within the ACDE, with condition that 
7. AFGHO may be <qual to CIST. 


Reſolntion, 
8. Put & for the altitude of the ReQangle requi- 2 00. 9p ny 


> a 
Cas =ary a} 
2s 
Q BE 
S | V 
Suppoſ. | 
1. CDE is a A given. 
z. 6 = CD the Baſe is given, and neither < C nor <D is obtuſe, 
3- p = EK the Perpendicular is given. | ; 
4. © ST, and the ſides thereof, to wit, SV and SQ are given, 
1 — QST — CL or DN is given; whence, [Q CN = DST. 


OO JB = A Rn NNE 
9, Which altitude ſubtraQed from the dar — A 
cular EK, _ , therefore from 2 * __— renee aber 
10. Ir is manifeſt by the Lemma prefixt before = 
Probl. 1 1. Chas. 7: that + - '5 _ 9 - 
11. Therefore ( from 3*, 9® and 2*?,) in the ws po $3; #$ » by — ba 
ters belonging to the Reſolution, . . +- . 
12. And becauſe according to the import of the? — rg 614 = -&T or CDCL. 
00 BREE PR EO IAA , F 
13. Therefore (from 8®, 11%, 2* and 5*,)in the? , , bp —ba __ ,. 
ferters of the Reſolution, . . . . « «+ p SY 
14. Which laſt Equation is reducible to this Ana- ES bp — ba. 
logy, ( per prop. 14. Elem. 6.) « . « +» WM . ” s P 
15. Theretore from 11* and 14*, ( per prop. 11. RE 4 - 
Elem, 5. ) . > . . . a 1 . . + P : p . Sa : . 
16, Which 


aire Tr": 


Et”: 
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16. Which laſt Analogy gives this Equation, (per prop. 16. | 4 21 AI 
Elem. 6.) . _— 6 : d > (Þ ja $4.75 48 T Mt ao 77 
17. And that Equation may be reſolved into theſe Pro- SSIS TEST 
portionals, ( per prop. 14. Elem.6.) . .* . + '$ p—4. vr: vÞr-'4 
Of which three Proportionals the mean, to wit, pr is given, as alſo p the ſumm 
of the extremes, therefore the extremes ſeverally, (to wit, KI .and El, or EB and 
K B, the ſegments of the Perpendicular E K,) (hall be given alſo, ( by Probl. 1 3; Chap. 5.) 
and the Theorem in 21 of the ſame Prob} 1 3. gives this following 
CANOM. 
in... 4 + Se: = KICE BB) 
zþ — 4:5pp —pr: = KB(=E1)) - {2 
- Firſt , let ir be made as the Baſe of the given Triangle , to one of the (ides of the given 
ReRangle ; ſo the other (ide 'of the ſame Refangle, to a fourth Proportional , which may 
be called r. Secondly , from the Square of half the Perpendicular fallirig' upon the ſaid 
Baſe, ſubtra& the ReQangle made of the ſaid Perpendicular and fourth Prop6rtional x. 
Thirdly , extra the ſquare Root of the remainder. . Fourthly , add- and ſubrra& the ſaid 
ſquare Root to and' from the ſaid half Perpendicular, the ſumm and: remainder: ſhall be 
ſegments of the Perpendicular, either of which may be taken for the a)titude of the Re&- 
angle required to be inſcribed. Laſtly, the Baſe of the ReQangle ſought is equal to the 
_ right line ariſing by the Application of the given Rectangle to the altitude beforetound. 
This Canon may be propounded in the form of a Theorem , which may ealily be-demon-- 
ſtrated by a repetition of the ſteps of the preceding Reſolution in a dire: ( not retrograde ) 
order ; but taking the truth of the Canon for granted ; I ſhall proceed to the Compoſition 
of the Problem , tor the etfeRing whereof, "ris neceflary that the given quantities be qualified 
according to the tenour of this W- | Ws 


Determination, © ye 

19. The right line ariſing by the Application of the given ReQangle , to the Baſe of the 
given Triangle, muſt not exceed a quarter of the Perpendicular falling upon thar Baſe ; and 
conſequently , the double of the'ReRangle muſt not be greater than the Triangle. 

Which Determination ſhews it ſelf openly in the Canon, | og 
where it appears, that to the end there may be a policy pr not © pp. | 
of ſubtracting py from 4pp ,. 'ris neceſſary that . 3 | 

And conſequently , by dividing each part by p, . « « -> »r not ©” Ip. 

And by doubling each part, . . « , . « + +» + 2 not ©” 2p. 

And by drawing 6 into each part, . . , . - +» +P? 276 not C 36. 

+ But from 29 and 5*, SE *. ©» + 0 « Þ ach = an: 

And by prop, 41. Elew.t. < << o oo; 0 » » +0, 20 6 A 

=_= ry _——_ three laſt preceding ſteps , by — 2ST. not = ACDE, 

Therefore from the premiſſes, both the riſe and truth of the Determination are maviſeſt, 


The Compoſition of the foregoing Probl, 11, 


& ' 4 
Suppoſe. | 
20, 4s is a A given. OR <D is obtuſe, 
« : 1 1 , ' nor 
21, CD the Baſe is _— and neither JC "Il 32, EK 
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22. EK the Perpendicular is given. : ; 
23. (ST, and the ſides thereof, to wit, SV and SQ are given. 
24. CL = DN = DD is given, ( per Probl. 8. Chap. 5.) 
25- CL not SEK ( Determination. ) 

Reg. to inſcribe | 
26. DFGHOmMn ACDE, f, tht OFGHO = CST. 


Conſtyuttion. 


27. By Probl.g. Chap.s . find s mean Proportional, as M, between E K and CL, therefore, 
EK - M-::: M;', TH 

28, By Probl. 14. Chap. 5. cut EK intotwo ſuch parts in I, that M (before found) may 
be a mean Proportional between the parts , which effeRion is poſſible if M be not 
greater than ZEK , but that M is greater than + E K, I prove thus; 

By the Determination in-25*, . . + > SLINCEK, 

Therefore by drawing E K into each part, . . . . «> COEK,CL not © 4gEK, 

But from the Conſtr. in 27*, (per prop. 17. Elem. 6.) -. .Þ CAEK,CL = OM. 

one Cold 

Therefore by extracting the ſquare Root 'out of each part, . > M not © SEK. 

Which was to be proved. Therefore 'tis poſſible to cut E K into two ſuch parts, that 
M ſhall be a mean Proportiohal berween them ; ſuppoſe then it be done , ( per Probl. 1.4. 
Chap. 5.” ) and that the parts are EI andK1, theretore El |- KI = EK, Alſo, 

| EICor EK—KI). M :: M , KL. 

Thatis, in19%, : « . , ÞP—4. « v/fpr 3: fr «© 4 | 
29+ Then ſet either of the ſaid parts of E K , ſuppoſe the greater part , from K to I, and 

by the point I, draw GIH parallel to CD. Laſtly, from the points G and H let fall GF 

and HO Perpendiculars to the Baſe CD, ſo ſhall FGHO be the incribed ReQangle 
- required, But to make it maniteſt that the ſaid Refangle will ſatisfic the Problem, two 
things are to be proved, viz. Firſt, that all the angles of the quadrilateral Figure FGHO 
are right angles ; and'then that the ſaid ReRangle is equal to the given ReRangle SQTV. 


30. + « . Reg-demonſr, , , . « . . « « « FGHO is a 


Demonſtration. 


OED 297 > - «© + « + + + «o. + o>  GHY FO, 
32. Allo by Corftr. in 29%, . « . «+ « . . . .> GF and HO are LFO. 
33- Therefore, ( per defin. 10. Elem. tr.) . . . . .> <GFO=. |=<HOE. 
34... Therefore from 3 1*, 32®, 33*, (per prop. 29. Elem. 1.) > FGHO is 
.Which was to be Demontir. 

It retains to prove that CI FG, GH (that is, FH) = CI ST; but that equality will 
be manifeſt by the following Demonſtration, form'd out of the preceding Reſolution by 
a retrograde repetition of the ſteps thereof. 


35. + + « Req. demonſflr. . . © «» DFG,GH (that is, OFH) = OST. 


Demonſtration. 
ETD 23%, . ; . . © » | EX-K.. M :: M . K, 
CLEFT oo - » + » >” p—4 . yÞr :: yf/pr » 4. 
.37. And from 22%, 29* and 34*, », - »> FG = KI. 
38. Therefore from 36* and 37%, « . . .> EK—-FG. M :: M . FG. 
39. And from 38*, ( per prop. 17. Elem. 6.) .> QIEK,FG, —OFG =o M. 
. 40. Likewiſe from the Conftr, in 27%, . . .> . « . . FEK,CL=OM. 


41. Therefore from 39® and 40*, ( per Ax. 1. 
Chap a) 0 39 nd 40" (Pr At I-0. OEKEC, —DEG=CEK,CL. 


TERIUEIG?, « . 0. to 0s © oro 6 = 44 = Pr. 
42+ Therefore from 41®, (per prop. 14. Elem. 6.) > EK . EK—-FG :: FG . CL 
That 1s, in __ py . * » " 6 . -Þ & . p— 48 © 0 A "ME -* 
43s By Conftr. in 29% " ' . 's 1's . 6 « w-- H I] CD. 
Ie / 44. There- 
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44. Therefore by the Lemma aa ——_ EK . EK-EFG : CD. Gn. 
Probl. 11. Chap. 7. _ E1 


ey is WES « » rH non) ul  $p>—bs 
Therefore from ” and 4® » ( per prop. 11. -P. 
A "* > (pe prop '£ FG .. CL : :CD . GH. 
46. And from 45?, ' ( per prop. 16. Elem, 6. ) >. CIFG, GH:= EC 
47. But from the Conftr. in 24%, . rf + « « CST = CICD,CE 
__ "744 hb ds Arr, DFEG,GH (that is,QFH) = QIST. 


Which was to be Demonſtr. Therefore that is done which the Problem required.” 


49+ Note, It KB be made equa] to E 1, then ſhall E Bbe equal to I K,'(by reaſoirofthe- 
common interſegment I B, ) and conſequently EK tscutin Bas well as in I, actording- 
ro the import of the preceding Conſtrution in 2 8*, Therefore if by the. point B 
a parallel be drawn to theBaſe CD, as XBY, and from the points X and Y, perpen- 
A eden be let fall upon CD, as XW and YZ : the inſcribed 0 WY, that is, WXYZ 
ſhall be alſo equal to the | wy ReRangle ST, that is, SQTV, and the Dcmonſtra- 
tion may be formed as before, by taking K B or WX inſtead of KI, So two ReRt- 
_— - inſcribed in the given ACDE, each of which is equal to the given ReQangle 
TV. 


Examples in Numbers to illuſtrate the preceding Reſolution of Probl. 1 x. 


Q, TINS.. 
| 
S* V 
Suppoſ. 
50s "7 hm = 168 the Baſe ; Ny JP Pe 
; ung Q e given 
-— DE - ha. 76 the leggs hs are given ſeverally, 


= - > fm bs £ the ſides of CAST, therefore AST = 1680. | 
$5 AFH = OST = 1680. | SE 8 
56, EK L CD, 

Reg. to find in Nombers, 


*$, on = 0 C the ſides of 'CO FH, 
Solution Arithmetical, 


59. EK — 45, found out by the three ſides of A CDE given in 50®, 51%, 52*, by 
the help of 7 beoy, 4. in 68* of Probl. 8. Chap. 8. 
= my irs = o$ found out by the Canon in 18? of this Problem. 
62, FG — . — Kl, found out in 60?®. 
63, GH = 56 = FO, given from 55* and 62% For £542 — 56. 
The Proof. 
64, DFG,GH = 1680 = (ISV,SQ, (= QST.) Alſo, 
p 15 (or 45 — 30). « 56. :3 45 .- 168; thatss, 
j- + *? EI (or EK—-KI) . GH :; EK . CD. 
66, Therefore by the converſe of the Lemma prefixt before Probl. 11, Chap. 7. 
GH || CD; Alſo G-and H are in CE and DE, 
Xx 2 Another 
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| .# Another Example. 

67. Again, the fame ACDE and its ſides being given in numbers as before in 50®, 51* 
and 5 2*,.yout wilf find ( by the |ke Operation as in Example 1.) XW = 15 = Y "4 
and XY = 2112 = WZ, whence the Area of (3 XZ is 1680, which is the ſame 
with the Area of © ST preſcribed in Example 1, And that the ReQtangle. XZ or 
WHYZ. is inferibe& in: xACDE, may be proved frrlike manner as before in 65® and 669. 


= Probl. XIT. 

Within 2 given Rectangle to: make a Rectangle, with this condition, 
that there may. be: an equal parallet diſtance between their fides'; and 
that the Space lynrg between'the fides of both rhe Re@angles may be 
ro the inſcribe Rectangle in a' given Reafon. 


. x 


02 SON. S + BC = 440 
vs: hw Ag. <QPEE 
P'; F = Wl Hats BA — 460 
;| | RK = 23 
Or [ | TD S$.= 9g 
FG = 4oo 
N |.\E — H| j-Z FE = 360 
AWTTY 7 D FI = 20 = GX 
Swopof. 
1, ABCD isa (7 given, 
2 b = BC = AD is given. 
3- £ = BA = CD is given. 
48 c | 
5, d = b — c = BC — BA is given. 
6, r and s the Terms of a given Reaſon. - 


Reg. to make | 
7, DO EFGH within the (D AB CD in ſuch manner, that 
8, FI = GX = HL — EN. Alfo, that 
1 80 HAM OEG,FE . OFGEFE :: r ; 5+ 
Prepar. 

10. By viewing the Diagram , and refle&ing upon bt 

what is given and required, it will be evident Hear $ BC = FG +2CX (2FL) 
SLES... » --- + +» - + +» -> BA = FE +2GK (2FIi) 
12. And by ſubtracting the Equation in 11* from BY EE 

that in 10®, this remains, viz. « » «. +» 'F BC —BA=FG —FE (=4) 
13. Whence 'tis manifeſt that the difference between the length and breadth of the ReR- 

angle required to be inſcribed is given ; for *tis equal to the difference between the length 

and breadth of the given CI ABCD. 

| - Reſolution. 

14+ Put 4& for the ſhorter ſide of the required Re&- > At 

angle BFGH, oi. oe + « = EF = BG. 
15. Therefore from 5*, 13® and £4*,, the longer 

{ſide ſhall be . ry » « m_— a we a+ada(=FG.) 
16. Therefore from 14® and 15*, the Area of 7 

CEFGH is nds ws - EE 'C a4 + i (= AEFGH.) 
17. And from 2* and 3* the Area of the given 

ReRangle is | . p EET.” 26% n 'C be (= A ABCD.) 
18, And by ſubtraQting the Area in 162 from that 

Nie? - - rue" oe OE Wme—a(s BEGCHDEA.) 
19. Therefor 9*, 18% and 16®, according top | | 

the tenour of the Problem,this Analogy aferh,v62, $ 7, #t bene da . anrj de 


20, There- 


{ 
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20. Therefore from 1 9, by Compolition of Reaſon, > r+s . 5 :: be . an da. 

21. Now to avoid an Equation between Solids , let 
it be made as r-|-s to s, fo b toa fourth Pro-> yFþ#s , s :;: b , ff 
portional, call it f, therefore þ i we | 

22, Therefore from 20 and 2 1*(per prop.11.El.5.)> b . f :: be . aa ds 

2.3. And this Analogy , by reaſon of the —_— N #2 
Factor © is evident, (per prop. 1. Elem. 6.) viz. , we lrg 
. * 23® _ 3 | 

ef) ce wt rr £&. earns 

25. Therefore from 24* , ( per prop. 14. Elem. 5.) Þ aa + da = fe. 

26. Which Equation: may be reſolved into —Y E "Hes; x 
Propertiongls, V5t. oo: of eo & © © « fe :: off » er 

Of which three Proporttonals the mean, to wit, 4/fc is given, as alfo 4 the difference 


of the extremes a+ 4 and 4, therefore per Probl. 1 2. Chap. 5. the extremes ſhalf be given 


ſeverally, (which are the (ides of rhe ReQangle required to be inferibed; and the Theorem 
in 24* of the ſaid Prob/. 1 2. gives this following | 
CANON. 
v/: tad | fo: — 5d = EF. 


wt 2 CR 3 :3dd Ffe: + 2d = FG. 
Make 7-+s the ſumm of the Terms of the given Reaſon the firſt of four Proportionals, 
s the latter of thoſe Terms the ſecond Proportional, BC or AD the longer (ide of the 
given Rectangle the third Proportional, and to thoſe three find a fourth , which may be 
called f. Ther to the Square of half the difference between: the length and breadrh of 
the given ReQangle, add the Rectangle made of the faid fourth Proportional and the faid 
breadth. Then to and from the ſquare Root of that ſumm , add and ſubtract rhe ſaid half 
difference , fo ſhall the ſuram and remainder made by thar addition and fubtraftion be the 
deſired length and breadth of the ReQangle to be infcribed; which length or breadth: being 
fubtra&ted from the length or breadth of the given ReRangle,. the half of the remainder 
& the parallel diſtance between the ſides of both the ſaid Rechanples. JT 


An Example in Numbers, to illuſtrate the preceding Reſolution of Probl, 1 bo | 
Swppof: | 


$ viz. in words , 


»BC = | 
= 4 Ss = £ the ſides of the given Reftangle A B CD. 
Gl. C the Terms of the given Reaſon. 

36 Fm Y | 


Reg. to make : | 
32. I EFGH within the C3 ABCD, in ſuch manner, that 
33. Fl = GX = HL = EN. Alf, 
34 MBCBA—-OFGFE. CIFGFFE it RK ,. ST 25 


Solution Arithmetical. 


35. © BC,BA 176000, from 28* and 299. 
G ge 


36, F "= a » « 409 . 0 

27. BE .. $E 26s. © found out by the Canon in 27*. 

38, BFG,FE — 144000, from 36* and 37®. 

39. I BC,BA — DI FG, PE — 32000, from 35* and 38*. 
The Proof. 

40, R . S :: DO BC,BA — OFG,FE . QO FG,FE. 


PIT oo Th» 2000 . 144000, 
42, Fl = 20 = GX = HL = EN the parallel diſtance. 
Another way of reſolving the preceding Probl. 12, 


43. The ſame things being given and required as before, Bo 
let 4 be put for the ſide of a Square equal to' the in- > a4 = EFGH, 


ſcribed ReQangle, therefore . « +» + » 


| 44. From 2® and 3* the Area of the given eftangle is > be. 


45+ Therefore the difference of thoſe ReRangles is , Þ br, — 4%. VERSE 
| 46. There- 
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6. Therefore according to the tenour of the Problem 
this Analogy ariſeth , viz. . . 4 » +» « +» « 
47. Whence, by Compolition of Reaſon, this Analogy 
ariſeth , which gives the Area of the ReRangle to be © ys p 
inſcribed, . an 


5 330-08. , as 


be , aa, 


From the laſt Analogy ariſerh CANONM 2. 


As the ſumm of the Terms of the given Reaſon is to the latter Term, ſo is the Area 
of the given Refangle to the Area of the inſcribed ReAangle ; therefore the Area of the 
inſcribed Rectangle is given alſo. Then the Area of the inſcribed ReQangle being given, 
2s alſo the difference of the lides , ( for this difference , as before hath been ſhewn in t 3*, 
is equal ro the difference of the (ides of the given ReQangle, ) the ſides ſhall be given 
ſeverally by Probl. 1. of this Chapter. And laſtly , rhe length of the inſcribed ReQangle 
being ſubtracted from the length of the given ReQtangle, or the breadth from the breadth, 
the half of the remainder is the parallel diſtance between the ſides of both the ReQangles, 


This Canon may be exemplified by the numbers given in the preceding ZExamp. 1, And 
in regard the Compoſition of this Problem according to either of the ſaid ways of Reſo- 
lation will not be difficult to him that underſtands the preceding Problems of this Chapter, 
I ſhall wave the Compolition, and leave it as an exerciſe to the induſtrious Learner. 


Probl. XIIL 


A Nobleman having thade choice of a plot of ground for the niaking of 
2 Garden of pleaſure, gives direction to a Surveyor to trace out a Rec- 
- angle, or long-Square, whoſe length and breadth ſhall be equal to two 
given right lines BC and BA. Alſo to make another long-Square 
within the former, in ſuch manner, that there may be an m—_— parallel 
diſtance between the ſides of both the ſaid long-Squares. Moreover , 
the Nobleman's deſign is, that the ſpace lying between the ſides of both 
the long-Squares ſhall be ſunk perpendicularly , to make a Mote or Ditch 
whoſe depth ſhall be equal to a given right line S, and the breadth thereof 
ſuch , that the earth digged out of the intended Ditch being layd upon 
the ſaid interiour long-Square as a Baſe, may be capable of railing a rec&- 
angular Mount whoſe altitude ſhall be equal to a given right line R. 
The Queſtion is, to find out the length and breadth of the interiour long- 
Square, as alſo the breadth of the Ditch , that is, the parallel diſtance 
between the ſides of both the long-Squares, 


Br 4+ _Tec 


 — — ">_<. 
———— — 


P + 5 G .X 
R — 
oL a” i 
N HS | EL |< 
AW TV LD 
Suppoſ. | 
:, BC = AD, 7 the fidesof I ABCD are ſeverally given. 


S BA= CD, 

3- R = a right line given for the- height of the deſired Mount. 

4 S = a right line given for the depth of the deſired Mote or Ditch. 
Reg. to find 

5. FG, or EH, the lengthof the interiour CI EF GH, 

4. EF, or HG, the breadth of the ſaid IO EFGH, 


7t1l= 


Ao Tu oe i oct! Ea IG 
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,, FI =GX — HL = EN the parallel diſtance. 
$8. Rx [NEFGH = S « Plane:BFGCDHEA; 


Conſtrudtion. 


9. By the preceding. Prob/. 1 2. let a ReQangle or long-Square be made within the giveti 
CABCD, in ſuch manner, that there may be an equal parallel dittance betweentheic 
lides, and that the Space lying between the lides of, both ReRangles may have ſuch 
proportion to the inſcribed Rectangle, as the given right line R, (preſcribed for the-heighc 
of the Mount,) hath to the given right line S , ( preſcribed for the depth of che Ditch.) 
Now ſuppoſe that by the ſaid 12" Problem the (3 EFGH is ſo made within the 
CIABCD, thar the ſides of the one keep an equal parallel diſtance to the (ides of the other, 
viz, FIl = GX = HL — EN, andthat as R isto $S; (o the interval or Plane 
BFGCDHEA, tothe OEFGH. Then it will be manijeſt ( per prop. 34. 
Elem 11.) that R x 23 EFGH ( which is equal to the Solidity. of the Mount, ) is 
equal to S «x Plane BFGCDHEA, (which is equal ro the fojidity of the Diich;.) 
as was required, 

The quantities of the length and breadth of the inſcribed Re&angle ( of Baſe of 
the Mount, ) as alſo of the parallel diſtance ( or breadth of the Ditch ) may be found out 
in numbers by either of the Canons ot the preceding Prob/. 1 2. and for the greater evidence, 


1 thall here add 


An Example in Nambers , to iluſtrate the preceding Conftruttion of Probl, 13; | 


Suppeſ 
_ _ ny = £ the ſides of the given (2 ABCD. | . 
Vi 2” the Larry of the Mount to be raiſed perpendicu}arly apon 
13, $S = 9 & the given depth of the Dich BEGCDHEA. 

Reg. to find out in Numbers, | | 


14. FG and FE the (ſides of OEFGH. Alfo, | © 
15. Fl = GX = HL = EN the parallel diſtance z with condition alſo , that 
16. Rx(IFG,FE may be equalto 5 x Plane BEGCDHEA. 


Solution Arithmetical, 


I7. = on pa found out by the quantities given in 10?, 11%, 12,13, according 
, : {> hn mw to the preceding- Conſtruftion in g* of this Probl. 13. 


The Prof. 


20, AFG,FE = 144000, the Area of DA EFGH, v:z. the Bafe of the Mount. 
21, Rx IFG, FE = 288000, the Solid content of the Mount, 

2: DO BC,BA—DFG, FE-= 34000, the Area of BFGCDHEA. 

23+ $ x Area of BEGCDHEA = 288000, the Solidiry of the Ditch, 


24. R* O.FG,FE = 5 * Plane BEGCDHEA = 288000, as was required. 


i SO "i w—_— | i 19 4 4 
ti Anat. errne- 


—_— "WF 3 OP 


probl. XIV. 


Within a given Rectangle AEFB to make a Rectangle CGHD, 
with this condition, that after the right lines E G and HF are drawn, 
the Spaces CGHD, EGHF, HDBF and GCAE may be equal 
to one another, and conſequently every one of them equal to a fourth 
part of the given ReQtangle AEFB. 


Sappoſ. 
, AEFBis a 0 given. 
. EM = FK = HL = IG 
. IL = GH = CD. 
g = AB = EF is given, 
. f = AE = BF is given, 


CY 


Q ob ww w 


Reg. 
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| Reg. to make | | 
'7, DO CGHD = EGHF = HDBF = GCAE = zDO AEFB. 


Reſolution, 
"y SD 


Ri Leer, EYE SH =IL 
' 9, n decanie —]L = , Us _ | 
' manifeſt from 2*, 5* and 8*, that . . 'C g—4=lIE+LF. 
16. And becauſe by Swppoſ. in 2® ——_—_ _ ; "eg 
the half of the Equation in 9* gives . IS = LF. 
11. And the fſumm of the Equations in 8* and bee Bw EL 


10? gives SEES 00S 4» .. © > 
12. Then ſuppoſing (ICGHD to be equal 2 
to=(I AEFB, thatis, 3fg, letZfp be di-> » 42 = HD = BK. 


vided by «,that is,GH,and the Quotient gives 
13. And becauſe BE-BK = KF, by ſub- 


trating 3/2 from f, thatis, BK from BF, f— IL. = KF = LH. 
4 


there will remain . . . . . . 
14. Now the Problem requires that . . . > CIF,KF(that is, EGHF) = 4CAE.EF, 
15. That is, in the letters belonging to the - q | 

i ( as appears by the 11% and 13" Ig F Ea x f — 48 — to. 

LE oj is - + + » ot 6 

' 16, Which laſt Equation may be reſolved into? +, _j_ » is -» 7 
theſe NN —_ 'F T2402 53 fo. f— Ys, 
17. And by doubling the two firſt Terms of X. a 
that Avdlogy 3 ihis ariſeth , viz. , , '$ gr «3g 3: f . f— DN 
18. Whence by Converſion of Reaſon, . . 5 # Spchos -2 2 off 
19. And by drawing 4 into each of the two af $4 i a 
latter Terms of the laſt preceding Anilogy,$ gpÞ4.39 +4 :: fu . fe. 
20, And by dividing each of the two Jatter 
Cs 8. 206 22 8. Is, 


Terms of the Analogy in 19® by f, this 
EE ai ot s 5 +9 © 

21. Whence, by comparing the ReQangle of 
the means to the ReQangle of the extremes, c aa + 3ga = gg + 124. 
this ——_— viz, EEC 

22, And by ſubtracting £ga from each part of T9 
the _—_— $15, this =m_ . Kong '$ 66 I-28 = off 

22. Which. laſt Equation may be reſolved into n mf FP" 

"_ Pecglaonals, VIZ, F CE ER 'L —"_ Ty -- 

24. But of thoſe three continual Proportionals, the mean, to wit, ig is given, as alſo 3g 
the difference of the extremes 4+ 4g and 4, therefore the extremes ſhall be given ſeve- 
rally, ( per Probl. 12. Chap. 5.) the leſſer of which ſhall be equal to the delited line 
CD, (= GH = IL, repreſented by 4 in the precedent Reſolution of this Pro- 
blem : And the Theorem in 24* of Probl. 1 2. Chap. 5. gives this following 


ob e= ao —-# CD = CH = IL 
That is, in words , 
To the Square of one cighth part of the Baſe ( that is, either of the ſides ) of the given 
ReQtangle, add a quarter of the Square of the ſame Baſe, and from the ſquare Root of the 
ſumm ſubtract one eighth part of the ſaid Baſe z the remainder ſhall be that ſide of the re- 


quired ReQtangle which is a ſegment of the Baſe of the given ReRangle. Whence the reſt 
of the lines in the Diagram. belonging to this Prod. 1 4. ſhall be given alſo. 


26. It is evident, that no Term of any Analogy or Equation in the foregoing Reſolution 
exceeds the dimenſions of a Square, and therefore the forming of the Compolition of 
. this Problem by a retrograde repetition of the ſteps of the Reſolution will not be difficult 


ro him that underſtands the Reſolutions and Compoſitions of the precedent Problems - 
this 


dk) 
ot Siabe inked. 2 ig hr rs 
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-« s Chapter; waving therefore the Geometrical EffteRion and Demonſtration , I ſhall 
apply the Canon betore expreſt to the Arithmetical Solution of the Problem propoun- 
ded, 


An Example in Numbers , to illuſtrate the Warr Reſoldtion of Probl. 14. 


Suppoſe 
27. GEES is 4 7, whoſe Baſe is AB» E I | "Io 
and alticnde AE. | : : j 
2B, AB = 10 = EF is given. IM | NI Y % ln 
—— 6 = BF tis given. PAY G H | 
20. BM= FR = HL = I &. | | 
31. IE = LF = AC PR ES = 
Reg. to find in numbers , Y C D 


32. The quamcies of the lines CD, (= IL,) IE, (= LF,) HD, (= BK,) FK, (= HL,) 
with this condition, that the Area of every one of theſe four Spaces , towit, (I CGHD, 
EGHAHF, HDBF and GCAE may be equal to a quarter of the Area of the given 
ReQangle AEFB, viz. 


CDOCGHD = EGHF = HDBF = GCAE =— 15 = + DAEEFB. 
S olntion Avrithmetical. 


33» From 28?, by the Canon in 25®, you will find > 435 — 5 = ET: GH-=I1L. 
34. Andby ſubrraQting vEZ& — & from 16, that 


is, IL from EF, there will cemals - , - os rs =IE +LE. 
_ EZ 
"a _ —_ IE = mich mma tg "y *F — = IE= LF = KH. 


$6 0 "hel ſuram' of the numbers in 33* and y2* 7 4 + 4-22 — F—=EL. 
37- Then by dividing i5 the Area of DI CGHD, 
. thatis, Z : of 60 the Area of (N AEFB, by z + /*2:i: = DH = BK. 
424 — + thatis, — the: Quotient gives 
Gr” And by (ubtraQing 4-335 froms, that n Sat 
» BK from BF, there will remain . $—v/2 os = FK = HL. 


pt in the (ix laſt preceding ſteps the quacrkdies of all the lines ſought by Probl. I4. 
are found out in numbers ; bur that they will fatisfie the condition preſcribed in 32*, will 
be evident by 


| | The Proof. 
2 Br Prev of .'; © © GY Dn into 2 * v4he _ . F. Wes 
at 1s "8 IE IRE OI EE EE into —= fo 
_ Produt of. -. © | 4 + * g*5* _ as FA A - F; : 
3, - «-- SEE. into =_ HE, 
41- The Produt of .' , , .'. 554/235 imo fp ST. . 
SEW, + «<a 4 BK into KH = QHUBR 


| 42. The Product of ., . « , » ®—v/*B& imo SEM = AHKPF. 


TER. - «5 6 £0 ---3KE into KH 


66. 0G pgnkg Produ@ts in i5 = DHDBK + A HKF = HDBE, 


oy from 7 5 m_ , Oy =y GCAE — BENS HDBEF —_ 15. 
45. Theretore from 299 « 40® , 43? and 44?, tis evident that 
OCGHD = EGHF = HDBF = GCAE = 15 =4QQAE,FB. 


Which was to be done. All which Calculations will be evident- to him that underſtands 
the Arithmerick of Surd-numbers , handled at large in Chap. g. Book II. of this Trea- 


iſe, 
Yy Probl. XV. 


DO Rr I ET C 
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Probl. XV. 


The Baſe, Perpendicular and Proportion of the leggs of a plain Tri- 
angle _ given, to find out the Triangle. But the given 
lines muſt be ſubject to the Determination hereafter expreſt, 


Note. There is more than enough given in this Problem, unleſs it requires a Triangle 
that hath either unequal acute angles, or elſe an obtuſe angle at the Baſe , in the firſt of 
thoſe Caſes the Perpendicular falls within the Triangle , in the Jatter without ; but the 
following Reſolution may be applied to each Caſe. 


Suppoſ. 


rt. A ACN is acute-angled at the ends of the Baſe A C. 
2. AACX is obtuſe-angled at C, the end of the Baſe A C. 
3. b = AC the Baſe is given. 
4. p = ND = XY the Perpendicular is given. 
5. r and s are the given Terms of the Proportion of the leggs, 9:z. 
P”, #[:13 AN . NC 2; AE-» KG 
6. FJ 8. | 
Reg. to find the Triangle. 
Reſolution. 


7. Put & for the diſtance from the foot of 
the Perpendicular to the remoter end > 4 — DA or YA. 
of the Baſe, viz. ſuppoſe . . . «\ 
8. Therefore from 3* and 7*, the diſtance "RE 
from the foot if the Perpendicular to Dc! _ "*C j 
the nearer end'of the Baſe 1s ny "08 : 
9. The Square of which diſtance is . . > a#—2ba-bb(= o DC or 0 YG 
10. The Square of the diſtance in 7* > a (= a DAornY A.) 
11. The Square of the given —_— » (=OND=0XY.) 


lar in 4* is 
e 0. DC + © ND = © CN. 
? OYC-+aYX(aoND) = oCX. 


aa — 2ba-j-bb - pp(= oOCN or oCX.) 
letters of the. Reſolution, 15 . . 


15. Again, by prop. 47- Elem. 1. . .> 0 DA + g@ ND = o AN. 
16. -wolLh ES ain: » x OYA+OoOYX(oND) = oAXK. 
17. Therefore from 10*, 11*, 15* an wt 

16*, the Square of the greater legg is $ aa4p (=O ANor oO AX) 
18. And conſequently the greater legg 15 >, 4/: aa --pp: (= AN or AX.) 
19. And from-14*, the leſſer legg is . > y: aa— 2ba-F bb - pp: (=CN or CX.) 
20. Therefore from 5*, 18* and 19?, we LR . "wes * we 

cording to the tenour of the Problem, F 7 + 5 * v/* 44Þpp: » v/i a4—2044004)} 
COT" _ ahi » (per ang. wr. 55 3 aa-|-pp . aa— 2ba + bb+fÞ 
22, Now inotderto find out an Equation | 

wherein the higheſt Power of the line 4 | 

ſought may not exceed a Square, top 7 + F ©: &  #. 

and « find a third Proportional , which | | 

may be called 7, therefore, . , + BY 

2 3, There- 


Don 


12. By prop. 47. Elem. 1. «- . «. « 

$3. Lew, to - « ,- +» ©, +» +» 

14. Therefore from g*, 11%, 12* and 1 3*, 
the Square of the leſſer legg , in the 


© Lat . 
os vs OL AERIE UNS £6 Et 
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2.3. Therefore from 22* , ( per Coroll.? | : | 

prop. 20, Elem. 6.) . . . . '$ rr —_ ”; , f. 
24. L[heretore trom 21? and 23*, 


15. Blaw'$c } ics 3, Lo: r .t :: aar{pp . a8—2ba-bb+pp. 


25. Iherefore irom 24*, by Converſi | 
= Ruan, -- -« 2 5 _ II 1 ” . F—8 3: avei-fÞ » 204—0: 
26, Therefore inverſly, -.  o 3 pang o © 7 und; . 
27, Letitbemadeas Y—ttor, ſobto : —_ 
a fourth Proportional , which may be 6 Po-t- , 121 a þ 
called f, therefore, +» os | 
28. Therefore trom 26* and -27*, ( per | a: 
gu. 17. El 9.) «© + © © wy 6 « f :t; 206—6b . aa{-pp. 
29. And by drawing 24 — b as a com- 
mon Factor into þ and f ſeverally , this> 6 . f :: 2ba—bh . 2fa —fb. 
"—_—_ - wy mg (per prop.1. EL.6.) 
30. Iheretore irom 28* and 29?, ( per . 
ig he ye, q p RS (7 > 2ba—bb . aa-\-pp *0 2 ba- bb . 2 fa- fb, 
31, Lncretore irom 30*, ( per prop. 14. / TY 
Elem. 5. ) this Equation ariſeth , , . A yo SF ea 
32. Whence, by adding fb to each part, > 2fa = as | pp + Ff6. 
33- And by ſubtraRting a4 from each part CY N 
of the war pen this ariſeth, , '$ 6. MM ——_ . 
Which laſt preceding Equation ma | 
© converted int this , To anon lewd 2f—4 . edippri-fot © ippfb: « a. 
35+ but that Analopy doth maniteſtly confiſt of rhree continual Proportionals , whereof 
the mean, to wit, y/: pp-j- fb: is given, as alſo 2f the ſuram of the extremes 2f — 4 
and 4 , therefore the extremes (hall be given ſeverally , ( by Probl. 1 3. Chap. 5.) cither 
of which may be taken for the line a ſought, viz. | -- 4 


a = f + vi ff — pp — fb: == Va; 

Or, a = f — y}:ﬀf — pp — fb: = DA. 

36. From 34* and 3* tis ealie ro perceive that ,/: pp fb: cannot be greater than f, 
for the mean of three Proportionals' never exceeds halt the ſumm of the extremes, ( as 
hath been ſhewn jn 20® of Probl. 13. Chap. 5, ) Bur the ſaid y/: pp-+ fb: may fome- 
times be equal to, and ſometimes leſs than 7; to the end therefore there may be a polli- 
bilicy of finding out a Triangle to ſatisfie the Problem propounded , the given lines muſt 
be ſubject ro this following | | 
Determination, . «. . « /:pp4- fb: not &© f. 


That Is, In words, iD, | 
Firſt, if it be made as x to s, ſo s to a third Proportional s, Secondly, as the exceſs 


- of y above t, tor, ſo the given Baſe b to a fourth Proportional f © Then the: (ide of 


a Square equal to the ſunim of the Square of the given Perpendicular p and the ReRangle 
of f into +, mult not be greater than f, for when the ſaid ſide happens to be greater than f, 
is impoſſible to find a Triangle qualified as the Problem requires, by the help of the given 
lines », 5, b andp. 

This Determination is diſcovered by the three Proportionals in 34*, which are rightly | 
inferr'd from the preceding Reſolution , and ſince the Reſojution is clearly Geometrical 
as well as Arithmetical , I ſhall rake the truth of the Determination tor granted. 


37. Ic hath before been dzclared in 3 5®, chat the diſtance ſought , which is repreſented by 4 
in the Reſolution , may be cither of the two right lines or xtreme Proportionals found 
out in the ſaid 34" ſtep; which two right lines will be equal to one another when 


v: pp-|-fb: =f; for then each of thoſe lines will be equal to f; (as is evident by the 
Equations in 35%; in which Caſe, there can but one Triangle be found our to ſolve 
the Problem, and that Triangle will always be obtuſe-angled at the Baſe. Bur when 
it happens that ,y/: pp 4- fb : —=f, then the ſaid extreme Proportionals, (ro wit, the values 
of a in 35*, ) will be unequal betweeri themſelves , and in this Caſe the Problem pro- 
pounded may be ſolved by either of thoſe two right lines, or extreme Proportionals , 

ds 4 VI. 
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viz, two different Triangles may be found out wherein theſe three things will be common, 
to wit, the Baſe, the Perpendicular, and the Proportion of the leggs ; of which Triangles, 
that which is formed by the help of the greater of the ſaid two right lines, ( or extreme 
Proportionals ,) will always be obtuſe-angled at the Baſe ; but the other Triangle form'd 
by the help of the leſſer of the ſaid rwo right lines will ſometimes be obtuſe-angled at 
the Baſe , ſometimes acute-angled, and ſometimes right angled, Now to diſcover 
which of thoſe three kinds of Triangles will happen, I ſhall give three Rules , which pre- 
ſuppoſe the quantities of the given lines to be expreſt by Numbers. 


Rale I. 


38. If 2 +6bof; bur # -| 6 not c= f; then the leſſer value of 4 in 35*, 


( that is, f—y:/f — pp —F#6:) is greater than the Baſe b , and conſequently the Tri- 
angle form'd by the help of the ſaid leffer value {hall be obtuſe-angled at the Baſe. 


Rule 1T. 
39, If - + bþ a f;, then the lefler value of 4 in 35® is leſs than the Baſe, and con- 


ſequently the Triangle form'd by the help of the ſaid leſſer value ſhall be acute-angled 


at the Baſe. 
Rule IIT. 


40, If PE -+-b = f then the leffer yalue of 4 in 35* is equal to the Baſe, and conſequent. 


ly,the Triangle form'd by the help. of the ſaid lefler value ſhall be right-angled at the Baſe. 
The truth of Rule x. may be demonſtrated thus ; 


ql. « « » Suppoſ. in Ruler, . . IF +6, but Z- -1- 6 not & f. 
42. . » » Req. demorſtr. . . . f—:ff—pp- fb: © 6; as isaftirmed in Rule 1. 
Demonſtration, 


43+ By Sappoſ. in 41%, 5 35 « « » o «© ob # +be f 
44+ Therefore by multiplying each part by b, .> pp + # co fb. 
45. And by adding ff to each part in 44*, e ff + +06 & ff. 


46. And by ſubtracting pp from each part in 45®, 
( which the Swppoſirion in 41*, or the Determina- > ff -|- bb &- ff -þ fb — pp. 
tion in 36* ſhews to be poſlible,) it follows that | 
\ (oY by _— fo on each Ws ff4-bb—2f = ff —pp—tb. 
48. And by extraRing the ſquare Root, out of each _—_—— 
ES > lo: + © oo # 'S Rc PP - + - 
49. And by adding 6 to each part in g8%, . . .> f = wiff—-pp—fb:+6. 
50. Wherefore by ſubtrafting 4/: ff — pp — #6: E— 
RSGSMEnAgSY;,!'. ifs 0 © » f— will PR fo: © 6. 
.. Which was to be Demonſtr. 
After the ſame manner the truth of the preceding ſecond and third Rules may be de- 
monſtrated , and from the premiſles the following Canon is deducible, for the Arichme- 
tical Solution of the Problem propounded. 


CANO N. 


51. Let it be made as 7 the greater Term of the given Reaſon, ( or Proportion, ) to - the 
lefler; ſo the ſame «s to a third Proportional , which may be called e. Let it alſo be 
made as the exceſs of » above t tor; ſo the given Baſe AC to a fourth Proportional, 
which may be called f. Then from the Square of f ſubtra&t the Square of the given 
Perpendicular N D (— X Y) together with the ReQtangle made of f into the Baſe A C, 

and out of the remainder, if any happen , extraft the ſquare Root. That done, add the 

the ſaid ſquare Root ro F before tound , and rhe ſumm ſhall be the diſtance from the foot 
of the Perpendicular falling without the Triangle upon the Baſe continued to the remgtcr 

end..of the Baſe ; which diſtance we may ſuppoſe to be AY in the following Fig. 1, 25 

a . 


nd 2 


Chap. g. Mathematical Reſolution and Compoſetion. 357. 


and 3. Whence CY — AY—AC is given z. and conſequently, ( per prop.47.Elem.1. ) 
CX=J F:OCTY+oXY:isgivn, and AX =y/:OAY+OY XK: is given alſo. 
Therefore A A CX, whoſe angle A C X is obtuſe, is given, . which { ſhall.call the firſt 
of the two Triangles that will ſolve the Problem propounned, "0 
Again, ſubtract the ſquare Root betore found, from the before mentioned. fourth 
Proportional f, and reſerve the remainder. Then obſerye whether the ſaid remainder 
be leſs, greater, or equa] to the given Baſe AC; if leſs, then the ſaid remainder ſhall be 
equal to AD, to wit, the greater ſegmenc of the Baſe A C made by the falling of the 
Perpendicular ND within the Triangle ANC in F#g.1. Whence AN=y:0AD--oND: 
is given, Likewiſe CN — y/: © CD -j- D DN: is given, and therefore A ACN 
acute-angled at A and C is given, which I call the latter of the two Triangles that will 
ſolve the Problem. But if the remainder before reſerved happens to be greater than 
the given Baſe A C, then the ſaid remainder hall be the diſtance from the foot of the 
Perpendicular falling without the Triangle to the'remoter end of the Baſe, which di- 
ſtance we may ſuppoſe ro be AD in Fig. 2. whetce CN = AD—AC is given, and 
conſequently, ( per prop 47. Elem. 1.) CN =4y/i1 DCD + GDN.: is given. Likewiſe 
AN = y/: GAD -+ ODN: is given; and theretore in Fig. 2. AACN obrufe-angled 
at C is given, which ſhall be the later of rwo Triangles that will ſolve the Problem. 
But if the remainder betore reſerved happens to be equal to the given Baſe A:G; then 
the latter of two Triangles that will ſolve the Problem ſhall be rightiangled ar'the Baſe, 
as the AACN right-angled at C, in Fig. 3. and conſequently, AN = y: DACE-BON: 
(per prop. 47. Elem. 1.) is given. Therefore in Fig. 3. AA CN t givenalſo.' * 

Laſtly, when ir happens that nothing remains after ſubrra&ion-is inade of: the'ſumm 
of the Square of the given Perpendicular N D and the ReQangle of the given Baſe 'A C 
into the tourth Proportional f, from the Square of the ſame fx; then f it ſelf ſhall be 
the diſtance from the foot ot the Perpendicular falling upon the Baſe continued 'to the 
remoter end of the ſaid Baſe ; which diſtance we may ſuppoſe to be AD in A A DN 
in Fig. 4 Whence CD = AD—AC is given, and conſequently, { per prop.4 7. Elem. 1.) 
CN = /:O CDU-+DDN; is given: Likewiſe AN= y/: 0 AD + @ DN: is 
given. Therefore in Fig 4. AA CN obtufe-angled at C is given, which'is the only 
Triangle in this Caſe thac will ſolve the Problem. . | 


TRIANGLES in Numbers L to illuſtrate the preceding 
Canon of Probl, 15. | 


' & 2 © os 


52 In this Fg. 1. the 
Triangles A C X and 
ACN, the firſt of 
which is obtuſe-angled 
at: the Baſe AC, and 
the latter acute-angled , 
have one common Baſe 
AC, alſo equal _ . 

endiculars N D : t 
P N AC = 39 | 


XY; and the leggs | AC = 39 
AX,CX of A ACK | = po qO AX = 84153 
have the ſame Propor- MS 33 _ i F153 
tion one to the other, © >| Nis 24 YA = 24 
as the leggs AN, CN DC - 3 | Sara 96 
of A ACN. = "7 YC= '57 


AN. CN: 5: AX. CX :3 8. 5. 


au ——__ / CCCCCCNE 


FIG. 2, 
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FIG. 2. 
In this Fip. 2. the Tri- N 
FT le ACE and ACN, T_ ©" I ENRON OE FRORR % 
each of which is obtulſe- | 


-— 


angled at the Baſe A C , have 
one common Baſe AC, alſo 
equal Perpendiculars N D 
and X Y, andthe leggs AX, A 
CXof A ACAK have the 


fame —_ one ” -1 - = -— 812 | AC — Sr2 

other, as the legps "Is = 44192544 X = 570256 

CN of AACN. CN = 34102544 & = A dah 
ND =— 960 | Y = 


54: In this Fig. 3. the Trian- 
'gles ACX and ACN, the 
rſt of which is obtuſe-angled 

at the Baſe AC, and the 
latter right-angled , haye one 
common Baſe AC, alſo e- 
qual Perpendiculars ND and 
XY, and the leggs AX, 
CX of A ACX have the 
ſame Proportion. one to the 


other.,” as the leggs AN, . CD 

CN of A A CN, AC= 8 | AC = 8| XY = 6 
'AN = 10 AX= 5/13 | YC = 9 
CN =—= 6 CX = 34/131 YA = 17 
AN ., CN tr AK ..CK :: "OS © 
FIC 4. 


55. In this Fig, 4. the Tri- 
angle A CN obtuſe-angled 
at C cannot be matcht with 
any other Triangle that ſhall 
have its Baſe, Perpendicular, 
and Proportion of the legps, | 
equal to the Baſe A C, Per- -_ 
pendicular ND, and Pro- A. | 
portion of the leggs AN, 
CN of the faid A ACN, AC =— 30 ND = 20 
AN = 24500 DC — 
CN = 14500 AD = 4o 
AN CN 1: #- rr 


DD a eee rr ont — ——— 


56. Itis preſcribed by the preceding Determination in 36*, that y/: pp -|- fb: muſt not be 
=_ than f, 1 ſhall therefore divide the Compolition of BY L. 15. Into two 
aſes, viz. | 


Caſe 1. when y/:pp+fb: 5f. Caſe 2. when /:ppj-fb: = f. 
The Compoſition of Caſe x. Probl. 15. 


Suppoſe 
$7. B a right line equal to the Baſe of a plain Triangle is given. 
58, P a.right line equal to the Perpendicular is given. 


59. Rands 
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59. KR and S two right lines expreſſing the Reaſon ( or Proportion ) of the leggs of the 
_ _ Triangle, are given, 
S 3-6... 


Reg. to > out the Triangle. 


| 


W 
| 


PxzZToztn: 


Conſtrution. 


Gr. To the given lines R and $ find a third Proportional , 2 R $5: g's 4 
( by Probl. 7 Chap. 5.) ſappoſe the line T, therefore Vo. to v9 + = 
62. Alſo ( by Prebl. 8. Chap. 5.) let it be made as R—T wont | 
to R; io the o_ Baſe B to a fourth FRG eB R—T.R ::B'. F. 
therefore # . a . T 
63. By Probl. 2. c ap. 5. nd a right ine M, fach that its "TP 
Square miy be equal to 1 P--CIB,F, theretore . ; Oz org, DB. 
64. By Probl. 14. Chap. 5. divide the double of F into.rwo ſych parts, that the line M 
may be a mean between them , which EffeRtion 1 is poſſible, tor by Suppoſc. in Caſe 1. 
( betore exprelt in 56®,) the line M ( that.is, 4/:pp+f6: ) is leſs: than F , ſuppoſe 
then that 2 F 1s cut into wo parts, whereof the greater is equal to the line K, and the 
lefler equal to che line L, and that the line M. is a mean Proportional between K and L, 
therefore theſe are Propor tionals , VIg, | | 
2:F-KeaM;:M.K,' | aÞ—L)- M53 400 
L | K | 
Each of which Analogies is correſpondent to that in the 34® ſtep of te ni Reſo- 


ſolution, v4. 
of—4 . inf: tt inf: - a, 
Now by the help of the line K , found out as Ms an obtuſe- angled plain Triangle 
to ſolve the Problem propounded may be made in mannet * foiiowing, V82, 


65. Make AC — B, ( the given Bale. ) 


66. Produce AC to Y, ſo that A Y may be equal 1 to K, which is [gry than A pn. a5 


oh 


may be proved thus , 
It is manifelt that bh, > \ Y R: 5 Ra T.\ 
—_ MY Analogy i in 62 * Jer Cirol of of 14 prop 8 When 
But by Conftr. in 65%, . . "4 _A —©—TR..OO 
Therefore, ( per Ax. 3. Chap. 2 ) 4 ©: * 4  «p £0. AC (or B.) 
And becaule the greateſt of three Proportionals i ls greater than © K'—F. 

halt the ſumm of the extremes, therefore from 64*, _. 

Therefore ( per Ax. 5. Chap. 2.) - 6:0 © « +... ES K AC. 


Which was to be demonſtc. 

67. Make YN L AY, alſo make YX — P, the given Perpendicular. 

68. Laſtly, from A and C ( the ends of the Baſe AC) draw the right lines A X an 
CX to meet with the top of the Perpendicular Y X in X, fo the Triangle AC X 


obtuſangled at C, ( for as before hath been proved in 66*, AY AC) ſhall be 
one 
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one of the two Triangles which in Caſe 1. will fatisfie the Problem z which I prove thus, 
69. kirſt, by C onſtrultion in 65® the Baſe AC is equa] to the given Baſe B, {{condly, 
by Conftr. in 67* the line Y X 15 perpendicular to AC continued , and equal to the given 
| Perpendicular P. It remains only to prove that the greater legs A X hath ſuch pro- 
portion to the lefler legg CX,as R ro S, Which Analogy will be made manifeit by 
the tollowing Demonſtration, formed our ot the preceding Reſolution by a repetition 
of irs ſteps in a retrograde order, viz. by returning backwards from the end to the 
beginning of the Reſolution. 


LIST. i. + - +. +... Ro $ :: AX -. CX, 


Demonſtration. 


o 


71, Foraſmuch as by Conſtr. in 64*, > 

72, Andby Conſtr. in 66%, . - « « « «PF oo . . « AY = K. 

73. Therefore from 71* and 72%, « ,'. .> 2F-AY . M 2M AY, 
Thar is,in 3 4*,'the laſt ſtep of the Reſolution,) þ 2f—a . y/:pp4-fb: :: y/:pp-fb: . 4. 

74. But from 73*, ( per 17. prop. 6. Elem ) 2DFAY-DAY = DOM. 

75. And by Conftr. in 63%; - + « +» .F DP + OF,B = OM. 

76. Therefore from 74* and 75* , (per 1. Ax.Q QFAY—OAY = OP4OEB. 


rm. M :: M., K 


Ca 2) þ jo «+» + +» 
77. And becauſe by Conſtr. in 67® » T8 = Þ. 
78, And conſequently, . . « . « +» - OTX = OP. 
79. And by Conftr. in 65*, AC = B. 


2DFAY-DAY = OYX-|-OF,AC 
+ ».. 2fa— aa = pp + fb. 
2QF,AY=D0AY-+OYX-OFAC. 


. 2ifa = aa + pp + fb. 
2(IF,AY-QF,AC = DAY-oYX. 


80. Therefore out of 76*, 78* and 79?, 
_ 2 FR_CLIST 
$1, And from 80*, by adding CAY to each part, 
LIT EEL © ot + & + ©. « 
82, And by ſubirating OF,AC from each 
part of the Equation in 81*, I 
ESD}; of oo » o oÞ oe Sf — #.. = aa -|- pp. 
83. And this following Analogy is manifeſt, ( per prop. 7. Elem. 5. ) for the firſt and third 
- Proportionals are one and the ſame, and the ſecond and fourth equal one to the other, 
( as hath before been provedin 82, ) 
9 4 rar . | 2ba — bb . 
OAY +OYTX :: ER aa Elan 
ER AC . that is, In 30", Iron . 
2DF,AY —- OF,AC . _2fa — fb . 
84- And by reaſon of the common altitude 2AY—AC in the two Jatter Terms of the 
ſubſequent Analogy , it will be maniteſt ( per 1. prop. 6. Elem. ) that 


_— b 
E122 > ta in29*, f 


WY VV YYvV 


2 DACAY—oAC 2ba — bb 


2QOFAY — OOF, AC 2fa — fb . 

85.. And becauſe the two latter Terms of the Analogy in 84®, are the fame, and in the 
ſame order with the two latter Terms of the Analogy in 83®, therefore from 83*® and 
84* ( per 11+ prop. 5+ Elem. ) theſe ſhall be Proportionals , viz. 

AC. Er, 
| | Fi Ot thatis, inz8* E:# 
SDACAY-oAC.. Or 7222 3 ahi -— bf 
OAY + a YX . aa + þp 

86, But from the Corſty. in 62* and 65%, . . , AC . F :: R—-T ». Bs 
CEE. oi oe + + + BB, 22 0-8 o F 

87. Therefore from 85* and 86®, (per 11. prop. 5, Elem. ) theſe ſhall be Proportionals, 94z- 

R—T -. F —=f , 
R 3: © thatis, in 26* Fig I 
$ ACAY — OAC. ; : 2ba — bb , 
OAY.+ OYfXx . aa + pp 


' $8, And 
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88. And from 87”, by Reaſon [nverſe, theſe are Proportionals, viz. 


R . 4 "7 
Re T :: wack... 1 py | — © 
OAY + AYX. . that is, in 25% "app : 
2 DOACAY — DAC  2ba — bb 
89. And from 882, vy Converſion of Reaſon, theſe are Propartionals, vs. 
| T :: ( whichanſwertothoſe in 24* 
| DAY -- oOYX. in the Reſolution, 452, 
OAY-2DACAY + OAC+AaYX. 2 
Yr . t :: app . aa—:bab bb+pp. 
go. And becauſe by Conffr. in 61%, .-. . , « v5 Re Se: S 0 TI; 
IS, H 2r*, oo oo && Exch - > # - & Sz. 
91. Therefore (per Coroll, of 20, prop. 6. Elem.) . . .S> R . T :: DR. os. 
W237 + - © « < - + oo > 3 TS 
92.>T hercfore from 89® and 91, (per 11.prop. 5.Elem.) theſe ſhall be Proportionals, vx. 
"a, | oOR . 


O'S :: ( which anſwertothoſein 21, 
DAY -FaYx. 088, 
OAY—-2OACGAY+oAC--aYtx. 
Tr . 88 7: aarbp + aa—2ba+bb+pp. 

93. And becauſe by Corftr. in 67,  - + YEAR 
- 94+ Therefore ( per 47. prop. 1. Elem.) . . .> DAX = nAY +DOYMX, 

05. Likewiſe , . . . «+ 6+ © +» © oS OG DOE rs 
96. Moreover by Corſtr. in 66*, and by the Diavy, 5 CY =AY — AC. 

97. And confequently , ( per 5. Theor, 4. Chap.) > ACY=nAY—2QIACAY-HOAC. 
Thatis,in 9%, . « +» © « +» «© +»; «> Die-0:=acn 268 + 
983. Therefore if inſtead of QCY in g5*, we take that which iri 97* is found equal to 

a CY, the Equation in 95? will be reduced to this, viz. 
OCX=DOAY —:DOAC,AY+ oAC-+oYx. 
99. Likewiſe if inſtead of the third and fourth Proportionals in 92, we take thoſe Squares 
which are found equal to them reſpeRively in 94* and 98*, the Analogy in 92* will be 


reduced to this , _ oOR.nS:oAXx.oCK. 
I09. Wherefore ( per prop. 22. Elem. 6. ) 
Ka & 8 


AX: .. OX Which was to be Dem, 

109i. Another Triangle to ſolve the Problem in Caſe r. before expreſt in 56*, may by 
tl help of the ]cfſer Root L before found in 64®, be formed thus, vie. Let the lines 
before given and found out in 5 7?, 552, 59%, 602619, 629, 63*, 64*, tagether withthe 
Diagram ſtanding between 60® and 61® be here repeated , then will the ConſtruRion 
be as followeth. 


OO CURLOND Barco 
> 


ron WE $r Re 
Reg. to find out the Triazzple. 
B 
<2 
R — 


5 


Z 7 Confir. 


362 Mathematical Reſolution and Compoſition. | Book IV. 


—_— 


2 Conftruftion, 
102, Make A C = B (the given Baſe. ) | 
193. Upon A C; continued if need be, make AD = L, which lefſer Root L, (as before 
hath been (hewn,) wil! ſometimes be greater than the Baſe 5 but ſuppoling it be dilcovered 
( by Rule 2.1n 29% of this Probl.) that L is lefler than B, or AC, cut off from A C 
a ſegment equal to L, as AD. ; | 
104. Make DN L AC in thepoint D, alſo make DN = P thegiven Perpendicular, 
195- Laſtly, from the ends of the Baſe A. C draw the right lines AN and CN to meet 
with the top of the Perpendicular D IN|, 1n N ; ſo the Triangle ACN acuce-angled 
at A and C, (tor by S»ppoſition AD is lefler than A C,) will facisfie the Problem, as well 
as the A A CX before found. For firſt, by Conſtraftion in 102® the Baſe AC is 
equal to the given Baſe B: Secondly, the Perpendicular D N ( by Conſtr, in 104* ) is 
equal to the given Perpendicular P; and by a repetition of the ſteps or the Reſolution 
in a backward order, in like manner as before in the preceding Demonſtration, ſaving 
that L muſt be uſed here inſtead of K, and ND inſtead oft XY, it may ealily be 
proved that the leggs AN and CN are in the given Reaſon of R to S. 

Moreover , when the leſſer Root L is greater than the Baſe, the Triangle formed by the 
help of fuch leſſer Root ſhall be obtuſe-angled at the Baſe, and the Conſtruction and De- 
monſtration in every reſpeCt like to that by the greater Roor, 

But ir muſt be remembred , that when the Perpendicular falls within the Triangle, 
then the Square of D C is-equa]'to the Square of AC — AD; bur when it falls withour, 
then the Square of Y C is equal to the Squareof YA — AC: $0 that before the Con- 
ſtruion and Demonſtration by the leſſer Root be entred upon , It will be requilite to find 
out the kind of the Triangle, by the help of the three preceding Rules in 38*, 39%, 40; 
and when it happens that - . s :: 4/:#6 + pp: . p, then 'tis evident ( by 47. prop. 
I. Eleps. ) that the Triangle formed by the leſſer Root will be right-angled at the Bale, 
and in ſuch Caſe there is no need of further proof, 


The Compoſition of Caſe 2. Probl. 15. 


106. Which Caſe, in the letters belonging to the pre- Bp 129 ”_ 
ceding Reſolution preſuppoſeth . . . . . . ; » f = v:pp+j6: =. 


107. And conſequently , by ſquaring each part, . .v . ff = pp fb = aa. 

' 208, Tharis, in the lines of the enſuing Conftr. and Diagr. > DAD = QODN-|-DIAD,AC. 
Suppeſ. 

109, AC = the Baſe of a Triangle is given, 

Ito. DN = the Perpendicular 1s given. 

Iii. R and $ two right lines expreſſing the Reaſon of the leggs are given. 


I12. R Se 
Req. to find the A. 


A<— 


Conſtruction. 
I13. By Probl. 7. Chap. 5.letit be madeasRtoS, fo S to a third Proportional, ſuppoſe 


it be found T, therefore, 
K . 9 2:8: 
114. By Probl, 8.-Chap. 5. letit bemadeas R-T toR, ſo AC to a fourth Proportio- 
nal, ſuppoſe it to be AD, therefore, 
Ss . R 2 »- BT © a0 
Which fourth Proportional A D ſhall neceſſarily be greater than A C, becauſe R is 


greater than R— T, 
115, Make 
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115. Make DN LAD inthepoint D, then from A and C, the ends of the given Baſe 
AC, draw the right lines AN and CN to meet with the top of the Perpendicular 
DN in N, ſo ſhall ACN be the Triangle required. For firſt, the Baſe A C is equal 
to the given Baſe z alſo the Perpendicular N D is equal to the given Perpendicular. 
Bur that the leggs AN and CN are in the given Reaſon of R to S, it may ea(ily be 
demonſtrated by a backward repetition of the ſteps of the foregoing Reſolution, in 
like manner as before in the Compoſition of Caſe 1 , with this Caution , That as often 
as 4 is found in the Reſolution, f muſt be taken inſtead of 4, becauſe in this ſecond Caſe 
F is equalto 4, for lince by Sappoſition in 106, f= 4: pp + fb: it will be evident 
trom 35*, that f—=4. But in regard the Demonſtration of this ſecond Caſe differs 
not from that of the following Probl. 16. I ſhall wave it here. 


COROLLARY. 

116, From the premiſſes it follows , that the Perpendicular D N of the Triangle ACN 
formed in Caſe 2. ( before expreſt in i 06®, 107® and 108?,) is a mean Proportional 
between A D and DC the diſtances from D the foot of the Perpendicular falling with- 
out the Triangle to the ends of the Baſe; and conſequently , ( per prop. 6. Elem. 6. } 
the Triangles A DN and CDN are equiangular. See the laſt preceding Diagram; 
and compare it with this following Demonſtration. 

$ AD. DN :: DN .. DC. Alfo, 
* * *@C AADN and ACDN are<quiangular. 


Demonſtration, 

118, By Suppoſ. in108%, , . . . . .> GAD = ©DN -þ DQAD,AC. 
Iig. Therefore by ſubtrating AAD,AC - 

5 TR 15 '> DAD — CAD,AGC = oDN, 
I20. And from 11 99, (per prop. 14. Elem. 6.) #: | 

theſe are Proportionals , At. © + -- 'F AD . DN :: DN. AD—AC, 
I2t. But *tis evident by the laſt preceding Dia- os 

XX err 7 '£ OC = A oP 
I22. Therefore from 120% and 121%, . .> AD. DN :: DN. DC. 
123. Therefore from 12 2*(per prop.6.Elem.6.) > AADN and ACDN are <quiangular, 

Which was to be Demonttr, 

From the preceding Corollary and Conſtruttion of Caſe 2. the following Prob. 16. 

is deducible, 


II7. « . . Req. demonſtr. 


— — . —_—_ 


Probl. XVI. 


To find a po Triangle obtuſe-angled at the Baſe , and that the Baſe 
may be equal to a right line given. Alſo, that the Perpendicular fal- 
ling upon the Baſe continued may be a mean Proportional between the 
diffances from the foot of the Perpendicular to the ends of the Baſe: 
And that the leggs of the Triangle may be in a given Reaſon, ſuppoſe 
asR to S. | 


R A 
g —_— 
Suppoſ. T —— | 
I. AACN is obtuſe-angled at C. 
2. AC the Baſe is given. 
3. ACD is a right line, 
4 DN L AD. 
5 AD. DN :: DN, DC. 


6. Rand S are right lines given, _— 
»*R& . $ :: AN WS Ma | 
Reg. to make the A A CN. 
Conſtruttion. 


8, Making R the firſt of three Proportionals, and S the ſecond, find a third, ( per 7-Probl. 
5. Chap. ) let it be T, therefore ; - | 
R S £1 wg 


SS» © «© g. Alſo 


\— 
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Alſo making R— T the firſt of four Proportionals, R the ſecond , and the given Baſe 
AC the third, find a fourth, ( per 8. Probl. 5. Chap.) ſuppoſe it be AD, therefore 
RT a R:: AC , a. 
Which fourth Proportional A D ſhall neceſſarily be greater than A C, becauſe the ſecond 
Proportional R is greater than the firſt R — T. 
10. Find a mean Proportional, as DN, between AD and D C, (per 9. Probl. 5. Chap.) 


therefore, AD. DN :: DN. DC (= AD—AC.,) 


11. Make DN L AD in the point D, then draw the right lines AN and CN, 
ſo ſhall A C N be the Triangle required. Now we muſt ſhew that it will ſatisfie the 
Problem : Firſt then, A C the Baſe is equa] tothe right line preſcribed for the Baſe, 
and from the g*" ſtep it is leſs than A D; therefore the angle ACN is obtuſe : Se- 
condly, the Perpendicular ND, (by Conſftruftios in 10*,) is a mean Proportional 
between AD and DC, (to wit, the two diſtances from D the foot of the Perpendicular 
ND, to A and C rhe ends of the Baſe AC.) It remains only to prove , That the 
leggs AN and CN of the Triangle ACN, are in ſuch proportion one to the other 
as R to $, Which Analogy I ſhall make manifeſt by the tolowing Demonſtration , 
formed our of the Reſolution of the preceding Prebl. 15. by a backward repetition 
of the ſteps of the ſaid Reſolution, in Caſe 2. ( but reſpe& muſt be had to the Caution 
given in 115* of the ſaid Probl. 15. ) 


9. 


A { - 


'P) 
'— | SEKPOL 


SS T_T. -. . - . . > RR - $3: AN . CN, 
Demonſtration, 


13. Foraſmuch as by Conftr. 0”, ., ., » a aL DN . DC(AD—AC.) 
I4. Therefore ( per 17. prop. 6. Elem.) . .} GAD— QAD,AC=0DN, 
I 5. And from 14*, by equal addition of TAD,AC, > 0 AD = © DN + QADAC. 


' 16, And from 15*, by cqual addition of 17 AD, > 2DAD = GAD+GDN4+CQADAC. 


eta 1 E's "7 equa cppengy " C 20AD—CAD,AC=DAD+4oDN*:, 

13, And becauſe in the following Analogy the firſt and third Terms are one and the , 
ſame, and the fecond and fourth equal one to the other, (as hath been proved in 17*,) 
therefore ( per 7. prop. 5. Elem. ) | 

2D AC,AD—oAC 
oO AD + © DN 
$DOAC,AD-OAC 
20 AD—- OAD,AC 

19- And the ſubſequent Analogy , by reaſon of the common altitude 2 AD — AC in the 
rwo latter Terms, will be manifeſt, ( per 1. prop. 6. Elem.) viz. 

AC. AD :: 2D) ACAD—-OnAC. 2D AD-DAD,AC. 

20, And becauſe the two latter Terms of the Analogy in 1 9® are the ſame and in the 
ſame order with the two latter Terms of the Analogy in 18*, therefore from 1 8* and 
19%; (per 11. prop. 5. Elem. ) theſe ſhall be Proportionals, viz. 

AC . AD :: 2CAACAD — OAC . BAD-+ QDN. 

21. But by Cenſtruftion in g®, bj 

Ss - AD :: RT, © 

22. Therefore from 20* and 21*, (per 12.prop. 5. Elem. ) 
| R—T.R :: 2CZACAD —gGAC - BAD 4- ODDN. 

23. And from 22*, by Reaſon inverſe, 

'R.R—T :: DAD GDN . 2CQAC,AD — GAC. 


Proportionals, 


24. And 
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24. And from 23*, by Converſion of Reaſon, theſe _-_ be Proportionals ; ' viz. 


* 9 , 
o AD + o j Proportionals, 


N 
na AD +a DN-+o AC —20D ACAD, 
. 25, And becauſe by Conf. in BD,  . - FF Rt. - 1 TY 

26. And conſequently , ( per Coroll. of 20. prop. ; 
« «}. ; _ FRE OY '$R - 3.35 OR We 
27. Therefore from 24* and 269, (per 1 1.prop. 5.Elem. ) theſe ſhall be Proportionals, vis. 
OR 
| * Aa: == E Proportionals. 
oOAD-þLa DN-Eo AC—2OAC,AD | 
28, And becauſe by Contr. in 11%, . . ,> DN JL. AD. 


29. Therefore, per 47. prop. 1. Elem. ( reſpeRt my 
being had to the Diagram,) . . . . 3 *« wh = OAD + 0 DN, 

30. Likewiſe, . - + +. + + + + £ 0 CN = a DC + @ DN. 

31. —_ Tag in's*, = by ues = ne 6 D a 7 

32, And conſequently, {per Theor. 5. Chap. 4.) > OQDC=DOAD4onAC—:2DADAC, 

33. Therefore if inſtead of ODC in 30®, we ſet that which in 32* is found equal to DC, 
the Equation in 30* will be reduced to this, viz. 

DOCN = GAD + GAC - 2DAD,AC + oDN. 

34. Likewiſe, if inſtead of the third and fourth Proportionals in 27*, we take thoſe 
Squares which are found equal to them reſpe&tively in 2g* and 33*, the Analogy in 27? 
will be reduced to this , OR, OS:: GAN. OCN. 

35. Wherelore « RB So 550 Ad TH 
Which was to be demonſtrated. Therefore that is done which the Problem required. 


Probl, XVII (Probl. _Apolon. Pergai, ) 

Two points (A and C) being given in a Plane, to deſcribe a Circle 
in the ſamePlane, that two right lines drawn from thoſe points to concurr 
in any point of the Circumterence may have a given Reaſon; ſuppoſe 
the greater line to the leſs , as R to S. 


= bh 
1 | H 
- = 
penn 


al 
- 
& / 


Q. | 
| Conſtrubtion. | : 
1, Upon thegiven line A-C as a Baſe, to wit, the ſhorteſt diſtance between the giyen points 


Aand C, make ( by the preceding Prob, 16.) a Triangle A CN obtuſe-angled at C, 
and ſuch, that the Perpendicular N D falling upon AC produced, may be a mean Pro- 
portional between AD and DC; alſo, that the leggs AN and CN may be in the 
given Reaſon of R to S. Therefore by that Conſtruction theſe are Proportionals , v:z, 
AD . DN :: DN . DC. 
7 3 on: a ; 
2. Then from the Center D, at the diſtance of the Perpendicular D N, deſcribe the Circle 


DGNEQ, which ſhall neceſlarily cur A C., for by Conſlrution DN is a mean 
; Propor- 


Ps 
_ 
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Proportional between DAandDC, which DC being but part of DA is leſs than 
DA, therefore the mean , or Semidiameter DN or DG is leſs than D A, but greater 
than DC. Now I fay the Circle DGNE Qs that which is required by the Pro- 
blem, and therefore we muſt ſhew that if two right lines be drawn from the given points 
| AandC to meet in any point of the Circumterence of that Circle , thoſe right lines 
ſhall have ſach proportion one to the other as the given lines R and $ ; the demonſtration 
whereof I ſhall divide into three Caſes , in regard there may be a threefold polition of 
the point taken in the Circumference ; for the point may be either E, or elſe G, to wit, 
the ends of that Diameter which lyes in the ſame ſtraight line with the given line AC, 
or laſtly, the point may be taken in any other part of the Circumference, as H; which 
Caſes I ſhall demonſtrate in their order, 
Preparat. | 


3- Foraſmuch as inthe Triangles ADN and C DN the angle at Dis common, and the 
ſides about that angle are Proportionals , for by Conſtruttion in 1* ir hath been made, 
as AD. DN:: DN. DC, therefore ( per prop. 6. Elem. 6. ) 

A ADN and A CDN are equiangular, 

4. But we muſt enquire which angles in thoſe like Triangles are equal one to the other. 
Firſt then, becauſe the angle at D is common, the angle CND. in A CDN muſt be 
equal cither to the angle AND, or tothe angle NADin A ADN, but the angle 
C ND being but part of the angle AND cannot be _ t0it, therefore 

.<CND = < NAD. All, W<NCD = WAND. 

5. In like manner, becauſe by Coxftr. in 1® and 2, | 

AD . DN (or DH) :: DN (or DH) ., DC, 
6. Therefore, ( per prop. 6. Elem. 6. ) | 

A ADH and A CDH are cquiangular. - 

7. And for the like reaſon as before in 4*, 

CHD = _ HAD. Alo, <HCD =-<AHD. 

Theſe things premiſed , I ſhall proceed to the Demonſtration of the rarce CASES 

before mentioned, 


G1 © © / Wm 
\ 
\ 
% | 
a 
Q 
SST on mn ..- - - » - Rt oo $ :: AE. . CE. 
Demonſtration. 


SN :: DN . DC 
e AD+DN.. DN :: DN--DC. DC. 
”P eo ne ET mw DI 

e AD--DE . DN :: DE--DC . DG 
$-- —— :: CE , DC 
L 
r 


yJy< 


9. Becauſe by Conftr. in 1%, . . . «. . 
10. Therefore by Compolition of Reaſon, 
I1, And becauſe ( per defin. 15. Elem, 1, ) 
12. Therefore from 10% and 11, .. . 
13- That is, as1s evident by the Diagram, 
14; Therefore alternly , E140 
I5- Again, it hath been proved in 3*, that 
16. -n4 if Haag ' © 27 .»+ <TNCD = < AND. 
17. Therefore from 15* and 16*, ( per 

LET) . . - .» hat AN . DN :: CN . DC. 
18, Therefore alternly, . '.  þ RR IS 2: DM. DE, 
I 9. ES... - 1 RK 4 
20, LIheretore from 18* and 19*, ( per I1. 

prop. » Elem, ) EAT» 20-2 4 , 'L R : S 


AE . CE :: DN . DC. 
A ADN and A CDN are equiangular. 


*0 DN 4 D C. 
21, But 


- 
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21- But it hath been proved in 14*, tht .> AE , CE :: DN ., DC. 
22. Therefore from 20%* and 21®, (per 11. | : 
5up.5. Elew. } « + TIE '$ NS 15 8 OG 
Which was to be demonſtr, 


23 & - - Ih fg Diner.  » o + B .$ $6 AG nn 


Demonſtration. 


24. Foraſmuch as by Coyftr.in1%, . . > AD . DN :: DN . DC. 
25, Thercfore by Divilion of Reaſon, . .> AD-DN . DN :: DN-DC . DC, 
26, And becauſe ( per defin. 15. Elem. 1.) > , . . « , DG = DN, 
27. Therefore from 25% and 26%, , . . > AD-DG . DN :: DG—-DC. DC. 
28. That 1s, (as is evident by the Diagram,)}F AG . DN :: CG , DC. 
29. Therefore alternly, .... .' . . >} AG . CG: DN: .  DQ 
30. But _ - 2 09, it hath deen proved that > R ' S.-.5.-;DI0 ©»... 2 
31. Therefore from 29? and 30?, ( per 11.. wy 

ne 3. 80}; ci p : J 7. 5 - 5 on 

Which was to be demonſtr ated in the ſecond place. | 

32c' « » +» 101, Reg: Domenfiv, « © ffs oo BR i $58 a. Ca 


Demonſtration. 


33. Ir hath before been proved in 6*, that .> A ADH and A CDH are equiangular. 
34- Andin 95*, ilat +... . +  +&' TT HCD = <AHD. 
35. Therefore from 33® and 34*, ( per ** CH CD :-: AH HD 


prop. 6. Elem.) . «. . 
36, And alternly, '» . «. . . .. .> CH . AH :: CD . HD(orDN). 


37. Therefore inverlly , «+. ob» AH , CH 4 ns 
38. Burt it hath been proved in 20%, that ,>}> R'. $S :: DN , CD.- 
39. Therefore from 37* and 38*, ( per ws R-:.....:6. oa 
au. 5- Ad Fi Ln « 
Which was to be demonſtrated in the Jaſt place. Therefore that is done which the 
Problem required. Ri 


Probl, XV III. 


To divide a given Triangle AB C into two parts which ſhall be 
in a given Reaſon, ſuppoſe as AH to HB, by a right line D K drawn 
from a given point D without the Triangle. 


FIC.» FI0:; FIG0G. 3: 


I. By the given point D draw D E parallel to the Baſe A B, and continue the leggs CA, 
C B beneath the Baſe ; then the point D will either lye between the Increaſes of the 
leggs, asin Fig. 1. or elſe in one of the ſaid Increaſes, as in Fig. 2. or laſtly , between 
the [ncreaſes of the Baſe and one of the leggs , as in Fig. 3. | 

2, Divide the Baſe AB in H in the given Reaſon, and draw CH, therefore { per 
prop. 1. Elem. 6.) AACH . AHCB :: AH . HB» | 

3. In Fig. 1, let a line be drawn from the given point D to C the angle oppoſite to the 


Baſe AB, astheline D C, which will either cut the Baſe A B in the point H, in _ 
: _ the 
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the Baſe is divided in theigiven Reaſon, in which Caſe the Problem is evidently ſatisfied , 
or elſe in ſome other point N, and-then the poine H wilt either lye between N and A, 
or between N and B, if H lye between: N and A, then the delired line of partition 
to be drawn from D will cut AB and AC; but if H lyebaween Nand B, then the 
faid line of partition will cat A'B and BC. 

4. In Fig. 2, where the given point D lyes-in CB increaſed, *tis evident that the line 

of partition to be drawn from D ſhall neceffarily cut AB and AC. 

5. In'Fig. 3. the line of partition to be drawn from D will ſometimes cat AB and AC, 
fometimies it: nay paſs by the:angular point B and cut AC only', andſometimes. it will 
cut BC and AC; but which of theſe lines will happen to becat when the given point D 
is poſited according to' the Definition in r*, relating to Fig. 3. may be difcovered by the 
Rule hereafter == in 34® of this Problem: | | | 

6. In every one6f thoſe three Caſes befsre defined in 1, which may' happen by the:various 
poſition of the-given-poinr D, the Reſolution of the Problem propos'd will be one and 
the fame. Suppoling then it be diſcovered.,. that the line of partition to be drawn from D 
muſt cut AB and AC in each of the three preceding Figures , the Scope of the Re- 
ſolution is to find a pointin AC, as K, to which a right line being drawn from D, 
as DK, this line D-K may cut the Baſe AB between H and: N. in Fig. 1. or between 
Hand B in Fig. 2. likewiſe in Fig. 3. between H and B, ( or elſe pals by the angular 
point B,) ſo as to make the Triaftigle A K L equal to the Triangle ACH, whence 
evidently follows thn LKCB = AHCB, and AAKL . LKCB :: AH . BB. 
Theſe things premiſfed , the Reſolution of the Problem propounded! may be formed in 
manner following. 


Suppoſe 
7. ABC is a A. given in Fig. r. 
8. D is a point given Without the A ABC. 
g. AH and HB. are in a given Reaſon, 
io. 6 = AC ts given. 
fi. c = AH is given, 
=5 — AE 1s given, 
t3,4þ = ED(|| AB) is given. 
Reg. to find | E : 


:4- AK fuch a ſegment of AC, that DK being drawn, it may make 
IS AAEK] JI LECEB :: AH --HEB :: A aCH. A HCSE. 


Reſolution. 


16. Suppoſe that done which is required, and _ 
17. Thenby conlidering well whart is required , and 
by viewing Fg 1. it will appear that AALK 
—AACH, and that {CAL is common to 
both Triangles, therefore (per prop. 1 5. Elem.6.) 
18, That is, in theletters of the Relolurion, . . 
19. And becauſe AAKLand AE KD are cqui- 
angular, ( for by Coyftr. in 1? EDII AL,) 


D 


a = AK. 


therefore (per prop. 4. Elem. 6. ) RF 
20, That is, in the letters of the Reſolution, 
21. And becauſe the fourth Proportional in 192 1s 
the ſame with the fourth in 19®, therefore the 
fourth Proportioitals fn 18* and 20* ſhall alſo 
be equal to one another, viz. . . . . . 
22, Now to avoid an Equation between Solids , let 
it be madeas htob, ſoc ro a fourth Proportional, > þ ., bþ :: & . m. 
which may becalled #; therefore, . . . . 
23. Whence, by comparitg the ReQangle of te ws , 
= 6te. 


= as 
a ag 


5 . $2 
© EK . AK -: ED. AL, 
hb 


extremes to the ReQanyle of the means, this 


Equation is produced, wit. . . . . . , 
24. There- 


Md thoul bel artan Lt at Glace, 


£ RR OF WE PN EO IWR TSOORr ROI NI IAN FOLKS, 
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24. Therefore from 21*. and 2 3?, by — -ihow /-__ _ | VG: - 08 
eqns] Um, - . «oc a © ET aFyg a 
25. Whence 'cis eaſie to inferr that theſe are Pro- | So es. 
portionals, v32.'-.. 'o «» oo! © © » I - as : ag urs © 
26. But it hath been ſhewn in 20*, that . , ,> ag . 45h. - A 
| pa py 


- Therefore from 25® and 26*, ( per prop. 11. | 
"Mo 57S rb” ? I . (OY PRO a .m ©; ag . 4. 
28. And from 27*, by comparing the ReQangle of fs 

the extremes to the ReRangle of the means, . $ 4s = 06: »F+ Ms 
29. And from 28*, by ſubtrating 9a from each | 

WR. cos Ee EY 
30. Which laſt Equation may be reſolved into theſe Es rn 

Proportionals, viz. . . +» '« «+ «© © » 'c 6—S . Fg 2: ve 
31. Of which three Proportionals , the mean, to wit, 4/mg is given, as alſo » the dif- 

ference of the extremes 4 and 4 — m1; therefore the extremes ſhall be given ſeverally, (per 

Probl.12. Chap.5.) the greater whereof is equal to the delired-line AK, which ( by the 

Theorem in 24* of the ſaid Probl. 12, Chap. 5.) will be found equal to this right line, 

(or number,) zz. | 


1m + : mm mg: = AK = 4. 
From which Equation and premifles we may deduce this following 
CANON. 


32. Let it be made. as EDto AC, ſo AH to a fonrth Proportional , which may be 
called M ; then to the half of M add the ſquare Root of the ſumm of the Square of 
half M and the ReRangle of M into AE, ſo ſhall the ſumm of that addition be the 
value of A K ſought. | 14G; | 

33- This Canon ſerves to find out the value of the line AK in every one of the three pre- 
ceding Figures , and when the given point D is poſited according to the Definition of. the 
firſt and ſecond Caſes in 1®, as in Fig. 1, and 2. it is caſte todiſcover from what hath 
been ſaid in 3* and 4*, which of the {1des of the given Triangle A B C will be cut by the 
line of partition to be drawn from D. But. when the point D is poſited according 
to the Definition of the third Cale in 1; as in Fig. 3. then it may be doubtfull which 
of the (ides are to be cut, ro remove therefore this ambiguity , obſerve the followir 
Dire&ions, iz. Firſt, draw a right line from the given-point D (in Fig. 3.) to > 
by the angular point B, as DBP; then is EABD a Trapezium, having ( by Con- 
ſtruftion ) rwo parallel ſides AB and ED, and the other two (ides E Aand DB 
which are not Parallels, beifig continued will meet in ſome pointin AC, as in'P, for 
( by Conftratin) EAC is a right line. Now if AB, ED and E A be feverally 
given in numbers, the line A P ſhall be alſo given in number, for paving g = AE, 
and hþ = ED, ( as before in the Reſolution,) alſo k = AB, the line AP (by the 


Theorem in 9® of Probl. 18. Chap. 7. ) will be found equa] to We F: It is alſo 


manifeſt, that if a right line be drawn from any pointin AC, berween P and C, to 
the given point D, the line ſo drawn mult neceſſarily cat BC, for the line PBD is 
ſuppoſed to paſs by the angular point B; but if a right line be drawn from any point 
in AC between P and A to the point D, the line ſo drawn will evidently cut A B. 


From the premifſes theretore we may interr this following 
| R MLB. iq. 
34. If *m|- y: 4mm -|- gm: the value of AK, be not greater than a; the value 


of AP in Fig. 3. thenthe line of partition ,to be drawn from the given point D,, ſhall 
eicher paſs by the angular point B, as the.line DBP, orcelfe cut AB in ſome 
point between B and A, and AC in ſome-pyint' berween-P and A. . But if the 
{aid value of AK be greater than the ſaid value of AP, then the line of partition 
will cut BC and AC, and in this latter Caſe a Parallel is to be drawn by the polar 
Dro BC, which'is to be eſteenicd the Baſe ,. and . then' the given lines being 

Aaa reſpeRively 


370 Mathematical Reſolution and Compoſition. Book 1V. : 


—_ ————— 


reſpetively changed , the line found out by the Canon muſt be ſet from C to: 
wards A. | 

35». The Problem propounded needs not any Determination to be annexed to it , Either 
ro limic the quantities of the given lines , or the poſition of the given point without the 
given Triangle. But becauſe from what hath been ſaid in 1®, 2, 3®, 4* and 5*®, it evi- 
dently appears ,/ that in every one of the three preceding Figures the piven (ide AC 
muſt be greater than the quantiry of the ſought line AK , except only in one Caſe in 
Fig. .1, when H:lyes in the line DC, and is the ſame with the point N , for then 
AK is equal to AC; it will be tequilite to prove , that in all other caſes the ſide A C 
is greater than thar right line which the Canon finds out for the value of AK, #5z. in 
the letters of the Reſolution , that 6 © im y/: Em + gm: Thetruth hereof 1 (hall 
firſt demonſteme in this following | 

| FIG. te. 


Prepar. 
35, Let ir be made as ED to AH, fo AC to a fourth bo 
proportional line, which may be called M, dts, © ED ., AH :: AC, M, 
37.-Ler it alſo be made as EDto AH, fo AE to #2 ED . AH :: AF 
fourth proportional line, Q, therefore, . . . ? EY Q 
-38. Then from thoſe Analogics it follows (per prop. 11. 2 AE Q :: AC...M 


| Elem. Fo J | that 5 . wv - Py * . of |S 
Reg. demonſtr. . . 5 . . . AC © EM+ i DABM+Z0M: 
39+. » Thar is, in the letters of the Reſolution, b © 3m + y/: 2 + mm : 


| - Demonſtration, 
40. By Cenſtr.in 1* , ANI ED, there-- : 
fore in Fig. 1. A ACN and A ECD EC  ONREIPE AN 
-,areequiangular, and conſequently, (per p hi : : 
©. \ prop. 4. Elem.6.) « « «© +» » 
41. Therefore from 40*, ( per prop. 16 C DQECAN = QED.AC. 
Elew 6. ) .* - WL o Ll * ol . 0 4 , 
qr. By Suppoſe. in Fig. 1. .. . . > AN & AH. 
43. 14 i 980% 8 an DGEC.AN = DOEC,AH. 
part, . . x . &. is -— , 
44. Therefore fram 41* and 43* ( per ; 
| Faq, Chapin) 4 1 "> OTTSE DSC,AH 
45; And becauſe,( as COnny Fig1.)> AC + AE = EC. 
46. Therefore from;45*, by drawing ; = DEC.AH, 
- AH ineo exch pars, oo ; "> CIAC, AH + DO AE, AH = COHEG,A 
47. Therefore from 44* and 46*, ( per AH, 
Mz 4 Choi) - . >» — '$ CED/AG © CACAH F- DAEAR 
48. From 36? it tollows ( per prop. 16. DOED.M=DOAC.AH. 
| Elem. 6. }. that :;... .  « » + RY : 
49. Likewife from 37*, that , . .> BED, Q = AE,AN. 
50. .And by adding the Equation in 49® £ "TY AH 
©40 thatinq8% 3 mukes , & . .E DIED, M+QED,Q=CDAC,AH+AE, 
51 / Therefore from 47% and 50®, ( per c Q ED,AC = © ED,M + © ED,Q. 


A, tad 64731 1 R 
FRED eb a NL re nn YT ON EPar 0s 


un _— 6: hr vE @ bs FR . 

$'2,i 'crerore” rom $1% c ng fg. . 
"way the common altnude ED, . C AG 7 TN Ang 

et! F 3s 


FS: . 
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. And from 52? , by _—_— in ee n AC. QAC,M hs DAC,Q. 


po alticude A lis 
54. But from 38* it ollows ( er prop.1G. WEN SRO 
Elem. 6.) that . . R prop C CAEM=MAGQ 


Theretore from * 2nd | 
35. _ Chap. "5 3h f 54", (per DAC © MAC,M + QAE,M. 


56. And Fans. 55*, by ſubtracting ; 
AC, M from each part, _ . _—_ OAC — QAC,M CT QDOAE,M. 


57; And by adding + THO ro —_ part OAC+:OM—OAC, KM — QAE M44aM. 
58, From 52? "is evident, thar - - > AC & 5M. 
59. And by TOS Chap.4« +» « .> DO: ACM: : = DAC-|-$OM—CAC,M, 
Ae: Chap. "Is a O:AGCSM: = QOAEM + io. 
And becauſe if one Plane exceeds 
" a the [ide of a. Square equal to 


the former (hall exceed the lide of a AC—Z* M: co J:DOX EM + 20M: 


Square equal to the latter , _ 
from 60?, 


6s, Therefore from 61% by ing 27. A G > + CORE TO: 
Which was to be Dem. The like Demonſtration may be a 3 to Fig. 2, and 3, after 


N is ſet in the place of B in Z#g. 2. and C in the place of P in Fig. 3. 
The Compoſition of the preceding Probl, 18. ' 


Suppoſ. 

63. A ABC is given, 

64, AH and HB are in a given Reaſon. 

65. D is a point given without the A ABC. 

66. DE is || AB, and piven. 

67. AE the Increaſe of CA continued until it cut DE is given, 

Req. to find 
68. AK ſuch a ſegment of AC, that DK being drawn, it may make 
69. A ALK . ELKCB :: AH . HB. 
Conſtration. 

50. Suppoling ( by what hath been ſaid in 1%; 2%, 3*, 4% 5%; 33* and 345) it be dif- 
covered, that the line of partition to be drawn from D muſt cut theſides AB and AC; 
draw DE png by ang and curring CA onaped in E. 

71. Then by Probl. 8, Chap. 5. let it be made, as E = 
R C, fo An co a fourth proportional line M, therefore ED, AC:: AH. M, 

. Find amean proportional line, as S, berween M m M S :: $8 : af 
therefore R F oy TOYIEs 
73+ " rkes eſteeming the line $ to be the mean of om Pro- 
portionals, and the line M the difference of the extremes, 
find out the extremes, ( per Probl. 12. Chap. 5.) | 
greMr whereof ſuppoſe ta be the line R, whence the 
lefler ſhall be equal wR—EM, therefore theſe are 
Proportionals , fs! ; > 61; 


That is, in 30®, the laſt ſtep of the Reſolution , _ 
_ 2 7 74+ From 


48 
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74+ From AC cut of AK = R, which may bedone, for that AC is greater than R, 
] prove thus z 


By Coofr. M73, TIPS. FF Ru» $8 jt 6, 2 
 -=4% < oo eoremin 2.4* of Prob. 12. 2M + SOS TOM: 


And becauſe from 72 * (per prop. x7. Elem. 6.) d CIAaSNM= DS 
__—_ I the two laſt , (per _— 6. 0 R = 2 M-|-: DAEMIZOM: 
Bur it hath been ſhewn in 62* , .. . 5 ACC M+y: DAEM420M : 
Theretore from the rwo laſt —_—_— ſteps, | ACDR. Which was tobe Dem. 
( per Ax. 3. Chap. 2) + + 
75. Laſtly, draw the line DK , cutting ABi in YH then ſhall the Triangle ALK be1o the 
Trapezum LKCB, as AH to HB; which was required. The truth whereof will 
be made manifeſt by the following Demonſtration , formed out of the foregoing Reſo- 
lution by a repetition of its ſteps in a backward order. 


76. » « « Req. demonſlry. . . . « . A ALK . LKCB :: AH ., HB. 
| | —__ 


77. By Conſtr. in 73*, RB_— $$ ::6. | 


Thar is, in 30*,(the laſt ſep of the Refolution,) © 4a—m «wo/m:: IM, 4. 
78. Therefore from 77*, (per prop. 17. Elem.6.) > OR — = MR = 05S. 
79- And becauſe by Conftr. in 74% + « »F AK = R. | 


. 80. And from the Corfty. in 72, (per prop. mw OMAE=0OS 
, = 08s 


Elem.6.) . 
$1. Therefore from 78*, 79 and $0® . by EX- 
changing equal —_ ER. 
That 1s, In 29* 
$2. Therefore from 81 o by adding © OM, AK 
to each part, . « + bs 
Thar 1s, in 28*, , a 
83. Therefore from 82 *(p "mw pop 14- Elem. 6.) 
That is, in 25®, . 
84. Burt becauſe A EKD and A AKL ans like, 
( tor by Coxſtr. in 70*, EDI| AL ) — 
( per prop. 4. Elem. 6. ) bs 


OAK — QIOMAK —= QC.M,AE, 
» 4 — Mm a = mg 
OAK = OMAK + CaMAE, 


- Ag = ma —{. my. 
AK.M:: AK+AE . AK. 
5s -W 3: e7e s @ 


ED . AL :: AK-+AE , AK. 


ha | 
h « © . &> o o 
_ T4» © 
AK - M --p-- ED * AL. 


1 hat 1s, in 26*, 
85. Therefore from 83? J and d 84" ) ( per prop. oo 


V Y PLL SDINE: MAN 


Elem. Fo I . 9 

That is, in 25*, + a.m h . wg we) 
a+g 4 

86. But by Conſftr. in 71%, . «  « AC AH ED 


37. Therefore from 85 and 86?, ( yer prop. 23, 
Elem. 5. ) agreeable to Defin. 8. Chap. 3. con- 
cerning Inordinate proportion, . « + 
That is,-in 18*, 

88. And becauſe AALK and A ACH have a 
common angle, to-'wir, << KAL, and(as ap- 
pears by the Analogy in 87*,) the ſides about 
that angle are reciprocally proportional, there- 
tore ( per prop 15. Elem. 6.) . 

39. Therefore by ſubtrating A A LK and 
4A ACH ſeverally from the A ABC, the 
remaining ſpaces hall be equa] one to another, 
VIR, 


9c. But ( per prop. 1. Elem, 6.) + . > AACH . AHCB :: AH , BB. 


91. Therefore from 88*, 89® and 90* by ex- : 
changing equal ſpaces, . w_ n f 'C A ALK . LKCB :: AH; AB. 


. Which was to be demonſtrated. Therefore that is done which the Problem required. 
OR OR DS Cyouk | -l 


AALK = AACH. 


CEASSIICNY 
DJ 


Trapez, LK CB = A HCB. 


AFL: 


Ee Ws. 
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An Example in Numbers, to illuftrate the foregoing Reſolution 'of Probl. 18. 


Suppoſ. 
92: AABC is given, | 
93. D is a point given without 
the A ABC. 


95. CAE is a right line, 

96. AB = 200. 

097. AG = 160; | 

98. BC = 120. . : 4 

99, DE = 140. | IAN - TI 

I OO, AE C—_ 250 ; D 

jocy = ” = C in the given Reaſon of 7 to 13. 
Reg. to find ; 


103, The quantity of AK in number, ſuch, that D K being drawn , ir may make 
AALK \, LEGB: tt. AH, HE + 94: 


Solution Arithmetical. 
104. AK = 100, found out by the Canon in 3z*, by the help of the lines given in 


numbers in 99*®, 97*, 101* and 1009. 
AK+AE ., ED :: AK . AL. 


105, AL = 112, for 129 $90.24. #6: hal | 
106, CL (4 AB) = 96, foundout by the three lides of A ABC, by the help of 


Theor. 4. in 68* of Probl. 8, Chap. 8. | 
- AC CL; 3x AZ. A 
107, KH(LAL) = 60, for vd.: 9 3.6: 9 
108. ZAB x CL — 9600, the Area of A ABC, 

109. ZAL x KH =— 3360, the Ara of AALK. 

110, A ABC — A ALK = 6240, the Area of LKCB. 


The Proof. 


AALK . LEECH :: A BE 2» 9. 
TESE 3: I 3350  - Ono it 0. - TIS 


- a. 


Tom—_ 


Probl, XIX. 

To divide a given Triangle ABC into two parts which ſhall be in 
any poſſible Reaſon given, ſuppole as AH to HB, bya right line KL 
that ſhall paſs by;a given point D within the Triangle, | 

c De 


— _ <4 c - - - GR " neo ces 


Prepar. 


1, By thegiven point D draw a Parallel to one of the ſides of the given Triangle, 4s DE 
parallel ro the Baſe AB, and cutting AC in E. | | 

2. Divide the Baſe AB into two parts In the given Reaſon, as in the point H, and draw 
CH; therefore, (-per prop. 1. Elem.6.) A ACH . AHCB :: AH . HB. 

3- Then ſuppoſing it be dik-overed (by the Rule hereafter givenin 31* of this Problem, ) 
hat the line of partition required to paſs by the given point D muſt cut AB and AC, 
the Scope of the Reſolution is to find a pointin AC, as K, from which a right line 
being drawato paſs by D, as KDL, the Triangle A KL ſhall be equal tothe ] _ 

| 3 
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AHC, whence it evidently follows that LKCB = A HC B, and A AKL., 
LKCB:: AH . HB. Theſe things being premiled , the Reſolution of the Problem 
propounded may be formed in manner following. 


Suppoſe. 

4. A ABC is given. | 0 
5. D is a point given within the A ABC. 

6. AHand HB are in a given Reaſon, 

7. b = AC. is given. 
8 
9 
O 


.c = AH is given, 
.£ = AE is given. 
uo ED (| AB) is given. 


Reg. to find | | 
$ 11, AK ſuch a ſegment of AC, that KDL being drawn, it may make _., 
i» A AKL! o LKCB ::. AH . HB +:: A ACH . A HCB- 


Reſolution. 


I 3. Suppoſe that done which is required , and put> @ = AK. 
14. Then by conſidering well what is required , and 
viewing che Diagram, it will appear that A AKL " 
— A ACH, and that the CAL is common to AK . AH :: AC. AL 


both thoſe Triangles, therefore (per prop.1 5.E1.6.) | 
15. That is, in the letters of the Relolution, ., 5: a . 6 :: bb . be 
16. And becauſe AAKL and A EKD are like, 4 

' (for by Confty; in 1%, DEI AL, therefore» EK . AK :: ED 7 AL. 

( per Prop. 4+ Elem. 6, ) 20 ST on. © þ; 
17. Thar is, in the letters of the Reſolution, : .Þ$ 4—-g, a :: h , =, 
18. And becauſe the fourth Proportional in 14 is = TAY 

the ſame with the fourthrin 16*,therefore the fourthQ #c _. __h4 ? 

Proportionals in : 5* and 17?; ſhall be equal tooneC 4 a—g 


LS - $re'e 5 . + of 56 
19. Now to avoid an Equation between Solids, let 
it be made as h to b, fo c toa fourth Proportio-> #Y#'. b :: c [| m. 
nal , which may be called 7», therefore . . . | 
20. Whence, by comparing the ReQangle of the c 


. extremes to the ReQtangle of the means , this > #m —ypc 
Equation is produced, viz. . « « . - + \ 
21, Therefore from 18* and 20*, by exchanging} hy _ ha __ bc 
equal ReQangles, 'tis evident that . . . © — a—g won 0n 1 


22. Whence 'tis calle to inferr that theſe are Pro- EE Len £ ha , _ be 
EE > 5 oo + co + o +», « s WO ee OY OE (= —.) 


2 3- But it hath been ſhewn in 17*®, that . . .> a—-g . 4 :: bh 


24+ Therefore from 22* and 23*,(per prop 11.El.5.)> a . m :: a—g . 4, 
25. And from 24* , by comparing the Ke&tangle of HO 
the extremes to the ReQangle of the means, . x: os Sat Bac 4 
26. From. which Equation , atiter due tranſpofition, 
wr mon oh hore LP "s = hs 
27. Which laſt Equation may be reſolved into the $i. 
Md. _ . p EE 3 £ m4 . mg 5: vg » 
'28.. Ot which three Proportionals, the mean, to wit, 4/mg is given, as alſo »z the ſumm 
of the extremes , therefore the extremes ſhall be given ſeverally (per Probl.1 3. Chap. 5.) 
the values whereof, by the Theorem in 2 1* of the ſaid Probl. 1 3. Chap. 5. will be tound 


equal to theſe right lines, (or numbers,) viz. | 


- 


} Fil Tv; erat renin I the two Roots of the Equation in 26*. 

'C 204 = 4: mm — Tg: | 

"Hence this NP 7 ol egins | 
| CANO. 
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C 


CS 8Smimncye a 


| A - "» \: ee. 

"T H: 3 B F 

; CANON. | 

Let it be madeas ED to AC, ſo AH toafourth Proportional, which may be called M. 

| Then to and from the half of M, add and ſubtra& the ſquare Root of the exceſs of the 

L Square of half M above the ReQangle of M into AE, fo ſhall the ſumm and remainder 

; made by that Addition and SubtraQion be the rwo. values of A K ſought , ( repreſented 

| by 4 in the foregoing Reſolution, ): | 

29. But to the end the ſaid values of AK may be Real, that is, greater than nothing, 
the given lines muſt be ſubjeR to this | 


Determination. og not = im, or =, that is, in words , 


The line AE muſt-not exceed the right line ariſing by the = 7-0 of the Rectangle 
made of the lines AC and AH tothe quadruple of the line E D, | 
The truth of this Determination, which is diſcoyered both by the Analogy in 27*, and 


by the values of 4 in 28* , may be proved thus, 

It hath been diſcovered in 27*, that theſe are Proportio- 

tele, ite © 5 RES CO W—4 . Mp ©. Mg « 4. 

| Of which Proportionals the ſumm of the extremes is 

; evidently 23, and the mean is y/mg ; therefore (as hath > \/mg not = £m. 
been ſhewn 1n 20? of Probl. 13. Chap. 5.) F 

Whence, by ſ{quaring each part it follows, that . . > »g not © 2mm. 

And by Application of each part tow, «- . . +? g not ©” 2m. 


; But by Conf. im 19%, oo 4 6 #25 wb Eg — 
And conſequently , by taking + of each part, 2 = 4m. 
: dy | be 


Therefore from the three laſt ſteps, ., . . - +>- g not © 4m, or =, 
'Which was to be Demonſtr. ws 4 

30. It is alſo ealie to perceive by the two Roots az extreme Proportionals found out 
in 28®, that if g = 4m, and conſequently mg — 411m , then thoſe Roots will be equal 
to one another , viz. each Root equal to 4, which, it it fall within the limits hereafter 
declared in the Rule in 31* of this Problem, ſhall be equal tothe line A K ſought ; 
But if g == 5», then the ſaid Roots will be unequal , and the Equation in 26* may 

x be expounded by each of thoſe Roots ; and ſometimes either of them may be taken for 
the value of the line AK ſought, but ſometimes only one of the ſaid Roots, and ſometimes 
neither of them. To diſcover therefore whether there be a polltbility of effeRing the 
Problem or not, by the lines given in ſack manner as before is expreſt, the value of the 
line AP muſt beenquired; co which end, firſt, draw a right line thar may paſs by the 
angular point B and the given point D, ( in the precedent Diagram, ) then is EABD 

a Trapezium having ( by Conftr. in 1*,) two parallel {fides AB and'E D, and the other 
two lides AE and BD, which are not Parallels, being continged will meet in ſome point 
in AC, asinP. Now if AB, ED and AE be ſeverally given in numbers, the line EP ſhall 
be alſo given in number , for putting g' = AE, and þ = ED, (asdctore in the Reſo- 
lution,) alſo k = AB; the line EP (by the Theorem in g9® of Probl. 18. Chap.7.) 


to which adding g, that is, AE, it makes +a 


will be found equal to =” : 


for the value of AP, It; 
, tis 
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It is alſo evident , that if from any point in A C between E and P, a right line be drawn 
to pals by the given point D, as [ DF, it (hall neceſſarily cut the Baſe A B continued 
without the Triangle ABC, asin F, but if a right line be drawn from any point-in A C 
between P and © to paſs by the point D, as K DL, it ſhall neceſſarily cut the Bafe A B 
between A and B. From the premiſles we may inferr this following 


RULE. 


31. Firſt, if Lu | y::mm — mg: and 3m — 4/: 4mm — mp: (the Roots before found 
our in 282 for the values of A K, ) be unequal, and each ot them leſs than 4 C , bur 


neither of them leſs than 8% (the value of AP, ) then two right lines equal to 


thoſe Roots or values of 4 K being ſet from A towards C will end in two points , 
from which'if two tight lines be drawn to-paſs by the given point D, each of them (hall 
divide” the given Triangle A B C into two parts in the given Reaſon. 

Secondly; if only one of thoſe Roots or values of AK happens to be leſs than A C, 
and not leſs than'the ſaid value of AP, then the given Triangle'A B C can be divided 

- only by one right line paſſing by the given point D,/ ſo as to:car-both AB and AC, or 
AC only, to divide vhe ſaid Triangle into two parts. in the given Reaſan. 

Thirdly and laſtly , if neicher of rhe ſaid Roots ,or values of A K happens to be 
Within ti:e limits above expreſt , then 'tis impoſſible ro draw a right line that ſhall paſs | 
by the givert poine D, and cut both AB and AC; or-AC only, andpaſs by the angu- ; 
Jar point B, to divide the given Lriangle into two parts in the given Reaſon : And | 
if the like impoſſibilicy happen. after a Parallel is 'drawn'by the given-point D to each : 
of the other two fides''A CBC; and trya] made as before, it ſhall' be impoſſible yp 
perform what the Problern requires ; but when there is a-pollibility , then oftentimes 
which two (ides you pleaſe may be cui by the line of partition, | 


, x1 he:Compoſition of the foregoing Probl, 19. 


Smppoſ. 

32: A ABC is given. 
33- AH and HB are in a piven Reaſon. 
34. g- is DT given within the A ABC. : 
35. DE(WAB) is given. 
36. AE is given, ind ooR greater than Gican 

termination in 299, 4ED 

Reg. to find 

37- AK ſuch aſegmentof AC, that KDL being drawn, it may make 
SE LA 1 EKCB : AH . HB ::'AACH . AHCE 


Conſtruition. 


39. By the given point D draw . . . . - - .> DE || AB, 
40. Then ſuppoling it be diſcovered by the preceding te 


, agreeable to the preceding De- 


in 31?, that the line of partition which is to paſs by the 

given point D may cut AB and AC, let it be made 
(by. Probl. 3. Chap.5.) as ED AC, fo AH to(. 

a fourth proportional line, which may be called M , 

—_— ES welt in: 06. 0 io) oh 8 0 
41. Find a mean proportional line, as S, between M and "R | 
AE, therefore SEES... - 0 WM. S, 3: © + AB 
42, Divide the line M (before found) into two ſuch parts, that the line S may Ny mean 
; ropor- 


ED. AC :; AH. M. 


ASS! eo AC LPEDGeat FRY 4s 


BP ER re CGE ae 05S - 
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Proportional: þerween the parts, which may be done ( by Probl. 1 4. Chap. 5.)if S 
be nor greater than 2M , bur that S is not greater than 4M, I prove thus : 


From the foregoing Conſt. in 40®, it is ealie to per- 2 M — QDACGAH ; 
» 


ans em- 5 ee ed EET ES ED 


Whence, by taking + of each part, ,. « . >» 


By the Determination in 36%, . . « « « .« .> AE not © ——_— 
at 


Therefore from the two laſt ſteps, (per Ax.3.Chap.2.) v AE not &- 4M. 

Therefore by drawing M into each part, , . .> (IMAE not + 10M, 

And _—_— from 412, ( per prop. 17. Elem. 6.) .> OS = (AMAE. 

Therefore from the two laſt preceding ſteps, ( per 

My. 4. Chan 2.) :o : . hy . * 'F DO 0. eo- ©” IR 

But if one Square exceeds another , the (ide of the, 

former exceeds alſo the (ide of the latter , therefore > S$ not © ; M. 
fem thekeftfies;. 7 Ho ef 

Which was to be Demonſtr, Therefore *tis poſſible to cut the line M into two ſuch 
parts, that the line S may be a mean Proportional berween them ; ſuppoſe then the right 
line R be found the greater part, and T the leſſer, therefore theſe are Proportionals , v3z. 

MM, $22: 8. 
-T a &---<- 6 

10%, i 27%, co, oe. mg :: mg « &. 

_ Which two lines R and T do anſwer to the two Roots or values of AK before expreſt 

in the Canon in 28*, viz. | | 

R = 20 Tv fi SaeB ne. the values of AK. 
T = jm — y: mm — m7: 

43- Now ſuppoſing that by the limits in 319 it be diſcovered that the greater Root or 
line Risleſsthan AC, and notleſs thin AP, let the line R be ſer from A towards C, 
aSto K, viz. make AK = R, and draw the right line KDL ; then (hall A AKL be 
equal ro AACH, and conſequently AAKL . LKCB :: AH . HB :: AACH . AHCB, 
as Was required. 

And if the I«fler Root or line T happens to be leſs than A C,- but not leſs than A P, 
let the line T: be ſet alſo from A towards C, (as to F in the following Diagram be- 
longing to the latter Example of this Problem,) and then a right line being drawn trom 
the point in A C where T doth end, to pals by the given point D, it ſhall likewiſe divide 
the given Triangle AB C into two parts in the given Reaſon. 

But if either of the ſaid lines R and T, which are to be ſer( as before) from A to- 
wards C, happens to fall between E and P, then the line of partition to paſs by D 
will cut the Baſe AB continued without the Triangle ABC, as, it Al be ſuppoſed 
equal to T, and the line 1 D be drawn and continued till it concurr wrh the Baſe A B 
continued, as in F, then although A-AI F be equal ro A A CH, yet it ſolves not the 
Problem , in regard part of A A1F lyes without the given A A BC. 

It remains to prove that AALK . LKCB :: AH . AB, but this will be 
made manifeſt by the following Demonſtration, tormed out of the preceding Reſolution 
by a repetition of its ſteps in a backward {not dire&) order. 

44- +» » » Req, demonſlr, , . . « « A ALR., LKCB 1: AH , HB. 


Demonſtration. 
» -> M—R S :4-1$.:..; 
: Mg « As 
[7] 0s 


_— O 


45. By Conffr. in 42g © © « » =; . 
Thar is, in 27*,(the laſt ſep of the Refolutton,) >» m— 4 « 4/mg 

46. Therefore fiom 4.52; (per prop. 17. Elem.6.)} AMR — OR 

47. And becauſe by Conſtr. in 43%;9 « « oF AK = R. 

48. And from the Contr, in 41®, ( per prop. = OIMAE=OS 
F/T oh ET” | 4 os 


changing equal quantities, . . + 


That is, in 29”, . » 0 [ . o , -P - ma ts a4 = mg. 


Bbb | 50. There- 


49. Therefore from 46*, 47* and 48* , by mh DMAK — OAK = CMAE. 
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5 Os | Therefore from 49?, by adding OAK, 
and ſubtrating (1 M,AE from each _ 


— — 


OAK = (OMAK — QOMAE. 


Thar Ann * + £2 : n -f +: 404 © ws — my. 
51. Therefore by reſo ving the <quation in 50 '$ = 
into Proportionals , . . TR” AK. M:: AK—AE , AK, 
That is, in 24* PW oo W 35 ap a. 
52. But becauſe A 'EKD and A AKL arc like, 
( for by Conftr, in 39*, EDII| AL ) — ED AL - :: AK—AE , AK, 
( per prop. 4+ Elem. 6. ) —_— R, N | 
I hat 1s, in 23? ef c OD Wins a—yg je 
53+ Therefore from 51® an Fx) . per prop. Il, a 
| _ = 5 HY ORE AK . M :: ED, AL. 
That is, in 22, 4:4 ha a. 2 
Mw 
F 4+ — Hoy 6s m40*,: . 7  - - -® BW .aC AH £ M. 
55. Therefore from 5 3® and 54*, ( per prop. 23. ; 
Elem. 5. ) agreeable to Defin. 8. Chap. 3. 6 AK. AC :: AH AL. 
That is, in 15*, LE. be 


*P 
56. And becauſe A AKL and A ACH have 2 


_ common angle, to wit, KA L, and (as ap- 
pears by the Analogy i in55?) the ſides about 
that angle are reciprocally proportional, there- 
fore ( per prop 15. Elem. 6.) . 

57. Therefore by ſubtraRing C AKL and 
A ACH ſeverally from "y ABC, the re- 
maining —_ _ be your one to another, 
DIR. o-; © 

58. But ( per prop. I. Elem, 6 Wn 

59. Therefore from 56®, 57 fa 58*, by " 
changing equal Spaces , 


; 
Haig 


( AAKL = AACH. 


Trapez, LKCB = A HCB, 


A ACH . A HCB ::| AH , HB 
A AKL . LKCB :: AH { HB. 


Which was to be demonſtrated. Therefore by is done which the Problem required. 


An Example in Numbers, to illuſtrate the precedent Reſolution of Probl. 19. 5» which 


Example the greater of the two Roots or values of AK before expreſt in 28®, 25 


capable of ſolving the Problem, 


z only 


Suppoſ. 
60. AB = 231+ the Baſe 


61, AG = | 3048 the leggs 


&, BC — 

63. D is a point given within the A ABC. 
64. DE|| AB, and DE = 112 is given. 
SK a = 25 is given. 

66. SH 94748 

67, HB = 136738 

68, CL, KH, oy” are each 1. AB, 


69. AK, ſuch, that the right line KDL being drawn, it may make 
7 Os A A K L . . » » 


Reg. to find in number , 


LKCB AH « 


HB 


| of A ABC are given. 


in a given Reaſon, viz. as 560 to 809. 


560 , 809. 


Solution 
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Solution Arithmetical. 
71. AK = 125 = the greater of the two Roots in 28*, fonnd' out by he Canon there 


expreſt. 
The Proof. 
_ AK—AE . ED :: AK ©. AL, 
72, AL 140; for I 00 =O. 9 _ 


3. CL = 111, found out by the three ſides of A ABC givenin 60®, 61? afid' 64% oy 
with the help of Theor. 4. , a of Probl. 8, _ 8. k, 
Fs OS $2, AE » hn = 
74- KH = 75; for 87 ESE; 20 RO. | 
75. AB x CL = 128344 the Area of A ABC. 
76. ZAL x KH = 5250 the Area'of A AKL. 
6 AABC— & ALK = 7584 the Area of LKCB, N 
Og . LKCB :: AH . HB: :: $60" «. $oge!; 
525 75845 3: 94748 « 13674 :: 560 . Bog, 
Which was to be done, : 
79. Note.{ In this Example, AI the leflgr of the two Robts or valtes of AK it 28* falls 
between\E and Þ, and therefore it cannot ſolve the Problem fot if 1D be Nos Myr and 
continued it Will cus A B. continued without the A ABC, as.in F. But "tis worth 


— ;, tharthe A AIF is equal tothe A A KL, as the following Proof will make 
manife 


80. AI = 314 = theleſſer Root, found out by the mph in 28*. 
81, EA = 25, given in 65®. 
$2. E 1 = 64 =A1 — AL 
83-0 DE = 112, "_ in 64*, t , R 
=;5 | EI... BU 3% AT , ; AF. 
65. IT = 182; for AK. AH "y AL ; _ ry 


Iz 75 213 
$5, SAF i IT = y240 = AL x KH, ercfore AT ATE = = A AS. 
Which was to be proved, _— 
Another Examplein Ninnbers , referving ro the ſubſequent Finwe, rv each th two Rers 
br valuesof A K before expreſt in 2:8* is capable of ſolving s yr dren brohipt _ 


—HFoL 


87. A ao he Baſ 
» $—_—_— t \ ; s 
83. AC = 138! gn of AABC are given. 
89. BC = 1385 * x 
= D is a point given within the A ABC. 

. DEWl AB; and DE = 36752 is pivell. 


-B &;= 38 is given. 
_ AH = 40 . 2 to I5 3: 
9%. im 191% $1 In a given Reaſon, viz. as 3 63 


95. CL, KT, 1 Hire each |. AB. 

96. AK ie york tar th right lines K D G and d IDL being deawny heel Ana- 
oF ante” Gun m nn Via m aow! mw Wy; 
2s 'B bb 2 Gol 
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Solution Arithmetical. 
© the two Roots of the Equation in 26?,found out by the Cam in 282, 


The Proof by the greater Root A K, 


100. AK = $453% before found out in 98*. 
101. AE = 38 given in 92%. 
102,.EK = 46555 = AK — AE. 
103. ED'= 3675+ given in 91%... _ 
1% :--4264h th 4657s . $6rts : $455 > 
105. CL = 111 found 6ut by the three 23% ſides of A ABC. g 
| AC 7s .,. KT. 
106, KT = 6753+, for u38% |. on i Mo. 6th 
107. *AB x CL = 128343 = the Arca of A ABC. 
108, 3AG x KT = 2220 = the Arca of A AKG. 
109, A ABC — A AKG =— 106147 =' the Area of GKCB. 

A-AKG . GKCB :: AH . HB :: is: 352. 
| © ,, 2220 ' » To614F :: 40 » 1914 3: 32 , 153. 
any 7 " .. The Proof by the leſſer Root Al, found ont in 99%. 

& 1 SSD Oh 1 DAF-—AE. BD at AL 
111. AL _ 80; for 3 3'k | - 365t2 w. 694 ; $0, 

—_ * © | © 0 A hk 

112. IH = 5525 for 3 138% - 232 37 ff. » $93» 
113. ZABx CL = 128347 = & ABC. 
I14- LALx IH = 2220 = & AlL. 
115. & ABC —- A AIL = 106144 = LICB. 

116, A > PISS :;3. AH . BBD 1: 23D + B93. 

2220 | . TOGL4F :: 40 o- 912 ':5 32 «. 1553. 


F Probl, XX. 
To ro fin Oka __ a ow line AB, when we cannot come to either 


98. AK = 8473 , 
99. 1TS= 693 


IIQ9. 


of 1 its ends A 


"== 


Proper. . | | 


; Fieſt| fappoſing c to Ne A Station where A and B may be. ſcen , , and that there 
is liberny to mealure from: C towards A B without impediment , meaſure CD a diſtance 
| , P calure, ( in Fees, or what equal parts you pleaſe,): yetſo, as CD A may bea ftraight 


line ; 
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linez meaſure likewiſe C E, a diſtance at pleaſure, yer ſo, as CE B-may be a ſtraight line. 
Again, meaſure E D; alſo DF, that is, a diſtance dire@|ly towards B, until you come tothe 
point F, where D B and E A cut one another; meaſure alſo FE. - - 

' Secondly , in ſolving this Problem Arithmetically according to-the following Reſ 
lution ,, by the help of thoſe five lines meaſured as above is directed}, theſe are two prin- 
cipal Cales, viz. firſt, when the angle ACB is acute, ſecondly, when 'tis obtuſe , and 
in regard the three (ides'of the Triangle C DE are ſuppoſed (as above) to be ſeverally given 
in numbers, we may (by the Corollary in 45* of Probl. 10. Chap. 7.) diſcover the kind 
of every one of the angles of the ſaid Triangle. Firſt then ,. ſuppoſe it be found that the 
angles D CE and CED in the Diagram before expreſt are each of them acute , then if 
a Perpendicular be let fall from the angle CD E, as DI, upon the Baſe CE, it will neces 
ſarily fall within the ſaid Triangle CD E; . likewiſe if the angle DCE be acute, and 
the angle CE D obtuſe , then a Perpendicular from E will fall within the ſaid Triangle 
upon the oppolite ſide CD ; bur if the angle D CE be obtuſe, as in the following Diagram 
belonging to the latter Example of this Problem 'tis ſuppoſed to be,.) then a. Perpendicular 
from D or E will fall without the Triangle D CE. 

Thirdly , ler a Perpendicular be ſuppoſed to fall from E upon DB, as EG, this 
Perpendicular ſhali be leſs than the Perpendicular DI, tor E G 1s manifeſtly leſs than the 
+, + ons IK, which is leſs than ID the Hypothenuſal of the right-angled Triangle 

Fourthly , ſuppoſing a Perpendicular to fall from A upon C B. produced infinitely , it 
will eicher fall upon the point B, or elſe within or without the Triangle CB A; but in 
this Example 1 jhall ſuppoſe that Perpendicular to be AH, falling within the Triangle 
CBA. Now by the help of thoſe five lines CD, CE, ED, DF, F E meaſured in Feet, 
or what equil parts you pleaſe, the length of the inacceſſible diſtance AB may be found our 
in the ſame kind of parts , in manner tollowing. | Tl 


Suppoſ. 
1,5 = CH = 152 | 
*. 4 = CD == 230 , 
1-4 = DF = '90 Lines given. 
4+ f — FE = 100 
f- £3 = UE = 370 | | 
& #2 4 - Has uy Theſe are conſequently given , for they may be fonnd out by 
7 Frm nd the w of the given ſides of A CED and A DFE, 
— #6 BY nk ( per Theor. in 2 g® and. 30® of Probl. g, Chap. 74 

I. Rez. to find EB and FB. 

Reſolution. 

I Os Pat 40-6 «<< , RR ER TRSL 22 Tt > a = EB. 
11. Then it follows from 7* and 10?, that > ak = IB. 
12, The Square of the laſt Equation gives . . .> as + 2zha + k = OTB. 
13. To which Square adding the Square of p, thatis,>., , , . , pp = a DL. 
I4, The ſumm makes . « «© . + + > aa-|-2ha+ kb pp = ODB. 


15. And becauſe in A El D right-angled at I, .> 99 = kb + pp = ODE. 
16, Therefore from 14* and 15*, (per Ax.6. Ch.z.) e £ ac DA gr = ODB., 
17. And by exirafting the ſquare Root of the la £ png pen rs © 
Equation, this ariſeth, . . -. v3 66.7-.3 $5 = c 
18. By Swppoſition the angle CED is acute, and 
conſequently ( per Coroll prop. 1 3.Elem.1. )the angle > CDI, EB=CIEG,DB(=2ADEB) 
DEB is obtuſe, therefore (per prop. 41. Elew.1.) | 
19. That is, in the letters of the Reſolution, . .* pa = n x 4: 44-j-2katggt 
20, Which laſt preceding Equation may be REY #7; a pra ney ya re 


into theſe Re 0 A - 
21. The Squares of which Proportionals are a " 5 ae ns 
Proportionals, viz... « » ©» ©» © +» &< » Fe.» 9 Aa 2k&-T-{f + 44 
22. Now to avoid an Equation ———— penn mn. 4 


and » find a third Proportional, call it'q, therefore | 
CID bak : -_ ; 23, There- 
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23. Therefore. from the laſt Analogy this will bf 
ariſe, (per Coroll. of 20. prop. 6. Blew.) . .3$ PP * ® 55 Þ + 9: 
24. Therefore from the Analogies tn 21* and = 
23* this is manifeſt, ( per 11. prop. 5. Elew)S Þ + 4 ** #4 + 2ka | gg . aa. 
25+ And from 24*, by Diviſion of Reafon, .v p—gqg .q :: tha |-go . an 
26, Then unto 2k and g find a third —— a A 


nal , which may be called 5, therefore . 3.3 - & 
27. Therefore by reſolving that Analogy _— | | 

Equation , it gives . « +» « « +» » +» 2ks = 2g- 
28, Suppoſe . . «+ .. | > r=þ=—q 


29. Then from 25® 27* and 28* by exchange eY | 
. of equal quantities , . . *; 8 ol ' oo q -** 2k4 _ 2k » 

30, ow _—_ be $4... ib 0 ; > 7 . 9 :: 2k , (toafourth) xe. 
31. Then-from 29* and 30?, it's manifeſt ( per - | | 
11. prop. 5, Elem, ) = Yay 5H , . '$ het :: tha 2k . aa. 

32. Andby drawing 4+ 5 into 2k and # ſeves RV” 
rally, this Analogy is manifeſt, . . '$ +8 33 26 I- 20s , 846.502. 
& 9 , | 
35. Theor rom 31% nd 33% C97 11 POR. as as 1 Shale «tas 
34. In which Jaſt Analogy , the firſt Term is 
: equal to the third, therefore the ſecond ſhall 
be equal to the fourth, viz. '. '. . « 
35+ Therefore by ſubtraQting ta from: each part 
of the laſt Equation, . . « . . + ; 
36. Therefore (by the Canon in 43* of Probl. 12. 2 CEFIOT. 1x wn aye rr 7 
Chap. 5.) : # (Big 'S 8 = It -Þ 4/:5tt + 85: = EB, 
' From 22®, 26®, 28*, 30* and 36®, 'tis eaſie to deduce this following 
CANOM 1. 


37. Firſt, to pand », (that is, DI and EG,) find 
a third Proportional , which may be called 93> p . # :: #® : qg (=#22,) 
Eo eo © © © 8 o -» 

Secondly, unto 2k and g, (that is, 2IE and DE,) 
find athird Proportional,which may be called s,> 2k. & :: g « 5 (= ) 
therefore , SS 4A 9: & -©:5.0 . s * 0 "i 7 Hs 

Thirdly 5: make . . 0”. ©, @ . | . s & . 4 . © F == 5 — q ( — —— 

Fourthly, ler ir-be made as to g, ſo 2k toa fourth y | +: uh CN AE 
Proportional, which may be called z; therefore, $. ** q 32 2K « 8 (=O, 

Filthly and laſtly, by the Canon in 43? ae 


aa = ta + ts, 


Probl.12.Ch.5. the quantity of EB (repreſented > 3: 7#r-ts: = 100 = EB = 4- 
by & in the Reſolution)will be made known,viz. vp 
The Demonſtration of the faid Canon is manifeſt by the preceding Reſolution , which 
is argued ' Geometrically\ as- well: as- Arithmetically:, and no quantity in any ſtep thereof 
exceeds the dimenſions of a Plane. - Moreovet , by converting the Analogy in 21* into 
an Equation according to the vulgar. way , the following Canon will ariſe , which is the 
ſame in ſubſtance withthe fermer:, but not ſo apt for Demonliration. 
EA] | CANON :. = 
32.* Multiply k, andthe Square of g; ſeverally by the Square of # , and divide each Product 
by the exceſs of the Square of p, above the Square Qt »z then add the latter Quotient to 
the Square of the firſt , and extra@ the ſquare Raot, of the ſumm , laſtly, che ſajd-ſquare 
—_ to the firſt Quotient will give the ſame. yaJue of a', (that is, 100, = EB) 
as. before. | ITE os | 
39. Nowin order tofind FB, firſt, , . .þ> IE + EB = IB = 126. 
40, Then: . . . h . . .  o# . . > /:O1B +a ID: =DB=210. 
41 And o . , * = . 5 - . . > DB-— DF = FB = 130. 
IT. To find DA. ; 
42. The lines CD, DB, BC, DF, CE being given or found out, (as before,) the 


length of D A may be diſcovered by the Canon in 17* of Probl. 1 9, Chap. 7. = 
Firſt, 
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Firlt, . DF, DE GG CET. ms (= 2 
Then, , . M— CB . EB :: cb . DA Ro ors 
ITI. To find AH and CH. 
43. By Suppoſition AH is nr” 4" ” CH, _ each of them may be found out thus, 
7 Kg « A = Is + | 
CD - RY CE Cho 08 
IV. To find AB the diſtance required. 7; 
44. Becauſe in this Example CH happens to be leſs than C B, ( thatis, CE + E B,) 
ſubtract CH from CB, and the remainder is HB, viz, 
CB — CH = HB =: 32; 
Then in A AHB right-angled at H, 
/: Oc AH + OHB: = AB — V 13399202, thatis, 331, 652, Oc: 


45- Note. When CH happens to exceed CB, then the Perpendicular A H will fall 
without the A CAB, upon CB produced , in which Caſe CB is to be ſubtracted from 
CH, and then the Square of the remainder being added to the Square of the Perpendicu- 
lar AH, the ſquare Root of the ſumm ſhall be the deſired diſtance A B., And laſtly, 
when C H happens to be found equal to CB, then the Perpendicular AH is the ſame 
with the diſtance A B. 


The Arithmetical Solution of Caſe 2. Probl. 20. viz. when the angle 
ACB # obtuſe. 


þ 
Stppoſ. 
3 = CE = 63% 
e\= CD = 413. 
d = DF = 60233: > Lines gwen 
F| as r EE = 3958 
46. & Fg = DE = "I | 
China - : TY on 4 Theſe are conſequently given, for they may be found out 
k, Yo _ by the help of the given ſides of ACED and ADFE, 
: = $ ( per Theor. 2. in 31% and 32 of Prob}. 10. Chap.7,) 
— 1 3* , 


Reg. to find AB, 
Operation Arithmetical. 


Firſt, by Cayos 2, in 38* of the preceding Reſolution | 

you will find by the help of the reſpeRive na. EB == Sa$« 

bes geen in-g96*, i e Eu + > | 
Sn, oo co Ee ES + OS IE+EB —= IB = 157+, 
Thirdly, in A DIB right-angled at I, , . .> 4: DOIB-þ AID: = DB = 1623. 
Fourthly, ( by the Canon in 17® of Probl. 19. Chap. 7.) let it be made, 

© DF ; DB :; CE... (Cwafomth, ) M = 1695s 

7? M-CB. EB :: CD. . ( toa fourth, }) DA = 1467542. 
Fifthly, , - + + + © + 6: o« © ob CU CR T_Ss 

Sixthſy:; 


Eu. - ad ebERRETS, fy Deans, > apa - 


a "Ws 4: 


_—— ; 
w 


4 


= "0 
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Sixthly , becauſe A CDI and A CAH are like, theſe are Proportionals, v;z, 
GD. CH: CA... CH {= yazzae.) 
Ds. DI ':: CA . AH (= Ro 308979, ) 
Seventhly, « « . - + + + + +> CH-CB = HB = 198 x46242, 
Laſtly, inthe A AH B right-angled at H, > 4/: DHB -|- OHA: = AB = 2687532, oc. 
Note. When the angle A CB happens to be a right angle, then after EB and DA 
are found out in like manner as before in 38* and 42* of this Problem, there will be given 
CA.and CB the ſides about the right angle ACB of A ACB, therefore (per prop.47. 
Elem 1. ) the ſquare Root of the ſumm of the Squares of thoſe ſides ſhall be the quantiy 
of the Hypothenuſal A B, to wit, the diſtance ſought, 


LEMMA 1. /cadzyg to Probl. 21, 


Suppoſe 
1, ABCD is a Trapezium. 
2, EFGH is a Trapezium. 
3. EF (| AB. 


7. AE, BF, CG, DH are right lines, 
8, EI and HQ 

9. EK and FL 
10. FMand GN 
11, GOand HP |. CD. [- : | {0 
324 El= ER =FL=FM= N= A = —— D 


1 AD. 
L AB. 
L BC. 


GO = HP = HQ. I Q 
Req. demonſtr. 


EAJ = < EAK . — FBL — < FBM. 
—= D-, < HDP = <' HDQ. 
Demonſtration. 


15. By Suppoſ.in 8? EI _[. AD, therefore | = 
ds Elem. 1.) . _ *£ - + SAITE = 4, 

16. Therefore ( pey prop. 47. Elem. 1.) , .> DAI + OIE = CAE. 

17. Likewiſe, . . . . - «- . «© + DAK+ OKE = DAE. 

18, Therefore from 16* and 17* , (per Ax. = o AI | DIE = OAK + OKE 


I  » 6+ +» - ».o + 
19, By —_—— 12%JE=KE, and conſequently > .. . , . OIE = Q KE. 
DO AK. 


20, Therefore from 18* and 199, ( per Ax. 9. 
Chip.) wo oO 
21, Iherejore Irom 20? er Schol, prop. 48. 
Elem. 1. ) þ ] : » (pe 5 ria *C » © wp # £2 AI = AK. 
Which was to be Demonſtr. 
22. Again, becauſe AE is common to the T1i- 
angles ATE and AKE, and the other ſides 
of thoſe Triangles are correſpondently equal> < EAI = < E AK. 
to one another , (as appears in 12* and 21®,) | 
therefore ( per prop. 8. Elem. n,) . . 
Which was alſo tro be Demonſtr. 


And by the like argumentation the truth of the reſt of the Equations in 13* and 14* 
may be demonſtrated. 


[ 


[ 


OO 
—— i. tt. i. 


H———_ — 


LE MAMA 2. 


. Let the "m1 things be ſuppoſed here as before in Zenma 1. then , ( reſpeR being had 
to Fig. 1.) 4 TY WT | 
= 
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< AET, 

t'. 5 » Reg. demonfr. As Radius 1s to the ſumm of the Tangents of - - - - 
SoEI (or EK) ATI NCTE = DHP. 

, 


Demonſtration, 
2, By Suppoſition in 12* of Leiya 1, EI = FL = GN = HP. 
3+ Theretore theſe four following Arialogies will be manifeſt by a vulgar Axiom in the 
DoCtrine of plain Triangles, 25z. 
Radius ». EI :: Tangent "AEI . AI. 
Radius . FL, or EI -:: Tangent {BFL . LB. 
Radius ., GN, or EI :: Tangent {CGN . NC. 
Radius . HP, or ET :: Tangent < DHP , PD. 
4. And from thoſe four Analogies this that follows is deducible, ( per Schol. prop. 12. 
Elem, 5. ) viz. 
As oo io oo Rn I RRRRUEAsY_ 
To . co o vo I 3 ou 3» Co es 


<< AE1, | 
So is the ſumm of the Tangents of theſe angles, to wit , - AD - 
TW 4 i AI +LB + NC + PD. 


Fo But (by prop. 15. Shu. F. ) _- + Rad 4 E1-:: Rad. EL 
6. Therefore from the two laſt preceding Analogies in 4® and 5 * this ariſeth,' (per prop. 11. 
Elem. 5.) Vi 
As . «oY . FT. po Rug gs 5 a s . Rad. 
To . p& . " RT . . - . * © . . . » : E I 3 


So is the ſumm of the Tangents SE «4. < CGN 


p . - o « = 0 . Al + LB -+ NC + PD. 
< AE1,- 


7. Therefore alternately , As Radius is to the ſumm. of the Tangents of = cas 


So EI to AI + LB + NC + ÞD. © < DHP; 
Which was to be Demonſtr. 


LE MAMA 3+ 
Let the ſame things be ſuppoſed here as before in Lemma 1. then ( reſpeR being had 
to Fig. 1.) 
i Reg. demonſtr. 

| DE x AD- AI+ OEI x ABLB+ 
| * 2 OSS NC-+- EI x CD-FD 
E: That is, in words, 
The Rectangle made of the parallel diſtance EI, (= EK) and the exceſs by which 
the ſumm of the four ſides AD, AB, BC, CD of the Trapezium AB CD, exceeds 
the ſumm of the four ſegments 'A l, L B, N G,.PD, is cqual te the Interyal or Space 
AEFBCGHDA, 


= Space AEFBCGHDA. 


Demonſtration. 


'2, By Suppoſ. in 8 and 12* of Lemma 1. > EL and BQLIQ. Alſo, EL=HQ: 
3- Theretore {per prop-2 7,3 3,3 4. Elem.1 > EH = 


4. Itis evident by Fig. and Lemma 1. re x 
ſpe& being had to th laſt Equation , that IQ=z nin AD — Al- — QD (PD.) 


= - ff Equation > pt: ro each =_ of "TA AD-+EH = — « di. QD (PD.) 


6, And by arguing as in. 4* "and " "ns 5 [os 
Equation will be manifeſt , viz. «| AB-+ EF = 2AB — AK (Al) LB. 
Ccc 7. Likewiſe, 


F 
—  —c—_— 
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7. Likewiſe, 
$8. Likewile, {| 5 BEES: 
9: And by comparing the half ſumm of 
| the firſt parts of the four laſt preceding 
Equations to the half ſumm of the latter 
parts ,. this .Equation ariſeth , 2x. 


o ry . 


- 
Ly LY 


10, By Sppoſ. the Trapezium A E HD: 


hath iwo paralle] ſides AD and EH, 
and EI_[. AD, therefare (per Theor.2. 
in 13* of Probl. 18. Chap. 7.) - 
I 1, Inlike manner, ( reſpe&t being had to 


.> BC+FG = 2BC— BM(LB) —NC, 


> CD-+GH= 2CD—CO(NC)-PD(QD.) 
#AD-þ+#EH+Y CAD—A1I 
AB |;EF+( _ JAB—LB + 
:BC+ZFG-þ-C © YJBC— NC -+ 
:CD+2zGH 2 CCED—PDbD. 


CO EI x ZAD + *EH = Trapez. AEHD, 


the Swuppoſ, in 12* of Lemma 1. ) 'S LING avs. DRE. = Trapez. AEFB. 
12, Likewiſe , R -£5£ EI x 4BC-þiFG = Trapez, BFGC, 
13. Likewiſe, oO «£ ClEI*;CD+;GH = Trapez. DHGC. 
I4. By viewing Fig. 1 it will be evident, thar the ſumm of the four Trapezia expreft in 
the four laſt preceding Equations is equal to the Interval or Space AEFBCGHDA, 
therefore from g*®, 10%, 11%, 12% and 13*, by exchanging equal quantities this Equation 
ariſeth , 912» | . 
CEIxAD-AI+OEL x AB- LB 
CExBC-NC|QEIxCD—-PD 
Which was to be Demonſtr. 


= Space AEF BCGH DA. 


H\ .\P 
*\D 


Let the ſame things be ſuppos'd here as in Lemma 1. and let the line G be found out 
by this Analogy , viz. 


© AE, 
o As the ſumm of the Tangents of . A 2 444 
< DHP, 
| Wie: : * © » . © 5 +2 NE qſrq WE” 6 Radius 
” 9 . . " 98K . P * . AB BC CD | DA ; 
| To a fourth Proportional . . . . . . T as  * G. Then | 
24 + + » Reg. demonſty. +G © E1, ( the parallel diſtance. ) 


WD EI IO 


Demonſtration. 


3- By inverting the Terms of the Analogy demonſtrated in 


7* of the foregoing Lemma 2: 
theſe are Proportionals, v3z. : 


| < AE1I, 
ſ As the ſumm of the Tangents of ; ; :; S co. 
| DHP, 
4s hu To \ - $==S "NE RR. Dl . . ” - Radius ; | 
ES $i  - + » - AI+LB+NC+PD, 
\. + To the parallel diſtance , « «  , « « « . EI 


Cy 
us 


5. Therefore | 
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5. Therefore from «* and 4*®, / per prop. 11. Elem. 5.) | 
AB + BC+ CD-+DA . G :: AI+HLB+NC+PD. . EL 
6. But by prop. 15. Elem. 5. PT. | 
AB-+ BC + CD-+ DA . G :: ZAB+$BCZ2ZCD + EDA . £6. 
7. Therefore from 5®* and 6*, ( pey prop. 11. Elem. 5. ) Y ore” 
LAB +3BC + 3CD + 3DA . 3G :: AI+IB+NCHPD . EI. 

8. In which laſt Analogy the firſt Term is greater than the third ; for tis evident by 
Fig. 1. and by what hath been demonſtrated in Lemma 1. that the double of the firlt : 
Term is greater than the double of the third, in regard the-double of the third is but 
part of the double of the firſt : Therefore ( per prop. 1 4. Elem. 5. ) the ſecond Term 
is greater than the fourth , viz. 

3G c- EI ( the parallel diſtance. ) 
Which was to be Demonſtr, 


LEMAMA 5, 


F I' 6G. 2+ 


4 


. 
T 
» ” 
D 


If the angles A, B, C, D of the; Trapezium A B CD be ſeverally divided ints 
ewo equal pars by the right lines AW, DW, BV, CV;-and if fromthe points W , 
R, V and A where every two of the ſaid lines that Iye next to one another do interſe&, 
four right lines Wa, RT, VY and X Z bedrawn perpendicularly upon AD, AB; B.C 
and CD; and if the Perpendicular R T be ſhorter, or, if not ſhorter, yet not longer than 
any one of the other three Perpendiculars V Y, XZ and We: Andlaſtly, if. a.Trape= 
zium be made within the before-mentioned Trapezium ABCGD, fo, as that the ſides of 
the one are parallel to the ſides of the other , and every where ſeparated by an equal parallel 
—_—_ hen 1 ſay that the ſaid paralle} diſtance ſhall be leſs than the ſaid Perpendicu- 
ar RT. | 

For if it be ſaid that the parallel diſtance is equal to the Perpendicular RT, then 
by the point R let ERF be drawn parallel to AB , and finiſh the Trapezium EFGH 
ſo as FG may be paralle] to B C, likewiſe GHj|CD and EHIIAD, drawalſo AE: 
Now if the ſides of the interiour Trapezium EF G H be every where diſtant from the ſides 
of the exteriour Trapezium by an equal paralle] diſtance, then by Lemma 1. theangle E Al 
is equal to the angle EAK; but by Swppoſition in this Lemma 5. << RAI = < RAK, and 
how ſhort ſoever the parallel line ERF be drawn, the angle EAI will be bur patt of, and con- 
ſequently leſs thn < RAI, (= <RAK,) as is evident by Fig. 2. therefore the angle 
E Al cannot be equal to the angle E AK, and conſequently it contradits Lemma 1, before 
demonſtrated. The like. contradiQion will enſue if a Parallel be drawn to AB at a di- 
ſtance greater than RT. Wherefore I conclude , that if a Trapezium be made within 
a Trapezium in ſuch manner as is above ſuppoſed , the parallel diſtance ſhall be leſs than 
RT, which is ſuppos'd to be ſhorter, or, if not ſhorter , yet not longer ttan any one of 
the three Perpendiculars V Y, X Z and W « before mentioned, 


Probl. X X I. | ke 
' A Trapezium being given by Poſition, as alſo the quantities of all 
its ſides and angles ſeverally, to make a Trapezium within the former, 


in ſuch manner that the ſides of the one may be every where ſeparated 
Ccc 2. from 


_——_ I 
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from the fides of the other by. arr. equal. parallel. diſtance 3 and- Rn the 
Space lyifig. between the ſides of both the Trapezit Wy be equal, 06 any 


poſſible Space (or Figure) g1ven.. 


Note. This Pfoblem hath two Caſes, viz. Ficlt, why eh of th of. the fake PL op the 

or: Traperiumn lyes within th ſame; Secondly, - when: one of + nals lyes with- 

I ſhall. handle the firſt - Dale only, for, this well und d, "y be' a tufficient 

to ſhewthe induſtrious Analyſt how #6 Tbs the lattep fe Kh. is; Peels done 

bet the Lear . Fran. a 8 chan 5 in his Tr, de concimmands Reis: ex 
Entenlo Alge Arco. | 't - 


FIG. 1. 


Suppoſe 
1: ABCD is a Trapezium given, whoſe Dizgonals A C and BD do lye within the ſame. 
2. & = a right linegiven, equal tothe ſumm of AB, BC, CD, DA, 
3 'r = the Radius, or Setaidiameter of a Circle is given. 
. 5 = a right line given equal to the ſumm of the Tangents of the angtes AEI, BFL; 
* CGN An jk P, agrecable to the Radius r; which angles are the complements of the 
Ives of rhe © FER aing\s of the Trapeziom ABCD.* 
5. b = the'fide Of a given Square equal to the Interval "of by pave lying berween the files 
of the given Trepeziuin A BED, and rhe fides of the Texprhm required to' be made - 


within the 


pron Frraa fork hit EF AB, EGYBC, GH! HAD, Al 
6. a t 'GH ED, and BH AD. Alfo, 
ce AFFBCGHDAE = $; (or #8.) At, © 
kts E1, FL; GN and HP <0be equal berween chetnſelves, xhat there 
Ez Kqual parattel Siſtance betweeh'the fides of the Trapezium piven,, and of char 
required. 
ret Reſolution of C A SE x: 


oppol ha ky ws agg and pur 4 for? = El = EK =FM= GO. 
x0. ; Fe pr by the foregoing Lemma 2. this Analogy i Is manifeſt, VIZ. 


| <ZBEFL, 
| As-Radiws, to the funim of the Tangens of « _—_ >CGN, 


Sois the parallel diſtance EI, to . , AI + LB ot NC--|- PD. 
11s Thetefore in the lettets of the Reſolution, 


yo 8 2:24. = ('= AI + LB 4-WE 4 PD. ) 
12, By the preceding Lewws 3.'this Equation is/manifeR , Viz, | 
co 
EI x AD-AI+QEIx AB— LB +, De Space AEFBCGHDA. 


- DEIxBC—NC++-EI* CD — PD 
13, Therefore j in the letters of the Reſoluion # 


Wikic = _ = bb '( ='Spate WEFBCGHD A. 


14. Which 


> RR Rds... 
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14, Which Equation.in 132 may,.be, reſolved-into, theſe N 54 £5 

Reapartionglan Vit: 5 vi ayiiecs {01 nl 4 a RE b. 
1:5.. And by drawing r as. a common Factor. into cach of | 

the two firſt Texms. of. the. laſt preceding-Analogy,, this br., i —= 54. ;; @ . be 

ariieck,, Sith fo; oa ter EN us Es N 
1:6- Now: to avoid an Equation between Solids , which 

would; ariſe by comparing: the . Reangle of the, ex-#" 

tremes to.che Retangle of. the means. of the. laſt. Ana->S s, v ©. 33: b . 4. 

logy, letit be, made, as. s. to. r, ſo, þ to a fourth Pro- 

portional-, which may be called, therefore . . . 


17. Whence, by comparing the ReQangle of. the oC F L 
i = it 


* * ., 


tremes to the Rectangle ot the means, this Equation 
s proguced,, wiz. oc: ou on ae. 
18, Again, let it be made, as s to yr, ſo c toa fourth — 2 
Proportional, call it g, thereon: laio. <0 '£ #0 FS On 
19. Therefore from the laſt Analogy, by comparing the } : 
ReQangle of the extremes to the ReRangle of the > 5g” = er. 
Weds, > eo a ES SR 
20, Therefore from 15*, 17* and 19®, by exchanging > Y| © 
equal. Reftangles , this Andlngs arifak « VIR. s 56 id . £—M :: 4 . b. 
21- - Therefore trom 20, by caſting the common Fa- > 4 * ; 
Aor 5s out of the two firſt Terms, . . . . 8 G77 $551: 028 
22. From which laſt Analogy, by comparing the ReQ- 
angle of the means to the ReRangle of the extremes, > fa — as = bd. 
this Equation is produced ,- viz. . «© «© « +» oy _ 
23. Which Equation may: be reſolved into theſe Pro- Z g—4 « vba t: vid PE 


ortionals',” Biz: 2 RR ag 
24. But of thoſe three continual Proportionals, the mean, to wit, 4/bd-is- given, asalſo 
£ the ſum of the extremes'g—a and 4, therefore ('per- Probl: 1 3, Chap, 5.), the 
extremes ſhall be given ſeverally, which by the Theorem in 21.* of the ſaid Probl 3. arc 
equal to thefe right lines, ( or numbers, ) vs. | 
3 + ue af \- > LAT 
2f F vii — bat the extreme Proportionals i x 
EE FPSoerdrrty = Ine EXLreme xr rope Nais IN, 23 » 
n J — v/: off way. : ey 6 p 
Which extreme Proportionals, (or Roots of the Equation in 222,) are equal one to the 
other when 4g = 4/64, in which Caſe each of the ſaid ex Wa is priden yh ual.to iF 3 


ur 
ro 


bur if 2g > y/ba, then the ſaid extremes are ynequal, as they ceppen be in the Re- 
ſolution of this Problem , but the leſſer af them only (tor the reaſon hereafter giyen in 26®) 


thall be the parallel diſtance ſought, Hence this 
" CANOM. | = 
25. :g ——4/:3gg — bd: = EI = EK the parallel diftance. That is, in words, 
Let it be made, . As ( 5) the ſumm of the Tangents of the complements of the halves 
of the angles of the given Trapeaiam A BCD, is te the Radine. (t ) ; 6 2 the given 
{ide of a Square equal ro the preſcribed Interval or Space berween the [ides of both the 
Trapezia , to a fourth Proportional (4) ; and ſo ( c)) the ſunam of the four lides of the 
given Trapezium to a fourth Proportional. ( g). Then ſyhixact the Root of the 
exceſs whereby the Square of halt g exceeds the ReQtangle made.of b __ Fon half £5 
the remainder (hall be EI (= EK ) the parallel diſtance ſogghr. "ee 
Which - Canon may be propounded in the form of a Theorem, the Demogitariog. 
whereof may be calily framed by a repetition of the Reps of the ſqr<g9i0g Refolutiqn, | 
by proceeding in a direct order from the beginning to the end jhereof; for the Argumen- 
mentation therein uſed is clearly Geometrical , as well as Arighmetical ; But waving the 
Demonſtration of the Canon , I ſhall in the next place ſhew what eterminazions are 
neceſſary for limiting the given lines , that there may be a paſſibility of effe&ing the Pro 
blem propounded, | | 
Determinat. 1. 


X ; . "” . mT 
26. « » +» 22 Co v/va; thats, — -wib* A 


Although 
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Although there be a poſlibility to find out the extreme Proportionals in 24*, ( or the 
' two Roots of the Equation .in 22*,) if 3y be nor leſs than y/bd, yet the parallel diſtance 
is not poſſible unlels &g be greater than /ba; for if 3g = /bd, then each of the ſaid 
extreme Proportionals is equal-to £g ; but by the preceding Lemma 4. 2F is greater than 
El or EK ( the parallel —_— therefore netther of thoſe equal extremes can be the 
parallel diſtance : But if 3g © 4/64, as Determinat. 1. requires, then the two extreme 
Propoxtionals. before mentioned are unequal z for if fg, that is , half the ſumm of the 
extremes of three Proportionals be greater than the mean, to wit, 4/64, then the extremes 
are unequal , and conſequently in ſuch Caſe 3g is greater than the leſſer extreme ; there- 
fore agreeable to Lemma 4. the lefler extreme ſhall be the parallel diſtance requifed ; but 
the greater extreme is to be negleRed , becauſe 'cis greater than 2g, and conſequently doth 
contradi& the ſaid Lemma 4. | 
Deferminat. 2. 
27. 4 © © © © © 2g — o/:igg — bd: 2 RY, 


The perpendicular line RT in Fig. 2. prefix'd before the precedent Lemma 5. is ſup. 
poſed to be ſhorter , or if ndt ſhorter, yer not longer than any one of the other three Per- 
ndiculars V Y, XZ and W «. But the quanticies of the ſaid four Perpendiculars may 
e found'out fn numbers by the DoArine of Plain Triangles, for in each of the Triangles 
ARB, BVC, CXD and AWD, the Baſle is given, as alſo the angles at the Baſe, 
ro find the Perpendicular. - Which Baſes are the given lides of the Trapezium A BCD, 
and the angles at the Baſes are the halves of the given angles of the ſaid Trapezium, 
therefore the ſaid Perpendiculars are given alſo, whence it may be known which of chem 
is the ſhorteſt. Now becauſe by the foregoing Canon in 25*, and by what hath been 
faid in 26* , the parallel diſtance is found equal to Zg — 4/: 29g — bd: and becauſe by 
the preceding Lemma' 5. the. ſaid parallel diſtance muſt be Jeſs than R T, which is ſuppos'd 
to be the ſhorteſt of the ſaid; four Perpendiculars, or if not the ſhorteſt , yer not longer 
than.any one of the other three , therefore 3g — 4/: 79g — bd: muſt be leſs than RT, 
otherwiſe that cannot be done which the Problem requires. FR 
Bur if the given lines be qualified according to the import of the precedent Deterini- 
nations, then the parallel diſtance EI or EK ſhall be given by the foregoing Canon ; and 
then, after theangles A,B, C, D of the given Trapezium AB CD in Fig. 1. are ſeverally 
divided into.two equal parts by the right lines AE, BF, GG and DH; and after right 
lines are drawn parallel to the ſides A B, BC, CD, DA, at the diſtance of the ſaid E 1 or 
EK, the points where thoſe Parallels do concurr jn the lines biſeRing the ſaid angles will 
form the deſired Trapezium EFGH: And it will not be difficult to demonſtrate, by 
2 repetition-of the ſteps of the foregoing Reſolution in a backward order , (in like manner 
as in divers preceding Problems of this Chapter, ) that the Area of the Interval or Space 
lying between the ſides of both the Trapezia is equal to the Square of the given ſide 6. 
But leaving the Compolition of, this Problem to the Learners praRtice , I ſhall prove the 
truth of irs Solution by an Example in Numbers. 


An Example in Numbers , to sIluftrate the preceding Reſolution of Probi, 21. 


Suppoſ. 


28. ABCD is a Trapezium. 

29. EFGH isa Trapezium. 
EHIl AD. EF AB. 

39 ZEG || BC, GH || CD. 

31. AE,BF, CG, DH are right lines. 

3z, EI and HQ | AD. 

33. EK and FL | AB. 

34. FM and GN | BC. 

35- GO-and HP _| CD. 


36. A D = 40 
= "1% ate given, 


DOE On 12”... Y 


it tho a 
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Gr, Ain. __"=—=* | 
Spc. - — Ta - 
41. FDL = {CT FRM = go £ x6 . 
42. w GCN = <{ GCO = 44: 43: Are given. 
4j- < HDP = © HDQl== 352 is. 
= p - 4; ons BS = - 5544 = FO Theſe are conſequently given, be- 
46. © CGN LI = CGO ney . Ws cauſe the anglesat Il, K, L, M, N, 
| D I D OT 4 x Pe O, P, Q are right angles, 
47- < DHP. =  DHQ = 54 : 44- 


48. 6c = I29 = AD-þ+A B-|-BC+CDis given; ( from 36®, 37®, 38, 290. 
49. bb = 4505322 is given for the Area of the Space AEF BCGHDA. ' 9's 


1000 


50. » = Looooo the Radius of a Circle is given. 


Reg. to find 
51. El = FL = GN = HP, (the parallel diſtance. ) 


\ Salutson Arithmetical, 


Gr, Ain. 

$2. 103192 = Tangent of 45 : 54 = <AEI = <CAEK. 
F3- 67620 = Tangent of 34: 04 = {BFL = <BFM, 
54- 100994 = Tangent of 45: 17 = {CGN = <CGO, 
55- 141409 = Tangent of 54: 44 = WDHP = <DHQ,. 
56. 413215 = s = the ſumm of thoſe four Tangents. 

Then according to the foregoing Canon in 25*, let it be made, 

pi" 1 r b | d. 

57. As 2 413275 +» Ioo0000 <+t: '/: 45075245 . $7332, 


— 
RR —————————— 


 —— — 


s | r 0-7 ge 
58, As 3 413215 . 100000 :: I29 ,.0 317235 » <P 


Laſtly, by the precedent Canon in 25*, 
$9. ip — x: 9g —M = 4 ( very near) = EI = E K, 
| The Proof. 
To r, s and E 1 find a fourth Proportional , ( agreeable to the foregoing Lem- 


ma 2.) Vis 
, , EL AI+LB+NC+PD. 
60s. » 3 _ - 167448, 


I00000 . qlz2l15 tit: 4 


—_—__s 
——— \ — \ 


= 


Then ( by .Lemma 3. ) RE Ws 
AD—AI+AB—LB [ Je ! 
EI x BC— NC4+CD—PD = Space AEFBCGHDA. 


That is, 4 into 129 — 1673535 = 4497335, Oc. 


Which Area doth not want = of 4505522 the preſcribed Area of the Interval 


AEFBCGHDA, the defe& ariling from this, that ſuch numbers as were found out 
near the truth , were aſſumed to be exactly true, to avoid tediouſnels of Calculation, 
Therefore the truth of the Solution of the Problem propounded is evident. 


CC rrr——rrr er tn EI En ee I Ir 


Probl, X XII. 


In a right-angled plain Triangle , the Area being given, as alſo the 
Perimeter, ( that is, the ſumm of all the three fides,). to find out the 
Triangle. But the quadruple Area muſt be leis than the Square of the 


Perimeter. Suppo/ 
# 6 
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B | AC = 156 

i AB = 65 

SC = $69 

DF = 26 

& DG = 26 

\ | ; Bo. DE = 26 
ASL —— > C 


Suppef. 
1, A ABC is right-angled at A. 
2. D*AC,AB = the Area of A ABC is given- 
3. AC-|- AB + BC = the Perimeter is given, 
Reg. to find out AC, AB, BC ſeverally. 


Prepar. 


4. Suppoling ABC to be the Triangle ſought , biſet (by Probl. 9. Elem. 1.) the angles 
BAC and ABC by the lines AD and BD meetingin D, and make DF { AC . 
DG |. AB . DE _| BC; and draw DC: Then is DF (= DG = DE) the Se- 
midiameter of the inſcribed Circte DF GE, which toucheth the Triangle in the points 
F, GandE, (per prop. 4. Elem. 4. ) | | | 

F, » (per prop.4 Sukin. 

5. From the premiſes 'tis eaſie to perceive , that in any plain Triangle, the Semiperimeter 

multiplied by the Semidiameter of the inſcribed Circle produceth the Area of the Tri- 

angle ; and conſequently the Arez divided by the Semiperimeter gives the Semidiameter 
of the inſcribed Circle: As in A ABC betore expos'd , the ReQtangle (or ProduR) 
of ZAC into DF is equal to the AADC, ( per prop.41.Elem.1.) Likewiſe, 

DO:xAB, DG(DF)= AABD: Al, AZBC, DE(DF) = ABCD, 

and thoſe three Triangles are evidently equal to A-A BC. | 

6. Moreover , in every right-angled plain Triangle, if the Diameter of the inſcribed Circle 
be ſubtraed from the Perimeter , the remainder is equal to the double of the Hypothe- 
nuſal: As in A ABC before exposd, f AF AG, (= DF -þ DG = the 
Diameter of the inſcribed Circle D F GE , ). be ſabtraRed from the Perimeter A C -{- 
AB -+ BC, there evidently remains FC + GB + BC = 2BE + 2 EC = 
>BC, for FC —EC, andGB = BE. Therefore, 


From 5* and 6* we may deduce 
CANONM tt. 


7. Divide the given Area by the Semiperimeter , and ſubtra& the double of the Quotient 
from the whole Perimeter ; the half of the remainder ſhall be the Hypothenuſal ; which 
ſubtra&ed from the Perimeter leaves the ſumm of the (ides about the right angle. Then 
the Hypothenuſal being given , as alſo the ſumm of the lides about the right angle, the 
lides ſha]l be given ſeverally, both Geometrically and Arithmetically, by Prob/.4.Chap. 8. - 


- 


Amther way to find out the Hypothennſal. 
| Suppoſ. | 
8. A ABC is right-angled at A. 
9, ce =OZAC, AB = A ABC is given. 
10. 6b = AC AB + BC is given. 
Reg. to find B C the Hypothenuſal. 


Refolus. 11. 


11. Put « for the Hypothenuſal , viz. 5 4 = BC. 


12, Therefore from 10* and 11*, the ſuram of the ſides Wy 

about the right angle is es 'S h—s(=AC+AB.) 
13, And from 1 1* the Square of the Hypothenufal is . > 44. | 
14. And from 12*, the Square of the ſumm of the ſides abs 4- 36 

about the rightangleis . , , . . « « + ' TE Ow ; 


I 5. Therefore 
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1 5. Therefore from 9*, 13® and 14*, (by Theor. 1. in 12* 
of Probl, 15. Chap. 8. ) this Duda x 4 ariſerh, v5z. F aa — iba +bb = aa acc. 
16, From which Equation reduced , the Hypothenulal z , _. +4 __ 2c 
will be made known, 2#z. , I Weng, '$ Sat 


b 


Hence CANON 2. 


17. From the Semiperimeter ſubtra&-/rhe Quotient of the double Ares &ivided by the 
Perimeter, and the remainder ſhall be the Hypothenuſal. Then the ſides about the right 
angle ſhall be given as before in Caron 1. IG 

18. But to the end there may be a poſſibility of finding 
out a right-angled Triangle to ſolve the Problem pro-QC ay — 2cc 
pounded, it is evident by Canon 2. that the given quan-(" * a 
tities 6 and cc muſt be ſuch, that . . . . I 

19. Whencey, by doubling each part , . 


4 


> be 2, 
20, Therefore from 19*, by multiplying each part into's, > bb = 4cc. 
21. And conſequently, , , , . . , . .. . +5 46 5D bb. 
Therefore the reaſon of the Determination added to Probl. 22. is manifeſt; and the 
Canons may be exemplified by any right-angled Triangle in Rational numbers. 


da 


CHa wow 


The fourth Claflis of Examples" of the Reſolution and 
Compoſition of Plane. Problems. 


N which Examples , .the Reſolution ends in, an Analogy conliſting of three Squares 
Il in continual Proportion , whereof the Mean is given; as alfo a' Square equal cither-—* 
to the Difference , or elfe ro the Summ of the Extremes , and theretore the Extremes 
ſhall be given ſeverally, by Probl. 15, or 16. of Chap. 5. as "Mp 


Probl, TI. 


The difference' of the Squares and the:ReQangle of two right lines 
being given ſeverally, to find out thoſe lines. We - 

| Suppoſ. RE 

I. 4 = the given (ide of a-Square equal to the difference of the Squares of two right lines. 
2. m = the given (ide of a Square equal to the ReRangle of the ſame lines. 


Reg. to find out the lines. 


Reſolution. 


3. For the leſſer of the two right lines ſought put . > 4. 

4+ THR the Fan of = lefler _ . >; Pak 
. And from 1? and 4*, the Square ot the greater 

" A. EY quare of tit BENE ae + db 

6. Therefore from 5* the greater line is . . «. .? y: aa+ad:, 

7, And from 3* and 6* the ReRangle made of the 2 Se 27. 
rwo right lines ſought is . . . vos v/: a8 = 4d 

8. Which ReQanghe ( according to the.gnpopr of theZ;) 1 1 1 + 
Problem.) muſt be equal to the Square of thegiven\>::14 x 4/2 46 +.dd4== wm. 
right line 9; therefore,. .... ©. +. my IP ; 

9. And thar Equation may bereſolvediorg he PEeig 1s auth dlioyi aw! 3f.1 6 6 
portionals, viz, « ++ + + ,» JPY dT 0 RAS 


Which Analogy is qualified in every; reſpe& Jike-thay in _60* of, Prdble 1 


% 


Probl, 11. 
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Probl. 1H. 


In a plain Triangle, any two fides and the Area being ſeverally given, 
to find out the Triangle. But eight times the given Area muſt not 
exceed the exceſs by which the Square of the ſumm of the two given 
ſides is greater- than the Square of their difference. 


Nate, The two given lides of the Triangle ſought are either equal one to the other, 
or unequal ; if equa), then the Triangle is either equicrural, or equilateral ; each of which 
is compos'd of two equal right-angled Triangles , having a common Perpendicular falling 
rom the angle contain'd under two equal {ides upon the middle of the third ſide, ( or Baſe :) 
in which Caſe, the Problem propounded may be ftated thus; vzz. The Hypothenuſal 
of a right angled Triangle is given, as alſo the Area, ( that is, half the given Area, ) 
to find the ſides about the right angle ; which lides may be found out both Geometrically 
and Arithmetically , by Probl. 15. Chap 8. and then either of thoſe ſides about the righc 
angle being doubled , gives the Baſe of a Triangle , either equicrural or equilateral, to ſolve 
the Problem. But if the two ſides given be unequal, then the Triangle ſought is either 
right-angled , th elſe obtuſe-angled, or hath unequal acute angles at the Baſe, if 
right-angled, then the third fide or Baſe ſhall be given by prop. 47. Elem. 1. by which 
Prop. it may be diſcovered whether the Triangle fought , when the two given lides are 
unequal, and expreſt by numbers, be right-angled at the Baſe or not , for if the Square 
of the leſſer ide given be ſubtraed from the Square of the greater, and the ſquare Root 
of the remainder be multiplied by half the ſaid lefler ſide, and if that ProduRt be equal to 
the given Area, then the Triangle ſought 1s right-angled, at the Baſe. Now when the 
Triangle ſought is neither right-angled at the Baſe , nor hath equal acute angles at the 
- Baſe, the Reſolution of the Problem propos d may be formed in manner following. 


Smppoſ. | 

1- ARO isa A whoſe angles A and R are acute and unequal, alſo <R © <A; 
and conſequently AO —RO, ( per prop. 19. Elem, 1.) 
. b = AQ. is given. | | 
. k = RO is given. 
.c = b + k = AD is given. 
.4 = b — k = AG 6 given. 

m = a given right line, whoſe' Square is equal to the Triangle ARO. 


Reg. to find out the Triangle. 

AR 
AO 
RO 
OF 
AE 
EF 
FR 
AF 
AG 
OM 


—= 21 


= AARO. 


Reſolution. | 
7. Pat 4 for the Baſe ( or third fide) fought, viz. . . . 
8. Then by Theor. 5. in 69* of Probl. 8. Chap. 8. this Equation is manifeſt, 52. 


a = AR 


:2a4 — Fdd: into yi 3co — Zac: = mm. 
9. Which Equation may be reſolved into theſe Proportionals, viz. 
wi Lan — Zda: . m : m . ofi5co — jan: 
10, And their Squares are alſo Proportionals, vz- 
24a — Tad . mm :. mm . cc — aa. 
11. Which Proportionals being ſeverally quadrupled give theſe , viz. 
Ag — dd  . 4mm :: 4mm « 0C — ate 


12. And 


” 0 ” g 
EE OY 


ULAR ea ty 


Ee OO SEG. 5 
_ 


EIS II A as TOS TN OE] 
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12. And by extracting the ſquare Root our of every one of the four laſt Proportionals, 

theſe alſo ſhai) be Proportionals , viz. 
x/:iaa — dds . 2m ::. 2m , v.00 — aa: ] 

13- Now foraſmuch as the two laſt Analogics in 11* and 12 are in every reſpe& like ro 
thoſe in 57* of Probl. 16. Chap. 5. therefore by the Geometrical ConſtruQtion of that 

| Problem, reſpect being had ro what hath been deliver'd in the ſaid Se. 5 7. two right 
lines may be found out , either of which may be taken for the value of #, that is, the 
Baſe' of the Triangle ſought , which right lines are equal to one another when 8mm — 
cc -— dd, but unequal when 8mm is leſs than cc — add; *in which latter Caſe, two 
Triangles may be found out having unequal Baſes, but each Triangle ſhall have the 
ſame Area and leggs , as will hereafter appear in the Compolition of this Problem. 
But to the end there may be a polſlibility of effeRing the ſame by the help of the lines 
given, they muſt be ſubje& ro the following Determination , which is diſcovered by 
the Analogy in 119. 

Determination. 


14. The oRuple of the given Area muſt not be greater than the exceſs by which the Square 
of the furam of the two given lides exceeds the Square of their ditference. | 


The truth of this Determination will be evident by the following 
LE MM A. 


I5. The oRuple of the Area of a plain Triangle having unequal leggs, is never greater 
than the exceſs by which the Square of the ſumm of the leggs exceeds the Square of their 
difference. oa fob | 

Suppoſe 

16. AR the Baſe . . - . | 

17. AO and OR the leggs F &* & ARO; 

18. AO OR. 

19. M is a right line, ſuch, tht 9M = A ARO. 

20, AD = AO + OR 

21. AG = AO — OR | 

$35 548 Reg. demonſtr. - '; «' SDM, or: $A ARO; not © DADOAG. 


4 


Prepar. | wb W 
23. By Probl. 4. Chap. 5. find a right line $, ſuch, that its Square may be equal to 


OAR— GAG; therefore, 5 
S =4+/:O0 AR — OAG: : 
24. Likewiſe by the ſame Probl. find a right line T', ſuch, that its Square may be equal 
to CAD—QoOAR, therefore, IE: 
T = 4:0AD — Q AR: 
Demonſtration. | 
25. Foraſmuch as by Theor.5. in 6g* of Probl, 8. Chap 8. ( reſpeR being had to the 
Diagram here in view, ) SE | 
DOofy/:<DAR—ZOAG:*x /:#0/AD—$DAR: = AARO. 
26, And by Sappoſition in 19% » +, » + # +» + DO M = AARQ. 
27. Therefore from 25? and 26*, ( per eAx10m. 1. Chas 2}: | | 
DOoyOAR-jOAG: x a7 dag = OM, 
2 


28, And 


- 


Al OW ODE ob Bt > PH IP Bw As. we re —_ ———— 
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28. - And by reſolving the laſt Equation into Proportionals , this Analogy is manifeſt, v;z. 
/:EDAR—ZOAG: . M :: M . 4/:40AD—3GAR: 


' 29. The Squares of which Proportionals are alfo Proportionals, (per prop.22.Elem.6.) viz, 


*OGAR—EDAG . OM :: oOM . jO0AD-oAR. 

. And by quadrupling all in 29* , | 
. gHAR — DAG. 40M : UN  DOaD DAR. | 
$1. But the ſides of proportional Squares are alſo Proportionals , therefore from 30?, 

JOAR—DAG: - 2M :: 2M . y/:O0AD—QOAR: 

2. And becauſe by Confer. i in23*, S = /:DAR — OAG: 
- Alfo by Conftr. in a4”, > vo » Tn SAD =— DAR; - : 
34. Therefore from 312, 32* and 33*, by exchanging equal right lines , this Analogy 
_ is thanifeſt , vs. 

SS a :: «MM 


35- And becauſe the laft Analogy conſiſts of three Proportionals, therefore by what hath 
been ſaid in 20 of Probl. 13. Chap. 5. | 
4M not © S-+ T, 
36. And by ſquaring each part in 35*, 
I60Mna  oS+OT + 2CIS,T. 
37. And becauſe by Conſtr.in23%, . . . DAR — OAG = 05. 
$8. Andby Conſtx. in 24*, . - . OGAD—DOaAR = 
39. Therefore by adding the two laſt Equations together , 
OAD — GAG = 06S + oT. 
40. Therefore from 36* and 38*, by exchanging equal Squares, 
16 OM not © DAD — BAG ++ 2 IS, T. 
41. But from 34%, ( per 17. prop. Elem. I, 4 - © © SON = OS.T. 
42. And conſequently,  . «, 4 » .'. «SO = a0IS,0.,; :-. 


43. Therefore from 40* and 42*, 
160M not © OAD — OG AG + $0 M. 


44; Wherefore from 43*, by ſubtraRting 8 9 M from each part, 


80 M not © OAD —onAG, 

Which was to be Demonſtr. Therefore the truth both of the Lemma and Determi- 
nation is maniteſt, | 
The Compoſition of Probl. 2. 

, Suppoſ. - 
45. AO and OR the leggs of the Triangle ARO are given ſeverally. 
46, AO — OR: 
47- AD = AO + OR is given. 
48. AG = AQ — OR is given. 
49. M = the givey fide of a Square equal to A ARO. 
50. 80M not — DAD — GAG. ( Determination. ) , 


Reg. to find out the Triangle. 


E 1 


| 


. 


Conflrutin. 
FI, By Probl. * 4. Chap. 5. find a right line H, ſuch, thar its Square may be equal to 
OAD — GAG, therefore, Py 
OH = GAD — o AG. 


52, Then 
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F2. Then making H to be the Hypothenuſal of a right-angted Triangle, . and 2M a. mean 
Proportional between the Baſe and Perpendicular , find out ( per Probl. 16. Chap. x. ) 
the Baſe and Perpendicular ; but ſuch a Triangle cannot be found out unleſs it be proved 


that 4 _ is not greater than £ H ; for, { agrecable to the Neterminatiqn annexed 


to the ſaid Probl, 16. ) the right line arifing by the Application of the Square of the 
given mean Proportional to the given Hypothenuſal , muſt not be greater than half the 


Hypothenuſal; I ſhall therefore firſt prove that 4905 is not greater than *H, 


Rog. dentbleffit. oo « © © » —— not = Hg, 
Demonſtration. | 
By the Determination in 5o?, . .' , . .> 8QOM nat © pn AD—qAG. 
And by Conffr. in 51%, . þ . © © « 5 + + DH ='nADmBac 
Therefore, ( per A{x. 3. Chap. 2.) . . . .> 8QOM not © QH. | 
And conlequently ,  .- |. þ + «© -« -£ 4OM na © 40H, 


Wherefore by Application of each part to H, 3 10 not = _ H. 


Which was to be Demonſtr, | 
53. Having proved that 'tis poſſible to find out a right-angled Friangle which ſhall have 
the right line H for a Hypothenuſal , and the double of the right line M for a meati 
Proportional between the Baſe and Perpendicular , ſuppoſe that (by Probl. 16. Chap. 5.) 
the right lines F and G are found equal to the ſaid Baſe and Perpendicular; therefore 
by ſuch Conſtruftion , 


ARR, EL 
Alfo, . + + . » OF pp eBG = OH 
54- By Probl. 2. Chap. 5. find out a right line L, ſuch, that its Square may be equal to 


OAG+0G; therefore, aL =oOaG+0oG. 
55. Likewiſe, find ont a right line N, ſuch, that its Square may be equal to. QA G 


0 F, therefore 3 ON = OA © 14.0 EF. 

- $6, Naw either of the ſaid right lines N and L, ( being the two values of & in the fore- 
going Reſolution , ) ſhall be the Baſe of a Triangle, ro ſatisfie the Problem propounded ; 
therefore let a Triangle , as ARO be rmade, fo, that irs Baſe AR may be equal to the 
right line 'N, and the leggs equal to the given tight lines AO, OR; which may be 
done, ( by prop. 22. Elem, 1. ) if thoſe three right lines AR, AO-and OR be ſuch 
that every two taken together as one right line, js longer than the third z but that the 
fumm of every two of the ſaid right lines is longer than the third , I demouſtrate thus ; 


57. « + » I. Req. demonſily, , . . . - . AR + AO & OR. 
| Demonftr ation. Lt 
58. Foraſmuch as by Sppoſition in 46%, . . .$ «.. . . AO © OR. 
59. Therefore much more . . « «. - . .-5> AR + AO & OR. 
Go. '« . . II, Reg. demonſtr. . . - - . . AR + OR & AO. 


Demonſtration. 


Gt, By Conftr. in 55% «© © +» +» + » -> DAG + BF = DN. 
62. Alſo by Conſtr. in 56%, AR =N, and con- aA av ob 
Gquemly, '.. +» +4 | ie en ea. og : 
63. Therefore from 61* and 62*, ( per Ax. os OAR = OAG +.0F. 
Chap. 2. ) CE ns FI es 26 Oy | 
64. Theretore from 63%, + « + + - + -þ DAR © DAG. 
65. And conſequently, . . .'- - +» .> + AR & AG. 
66. But by Suppoſ” in 48%, . « « - + . -> +» AG = AO — OR. 
67. Therefore trom 65* and 66*(per Ax 3.Ch.2.) >. AR & AO — OR, 
68. Wherefore by adding OR to cach part in 67%, * AR + OR © AO. 
Which was to Demonſir, | | 
| 69, Ill, Reg. 


- 
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69... . , III. Reg. demonftr., , « + + « AO + OR & AR. 
| | Demonſtration. 


CAD — GAG = GB. 
OF-- OG = HB. 


OAD— GAG — OF4-0G. 
73. And from 72* 


"+ pr CAD = OF+oOG-+oAG. 


74. And from 73%, by equal ſubtraRion of © G, > DAD—OG = OF-+noAG. 
"= _ - 469 =: eh o 4 4 > *. + = ON = OF-þEo AG. 
76. Therefore from 74* and 75*, ( per Ax.1. OE 
7 SR I-25 a 
77» auic DY Cortr. = My PR 
_ and — PIs 3 LO 'F + 2 TOON 0 40G; 
78. Therefore from 76* and 77*, ( per Ax. 1., 9 Wu 
Chap. 2. ) -4 * * , Ll . £ o » * '$ OAD OG = O AR. 
79. And by adding the 6 G to each part in 78%, > GAD = GAR+oG. 
80. From 79? tis evident, ( per Ax. 25. ps OAD —oAR 
ET Ej > i + « + © +» © x 
"Sr  conbenettly; .. .. - . - - -e , AD CAR 
82, And by Swppoſ/. in 47%, - - - + + > AD = AO -þ OR. 
83. Wherefore Lon 81* and 82*, ( per Ax. 42 AO-| OR & AR 


Chap. 2.) . >. | 
Which was to be Demonſtr. 

84. Having proved that of the ſaid three right lines AR, AO and OR every two taken 
together as one right line is longer than the third, it is poſſible co make a Triaogle 
of them , ( by prop. 22. Elem, 1.) ſuppoſe it thentobe AARO, I fay the Triangle 
ſo made is that which was required. Now we muſt ſhew that it will fatisfie the Probletn 
propounded. = 

85. Firſt then, by Conftruftion in 84*, the leggs AO and OR are equal to the two right 
lines given in 45* to be the leggs of the Triangle ſought; and that the AARO is 
equal ro the Square of the given right line M, the following Demonſtration ,- formed 
by a retrograde repetition ot the ſteps of the Reſolution aforegoing, will make maniteſt. 

86..- . « Req. demonſlr., . .. . «+, +» +» - +» A ARO = OM. 

Demonſtration. 7 
FT a M. 25: aM £3 6 

DOF.4q40M :: 40M . OG. 
[ 

mi! 


P 
bs 
TEE EDT Dy: s © ie N = oAG+ oF. 
90. AlſobyConfty. in 56%, N = AR, and con N — GAR 
IE bd © » « > + © ths n 
91. Therefore from 89® and go?,, (per Ax.1.) > DAR = GAG + oF. 
92. And from g1*, by equal-ſubtration of GAG, > GAR — CAG = OF. 
93- It hath beenproved in 7g*, that .. . . ..o BAD = GAR þ+ aG. 
94. on conſequently, by ſubtrating a AR from Oo oat -:o6 
EEE > bio 4 ++ + © | + 
9. Therefore from 88*, 92* and 94®, by exchanging equal Planes, this Analogy will be 
and] we. DCAR—DAG . 40M :: 43M . GAD—oAR. 
That is, in 11®, aa — ad _ . 4mm :. 40 . C(C— aa. 
96. And by taking a quarter of all in g5*, 
*0AR—ZoOAG . OM :: oM. *oAD-goAR. 
Thar is, in 10%, Zaa — Zdd . mm :; mm . 50 — 74a. 
97. And becauſe ( per prop. 22. Elem.6, ) the (ides of proportional Squares are alſo Pro- 
portionals, therefore from 96*, 


\ /: ZDAR—EGAG: ., M :: M . /: 25 AD-50AR: 
That is, in 9%, y: jaa —Zdd: em 5%. Mm . | wy: $60 — Jan: 


70. By Conſtraftion in 51%, « » 
jt. Alſo by Conftr» in 532, Es: 0 
72, Theretore trom 70? and 71*, ( per Ax. 1. 
EEE. oj +5 -.+ 5: + 
, by adding GAG to each 


WY AA 


87. By Conſftruttion in 53%, « + » 
88. Therefore, (per 22. prop. 6. Elem.) 
89. By Confr.in 55*, | 


' 98. And 


« re 
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Py ——_ on > is 
17 


98. And from 97%. ( per 17. prop. 6. Elem.) | 
0 of //X0DAR—SOAG: «x /:SDAD_ZEgOAR: = OM. 
That is, in 8*, 


v/: 448 — dd: into y: Eco — Zan: = mm. 
99. But by Theoy. 5. in 69* of Probl. 8. Chap. 8. reſpeR being had to the laſt preceding 


Diagram , : 
Oo y:ioAR—inAG: x /:i:0AD—EoAR: = AARO._ 
100. Therefore from 98*® and 99?, ( per Axiom. 1- 
Chap. 2.) , : mY Fs Cnr $4 '$ AARO'= OM. 
Which was to be Demonſtr. 

Therefore one Triangle is found out to ſolve the Problem ; and by the like Conſtruion 
and Argumentation another Triangle may be made upon the right line L as a Baſe, which 
latter Triangle ſhall have its Area and leggs correſpondently equal to the Area and leggs 
of the firſt Triangle, 


101. But in order to taiſe an Arithmerical Canon for the finding out of the third lide ( or 
Baſe) of the Triangle ſought , Grſt Jer us ſuppoſe the given quanaities to be expreſt by 
numbers, and then let the Analogy in 11 be here repeated, v5. 

aa — dd . qmm :: 4mm . CC — 4A. 

102. Which Analogy is reducible to this following Equation , v5z. 

ccaa | ddaa — aana —= 16mmmm + ccad. 

103. Now if that Equation be reſolved according to the Canon in 5 5* of Probl.16. Chap. 5. 
this following Canon will thence ariſe , whereby the Baſe of the Triangle ſought may 
be found out Arithmetically. 


CANO N. 
wi *c6+ Zad | y: 3cecc + £dddd — foedd — 1 6mmmm :. = 4a, 
| | Alſo, S 
v/: $06 | dd — of: Lccet -|- ;dddd — yccdd — 16mmmm : = 4. 


P: {1 Example in Numbers, to illuſtrate the foregoing Reſolution of Probl. 2, 


Swppoſ. 
__ 1 7's oy C the leggs of a plain Triangle are given z whence, 


106. c = 27 the ſumm of the leggs is given, and | 
107. 4 = 7 the difference of the leggs 1s given. | | 
108, wm — $84 the Area of the ſame Triangle is given. 
Reg. to find out the Baſe or third (ide. | 
ts Solution Arithmetical. 
109. By the help of the numbers given in 106®, 107?, 108?, and of the Canon in r93*, 
the numbers 21 and 4/3 37 will be found out, either of which may be taken for the yalue 
of 4 in the foregoing Reſolution, rhar is, the Baſe of a Triangle which ſhall have 17 
and 10. for its leggs, and 84 for its Arca: For as well from theſe three lides 21, 17 
and 10, as from theſe, 4/337, 17 and 10, the Area will be found 84, (by Cann 1, 
in 77* of Probl. 8. Chap. 8.) And therefore the Problem propounded is ſolved both 


Arithmetically and Geometrically. | 


Probl, III. 


The Baſe, Perpendicular and Rectangle of the leggs of a plain Triangle 
being given ſeverally, to find out the Triangle. But the giyen quantities 
muſt be ſubje& to the Determinations hereafter exprelſt. 

Ry 
the Baſe of a Triangle is given. 


the Perpendicular i given. ; 2. ; 
the lide of a Squire equal to the Reftangle of the leggs.is given, 


Reg. to find the Triangle. 


, , # 
'# 


(00G 


4. Vina, 
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4. Vieta, in Probl. 1, of his Appendix to his Appoliontzs Gallus , ſhews the Conltruftian 
of this Problem. with great facility , by the help of this Theorem ,. 4z.. The ReQangle 
of any two (ides containing an angle of a plain Triangle is equal to the Rectangle of 
the Perpendicular falling from that angle upon the oppolire (ide , and the Diameter of the 
Circle circumſcribing the ſame Triangle. Afterwards Marin Ghetalds in his Treatiſe 
of Mathematical Re(olution and Compoſition ſupplies Yiera's Conſtruction with Deter- 
minations ;. But it will be difficult for Learners to deduce the Arithmetjcal Solution from 
that Geometrical EffeRion z 'I ſhall therefore form Reſolutions and Compolitions to ſolve 
this Problem both Arithmetically and Geometrically in all Caſes, which are theſe five, viz. 


1 iWhn . .. |. = Job. 


ls EET: .. | - , 26b + pp. 

TEEN... - . .-. - mic 
ESR. . . - -| .. - -»> EE 6 + pp. 

[TEAS -- - - - - 42.6, 
TS 
Cat 5-5 When, <4 + +| + -- - 0D. 3b 4 PP- 


Now. ſolve the propoſed Problem in every one of thoſe Caſes, I ſhall give a peculiar 
Reſolution, with a Canon and an Example in numbers z and if the given Quantities be 
expreſt by numbers , it will be ealie to diſcern under which of thoſe Caſes they fall. 


The Reſolution of CASE 1. 


5. One Triangle may be always eaſily found out to ſolve the Problem in Caſe 1. v5z. when 
rr = 2bb + pp; for if upon the middle of the given Baſe, the given Perpendicular be 
ereRted, and trom the ends of the. Baſe two right lines be drawn to meet at the top of 
the Perpendicular , then the equicrural Triangle ſo formed will ſatisfie the Problem. For 
in every Ifoſceles , or equicrural Triangle, the Square of 'half the Baſe , ( or a quarter 
of the Square of the whole Baſe,) together with the Square of the Perpendicular is ( per 
prop. 47. Elem. 1. ) equal to the Square of either of the equal leggs, that is, the Ret- 
angle of the leggs. ; ; 1 

Moreover, when in Caſe 1. i happens that b = 2p, then beſides that equicrural 
Triangle, another having unequal leggs may be found out to ſolve the Problem , by this 
following Reſolution , 942. , | 

6. For the unknown difference of the leggs put . . . . .> 4. 

-. Then by Theor. 7. Ch. 4. the Square of the ſumm of theleggs is > aa + 4rr. 

8, Therefore from 6® and 7*, (per Theor.2.in-34® of Probl.8, Chap.s.) 

10. 00 ago gry —bb , aa-|-qrr —bb—aqpp :: bb . aa. 1G « 

9.*And becauſe by Sappoſ. in Caſe 1. . . . . . , > mr — bb |'pp. 

10. And conſequetnly,, EIT SHE TSP, . .> 4rr = bb -þ app. 

1} « Therefore from 8* and 10* , by exchanging equal quantities , 

4b +app—bb . aa-{-bbJrapp-bb—app ::; bb . aa. Proportionals. 

12. Whence, by caſting away ſuch equal quantities as deſtroy one another by reaſon: of 

contrary ſigns -|- and —,, this Analogy ariſeth , 
aa | 4pp - aa :: bb . aa. 

13. Thereforefrom 12* , (per prop. 1.4. Elem. 5.) this Equation 
| ++" & cha rains EY 

14: Ad ſubrraRing 4pp from each part of that Equatipg » +>:.48 = bb — app. 

15: Therefore by extracting the ſquare Root out of each part Ly ageurg e 
STENTS: 7H TIS 07 GA. 4/3 00 == 4085 

16, And out of 7* and 14*, the Square of the ſumm of the leggs 
will be found equal to . . . . we bb — 4pp + 477 

6 bb — app + bb-l-4pp- 
13, Which 


17. And from 10? and 16*®, by exchanging 477 for its equivalent 
quantity bb -|- qpp, the Square of the. ſumm 'of the leggs is 
alſo equa] ro . 
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18. Which laſt quanticy being firſt contraRed , and then the ſquare Root? + bs 
extrafted , the ſurnm of the leggs will be made known, to wit, .'. .F 4/206, 
The preceding 1 5 and 1 8* ſteps do afford this 
CANON. 


v: bb — 4pp: = the Difference Eee 
_ 3 : 4/26b — the Summ > of the Leggs ſought. 


Then the ſumm and difference of the leggs ſought being given, the leggs ſhall be piven 


ſeyerally,, ( per Theor. g. Chap, 4.) and conſequently the Triangle. _ Tm 

By which Canon it appears, that the Triangle ſought in Caſe 1. cannot have unequal 
leggs unleſs the given Baſe exceeds the double of the given Perpendicular ; For by,:the 
Canon, the difference of the leggs is equal to ,/: $þ — 4pp : which cannot be a real Quan- 
tity, (co wit, greater than nothing,) unleſs þ c— 2p. | 


The Compoſition of Caſe 1. Probl. 3» 


| PINAGEIN wee 
P 
R 
A = 4 oof 
ef —— ———— 0 
A 
Swppoſ. $5503 | 
20, B = the Baſe of a Triangle is given. 
21. P —. the Perpendicular is giyen. DE A aria 
22, R = thelide of a Square equal to the ReAangle of the leggs is given, 


Reg. to nd the Triangle... _ ES 
| y 8 Conſtrultion, ER 
24. By Probl. 4. Chap, 5. find a right line *A , ſuch; that its Square may be equal to 1 B 
= aq P: Which EffeRion is (ble , for by Suppoſ. in 2 3%, B —— ikerelates, 
A=44oaBb—zoP: (tath, «= y/:þ — p:) 
25. Again, by Probl. 2, Chap. 5, find a right line C , ſuch, that irs Square may be equal 
unto 2 QB, therefore, C=4/:0B(=vb.) 
Thus far the ConſtruRion hath been made according to the direQtion of the Cansn in 1 9®, 
26. Now let a Triangle be'imade of theſe three right lines; ro wit, B, *C-+2A, and 
iC — 4A; which EffeRion is poſſible , ( per prop. 22. Elew. 1.) if CA, and the 
ſumm of every two of thoſe lines be greater than, the third : But that thoſe lines are ſo 
qualified, 1 prove thus ; | 


Firſt , from the ConſtruRion in 24*.and 25* it is eaſte to inferr that C = A, and 


conſequently £C — 2A is equal to ſome real right line. DR 
Secondly , it is manifeſt that the fumm of the right lines B and 3C-- 4A is greatet 
than the third line ZC — ZA, | | 
Thirdly , that the ſfumm of the two lines C + 3A and 4C — 3A is greatep than 
the third line B, v5>. that CB, is evidemt by Coxfty. in 252, hf 
Fourthly , that the ſumm of the two lines B and 4C — £A is gteater than the third 
line £C + 3A, viz. that Bc A, I prove thus, 
By Conftr. in 24%, . + » + +» + + + > OB — 40P = nA. 
Therefore by adding 4aP toeachpart, . , .> OB =aA++40P. 
Therefore, ( per Ax. 25. Chap. 2.) . . . +} OB oA 
Therefore, io oo b ob» 6 i 0 a WR 
Which was to be demonſtrated in the fourth and laſt place. 
Having proved that 8C— 2A is real right line, and that the ſurim of two of 


theſe three right lines, wo wit, B, 3C + 3A Ns” NS aa greater than thy — 
Eee tis 


mY 
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tis pol{jble to maken- Lriangle of, thoſe three lines, ; 3. per prop..: 22 iElew t. 
Ts poſe com and that the Triangle found out 1s A BC, having, its: Baſe AB = c— 4 


Baſe preſcribed in the Problem, ) .asd the greater. legs AC=3C-l3A, andthe lefler 
legy BU = :C--*A: Ilhy the hereof ABC will ſatisfie the Problem propounded. 
But to render the Demonſtration thereo 

Je in ſeven ſteps,yext following, :, ba 


If ven, Quantiries be expreſt bs number!” the kind of the Trig e ſou he; n Ca 2 1, 
HOO LISs as , as they were ſu bppoſed in the foregoing 4 Mo cob 
diſcovered Loy. HY help of the Canon1 In 1 9* of this Problem, and of Theor. 3: in, 35% of 
let ppoſihg 'then' it' be diſcovered” that the Perpendicular falls without 
"ths ta gle”! Br OM Sip 'A Ganeeafed froin” C as a Center at' the diſtance of CB 
0 'z0 £:6 A- J"dſcribe 'the Circle'CBG D' cutting CA mG 4 then produce "A - 
and AB to the Circumference in D and E , draw Ho the Semidiarneter'C E,"and/fromi 
the Center C m7ke CF.L.,BE, . whence FE — —= FB. x {pe prop. 3. Elem. 3.) 
28, Then becauſe ( per Defin. 15. Elem. 1.) . 'E CB = CD. 
29. It follows, (by adding C A to each _— that CA TY CB=CD+- CA= AD. 
30. And becauſe by Confty. in 26%, . . . > :CpiA= = CA 
- Allo by Conſtr. in 26*, . ff 2G —zA= CB=CD= = CG. 
q nxt y ſumm of the Equarions in 30 x 3 Pp nn £ CB = AD. 
33. And by ſubtraRting the Equation in 31 foo Sa is A, 


that in 30% < 
34. Now [ ſhall ſhew that the Triangle ABC made as before will fatisfie the Problem, 


Firſt then by Confty. in 26® the Baſe AB is equal to the preſcribed Baſe B, Secondly, 
- that the Retangle of the leggs AC and BC 1s equal to the Square « of- the given line R, 
(ro wit, the preſcribed ReRangle,) I ſhall here: demodſttate. WI 


2 


35. D's 8 Reg. demonſtr. E942 . e* ' DRC, BC = _—_— OR: : 
21% a 2535 £1 wat; mnfo2 di onde Wu [--oS& 

35. By Conftr. in 24” BEES, » +» +» co od OA Ad —z07. 

37. And from 33%, . « + 3} OA-= gAG. 

38. Lherefore from.36* and-377, \C per Aciom Is} 'oOAG —ONE 40P. | 


hap. 2.) .4, » > 31 


LG adding 20Þ toexch purtin 38%! > 40P + OAG = OAB. 
40. And by adding afAs to gach [2 of- the ML GAB-40P-+ OAG ='2DAB. 
*P * 


quarion ,, 
41. But from 32%, 25 ® and 16% o . DAD = 20AB. 
vth IRA —_— (per Axiom _ DAB + 40P DAG = = DAD. 
hea. * cab 32* and if ADi, is the ſumm, and AG 

. the difference of .CA-and CB., therefore, ( pr '- qQAC,BC = DAD —nAG. 

Theor. 7. Chap. " EP: « BY 
AS "I from 43* and an 5 ; (per Axiom, I. is CAB + 4oP = 4DAC;BC. 
46. But from 23* and 26*, > > DAB+4qoP = 40R ::: 
47. Therefore from 45% and 462, 5 he Ax. 1 .)> - 4DAC,BEC — 40K. :, 
48; Therefore,. ( per Ax. 21. Chap. 2.) «© +. «> QACGBC = OR 

Which was to be Demonſtr. 


Thirdly and laſtly ,-that the Perpendicular C FE. is.equal to the given Perpeindicblar P. 
I ſhall here detnonſtrate by 3 retrograde "Ro of the ſteps of rhe preceding Reſolution. 


49. I Reg. demonftr. "7" C . ®. oO RF. "CP = = P. 


\-! Dennenfrarion. /d 
TO. -By- Conſftr, 1 10:24? , . > . ' is . > A — vs: n 7B — 4gRz" 
Fils And I ey Gavin! 33 4 "that . + .S&' A= AG. 


the 1 more e clear and iy 1 ſhall frm ie a XY, 


——_ at TH Ee P_ 


52, There- 


4 6 
x kn Bis. >, oe . 
20D) Aer EPs. Sat vaxct;< 


+ NPI tot 3 Ls Dp n; +6072: Sarnia : 


Eee, 3 tea; * 


0 NPI top ne Fes 


LE OE Og 


A PIE 


PETE Ty 


'61. Therefore by ſetting 4 Oat BC in the place of 4 OR in the Analogy in 59* 
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2. Therefore "_m o* and 51*, Axiom. 
"Lbep. 2.3 Ns nes KN 20 SOC 


| 

And becauſe by Conſtr. in 26* AB = here 

ke from 52*, mfr in: 7 =B, [2 AG = y/:DAB — 40P: 
That is, in T5 \+b ..4a= v&:bb — 4pp: 


54. And from 53?, by comparing the $ ares of | 
each part one to another , i Squire 'c OAG = OAB—4noP. 


— —_ - RE ebEos err nn eee 
A ECRRC——  — — — —__— _ " 
7” OR TY REG A EEITED IO A TTTOY TIRe I oa  es, 1Y _T_ Po 


_ - 
Wm ts WS; OE IRR AY” OO PR EET 


—— ———— ————— 


That is, in 14*, . > . aa = bb — app. 
55- And by adding 4£1P torach art of the Equa- 
tion in 54*, We 1 $ OAG-|- 40P = oOAB. 


That is, in 13, ES 7» +» 44 | 4pp = bb. 


| 


it 

af 
| 
| 


56. And from 55*, ( per prop. 7. Elem. 5.) this Analogy ariſeth, viz. 
OAG + 40P . OAG :: GAB .. oAG- 
That is, in 12*, 
as + 4fp Þ- as :: b& © an 
$7. It is manifeſt that the Analogy in 56* is s equal to this that follows, @ for O AB — 
OAB = ©, Allo, 40P—40P =0,) viz. 


oO AG+ oAB + oP —OAB 


Mac's -| 4OP — OAB io a Proportionals. 
oAG 
That is, in 11*, 
aa _ bb = 4p m—_ bb . 
as + 0 = II %. Proportionals. 
58, From 23* and 26*%;| , - » = 40R = : SAB + 40P. 
That is, in 10? » S._ 6:4; 4 arr _ a=, .4PP- 
59. Therefore from 57* and ;8*, bs pare equal plot » this Analogy | 
ariſeth , | | 
DOAG-|qoR — DAB . aa qrr —bb 
OAG-+4qoOR — OAB -o- . - That is, in 8*, Toad A 
CT |. 1 ah » 
60. But it hath been ſhewn in 47* ; that . . .5 4FAC, BC = 40R, Pp 


this ariſeth, vx. 
OAG- 4CIAC,BC— OAB . | 
DAG-+|- 4CIAC,BC — OAB w—_ - are Proportionals. 
OAG . 
62. And becauſe from 32* and 33%, AD is - ſumm, and AG the difference of AC 
and BC, therefore by Theor. 7. Chap. 
OAD=—oA Lk 4CAC, BC, 
63. Therefore from 61® and. 62*, by exchanging equal quantities, this Analogy 
ariſeth , iz. 
GAD—o4B . CAD —-oO AB—4hP :: OAB . on AG. 
64. And from 63*, by Converſion of Reaſon , | :- a 
DOBAD—GAB . 40P :: OAB . BAB—DOAG. 
65. And from 65*, by altern and inverſe Reaſon , 
OAB . nAB—OoAG SY OAD—oOAB 4 40P. 
66, But by Theor. 4. in 68" of Probl. 8. Chap. 8. 


OAB . OAB—OAG :;: OGAD— OAB . 40 CF. | 
Eee 2 | 67, Theres 


II IIOIC —_ 


-— = 
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67.. m—_— from 65* and 66*, (per prop. 11. and 14. Elem. 5. ) 
4OCF = 40 P. And conſequently, CF — P, ] 
Which was to be. Demonſtrated in the laſt place; and therefore Caſe 1.- Probl. 4. 
is folved. 


eAs Example in Numbers, to illuſtrate the foregoing Reſolution | 
of Cale 1. Probl. 3. 


Suppoſe. 
68. b- = 20 the B Baſe of a Triangle i is given. 
69. p = 6 the Perpendicular is given, 
70. rr = 136 the 'ReQangle of the legys is given. 
An - $59 -—F Pr z allo, » agreeable to Caſe 1. 


Reg. to find the Triangle. | 
Solution Arithmetical. 


73«;16.= the difference of the leggs, is found out of 68* and 69®, by the Canon in 


19? of this Problem. 
74. 4/800 = the ſumm of the leggs, is found out of 68*, by the ſame Canon. 


200 -+Þ 8 a? the leggs are found out of 73* and 74*, (per T heor, g. Chap 4.) 


The Proef. 


76. 2 of + T2 bf = 136 the given ReQangle, Alſo, 


20 =-the Baſe OR ; 

71. if 3/390 4-8, 8,2 the legps £ of a Triangle. 

-8. Then (per Theor, 4. in 68* of Probl. 8. Chap. 8. ) the Perpendicular will be found 6, 
which is the five w! with the given Perpendicular 'in 69% 

| Moreover, 4/136 and 4/136 ſhall be the leggs of an equicrural Triangle having the 

ſame Baſe, Perpendicular and Rectangle of the leggs as are before given in 68*, 59, 

and jS'. 


' The Reſolution of CASE 2. Probl. 3. 
S uppeſ. | 
= the Baſe of a Triangle is given. 
= the Perpendicular is given. 


'= A right line given, whole Square is equal to the Rectangle of the leggs of che ſaid 


3 
; 26h 4 pp, 
I. S _3 s 7 PP + by Suppoſe. in Caſe 2. 


Reg. to find the Triangle. 
6, The Triangle ſought in this ſecond Caſe , as alſo in the third , fourth and f6fch Caſes of 
.. /the Problem propounded, cannot be equicrural , for in every equicrural Triangle rr = 
+bb -|- pp, which agrees only with the Sppoſ. in Caſe 7. and conſequently the leggs 
of the 1riangle ſought in all the other Caſes are unequal ; therefore, 
þ...1 Fn nt difference y the leggs ſought bat —_—_ 
en from 4*, 5* and 6®, (per Theor. 7. Chap. 4. the 
f , apace of & ſumm of the leggs ſhall be - __ 5 eats Mead 
herefore from the premiſles ( per Theor, 2. in 34* of Probl. 8. Chap. 8. ) this Ana- 
logy arifeth, v:z. 
as qrr — bb , aa + qrr — bb — 4pp :: bh ; aa, 
9. Therefore alternately, 
aa + qrr — bb . bb :: aa + 4rr — bb — 4pp « aa. 
io. From 4* 'tis evident that . , . 6:4 £4 . » qrr—bb—qpp © ©. 
It. _ from Io?,, by adding 4s to cach part, « » » Þ  AarFqrr-bb—gpp CC 46. 
i | 12. There- 


"A inoaeans cas 


CO Oe ee Es TO IS EAY 


s ver 5-12 A250 rn Ghai 2 2 PR N 


— uw. 
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12. Therefore from'the Analogy in 9*, by Divilion of Reaſon, ( which is evidently poſſible 
from the Equation in 1 1*,) theſe are Proportionals, viz. 
| aa -|- arr — 26bb . bb :: qrr — bb — app . aa, 
13. From 5* 'tis calie to perceive that 4x# — 26b | 
is greater than nothing , ſuppoſe theretore 'S c = qr — 266, 
14- lt appears alſoin 1 0*, that 4ry exceeds bb1-4pp, 
we may therefore ſuppoſe . D Og 'F 
I5- Then from 12*, 13* and 14*, by exchanging 2 pO 
equal quantities , this Analogy ariſeth, viz. , of aa + EC. » bh :: dd « ah. 
16. And from 15*, ( per prop. 22. Elem. 6.) ...> y/:aatba: .b :: di a 
17. Then between b and 4 find a mean Proportioral, N S. 
ſuppoſe it to be mz, therefore, EG Wo 
18. Therefore from 16* and 17*, by exchanging 
the mean Proportionals, ( according to Defin, 8.( © ,. - > 
Chap. 3. (concerning Inordinate proportion ” thin YT 025 8G 6. 
Analopy ariſcth/ viz. . » « . «© «© «© » 
19. Which laſt Analogy doth evidently conliſt of three Proportionals, whereof the 
' greater extreme, to Wit, y/: aa—þ+cc: Is equal to the Hypothenuſal of a right-angled 
Triangle , having'c for its Baſe, and « for its Perpendiculir”: ' Now in that right- 
angled Triangle the Baſe c.is given, alſo »», a mean Proportional between the Hypo- 
thenuſal y/: az cc : and the Perpendicular 4, is given, therefore the Perpendicular 4 
ſhall be given alſo, ( per Probl. 15. Chap. 5.) which Perpendicular is equal to the 
difference of the leggs of the Triangle ſought by this Probl. 3. in-Caſe 2. Then the 
ReQangle and the difference of the leggs being given ,. the leggs ſhall be given ſeverally, 
by Probl. x, Chap. g. Therefore the Triangle ſought is given alſo. 


dd = qrr — bb — app. - 


wp 153 w' 


* The Compoſition of CASE. 2, Probl, £'% 


T>ZOgOoxTtm 


GH - 
Ba22s 
S% . 


| 


20. B — the Baſe of a Triangle is given, 

21, P-— the Perpendicular is given. ; 

22. R = the ide of a Square equal to the ReRangle of the leggs, is given. 

23.0. K£- 208 + Of © TOP ng” i "ng 

ON es 0B, Fu hes by Smppoſ. in Caſe 2 

Req, ro-make the Triangle. 
Conſtruttion. 

25. By Probl. 4. Chap 5. find a right line C,, ſuch , that its Square may be equal to 
” OR — 2 . B, 4 which Effection is evidently poſſible. from the Swppoſ. in 24*; ) 
therefore , | | | Y YE 

oy = 40R— 2 O.B.. 

26. Find likewiſe a right line D, ſuch:, that its Square may be equal to 4 BR — QB. 
—4 oP, ( which may be done, for 'tis eafie to inferr from the Swppoſ. in 23%, that 
40R © OB + 40P,) therefore, -. p48 0 

4 iy » © H , U 27. By 


K. = 1 
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27. By Probl 9. Chap. 5. find a mean proportional line M between the given Baſe B and 
the line D, ( foundoutin 26*; ) therefore, 
SS 0 :: M +10 
28. Then eſteeming the line C to be the Baſe of a right-angled Triangle, and the line M 
to be a mean Proportjonal berween the Hypothenuſal and Perpendicular , find out (by 
Probl. 1 5. Chap. 5. ) the Perpendicular it ſelf, ſuppoſe it be the right line A: Then 
it A be the Perpendicular , and. G the Baſe , the Hypothenuſal ſhall be equal to 
4:0 A +a C: and from that EfteRion this Analogy ariſeth , viz. 
DA 4 OC . M :: M 0 A. 
Which line A ſhall be equal to the difference of the leggs of the Triangle ſought. 
29. By Probl. z. Cbap 5. find @ right line F, ſuch, that its Square may be equal to 
40R + 0A; therefore, 
OF =4O0R + OA. 
Which line F ſhall be equal to the fumm of the leggs of the Triangle ſought. 
30. Then let a Triangle be made of theſe three right lines, viz. B, *F +4A and 
:F — A; which may be done ( by Prop. 22. Elem. 1.) if F be greater than A, 
nd the ſumm of every two of thoſe three lines be greater than the third : Firſt, thar 
FA, isevyident from the Conftr. in 29% Secondly, it is alſo evident that the fymm 
of B and ZF + ZA exceeds £F — ZA. Thirdly, that the ſumm of 3F + #A and 
iF — 2A exceeds the Baſe B , viz. that FB, I demonſtrate thus 


By Confty. in 29%, . . . © . « > 4BR+ oA = nE. 
And from the Conftr, in 25%, . +» + + 2QR— 20C — DB. 
Bayt iden Cer dem. 35. Ch)þ og +18 © 20 Rt 
Therefore from the three laſt preceding { | 

ſteps, ( per Ax. 3. Chap.z2.) . .*s gf © OB. 
And conſequently, . ” 0.0 6d RW 


Which was to be Demonſtr. 


Fourthly and laſtly, that the ſumm of B and ZF — ZA is greater than LF oþ- LA} 
viz, that B=- A, the following Demonſtration, formed by a repeticion of the ſteps of 
the foregoing Reſolution in a retrograde order, will make manifeſt. 


3 I, * 8 06 Reg. demonſtr. . o - - o ” . - . . B = A. 
Demonſtration. 


32. Becauſe by Coxftr. in 28*, . > jjOA+0OC: .M.::M. A. 


0 0 _ 
nd bf BST fa: wi. . 4 
35. And by Codfr. in 27%, - . . > M «© B $3: D. . M. 
dy. noon from 32* and 33*, by ecx- | 
changing the mean Proportionals , ( ac- A TY 
cording to Defin. 8, Chap. 3. ) ef} You HOSES - Bt: D . & 
logy ariſeth, v3. . » «» , + + Fe 
ET oo --- * GW. . #5 334 - & 
35- But the Squares of proportional lines / 
are alſo Proportiorals, therefore from > OG A+OC. oB :: oD . OA. 
'34*, ( per prop. 22. Elem. 6.) . 
\ Thatis, in 15%, . . | 


E + an + © . bb :: dd . aa. 


36. And becauſe by Conſtr. in 25%, . .? 4O0R — 2DB = oG. 
37. Alſo by Conftr. in 26%, . , . . > 4EBR — OBB — 4DP = DoD. 
38. Therefore from 35®, 36* and 37*, by exchanging equal quantities, this Analogy 
ariſeth, viz. 
GA -+4oR—20B . oB :: 4aR—oB—4qaP . oa. 
That is, in 12*, 
aa + qrr — 2bb . bb :; arr —bb —4pp + 4a. 


A Ct On bt 


EC IG re ee doe re it kc] 


o on the det Era 
Pets SSIS AT ett 
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39. Therefore from 38*, by Compoſition of. Reaſon,, | ©, + mw; W;- 
; "0a -+40R — 0B . BB-: 2 —_— . OA; 


aa} qr —bb, . bb -:: Aa} 97th 400, WE: t preps 
4% But..the firſt) Proportional in-392 is evidently greater than thethird, therefore - ef qo 
prop. 14. Elem. 5. ) the" ſecond thallibe: greater than; the fourth-; -UiR, 
| 10 ASS MS; - therefore 8 > A. Nun 
Which was to be Demonſtr. DN cial? 


47. Now becauſe ir hath been demonſtrated that F 5 A., and'confequently SF —<E a 
is equal - A real right line , and'that the: fumm ofctevery two of-thele three right. lines, 
to wit, B, SF-| 3A and 3F —SA' is longer that the third, tis polſivle ro: make 
a Triangle of chem! { per prop. 2/2 Elem; :1. ): : Suppoſe.then ti be-done,, and that the 
Triangle- ſo made js; A B'C, baviog".irs Rafe A,B <qual "to, the: right line B:,.( the 
Baſe preſcribed in the Problem; ;), allo AG =, 2Þ +|- 2A, and BG = SF 5A; 
I ay xhe* Triangle ABC will ſatisfie Caſe .2. "Probl. 3 ' before ropounded.. But 
ro render the Demonſtration thereof che more ali, I ſhall premil a_tew things in 
ſeven ſteps nexr. following, 1 

42. Firſt, if the quamtities given in the Problem be exper by cal rar 5 ; the kind of the 
Triavgle ſought-in Caſe 2, ſhalh be known :,. For the Baſe was tight. given, and. by _ 
hath been ſaid,in 192, the leg £y are given alſo; . therefore by... the Corollary, i in 4 
of Probl. to. Chap. 7. it may be'diſcovered whether the Triang le *ſoughr. be out. 
angled, acute-angled, or right-angled at the Biſe; , Suppoſin OR % fund chat 
the Perpendicutartalls upon the Bafe A B within, the tre om the Center, C, at 
the diſtance of CB, ( = 4F — ZA ,) the pet i legs of: the Triangle ABC made as. 
before, defcribe- the Circle' C'B 6D cutting CA in G;, then -produce AC qo the 
Circumference in D , anddraw the Semidiameier CC E; ' andfechrrhe Center C et fall 
CFLEB, therefore FE —F > ( per Prop, 3. E 13. ” Then, - - 


4.3. Becauſe! / per defin. r5- Elem. iP I rv CB —CG.: 
44+ Therefore by adding AC to; each Part. S.AD-={AC+CB.. 
45- By Conftr. in 41% | «+ @ 7+ {>> AC = Fi 2A, 
þ+ Alſo by Conftr. in 41", . _ CB, = +F. _ 2A. 
47 Therefore the ſumm of the Equation in a Do ok A C wa CB. 


* and 46* gives - « | 
48. And the Equation in 46 being fubtra2te iN A G. nf IF &: A C = CB: 
from that in 45*, leaves  ..... 

- Now [| ſhall ſhew that che Tiiangle A B _— formed. as abs is. expreſt; i0044* : 
will fatisfie Caſe 2. Probl, 3.- Firſt then , by. Conſtr. in 41? theBaſe AB is equal. to'the 
preſcribed Baſe B. Secondly, thax the Regangle made of the. eg Ss: AC,and B C is equal 
to the' given ReQangle , that is, Oats of the right line R,, ;l 1, all, here: "PO de- 
monſtrate, Rs | | 


49. «© « » Req. demonſir. . + as Rs _ QAC, BC = aR. 


| Deeſties 4 
= 'By Conftr. in 29 Cf 8 OO "gF'= 46K OA.” = 
. And becauſe from 47" Ie i Wm > JAD = —= OF. 
ok And from 48?, + +.42.;0AG =, QA. ., 


53. Therefore from 50® 51 and 52%, - byy.. AD i OR 0 AG: 1 
exchanging equal quantities, « «+ = £8 
5 4+. And from 5$3*, by ſubcraing oO AGT oAD a: 24G = = 40K — 
from each part, +, YL, ME =3 x 

55. Ir hath been ſhewn in 977 and mw that oncty att as Pf 

, AD is the ſumm, an the dINerence bt oOAG. 
of AC and rs nn ( per TW: © «AD 9  4GAG 0 + 
Chap. 4 3 , 2895] 577 10 92n5m2Hth wi =, £ 

56. And rom 558 by rating 0 AGY | tg" St ZRAg'® yO%G; BC. 
from each patty # ''s 0 20s , * There. 


—<. D—_—_—— — — 
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I ne ie ered 4DAGBGC= ok 
$58, - ww 57*, ( per Ax. 21: Chap.2.) . .> QAC,BC = ok. 
Which was to be Demonſtr. | | 
- Thirdly and laſtly , that the Perpendicular CF is equal to the given Perpendiculac P, 
the following Demonſtration ,' form'd our of the eps of the preceding Reſolution by 
a repetition of its ſteps in a backward order , will make manifeſt, | 
$0) > Reg. denvenfir. - ot cn i oo - » » CF = P. 
Demonſtration. 
it hath been proved in 39*, that | | {ined 
60+. GA 4O0R- OB . oB :: nA +qaoR-oOB-qap . od 
That is, in 9*, | 
a4 -|-4rr bb . bb :: ae-4ar —bb —qp ., an 
61. And becauſe from 41* and 48%, . . . DAB = OB; and GAG = OA. 
62, Therefore from 60* and 61* , by exchanging equal quantities, | 
+ nAG+40R—DAB . DAB :: DAG-+;40R—DAB—zoP . OAG. 
63:5 Therefore from 62*, by alternate Reaſon, 
 DAG-4-40R— 0 AB . DAG-þ4OR— OAB— 4oP :: OAB. DAG. 
That is, in 8*, 
ana +4rtr— bb « aa arr —bb—app $5 Wo, at 
64+ It hath been provedin 53, that . . . . . . CAD = GAG + 408R 
65. Therefore from 63® and 64* ,. by exchanging equal quantities, | 
OAD—OAB. oab—oAB-4qaP :: BAB :; DAG. 

66, Therefore from 65*, by Converſion of Reaſon , | 

pPAD—OQOAB . 4pP :: OAB . OAB — OAG. 

67. And from 66*, by Altern and Inverſe Reaſon, "M 

DAB . OAB— DAG :;: DAD-— pnAB . 4oP. 
68. But by Theor. 4. in 68* of Probl'8, © | 
OAB . BAB—DOAG :: OAD —OAB ,40CF, 
69. Therefore from 67* 'and 68* ( per prop. 11. Elem. 5. ) 

OAD—oOAB . 4oaCF :: oGAD —OoAB. . qoP: 

=: 70. Therefore from 69®, ( per prop. 1.4. Elem. 5:) , « . .> 40OCF = 40P. 

71. Therefore from-750*, ( per Ax.21.Chap.2.) ' . . .F QOCF = oP. 

72. But the ſides of equal Squares are alſo equal, therefore from 71% > . CF = P. 

Which was. to-be Demonſtr.. - . 

73. An Arichmetical Canon to find out the difference of the legs of the Triangle ſought 
in Caſe 2. may bededuced from the Analogy in 12*, for by comparing the Rectangle of 
the extremes to the ReAangle of the means of that Analogy, this ariſeth, wiz. 

| aana + 4rran — 2bbas = qrrbb — bbbb — qppbb. 
Which Equation being reſolved according to the Canon in 77* of Probl. 1 5. Chap. 5. 
will give this tollowing CANON. 


74: © © « » vy/(2): amr — 4bopp s bh — wr: = a. 
An Example in Numbers, to s/luſtrate the foregoing Reſolution of Caſe 2. Pcobl. 3. 


Suppoſe * 
75. 6 = 14 the Bafe of a Trianple is given. 
76. þ = 12 the Perpendicular is giyen. 
77. rr = 195 the ReQtangle of the legps is given. 
8. 4 i 
| be So hl PP » £ ( per Suppoſ. in Caſe 2.) 
Reg. to find the Triangle. 
En Solution Arithmatical. 4 
80, 2 = the difference of the leggs; is found out of 74*, 75*, 76* and 77*. 
8r. 28, = the ſumm. of the leggs, is fonnd out of. >*, 27* and $09. 
82, 15 and 13 = the leggs are found out of 80* and 81*, by Theor, 9, Chap. 4. 
T 


he 
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| The Proof. 
$3. 15 x 13' = 195 the given ReQangle; and if 
4: 26 OI j of a Triangle then 
84.< 1 | | $3 
: 15.5 = the leap 
$5. 12 = the Perpendicular will be found out, ( per Theor. 4. in 68* of Probl. 8. 
Chap. 8, ) which is the ſame with the given Perpendicular in' 769. 


—cy= 


_— 


The Reſolution of CASE 3.” Probl. 3. 
Suppoſ: 
the Baſe of a Triangle is given. 
the Perpendicular is given, | | 
/v = bee oe: of a Square equal to the ReQangle of the leggs is given, 
, 4. oo "—_ 4 . j ; : : | 
4 mr = -— Ui PP C ( per Suppoſ. in Caſe 3.) 

Reg. to find the Triangle. 
The leggs of the Triangle ſought in this Caſe 3. are unequal, for the reaſon before given 
in 6* of the Reſolution of Caſe 2. therefore , by 


2V 
WIE! 


6. For the difference of the leggs put , . « . « . .> 4. 
7. Therefore from 3% and 6®, the Square of the ſumm of the | " 
leggs ( per Ther. 7. Chap. 4. ) ſhallble . . . . . ; dts 


8. And from 1*, 22, 4*, 6* and 7*, ( per Theor. 2, in 34* of Probl. 8. Chap. 8.) this Ana> 


gy as 20s, aa-\-4rr—bb . aa-{-qrr-bb—qpp :: bb . as. 

9. Therefore alternately , | | 

IO, From 4* tis evident that . . . "Re. 29 wo I P 417 — tþ — 4p CC Q. 

11.,. Whence it follows , by adding 44 to each part, « «> 4a44-417—bb—4pp ua 

12. Therefore from the Analogy in g®, by Diviſion of Reaſon, ( which is evidently poſlible 
from the Equation in x 1*,) theſe are Proportionals , viz. 

aal-4rr—2bb , bb :: qrr—bb—aqpp . aa. : 

13+ [It is evident by the firſt Term of the laſt Analogy , that > a4 + 477 co 2b, 

14. And tis ealie to inferr from the Suppoſe in 5*, that . .> 266 © rr. 

15, Therefore from 13*, by ſubirating 4zr from each part, > a@ © 266 — rr. 

16. lt is evident, that if 2bþ — 4r# be ſubtraRted from as, the remainder aa o+ 4rr — 26b 
is the ſame with the firſt Term of the Analogy in 12* ; therefore it ce be put equal to 
2bb —arr , and aa — cc be taken inſtead of the ſaid firſt Term aa | 477 — 26b 
that Analogy will be converted into this , viz. 


aa—cc , bb :; arr — bb — app « 44. ; 
17. And by putting 4d = 4r-—bb—4pp , the laſt preceding Analogy will be conyerted into 
-this that follows, viz. 45-5 of 
44a —Ccce . - _— 


18. But the (ides of proportional Squares are Proportionals alſo, ( per prop. 22. Elem..6.} 


therelore , 4/348 —CcE: . b 3: d . 4. - 
19. Between 6b and 4 find a mean Proportional , _ y be called mz therefore, 
"I RE . 

20, Therefore from 18* and 19® , by exchanging the mean Proportionals, according to 

Defin. 8, Chap. 3. concerning Inordinate Proportion, this Analogy arifeth , v5z. 
a/: aa —CC: . 1 ;;  . &. : 

21. Which three continual Proportionals laſt expreſt being well examfhed , it will appear 
that the greater extreme 4 may be eſteem'd the Hypothenuſal of a right-angled Triangle 
whoſe Baſe is &, and the Perpendicular is 4/: 4s — c : Now in that right-angled Triangle 
the Baſe & is given, as alſo ms, a mean Proportional between the Hypothenuſal 4 and the 
Perpendicular y/: 44 — cc: therefore the Hypothenuſal, which is equal to thedifference 
of the leggs of the Triangle ſought in Caſe 3. thall he given alſo, (per Probl.1 5, Chap.5.) 
Then the ReRangle and difference of the ſeggs being given feverally, the ſamm. of the 
leggs ſhall be given alſo, ( by Probl. t. Chap. g.) And laſtly, the ſumm and diffcrence 
of the leggs being given , the leggs ſhall be Ts ( by Theer.9, Chap. w_ 


This third Caſe needs not any other Determination than what is implicd in the Sup- 
politions , and the Compoſition maybe: formed ( by the help of Probl. 15. Chap. $3 
in like manner as before in Caſe 2. 

22. But for the Learner's fuller ſatisfaRtion, an Arithmetical Canon to find out the value 
of 4, to wit, the difference of the leggs of the Triangle ſought in Caſe 3. is. deducible 
from the premiſles : For the Re&angle of the extremes of the Analogy in 1 2® being com- 
pared to the Reftangle of the means, and it being obſerved ( as is caſte to inferr from the 
Skppoſ. in 5*,) that 2bb c- 4rr, this following Biquadratick Equation ariſeth, +;z, 

anna — 26h — arr * aa = 4qrrbb — bbbb — appbb. 

Which Equation, if it be reſolved according to the Canon in 5 8* of Probl, 15, Chap. 5. 


gives this CANON. 
23: ++ + 8 = yi: bh— ur v/4qrrrr — 4ppbb: = the difference of the leggs. 


An Example in Nambers , to illuſtrate the precedent Reſolution of Caſe 3. Probl. 3. 


', Suppoſ. 
244 +. |= Io0185 the Baſe of a Triangle is given. 
2541p = 4752 the Perpendicular is given. 


26. rr = 50397696 the Reftangle of the leggs is given. 


4 4d % 4 F PP » : agreeable to the S»ppoſ, in Caſe 3. 


Reg. to find the Triangle. 
J Solution Arithmetical. 
29-' 5529 = the difference of the leggs is found out of 23*, 24*, 25® and 26*. 
-30- 15225 = the ſumm of the leggs is found out of 7*, 26* and 290. 
| 31.3" 2a C = the leggs are found out of 29® and 30*, (by Theor. g. Chap. 4.) 
The Proof. | 

32. 10377 * 4848 = 50307696 the given Rectangle : And, if 

_ of a Triangle; then, by thoſe three (id 

he 3 c 
339103776 —_ the leggs g 3 y c ez 


4 | 
34. 4752 = the Perpendicular will be found out, ( per Theor. 4. in 68® of Probl. 8, 


Chap. 8, ) which is the ſame with the Perpendicular given in 2 5*. 


The Reſolution of CASE 4. Probl, 3. 

Suppoſ. 
1, 6. = the Baſe of a Triangle is given. 
2, p = the Perpendicular is given. 
3. 7 = the (ide of a given Square equal to the Rectangle of the leggs. 

L . 

* Ft ll PP > £ ( per Suppoſ. in Caſe 4.) 

Reg. to find the Triangle. 
6. For the difference of the leggs ſought pat . . . . . .> 4. 
7. Then proceed as before in the Reſolution of Caſe 3. from the 6® ſtep to the 12®, and 


let the Analogy in that 12* ſtep be here repeated, viz. 
aa + arr — 26b , bb :: qrr —bb — app - aa. 


$. Now becauſe by Swppoſ. in 5%, « +» « « « ©» + « oÞ 4rr = 26b, 
7. And conſequently from 8*, by ſubtraRting bb from each part, > 477 — bb = bb. 
10. Therefore 'tis evident from 8* and 9*®, that by exchanging equal quantities the Pro- 
portionals in 9* are reducible to theſe , 21z. | 
| aa . bb :: bb —qpp . aa. 
It. But the ſides of proportional Squares are alſo Proportionals , therefore from 10", 


s , b :; yfi:bb —4fp: . 4 


I2. There- 
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12. Therefore from 11*, by bros raps og, ReQangle of the extremes to the ReQangle 
of the means, this Equation ariſath , vsz. * + 265 5: p 


| as = Ge = oper" 2 Þ 5 mat 582 
13. Therefore from 12*, by extrzQing the ſquare Root out of each part ; the difference 
of the leggs ſought is made known, viz. | = ; 
| OO 4 =jibx than: 9 Oe: 
14. And becauſe by T heor. 7. Chap. 5. the _ of the ſumm'of any two right lines ( or 
numbers) is equal to tour times the Refangle together with the Square of their difference g 
therefore from 3*,6®,1 2. and 1 3*, rhe ſugam of the leggs ſaught is alſo made known, viz. 
v/: aa Þ+ arr; = v/iby/bb — app ame 
The two laſt preceding Equations give this following 
CANON _ 
di | ſ /:69/bb — 4pp: = the difference of the leggs. 
v/:bybb — app + 4r7: = the ſumm'df the leggs. TED 
Then the [umm and difference of the lego being given, the leggs ſtall be given ſeve- 
rally by Theor. g. Chap. 4. ; '”s being gf : , 7 1-539 6 | 
By which Canon and Reſolution aforegoing , the Geometrical Effe&ion' and Demon- 
ſtration of Caſe 4. is very calic to be made, and therefore 1 ſhall leave the ſame co the 
Learner's practice. | RR 7 *.* 31577 nec 


An Example in Numbers, to illuſtrate the foregoing Reſolution of Caſe 4. Probl. 3; 


Suppoſe : n _ 
16. b = . 5. the Baſe of a Triangle is given. Te L955 
17. p = 2 the Perpendicular is given, RAI hf a6 nd 


18, rr = 124 the ReRargle of the legys is given. 
19. rm C-46b-pp, e agreeable to the Swppoſ. in Caſe 4- 


20, rr —= bb, 
Reg- to find the Triangle. 
Solution * Arithmetical. 
at. y/15 = the difference of the leggs is found out of r5*, 16* and. 17%. 
22. 4/65 = the ſumm of the legps is found out of 15%, 16”, 17* and 18% 


- /6&$3 -/3L . y 
44 — =; 
The Proff. | , 
24« «+ + +» 4/24 + 4/*5 into v/$5 — 4/25 = 124 the given Reftangle, 
. ' © 5 = the Baſe of a Triangle. 
25e And, if ” + _ the Legs 
1 = 45 


26. Then 2 = the Perpendicular will be found ont, (fer Theor, 4. in 68* of Propl. 8, 


Chap. 8. ). which is the ſame with the given Perpendicular in 17*. 


EFT 


The Reſolution of CASE 5. Probl, 3. 


£ Fff 2 $, For 
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So For: the difference 0 of 7 5 ſought put 3 £ >; 
Then from 3* and 5®, ( per FO 4 4- the | | 
” "Schare of the ſumm of the leggs is .. + '' 44 + 4rr. 
+ And from 1%, 2 5 * and 6*; - ( per Theor. 2. 11 34* of Probl. 8, Chap. 8.) this Analogy 
oe '- Vit, 
aa | qrr— bb . aa + 4rr — bb —4pp :: bh , at 
7 therefore alternly, .. s 
an jrtr— bb . bb :: aa ar —btb—ap . as. 
s Therefore inverfly , 
COT a4+4+—bb—app :- bb., an + qrr — bb. 

' 10. By quadrupling all:in-4*, and ſubtrating 246 -- pp £ | 
per, - will be evident tha that . ., ws; 4rr — bb — app =) 0. 
Il. Aid by adding 44 to each part in 10®, = > a+ qr —bb—4pp = at 
12, Therefore from 9*, by Converſion of Reafon, Chic the 21 ſtep ſhews is poſlible,) 

theſe are Proportionals, viz. - 
an + — 47. $2 th y he —ar—ac 
| HI Go 4 of. in 4*, tht . . > bb + app = nr. 
+ Tberidors for bps Fuck y bb + *r Fr 


; lyk peg whence . — dd = bb + 4pp — 4rt- 


15-By: viewing the 11” ep-i « Will appear that the 
. third in 8*.is cſs than the fourth, _w 64 + 4ar7 — 66 == bh. 
a + 47 2 26h, 


fore the firſt is leſs than the ſecond, viz. . - + 
6. hd bob 4, bb does wei LE > 5 
I7. 4 64, by: compar r: yu ro 
the firſt, 'ris eaſe to inferr '$ 2bb © 4rre 
x3. Therefore for the exceſs whereby 26b exceeds « qrr, Pee 5 
JEET; We © 'F $0: = 200 a: offo 
19. n the Ana n12* by exchanging 
equal quantities acconding to the Poſitions in 
and 18*, this Analogy ariſeth, viz. 
20, And becauſe ( per prop. 22. Flew. 6. s the Tides of | 
=> 1m Squares are alſo es: there-> #4 « dit ba y/ioomas: 
re from 19%, . . 
31, Between b and find a mean Proportional, " which b 
may be called #;- therefore bs 8 by We 'Þ | 
32, — Theafarec from 20*und 21*,'by exchanging the PE 
ry ob. rip —__ to Defis, 8. Chap. 3. Wm :: WW. 4/:6—44; 
; CIS | 
23. 'Which Analogy do doth evidently conlilt of three continual Proportionals , whereof 
protons 4 and y/:co— 44: may be elteen'd the Baſe and Perpendicular of a right- 
ed Triangle whoſe Hypothenulal © is given, as alſo #s a mean Proportional between 
the hier, ar; therefore ( per Probl. 1 6, Chap. 5. ) the Baſe and Perpen- 
dicylar ſhall be given ſeverally, either of which may be taken tor the difference of the leggs 
of a Triangle to fatisfie the Problem propounded in Caſe 5. For here, two different 
Triangles may be always found out that ſhall have theſe A chings common , to wit, 
the Baſe, the Perpendicular , and ReQangle of the leggs, 'except when it happens that 


Lies, forthen the tewo.valucs of « will be equal to one another, in which Caſe there 


= only one Triangle be fotind ont to agree with the preceding Swppoſ” in 1% 2%, 3* 
-and 4*: 


But that there may be 2 pollibiliry of finding out a Triangle to ſolve Probl. 3. inCaſe 5. 
the right line repreſented by 2. muſt not be longer than'r - + Now to make it evident 


that this Determination is neceiry in Caſe 5, 
24; « 5 « Regs demonſtr. © s © ©» ® hog s./ 6. 4.3 22. not > v- 


aa . dd :: bh , teas. 


; 0 3: w ._ 4 


Demonþr. 


Ps tes 


. 
HC ER Co 44s 
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Dewonly ahi 
25. Firſt, if c be given for the Hypethenulal, and) 
xs for 2 mean Proportional between the Baſe 
and Perpendicular of a right- angled Triangle, | F#3 
(as before is ſuppoſed In 23*,) then to find out L not Go BG 
thar Triangle by Prob. 16. Chap. 5. this De- 
termination is neceſſary +08 Ee X - 
26. Therefore irom 2 multi carh 
part into ©, + —— " voug s \F not. = 26h, 
27. But from 21*, ( per prep. L 7. Elem. 6. ) > bf = wm. 
33. Therctore from 26® and 253, (per Ax. 4- 'b4 not Oo FOR 
A . 


Chap. 2. 4. - * * » +# © | 
29. _ bicaue Shred in 14*,) . «o& yf: WF an — —4tr: = 4. 

Os refore Irom 28? 2-9 — PR 
, equal FaRors, . .  . X SU . tn. b/:bb+ 4pp—ar7: not © 36G, 
3t. And becauſe from 185, Ska + bb— 2rr = cc. 


32. Therefore from 30® ani 3n7% (per As. Ing b4/:i-F-app—qrr: not G tmarhs 


Chap. 2.) 
33- And from 32 *, (by dividing each part by 6,) > v/: -app—apr z not bx 
34. And froin 33*, by ſquaring each part ; LIN 

bb 4-4pþ — 477 not poor phi ae 

. And froth 34*, by adding 477 unto! andſtb- ; 
ating 6 hom eh Fiogthe =P 'F WAS: > 

6. And trom 35*, by exira © Rovt L440 
” Carer wo. 4 WM __ © 2p not © 
35. And from 36*, by multiplying inch oart by 6, p 26p not © 27% 
38, And by halving cach part in 39%, . . + 2 ©” I. 


39. Therefore from 38*, by dividing cath part wt = ©. Which wazto beDeii, 


by”, «- co: © 6.62 Ef 0 0 RES 


40. Suppaſing then that P ; 1s not one's than r, the Compolition of Caſe 5. Probl. 3s 


may be ealily- formed ol of the ef peeted ution', by the help of Prob/. 16, 
Chap. 5. in like manner as before in” pops Reblets | hy ke Caton to find the 
diffcrence of the leggs of the es 2s te In the faid.;* Caſe be deduced\from 
the Analogy in the foregoing *For the Re gle of the extremes of that 
Analogy being compared to he netatg of the means), chis following | 


Equation ariſcth, vz. 
20þ —arr * Aa, — d446 = = bbbb {- 4ppbb — 4rrbb, 
Which Equation being reſolved according to the Laneh © an 55" of FRukk 16, ons Fo 
this 
af .CAXO YN, | 
4t. 4= ibb—urr4-/qrrrr—abbpp + Bll, a=y/: ———— 
42. Now either of thoſe Roots or values of & may be taken for the difference of the 
of a Triangle to folve Caſe 5. Probl. 3. before propounded, and if it-huppens char —* 


=2 r, ( and conſequently, 5p 2 »7,) then thoſe values of #, are unequal, and chap 
may be two different cox found out. to ſatisfie. the ſaid Caſt: 5- 'Bux when 


22 =# , andconſequently, bp == 7,) then che (aid values of 4 are equal to one another, 


each being equal to y/:#5 — 277: which ſhall be the difference_of the leggs of a Tri- 
cc being a right angle oppoſite tq. the Baſe, ( as appears by!Canon 1. in 21* of 


Probl. 14. Chap..8:) Which Triangle, when - Os i the ON Triangle yon 
| be found to ſolve Caſe 5. Probl. _—_ 7 > Te 
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Examples in Numbers, to illuſtrate the preceding Reſolution 9 
__ Caſes. Probl. 3. Fi 4 


Examp. 1. Where two Triangles are found ont to ſolve Caſe 5. 


Suppoſ.” | a 
43. 6 = 51 the Baſe of a Triangle i is piven, | 
44+ Þ = 12 the Perpendicular is given. - - - 
45. rr = 740 the Redhargle of the leggs is iven, / 
46. rr —= 2bb {- pp, agreeable to the Swppoſe-in Caſe 5. 

Reg: to find the Triangle. 

Solution oA riehmotical. 
47. 17 = the difference of the leggs is found ont of 43 "244* and 45*, by the leſſer Root 
in 41%, 
484 57, = the farm of. the leggs i is found out of 6*, 45? 164 "a 
49. 37 and 20 = the leggs are found out.of 47* and 48*, ( per Theor. 9. Chas 4. ) 
* The Proof. '_ 

50. 37 x 20 ="740 the given ReQangle. 


ETES _ the Baſe. 

T7 An F "* 372. on ihe vt of a Triage; then, | 

52. 12 = the Perpetdicalar will be found our of 51%, ( per Theor. 4. in 68* of Probl. 8. 
Chap. 8. ) which. is. the ſame with the given Perpendicular i is 44* 

Again ,' from the ſame things given ﬆ before in. 43*, 44*,.45*, another Triangle may. be 
found our by the greater Root in 41?, to ſolve = $At_S 3. the lides of which latter 
Triangle are here-under expreſt,, viz, 

53. y/1953-= the, difference. of 'the leggs. 

$4+ v49r: 3 = the fon fomm_.of..the eggs. 

F SPED $07 424k the leggs. | 
The Proof is 4 calie to be made, J in like | manner as in Example l. 


 Examp. : Where only one 7 Triangle can be found ont to ſolve Cale 5. Probl. 3. 


53. h. = 169. the Baſe of a Triangle is given. . 
58.:p. = _ 60 the Perpendicular is given. 
$9. 77 = 10140 the Rectangle of the leggs is given. 
60. rr, —2bb + pp, agreeable to the. Suppoſ. in Caſe 5. 
- Keg. : nd the Triangle. 
. Solution Arithmetical. 

61. gl, = the difference of the lepgs is found our of $7*, 58* and 59*, byg either of the 

! Roord 3 in 41* 
62. 221 = the FREN of the leggs is found out of 6*®, 59® and 61. 
4: 156 md E = the leggs are found out of 61* and 62* » ( per Theor. g. Chap. 4.) 

34) ; The Proof... | 
64: 3.56- x 65 = = 10140 the ReRangle given in 59*. 
169' = the Baſe f a Trians] he 

G5 :And-if < Fae : Si Sree Ot A 1riangie , then 
66. "60 '= rhe Perpendicular will be found ont of 65*, ( per Theor, 4..in 68*® of Preb]. 8. 

[ 8. ) which-is/<qual to the given Perpendicular in 58. 

Note: © This laſt Triangle hath a right angle oppoſite, to the Baſe, agreeable to what 
Was before hinted in 420. 


—_—_ aw | a ——_—_— 


——_——C__ 


6: LEMMA, leading ro the following Probl. 4+ 


- In any plain Triangle » As the Sine of an angle is to the Radius, ( or total Sive 3 ) 
So is the double Area of the Triangle , ( that is, the ReRangle made of the Perpendicular 
and Baſe, to the ReAangle of the leggs containing the faid angle. 


Suppoſ. 


5 RR 
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Suppoſe 
1. EI the Baſe 
2.3 oo the leggs 
3. WA, (thatis, WEAT) is contain'd under the leggs A s. AL 
4 EO LAI | 
5. R = the Radius, ( or total Sine. ) 
6. S< A = the Sine of the angle A. 
Jo © « o« Reg. demonſtr. Ss £# $=24 S<A _ CIEO,AI . GDBAEAL 
Demonſtration. 


8. By a vulgar Axim in the DoQtine of plain Bm 
Triangles this Analogy is manifeſt , 05x: 6 SA . Ri EO . AE. 
9. Theretore by drawing Al into each of the two 5 
latter Terms of that Analogy, this ariſeth, viz. SA . R :: EOAT . MAEAL 
Which was to be Demonſtr. 


| of the oblique-angled A AIE. 


Probl, LV. 


The Baſe of a plain Triangle being | prong , 2s alſo the Perpendicular; 
and angle oppoſite to the Bale, to find the Triangle. 
Conftruttion. | , 

Let a Circle be deſcribed by a Radius (or Semidiameter) taken at pleaſure, and according 
to the Note at the beginning of Probl. 19, Chap. 8. find ont a right line that ſhall be the Sine 
of an angle equal to the given angle. Then (by Probl. g. Chap. 5.) find out a Square equal 
to a Rectangle made of the given Baſe and Perpendicular. That done, |ct it be made, ( by 
Probl.11. Chap.5.) As the Sine, (found out as above,) to the Radius firſt aſſumed ; So the 
ſaid Square to another Square , which Square ( or fourth Proportional) found out, ſhall be 
equal to the Re&tangle of the leggs containing the given angle , ( as is evident by the fore- 
going Lemma ) Now there is given the Baſe and Perpendicular , as alſo a Square equal to 
the given Rectangle of the leggs, to find out the Triangle , and therefore if thoſe giyen 
quantities be expreſt by numbers , this Probl. 4. may be ſolved both Geometrically and 
Arithmetically in all Caſes, by the help of the preceding Probl. 3. 


Note. Some ſubtil Geometrical Problems, wherein the meaſures of angles as well as 


of right lines are given in numbers , may be ſolved Arichmerically by the Do&trine of Plain 
Triangles , without the help of Algebra ; of ſuch kind is the following Problem , wich 


which I ſhall conclude this Treatiſe, iz 
Probl. VN. 


The diſtances AB, AC, BC between three Towers A, B and C 
not ſtanding in a ſtraight line, being given ſeverally in Feet. Alfo 
a fourth Tower being {uppos'd to ſtand within the Triangle A BC, as 
at D; and the meaſures of the angles ADB, BDC and CDA bei 
given ſeverally in Degrees ; to find the diſtance between the fourth 
Tower D and each of the other three, v:z. the meaſures of the three 


right lines DB, DA and DC 1n Feet. 
Prepar. 
Foraſmuch as by S«ppoſ. the point D lyes within the Triangle ABC, and conſequently 
the three points A, D, B donotlye in a ſtraight line ; ler the Circumference of a Circle 
be ſuppoſed to paſs by thoſe points, as ADB, whoſe Center is E; ſuppoſe _ = 


—— YA <A 


— I 
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—— ——EA.ED, EB to be drawn, and EF L AB. In like manner, ſap- 
ins he the Center of a Circle whoſe Circumference paſleth by the points B, D, C, 
draw the Semidiameters GB, GD, GC, and make GH L GB, 


Feet. 
20000 
15000 
1 8000 
12521 .286 + 
9317-445 + 
13888.610 -þ 
8283. 832 + 
DC = 8406. 944 + 
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Solution Arithmetical , by the Doftrine of plain Triangles. 


'S Firſt, ſubtract the given ADB from two right angles, (v5z. from 180,Degrees,) the 
remainder ſhall be the fumm of the unknown angles DAB and DBA, (per prop. 32. Elem.1.) 

Secondly , foraſmuch as ( by prop.20. Elem. 3.) DEB = 2<DAB, and WDEA 
= 2<< DBA; it follows tht ZAEB = 2< DAB + 2<DBA; there- 
fore in AFEB right-angled at F, the FEB ( that is, *AEB) = <DAB+ <DBA 
is given , and by Swppoſ. FB—=ZAB is given, therefore the Semidiameter EB = ED 
= EA ſhall be given alſo, 

; Thirdly, by arguing as above in the firft and ſecond ſteps THGB = HGC is given ; 
alſo GD = GC = GB the Semidiameter of the Circle GBDC is given. 

Fourthly , becauſe EF L AB and <FEB is given as before, therefore CEBA the Com- 

. Plement of the <C FEB toa right angle is given , likewiſe the <GBC the Complement of 
<HGB toa right angle is given ; and the < CBA is given, for it may be found 
out by the three gtven fides AB, AC, BC; therefore < GBE the ſumm of thoſe 
three angles, EBA, CBA, GBCis given. Pu. 

Fifthly, in AGBE, the ſides GB and EB, ( to wit, the Semidiameters of the two E | 
Circles GBDC and EADB,) are given ſeverally , as alſo the angle GBE compre- * 
hended by thoſe (ides , therefore the angle GE B is given alſo. 

Sixthly , becauſe the two Triangles EGB and EG D have two lides GB, E B equal 
to the two (ides G D, E D, viz. GB — GD, and EB — ED, alſo the Bafe G E com-' 
mon to both thoſe Triangles; the angles contain'd under equal right lines ſhall be equal, 

212, _GEB=<GED—2<DEB: But <GEB ( = *<CDEB) isgiven in the fifth 
ſep, and ( per prop. 20. Elem. 3.) < DAB is equal to *<< DEB ( = <GEB,) 

| therefore {DAB is given. Now in AADB there is given < DAB, as alſo < ADB 


and the (ide A B, thercfore the ſides D B and DA, (to wir, two of the Diſtances ſought,) 
are given alſo. 


Seventhly and laſtly, in ADAC there is given DA, as alſo AC, and ADC, :: 
therefore D C ( the third Diſtance ſought, ) is given. [- 
The End of the Fourth and laſt BOOK. 1 
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